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Abstract.

We prove that every isomorphism of Chevalley groups of type G5 over commutative local
rings with 1/2 and 1/3 is standard, i.e., it is a composition of a ring isomorphism and an inner
automorphism.
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INTRODUCTION

An associative commutative ring R with a unit is called local, if it contains exactly one
maximal ideal (that coincides with the radical of R). Equivalently, the set of all non-invertible
elements of R is an ideal.

We describe automorphisms of Chevalley groups of type G5 over local rings with 1/2 and 1/3.
Note that for the root system G5 there exists only one weight lattice, that is simultaneously
universal and adjoint, therefore for every ring R there exists a unique Chevalley group of type
Go, that is G(R) = G .4 (G2, R). Over local rings universal Chevalley groups coincide with their
elementary subgroups, consequently the Chevalley group G(R) is also an elementary Chevalley
group.

Theorem 1 for the root systems A;, D;, and E; was obtained by the author in [12], in [14]
all automorphisms of Chevalley groups of given types over local rings with 1/2 were described.
Theorem 1 for the root systems By and Gs is obtained in the paper [13], but we repeat it here
for the root system G, with an easier proof.

Similar results for Chevalley groups over fields were proved by R. Steinberg [50] for the finite
case and by J. Humphreys [36] for the infinite case. Many papers were devoted to descrip-
tion of automorphisms of Chevalley groups over different commutative rings, we can mention
here the papers of Borel-Tits [10], Carter—Chen Yu [16], Chen Yu [17]-[21], A.Klyachko [40].

1The work is supported by the Russian President grant MK-2530.2008.1 and by the grant of Russian Fond
of Basic Research 08-01-00693.
1



2

E. Abe [1] proved that all automorphisms of Chevalley groups under Noetherian rings with 1/2
are standard.

The case A; was completely studied by the papers of W.C. Waterhouse [63], V.M. Pe-
techuk [43], Fuan Li and Zunxian Li [39], and also for rings without 1/2. The paper of
[.Z. Golubchik and A.V. Mikhalev [30] covers the case Cj, that is not considered in the present
paper. Automorphisms and isomorphisms of general linear groups over arbitrary associative
rings were described by E.I. Zelmanov in [68] and by I.Z. Golubchik, A.V. Mikhalev in [31].

We generalize some methods of V.M. Petechuk [44] to prove Theorem 1.

The author is thankful to N.A. Vavilov, A.A. Klyachko, A.V.Mikhalev for valuable advices,
remarks and discussions.

1. DEFINITIONS AND MAIN THEOREMS.

We fix the root system ® of the type G (detailed texts about root systems and their prop-
erties can be found in the books [37], [11]). Let ey, ez, e3 be an orthonorm basis of the space
R3. Then we numerate the roots of G5 as follows:

Q] = €1 — €2,09 = —261 + e9 + e3
are simple roots;

a3 = a1 + Qg = e3 — e,
Q4 = 200 + a9 = e3 — €9,
as = 3a1 + ag = e + ez — 2e,

046:3041—|—2042:263—61—62

are other positive roots.

Suppose now that we have a semisimple complex Lie algebra L of type G5 with Cartan sub-
algebra H (detailed information about semisimple Lie algebras can be found in the book [37]).

Then in the algebra £ we can choose a Chevalley basis {h; | i = 1,2;z, | o € ®} so that
for every two elements of this basis their commutator is an integral linear combination of the
elements of the same basis.

Namely,

1) [hi; hj] = 0;

2) [hi, za] = (@i, @) T4

3) if « = njayg + -+ - + nyay, then [z,, 2 4] = nihy + - + nghy;

4)if o+ [ ¢ ®, then [z,,x5] = 0;

5)if a+ € &, and «, § are roots of the same length, then [z, 23] = cxais;

6) if « + 5 € @, a is a long root, (3 is a short root, then [z, 23] = azaip + bTatos + - ...

Take now an arbitrary local ring with 1/2 and 1/3 and construct an elementary adjoint
Chevalley group of type Gy over this ring (see, for example [49]). For our convenience we
briefly put here the construction.

In the Chevalley basis of £ all operators (z,)*/k! for k € N are written as integral (nilpotent)
matrices. An integral matrix also can be considered as a matrix over an arbitrary commutative
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ring with 1.Let R be such a ring. Consider matrices n x n over R, matrices (z,)*/k! for a € @,
k € N are included in M, (R).
Now consider automorphisms of the free module R™ of the form

exp(try) = To(t) = 1+ tag +12(24)%/2 + -+ t7(2,)F /R + ..

Since all matrices x, are nilpotent, we have that this series is finite. Automorphisms z,(t)
are called elementary root elements. The subgroup in Aut(R"), generated by all x,(t), a € ,
t € R, is called an elementary adjoint Chevalley group (notation: E.q (P, R) = E.q(R)).

In an elementary Chevalley group there are the following important elements:

— Wo(t) = o ()r_o (=t Vao(t), a € D, t € R*;

— ha(t) = wa(t)we (1)~

The action of z,(t) on the Chevalley basis is described in [15], [58], we write it below.

Over local rings for the root system G4 all Chevalley groups coincide with elementary adjoint
Chevalley groups E,q(R), therefore we do not introduce Chevalley groups themselves in this
paper.

We will work with two types of standard automorphisms of Chevalley groups G(R) and G(S)
and with one unusual, “temporary” type of automorphisms.

Ring isomorphisms. Let p: R — S be an isomorphism of rings. The mapping = — p(x)
from G(R) onto G(S5) is an isomorphism of the groups G(R) and G(S5), it is denoted by the
same letter p and called a ring isomorphism of the groups G(R) and G(S). Note that for all
a € ® and t € R the element z,(t) is mapped to z,(p(t)).

Inner automorphisms. Let g € G(R) be an element of a Chevalley group under consider-
ation. Conjugation of the group G(R) with the element g is an automorphism of G(R), that is
denoted by i, and is called an inner automorphism of G(R).

These two types of automorphisms are called standard. There are central and graph auto-
morphisms, which are also standard, but in our case (root system G3) they can not appear.
Therefore we say that an isomorphism of groups G(R) and G(S) is standard, if it is a compo-
sition of two introduced types of isomorphisms.

Besides that, we need also to introduce temporarily one more type of automorphisms:

Automorphisms—conjugations. Let V be a representation space of the Chevalley group
G(R), C € GL (V) be a matrix from the normalizer of G(R):

CG(R)C™' = G(R).

Then the mapping z — CxC~! from G(R) onto itself is an automorphism of the Chevalley
group, which is denoted by i and is called an automorphism—conjugation of G(R), induced by
the element C of the group GL (V).

In Section 5 we will prove that in our case all automorphisms—conjugations are inner, but
the first step is the proof of the following theorem:

Theorem 1. Suppose that G(R) = G(®, R) and G(S) = G(®,S) are Chevalley groups of type
Go, R, S are commutative local rings with 1/2 and 1/3. Then every isomorphism of the groups
G(R) and G(S) is a composition of a ring isomorphism and an automorphism—conjugation.

Sections 2—4 are devoted to the proof of Theorem 1.



2. CHANGING THE INITIAL ISOMORPHISM TO A SPECIAL ISOMORPHISM.

In this section we use some arguments from the paper [44].

Definition 1. By GL, (R, J) we denote the subgroup of such matrices A from GL,(R), that
satisfy A — F € M, (J), where J is the radical of R.

Proposition 1. By an arbitrary isomorphism ¢ between Chevalley groups G(R) and G(S) we
can construct an isomorphism @' = i1, g € GLy(S), of the group G(R) C GL,(R) onto
some subgroup GL,(S), with the property that any matric A € G(R) with elements of the
subring of R, generated by 1, is mapped under ¢’ to the matriz from A - GL (S, Js).

Proof. Let Jgr be the maximal ideal (radical) of R, k the residue field R/Jgr. Then the group
G (R, Jr) generated by all z,(t), o € @, t € Jg, is the greatest normal proper subgroup in G(R)
(see [2]). Therefore under the action of ¢ the group G(R, Jr) is mapped to G(S, Js).

By this reason the isomorphism

¢ :G(R) — G(S)
induces an isomorphism
©:G(R)/G(R, Jr) = G(R/Jr) — G(5/Js).
The groups G(R/Jg) and G(S/Jg) are Chevalley groups over fields, so that the isomorphism
© is standard, i.e., it is
p=1igp, g€ G(S/Js) (see[49], §10).

Clear that there exists a matrix g € GL,(S) such that its image under factorization S by Jg
is g. Note that it is not necessary g € N(G(S5)).

Consider the mapping ¢’ = i,-1¢. It is an isomorphism of the group G(R) C GL,(R) onto
some subgroup in GL,(5), with the property that its image under factorization the rings by
their radicals is the isomorphism p.

Since the isomorphism p acts identically on matrices with all elements generated by the unit

of k, we have that ane matrix A € G(R) with elements from the subring of R, generated by 1,
is mapped under the action of ¢’ to some matrix from the set A - GL (5, Js). O

Let a € G(R), a* = 1. Then the element ¢ = (1 + a) is an idempotent of the ring M, (R).
This idempotent e defines a decomposition of the free R-module V = R™:
V=eVae(l-eV=VaeW

(the modules V;, V; are free, because every projective module over a local ring is free). Let
V =V,@& V; be a decomposition of the k-module V' with respect to @, and € = %(1 +a).
Then we have

Proposition 2. Modules (subspaces) Vg, V1 are the images of Vo, Vi under factorization by J.

Proof. Denote the images of Vj, V; under factorization R by J by ‘N/O, YN/l, respectively. Since
Vo={zeV]ex=a},Vi={z eV |ex =0}, wehave &(z) = :(1+a)(z) = (1 +a(z)) =
%(1 +a(z)) = e(x). Then Vy C Vy, VI C V.



5

Let * = xg + x1, z9g € Vo, 1 € V1. Then €(Z) = &(Ty) + e(T1) = Tp. If T € Vo, then
T = . O

Let b= ¢/(a). Then b* = 1 and b is equivalent to a modulo J.

Proposition 3. Suppose that a € G(R), b € G(S) a®> = b* = E, a is a matriz with elements
from the subring of R, generated by the unit, b and a are equivalent modulo Js (since all
elements of a are generated by unit, we can consider it as an element of M,(S)), V =V, & W,
is a decomposition of V' with respect to a, V = Vj @& V] is decomposition of V' with respect to b.
Then dim Vy = dim V;, dim V/ = dim V;.

Proof. We have an S-basis of V' {ey,...,e,} such that {eq,...,ex} C Vo, {€xs1,.-.,en} C V4.

Clear that
=ae; = Z &l]ej Z a;;€;.

Let V=Vo@V,, V= VE) D V1 be decompositions of k = S/Js-module (space) V with respect
to@and b. Clear that V = Vg, Vi= Vll. Therefore, by Proposition 2, the images of Vj and V),
Vi and V{ under factorization by Js coincide. Take such {fi,..., fe} C Vy, {fes1,---, fu} C V1,

that f;, = &, ¢ = 1,...,n. Since a matrix that maps the basis {e1,...,e,} to {fi,..., f.} is
invertible (it is equivalent to the unit matrix modulo Js), we have that {fi, ..., f,} is an S-basis
of V. Cleat that {fi,..., fx} is an S-basis of Vj, {vk41,...,v,} is an S-basis of V. O

3. IMAGES OF w,,

Consider Chevalley groups G(R) and G(S) of type G, their adjoint representations in the
groups GL 14(R) and GL14(S), in bases of weight vectors vy = 4, V-1 = T_q;,...,0 =
Tog, V—6 = T—qaq, V1 = h1, Vo = hy, corresponding to the Chevalley basis of Gs.

We suppose that by the isomorphism ¢ we constructed the isomorphism ¢" = i,-1¢, described
in the previous section. Recall that it is an isomorphism of the group G(R) C GL,(R) on
some subgroup of GL,(5), with the property that its image under factorization ring by their
radical is a ring isomorphism p.

Consider the matrices hy, (—1), ho,(—1) in G(R). They are

ha,(—1) = diag[1,1,-1,—1,-1,—-1,-1,—-1,-1,-1,1,1,1,1],
ha,(—1) = diag[-1,—1,1,1,—-1,-1,1,1,-1,-1,—1,-1,1,1].

YTy

By Proposition 3 we know that every matrix h; = ¢'(ho,(—1)) in some basis is diagonal with
+1 on its diagonal, and the number of 1 and —1 coincides with their number for the matrix
ha,(—1). Since hy and hy commute, there exists a basis, where hy and hy have the same form
as ha, (—1) and h,,(—1). Suppose that we came to this basis with the help of the matrix g;.
Clear that g; € GL,(S,Js). Consider the mapping ¢; = i;llgp’. It is also an isomorphism of
the group G(R) onto some subgroup of GL,(.S) such that its image under factorization rings
by their radicals is p, and ¢;(ha,(—1)) = ha,(—1) for i =1, 2.

Instead of ¢ we now consider the isomorphism ¢;.



Remark 1. Every element w; = w,, (1) moves by conjugation h; to each other, therefore its
image has a block-monomial form. In particular, this image can be rewritten as a block-diagonal
matrix, where the first block is 12 x 12, and the second is 2 x 2.

Consider the first basis vector after the last basis change in GL14(S). Denote it by e. The
Weil group W acts transitively on the set of roots of the same length, therefore for every root «;
of the same length as the first one, there exists such w(®) € W, that w(®)ay = ;. Similarly,
all roots of the second length are also conjugate under the action of W. Let a4 be the first
root of the length that is not equal to the length of oy, and let f be the k-th basis vector after
the last basis change. If «; is a root conjugate to ag, then let us denote by w(,;) an element
of W such that w,)ax = a;. Consider now the basis ey, ..., €14, where e; = e, e, = f, for
1 < i < 12 either e; = o1 (w®))e, or ¢; = ©1(W(a,)) f (it depends of the length of ay); we do
not move ej3, ey4. Clear that the matrix of this basis change is equivalent to the unit modulo
radical. Therefore the obtained set of vectors also is a basis.

Clear that the matrices ¢i(w;) (i = 1,2) on the basis part {ej,...,e12} coincide with the
matrices for w; in the initial basis of weight vectors. Since h;(—1) are squares of w;, then there
images are not changed in the new basis.

Besides, we know (Remark 1) that every matrix ¢; (w;) is block-diagonal up to decomposition
of basis in the first 12 and last 2 elements. Therefore the last part of basis consisting of 2
elements, can be changed independently.

P

Denote the matrices w; and ¢;(w;) on this basis part by w; and ¢ (w;) respectively, and the
2-generated module generated by e 3 and ey4, by V.

—~—— e~

Lemma 1. For the root system Gy there ezists such a basis that ¢1(wy) and pi(ws) in this
basis are wy and wy. Namely, they are equal to

(0 ) e (3 0)

Proof. Since w; is an involution and V;! has dimension 1, there exists a basis {e,es}, where

—_——

¢1(wq) has the form diag [—1, 1]. In the basis {e;, e2 —3/2¢;} the matrix has the obtained form
for G.

Let the matrix ¢;(ws) in this new basis be

a b
c d)”’
Make the basis change with the help of
1 (1—a)/c
0 1+ 2(1—a)

c

—_——

(it is possible, since ¢ is equivalent to the unit modulo radical). Under such basis change the

—_—

matrix o (w;) is not change and the matrix ¢ (ws) becomes

1 v
C/ d/ .
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Since this last matrix is an involution, we have ¢/(1+d') =0, 1 +¥'¢ = 1. Therefore, d' = —1,

(G C ) -G G

Besides,
consequently 3¢'(3¢ —1)(¢’ —1) = 0. Since ¢ =1 mod J, 3¢ —1 =2 mod J, 3 € R*, we have
d—1=0. O

Therefore we can now come from the isomorphism ¢; under consideration to an isomorphism
o with all properties of ¢; and such that p(w;) = wq, wo(ws) = wh.
We suppose now that an isomorphism ¢, with all these properties is given.

4. IMAGES OF z,,(1) AND DIAGONAL MATRICES.

Recall that
W) = —e€12—€31+€39+€410—€93—C104T€57FE68—C75—E86+C11,11T€12,12—€13,13€14,14+3€13 14;
Wy = —e34—€43+€15+€26—€51—€2+€771+€88+€9111€10,12—€11,0—€12,101T€13,13—€14,14 T€14,13;
To, (1) = B —e12 — 2e113 + 3€1,14 — €46 — €a5 — €410 + 3€53 + 2€68 + 3€610 — €73 — 275 +
3es 10 + €93 + €95 — €97 + €132;
Tay(1) = E 4+ €26 — €34+ €313 — 2314 — €51 + €10,12 — €11,9 + €144

Since 71 = 3(24, (1)) commutes with hq, (—1) and with w3, 124, = Wowywow; 'w; *, we have
that z; can be decomposed to the blocks {vy,v_1, v, v_g, V1, Va} and {ve, v_o, v3, v_3, V4, V_4, V5, V_5};
on the first block the matrix is

yioooY2 Yz Y3 Ya — 3
Ys Yo Y7 A Ys —3%
Yo Yo Yn Y12 Y13 Y14

—Yo Yo Y12 Y11 —¥13 3y13 + Yua

Y5 Y6 Yir Yir+ 3% Yis M
0 0 2o Y19 0 Y20

on the second block it is

Yo1 Y22 Y23 Y24 —Y25 —Y26 —Y2r —Y28
Y29 Yso Y1 Y32 —Y3z —Ysa —Y3s —Y36
Ys7 Yss Yo Yao —Ya1 —Ya2 —Y43 —Ya4
Yas Ya6 Yar Yag —Ya9 —Yso —Ys1 —Ys2
Ys2  Ys1 Y50 Y49 Y48 Yar Yae Ya5
Yaa Ya3 Ya2 Ya1  Ya0 Y39 Ys3s Y37
Ys6 Y3s Y34 Y3z Y32 Y31 Y30 Y29
Yog Y21 Y26 Y25 Y24 Yo3 Y22 Yo1

Similalrly, since 7y = ©9(24,(1)) commutes with ha,(—1) and waa, 40, = Wiwswiw, 'wi™, we
have decomposition of x5 on the blocks {vy, v_1, v3,v_3,v5,v_5, v, v_¢} and {ve, v_g, v4,v_4, V1, Vo };
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on the first block the matrix is

21 29 zZ3 Z4 zZ5 26 Z7 z8
29 210 11”12 <13 214 215 %16
—X212 TX11 k10 <9 —TR16 TX15 <13 <14
—2Z4 —2Z3 Z9 Z1 —Z8 —Z7 26 Z5

217 218 219 220 <21 222 223 224
225 226 k21 28 %29 £30 31 %32
TR28  TR27T &2 R25  TAR32 TR31 R30 <29
—R20 TR19 f18 217 T4 TR23 222 221

on the second block it is

<33 234 —Z35 235 <36 2236
Z37 238 —Z39 239 240 —2240
241 242 243 244 245 246
—Z41 —Z42 244 243 Z45 + 246 —R46
0 0 zur+ 248 2ar+2a8 2209+ 250 O
251 <52 247 <48 <49 <50
Therefore we have 104 variables y1, ..., ys2, 21, - - - , 252, Where y1, Ys, Y11, Y16, Y18, Y20, Y21, Y30,

Y34, Y36, Y39, Y48, 21, 210, 212, 221, 230, 232, 233, 236, 238, 743, 250, Z52 are equivalent to 1 modulo
radical, ys, y32, 234 are equivalent to —1, y4, y50, are equivalent to —2, y37, —ys2 are equivalent
to 3, all other elements are from the radical.

We apply step by step four basis changes, commuting with each other and with all matrices
w;. These changes are represented by matrices Cy, Cy, C3, Cy. Matrices C; and Cy are block-
diagonal, with 2 x 2 blocks. On all 2 x 2 blocks, corresponding to short roots, the matrix C
is unit, on all 2 x 2 blocks, corresponding to long roots, it is

1 — 251/ %52
— 251/ %52 1 '
On the last block it is unit.

Similarly, C5 is unit on the blocks corresponding to long roots, and on the last block. On
the blocks corresponding to the short roots, it is

1 —Y15/ Y16
—y15/y16 1 '

Matrices C'3 and Cy are diagonal, identical on the last block, the matrix (' is identical on all
places, corresponding to short root, and scalar with multiplier a on all places corresponding
to long roots. In the contrary, the matrix Cy, is identical on all places, corresponding to long
roots, and is scalar with multiplier b on all places, corresponding to short roots.

Since all these four matrices commutes with all w;, ¢ = 1,2, then after basis change with any
of these matrices all conditions for elements 2; and x5 still hold.

At the beginning we apply basis changes with the matrices C; and Cy. After that new ;5 in
the matrix z; and z5 in the matrix xo are equal to zero (for the convenience of notations we
do not change names of variables). Then we choose a = —1/z52 (it is new z52) and apply the
third basis change. After it z55 in the matrix z; becomes to be 1. Clear that zs; is still zero.
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Finally, apply the last basis change with b = 1/y16 (where y;4 is the last one, obtained after
all previous changes). We have that y;5, 251, 252 are not changed, and 34 is now 1.
Now we can suppose that y15 = 0,916 = 1,251 = 0, 250 = 1, and we have 100 variables.
Introduce 1419 = ©2(Tay4a,(1)) = w'Q:Ele_l/, T1p142 = P2(Toay1as (1)) = WL 0w, T141 1140 =
02(T301 405 (1)) = Wiz2wT ", 2111414242 = P2(T300 4200 (1)) = Whar (141 42w5 "
Now we will use the following conditions, that are true for elements w; and x;:
Conl = (x9x149 = T112T9),
Con2 = (hyxohyzy = E);
Con3 = (hax1howy = E);
Cond = ($25U1+1+2 = $1+1+2$2);
(
(
(

Conb = LoT1414142 = !E1+1+1+2+2$1+1+1+2$2);

Conb =

T141414201 = L1L1IH14142;
ConT = (T1Z14142 = T34 14149T1414221);
Con8 = (w} = mywrwizy).
Note that every matrix condition is 196 polynomial identities, where all polynomials have

integer coefficients and depends of y;, z;. Temporarily numerate all variables as vy, ..., vig.
Suppose that one of our polynomials can be rewritten in the form

(Vkg — ko)A + 01 By + -+ + Upg—1Bro—1 + Vkgr1Bro1 + -+ - + v100B1oo = 0,

where vy, is such an integer number that is equivalent to v, modulo radical, the polynomial
A in invertible modulo radical, B; are some polynomials (the variable vy, can enter in all
polynomial and also in A). Then

1By + -+ Vg1 Bry—1 + Uk 41 Brg 41 + -+ + V100 Bioo
Uko = - 9
A
we can substitute the expression for vy, in all other polynomial conditions. If we can choose
100 such conditions that on every step we except one new variable, then on the last step we
obtain the expression

(vkloo - @kwo)c = 07

where C' is some rational expression of variables vy, ..., v1gg, invertible modulo radical. There-
fore, we can say that vy,,, = Uk,,,, and consequently all other variables are equal to the integer
numbers equivalent them modulo radical. The existence of the obtained 100 conditions is equiv-
alent to the existence of such 100 conditions that the square matrix consisting of all coefficients
of these conditions modulo radical has an invertible determinant.

Since it is very complicated to write a matrix 100 x 100, we will sequentially take the obtained
equations, but for simplicity write coefficients A and B; modulo radical (in the result these
coefficients are just numbers 0, +1, £2, +3).

We write below how the variables are expressed from the conditions (in brackets we write
the number of the condition and the position there): (Conl, 14,3): ys0 = 0; (Conl,6,10):
ys = 0; (Conl,1,1): ysr = —2z7; (Conl, 1,3): yse = 0; (Conl,1,6): ys0 = —z3; (Conl, 1,7)
Yso = —27 + 32309; (Conl,1,9): ysg = 0; (Conl,1,11): y5; = 0; (Conl,2,1): z15 = —3z9;
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(Conl,2,3): yu = 0; (Conl,2,5): ys = —3z15; (Conl,2,7): 2z = —3/229; Conl,2,9):
yr = —3z94; (Conl,3,1): 220 = yag + 2235 — 20; (Conl,3,3): z5 = 0; (Conl,3,5): z18 = z11;
(Conl,4,1): yo3 = —2239; (Conl,4,2): 237 = —yaq; (Conl,5,3): yss = 0; (Conl,7,5): z3 =0;
(Conl,11,5): yo = 0; (Conl,11,3): yoq = 0; (Conl, 10,3): yor = 0; (Conl,9,3): yss = 0;
(Conl,4,5): z11 = 0; (Conl,5,5): 2z = 0; (Con2,3,3): 233 = 1; (Con2,14,4): z50 = 23g;
(Con2,11,5): z19 = 0; (Con2,3,13): z35 = 1 — z49; (Con2,10,5): z9y = 0; (Con2,5,5): 219 = 1;
(Con2,6,6): z; = 1; (Con2,1,9): z; = 0; (Conl,11,6): 296 = Y10 + 24 + y33; (Con2,7,7):
z43 = 1; (Con2,9,9): 293 = 2(291 — 1); (Con2,11,12): 231 := —2z99 — 224; (Con3,1,1): y; = 1;
(Con3,1,2): yy = 142y —ys; (Con3,2,2): ys = 2(ys—1); (Con3,4,4): y3o = 1; (Con3, 14, 14):
y20 = 1; (Con3,13,13): 118 = yg; (Con3,12,12): y1; = 1; (Conl, 13,11): z5 = 0; (Con4, 2,2):
Ya2 = 6239 — 6235 + 329 + 3210 + 324 + 3y33; (CO’/L2, 5,6)2 24 = —229; (Con2,9, 11) 291 = 1;
(Con2,12,11): z99 = 0; (Con2,10,10): z30 = 1; (Con2,14,7): z39 = 0; (Con2,11,1): y33 =
2yss — Y10 + 229 — 217; (Con3,12,2): y13 = y10; (Con3,10,6): yo5 = 0; (Con3,10,5): ys6 = 0;
(Con3,7,7): yss = 1; (Con3,3,3) yos = 1; (Con3,8,3): ysqe = 0; (Con2,5,9): z5 = 2216 — 214;
(Con4,10,5): 294 = —2z99; (Con3,7,5): ysg = 1; (Cond,5,10): ys5s = 3z14; (Cond, 11,12):
216 = —3298 — 3295 — 213; (Cond,9,6): Y31 = —229 + 3217; (Cond, 11,2): zg = 3z95; (Cond, 5,5):
z14 = 0; (Con2,1,12): z5 = 0; (Cond, 2,1): z13 = —3z95; (Cond, 6,10): ys2 = —ys37+ 3ys0/2+ 3;
(Con4,10,10): yog = —6298 + 3217; (Conl,13,1): 248 = —z47; (Conl,5,4): y3;r = 3/2 +
3/2ys — 3212 — 3ya; (Cond, 13,13): y17 = 3/2y19 — 245 — 246; (Conl,14,1): z47 = 0; (Con2,7,4):
246 = 2242; (Cond, 3,3): y19 = —y12; (Conb,3,2): 217 = 295 + 235 + 2298; (Conb, 3,3): 299 = 0;
(Conb,3,4): z40 = 0; (Conb,3,5): z35 = —z95; (Conb, 3,6): 205 = —3298; (Conb, 3,13): z49 = 0;
(Conb,14,12): 235 = 1; (Conb,11,4): 2356 = —z34; (Conb,9,4): 233 = —1; (Conb,3,10):
Z45 = —1/2@/12 — 22’42; (Con1,3,9): Y12 = —92’28; (COTL3, 11,2) Y10 = O; (OO’HB, 7, 4) 242 = 0;
(Cond, 14,14): y14 = 0; (Cond, 11,1): 215 = 146298; (Cond, 11,10): ya9 = —9298; (Conb,7,13):
Yo = 1 —9/2298; (Conb,9,2): yso = —1 + 4z98; (Con3,9,5): yso = —2y3s — 8298; (ConT,7,2
Y2 = —8yzq+T7—119/4298; (Con8,13,1): ysg = 14+137/3229; (Con8,3,9): yss = 1; (Con8, 13,2
298 — 0.

Thus, 1 = 24, (1), 2 = 24,(1), consequently po(z,(1)) = z,(1) for any root a.

Now look at the images (under ¢5) of h,(t), t € R*.

Let hy = @o(ha, (t)). Since hy commutes with hy, hg, wa, (1) and z.4(1), we directly have

):
):

di do2 0 0 0 0 0 0 0 0 0 0 0 0
ds do 0 0 0 0 0 0 0O 0 0 0 0 0
0 0 ds 0 0 —dg¢ O 0 0 0 0 0 0 0
0 0 0 d 0 0 —dg O 0 0 0 0 O 0
0 0 0 0 do O 0 —dp O 0 0 0 0 0
0 0 0 0 0 d1 O 0 —d 0 0O 0 O 0

h—| 0 0 dz 0 0 du 0 0 0 0 0 0 0 0

=] 0 0 0 dog 0 0 dy 0 0 0 0 0 0 0
0 0 0 0 dg O 0 dr 0 0 0 0 0 0
0 0 0 0 0 dg 0 0 ds 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 dis 0 0 0
0O 0 0 0 0 0 0 0 0 0 0 diz O 0
0 0 0 0 0 o0 0 0 0 0 0 0 dia 3(dis—dia)
0O 0 0 0 0 ©0 0 0 0O 0 0 0 0 dis

Use now the conditions fa, o, (t) = wWaha, ()W ", Poas tas (t) = Wikay 1ay (D)w] ! and ha, (1) ha, 1o (1) =
Roa,ta,(t). They give us wijwohowy 'wit = wohywy'hy, therefore dydiy, = 0 = dy = 0;
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dsdg = 0 = d3 = 0; d5<1—d13) =0 = dz = 1; de = dg = digp = di3 = 0; dy = 1/d5,
d1 = d%l? d4 = dg, dll = 1/d9, d14 =1.

Finally, use the fact that hsa;120,(t) = haytas(t)hoa, 1a, (t) commutes with x1. Tt gives us
ds = dj, therefore hy = hy, (1/dy).

5. FINAL STEPS OF THE PROOF OF THEOREM 1.

Now we have stated that for the root system Go @a(z4(1)) = 24(1), @2(ha(t)) = ha(s),
aed te R se S

For every long root «; there exists a root oy such that hg, (£)a;(1)ha, (£)7! = x4, (t). There-
fore, pa(wq,(t)) = q;(s). From the conditions written above and commutator formulas it
follows o (74 (t)) = za(s) for all a € ®.

Denote the mapping ¢ — s by p: R* — S*. If t ¢ R*, then t € J, i.e.,, t = 1 + t;, where
t1 € R*. Then po(x4(t)) = @2(xa(D)xa(t1)) = zo(1)za(p(t1)) = zo(1+p(t1)), a € ®. Therefore
we can continue the mapping p on the whole ring R (by the formula p(t) := 1 + p(t — 1) for
t € J), and obtain ¢s(x4(t)) = z4(p(t)) for all t € R, a € ®. Clear that p is injective, additive,
multiplicative on invertible elements. Since every element of R is a sum of two invertible
elements, we have that p is multiplicative on the whole R, i.e., it is an isomorphism of R
onto some subring in S. Note that in this situation CG(S)C~' = G(S’) for some matrix
C S GL 14(3). Show that S/ = S.

Lemma 2. The Chevalley group G(S) generates My4(S) as a ring.

Proof. The matrix 3(z4,(1) — 1) is ez4 (e;; is a matrix unit). Multiplying it to the suitable
diagonal matrix we can obtain an arbitrary matrix of the form « - es4 (since the invertible
elements of S generate .5).

According to the fact that all long root are conjugate under the action of the Weil group, mul-
tiplying es 4 from left and right sides to suitable w;, w;, we obtain all ey, k,1 = 3,4,9, 10,11, 12.

Then €144 = (Tay (1) — E) - €44+ €34, again with the help of multiplying (from the right side)
to different elements of the Weil group we obtain all ey, | = 3,4,9, 10,11, 12.

Now €14,14 = —(61473(l'a2(1) — E) + 61474)(1111 — E)7 €314 = —1/2($02(1) — E)€14714. As above,
we obtain all e, 14, [ = 3,4,9,10,11,12.

Also we have €14,13 = 61473(95042(1) - E) + €144 -+ 2614714; €3,13 = 6373(1'042(1) — E) + 263,14 + €34
(and directly obtain all €; 13, [ = 3,4,9,10,11,12); e32 = €313(24, (1) —E). Now use the fact that
all short roots are also conjugate under the action of W; we obtain all ey, k = 3,4,9,10,11,12,
1=1,2,5,6,7,8.

Since e1313 = 1/4(h1+ E)(ho+ E) — €144, €113 = —1/2(x0, — E)e1s 13, €132 = €1313(Ta, — E),
we have all €13, €137, { = 1,2,5,6,7,8, and after that by multiplying matrix units we obtain all
ek, I,k =1,...,14, and therefore the whole ring Mj4(5).

Lemma is proved. [

Note that in the previous lemma we did not suppose 1/3 € S.

Lemma 3. If for some C € GL 14(S) we have CG(S)C~! = G(S"), where S’ is a subring of S,
then S" = S.

Proof. Suppose that S’ is a proper subring of S.
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Then CM4(S)C~! = M,(S'), since the group G(S) generates Mi4(S), and the group
G(S') = CG(S)C~! generates My4(S’). It is impossible, since C' € GL 14(9). O

Therefore we have proved that p is an isomorphism from the ring R onto S. Consequently the
composition of the initial isomorphism ¢’ and some basis change with a matrix C' € GL 14(.5),
(mapping G(S) onto itself), is a ring isomorphism p. Therefore, ¢’ = ic-1 0 p.

So Theorem 1 is proved.

6. PROOF OF THEOREM 2.

In this section we still consider a Chevalley group G(R) of type Gy (it is simultaneously
elementary and adjoint) over a local ring with 1/2 and 1/3.

Theorem 2. The normalizer of G(R) in GL14(R) is A - G(R).

Proof. Suppose that we have some matrix C' = (¢; ;) € GL14(R) such that
C-G(R)-C'=G(R).
If J is the radical of R, then the matrices from M (J) is the radical in the matrix ring
Mi4(R), therefore
C- My(J)-C™ = Myu(J),
consequently,
C . (E + M14<J)) . C—l == E + M14(J)7
i.e.,
C-G(R,J)-C'=G(R,J),
since G(R, J) = G(R) N (E + Mu(J)).
Thus, the image C' of the matrix C' under factorization R by J gives us an automorphism-—
conjugation of the Chevalley group G(k), where k = R/J is a residue field of R.

Lemma 4. If G(k) is a Chevalley group of type G over a field k of characteristics # 3, then
every its automorphism—conjugation is inner.

Proof. By Theorem 30 from [49] every automorphism of a Chevalley group of type Gy over a
field £ of characteristics # 3 is standard, i.e., for this type it ia a composition of inner and
ring automorphisms. Suppose that a matrix C' is from normalizer of G(k) in GL14(k). Then
ic is an automorphism of G(k), so we have ic =i, 0 p, g € G(k), p is a ring automorphism.
Consequently, i,-1ic = icr = p and some matrix C" € GL 14(k) defines a ring automorphism p.
For every root a € ® we have p(z4(1)) = x4(1), therefore C'x,(1) = z,(1)C" for all a € .
Thus we have that C” is scalar and an automorphism i is inner. 0

By Lemma 4
2'6:2'97 g € G(k’)
Since over a field every element of a Chevalley group is a product of some set of unipotents
74(t)) and the matrix g can be decomposed into a product z,, (Y1) ... 2iy(Yn), Y1,..., YN € k.
Since every element Y7, ..., Yy is a residue class in R, we can choose (arbitrarily) elements
y1 € Yy, ..., ynv € Yy, and the element

9 = Loy, (y1) - @iy (yn)
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satisfies the conditions ¢’ € G(R) and ¢’ = g.

Consider the matrix " = ¢’ "od~'oC. This matrix also normalizes the group G(R), and also
C" = E. Therefore, from the description of the normalizer of G(R) we come to the description
of all matrices from this normalizer equivalent to the unit matrix modulo J.

Therefore we can suppose that our initial matrix C'is equivalent to the unit modulo J.

Our aim is to show that C' € AG(R).

Firstly we prove one technical lemma that we will need later.

Lemma 5. Let X = Ma, (51)tay(52)Tay (t1) -+ - Tag (t6)T—ay (U1) ... T_ng(ug) € AG(R,J). Then
the matriz X contains 15 coefficients (precisely described in the proof of lemma), uniquely
defining all A\, s1, So, t1,...,tg, U1,...,Us.

Proof. By direct calculation we obtain that in the matrix X z1912 = ﬁ, T12.10 = —;‘3%,
1°2 1°2
therefore we find ug; w128 = 23%, so we get us; similarly from z126 = ;‘3%, Tiga = _;\3?2
1°2 1°2 1°2

A . A(1—t
Tigy = —2WeHu2us) wo know wg, us, ug. Besides, from x1912 = 22 and 1919 = Al —tauz) e

) 5132 ? 8182 ’ 5182

find ¢ and ﬁ, and consequently we know ss.
1
Aug—t .
From z198 = —(“813—522"3 we find u;. From the first equation we can express A by s;. Therefore,
1

A is now known. Now from the system of equations

Tra12 = A(tols + 3tsts + 216);
A(ts + 3titg + 3tits — t5ts)

Ta12 = B )
2
_ 2, 43,92 2, 3
" B tl + 2t1U1 t1u1 + U4t5 + 3U4t1t4 + 3U4t1t3 U4t1t2) .
4.6 — 59 )
)\(1 — 3t1u1 — 3U3t3 + SU3t1t2) )
Tgg = 3%32 )

T1a6 = M —t3 — 2t4u; — tsud + ugtots + Sugtsty + 2uyte);
51314’8 = )\(t4 + t5U1 —+ U3t2t5 -+ 3U3t3t4 -+ 2U3t6),

where s1, 11,13, t4, 15, t are variables, in every equation there is exactly one variable with invert-
ible coefficient, and for all equations these variables are different, we can find all six variables.

Now we know all obtained elements of the ring. Lemma is proved.
OJ

Now return to our main proof. Recall, that we work with the matrix C, equivalent to the
unit matrix modulo radical, and mapping the Chevalley group into itself.
For every root o« € ¢ we have

(1) Cro(1)C' =24(1) - gay 9o € G(R, J).
Every g, € G(R, J) can be decomposed into a product
(2) tay (L 4+ a1)ta,(1+a2)xa, (b1) .. Tag(bs)Ta_,(c1) ... T_aq(co),

where ay,as,b1,...,bg,c1,...,c6 € J (see, for example, [2]).
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Let C = E+ X = E + (z;;). Then for every root a € ® we can write a matrix equation 1
with variables x; ;, a1, a2,b1,...,bs,¢c1,...,cg, each of them is from the radical.

Let us change these equations. We consider the matrix C' and “imagine”, that it is some
matrix from Lemma 5 (i.e., it is from AG(R)). Then by some its concrete 15 positions we can
“define” all coefficients A, sy, s9,t1,...,ts,u1,...,us in the decomposition of this matrix from
Lemma 5. In the result we obtain a matrix D € AG(R), every matrix coefficient in it is some
(known) function of coefficients of C. Change now the equations (1) to the equations

(3) D7 'Cr,(1)C'D = 24(1) - 9./, 94’ € G(R,J).

We again have matrix equations, but with variables y, ;, a}, a5, b}, ..., b5,¢}, ..., ¢, every of
them still is from radical, and also every y, , is some known function of (all) z; ;. The matrix
D~1C will be denoted by C’.

We want to show that a solution exists only for all variables with primes equal to zero. Some
x;,; also will equal to zero, and other are reduced in the equations. Since the equations are very
complicated we will consider the linearized system. It is sufficient to show that all variables
from the linearized system (let it be the system of ¢ variables) are members of some system
from ¢ linear equations with invertible in R determinant.

In other words, from the matrix equalities we will show that all variables from them are equal
to zeros.

Clear that linearizing the product Y '(E 4+ X) we obtain some matrix F + (z;;), with all
positions described in Lemma 5 equal to zero.

To find a final form of a linearized system, we write the last one as:

(E+ 2)2o(1) = 2o()(E+a Ty +a3 ... )(E+axTy +a3...)
B+ b1 Xo, +01X2 /24 ..) (B4 c6Xong + X202+ .. )(E+ Z),

where X, is a corresponding element of the Lie algebra in its adjoint representation,

T, = diag[1,1,0,0,1,1,2,2,3,3,3,3,0,0]:
T, = diag[0,0,1,1,1,1,1,1,1,1,2,2,0,0].

Finally we have
Z26(1) = 2a(1)(Z + a1 Ty + a1y + b1 Xo, + - + c6Xoy) = 0.

This equation can be written for every o € ® (naturally, with another a;,b;,¢;), and can be
written only for generating roots: for ay,as, —ay, —as. The number of free variables is not
changed.
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We have four equations:

(Zqu(l) - xal(l)(X + CLl,lTl + a2,1T2+
+b11 X, + o+ b1 Xag + 11X oy + o+ 61X ag) =05
Z7a,(1) = 2oy (1) (X + a12Th + az2Tr+
+b12X0, + -+ b6 2Xog + 12X 0y + 62X o) =0;
Xx_al(l) - x—ﬂcl(l)(X + a1,3T1 + a2,3T2+
+b13X0, + -+ b63Xag + 13X 0y + -+ 63X 0g) =05
X0y (1) = 20, (1)(X + a14T71 + agaTo+
(X, + A beaXag F1aX o, + o+ 6aX o) = 0.

The matrix Z = (z;;) has zero elements on the positions zs6, 2412, 288, 210,8; 210,105 210,125
212,45 212,65 12,85 212,105 212,125 212,14, 214,65 <14,8, <14,12-

From the matrix of the second condition we have: the position (3,6): 234 = 0; the position
(3,7): 239 = 0; the position (3,11): ¢5; = 0; the position (10,6): 2194 = 0; the position (10, 7):
z10,0 = 0; the position (10,12): by = 0; the position (11,6): 2154 = 0; the position (11, 13):
z11,1 = 0; the position (2,6): 224 = 0; the position (2,7): 229 = 0; the position (3,8): 236 = 0;
the position (3,13): z31 = 0; the position (5,6): z54 = 0; the position (6,9): zs9 = 0; the
position (11 8): z11,6 = 0; the position (11,2): 21113 = 0; the position (12,8): ¢31 = 0; the

position (12,6): c¢4; = 0; the position (12,10): cp; = 0; the position (14,11): ¢1 = 0; the
position (14 12): bg1 = 0; the position (10, 13): 2191 = 0; the position (12,7): 2129 = 0; the
position (11,8): 2116 = 0; the position (10,2): 21913 = 0; the position (13,12): 2515 = 0; the
position (13,11): 2913 = 0; the position (12,5): z157 = 0; the position (6,1): zs; = 0; the
position (14,7): z149 = 0; the position (12,13): 2121 = 0; the position (14,13): 214, = 0; the
position (14,5): z147 = 0; the position (12,2): z1213 = 0; the position (1,9): 2139 = 0; the

position (4, 9) 269 = 0; the position (14, 2): 21413 = 0; the position (2,5): 297 = 0; the position
(1,12): 21312 = 0; the position (10,5): z197 = 0; the position (9,4): z74 = 0.

From the matrix of the second condition it follows: the positions (9,6): zgo = 0; (13,13):
2133 = 0, (]_2, 13) 212,3 = O7 (12,14) 6,2 — O, (14,11) 2411 = 0, (12,9) 212,11 = O, (13,5)
32 = 0; (11, 10) 29,10 = 0; (8,9) 2811 = 0; (11, 8) 298 = O; (10,9) 210,11 = 0 (6 9) 26,11 = 0,
(2,3)1 26,3 = 0; (4, 1) 245 = 0; (10,1) 210,65 = 0; (10,5) 2125 = 0; (7, 12) 2710 = O (5 10)
21,10 = O, (7, 5) b172 = 0, (12, 10) Co2 = 0, (5,3) 21,3 = O, (13,7) Cq2 = O (13 8) b42 = 0,
(10, 8) C12 = 0, (12,4) C52 = 0, (7, 2) b572 = 0, (1,6) 212 = O, (4, 12) 24,10 = O (5 11)
21,11 = 0, (13, 9) 213,11 = 0, (4,6) 242 = O, (7, 9) 2711 = O, (10,6) 210,2 = 0 (14 8) 248 = 0,
(4,13): 243 = 0; (7,13): 273 =0; (8,13): 253 = 0; (9,13): 293 = 0; (10, 13): 2103 = 0; (6,1):
26,5 = 0, (8, ].) 285 = 0, (9, 1) 295 = 0, (13, ].) 2135 = O, (10,2) 2122 = 0, (6 4) 26,14 = 0;
(7, 4) 2714 = O7 (8,4) 2814 = 0, (10,4) 210,14 = 0, (13,4) 213,14 = 07 (4, 5) 2145 = O (876)
250 =10;(2,7): 267 =0;(5,7): 217 =0; (14,7): 247 =0; (3,7): 2137 =0; (3,8): 2138 = 0; (8,8)
(10, 10) a19 = 0 A9 = 0; (1, 1) 215 = 0; (2,2) 26,2 = 0; (3,3) 2143 = O; (4,4) 2414 = 0;
(9,9)I 2911 = 0, (10,12) b272 = O7 (3,11) 214,11 = 0, (2, 10) 26,10 — O, (2,14) 223 = 0,
(2,13): 2613 = 0; (14,13): 2413 =0; (14,1): 241 = 0; (14,9): 249 = 0; (14,4): 21414 = 0; (3,9):
2311 = O, (3, 14) 213,13 = 0, (3, 13) 233 = 0.

I
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Again return to the first condition. Now the elements 219, 225, 261, 287, 2813, 256, 2511
become to be zeros.

If we consider the condition 3, we have that from all coefficients a;, b;, ¢; only ba 3, b3 3, b4 3, €13, a1 3
can be not zeros. The following coefficients of Z are zeros: 253, 2510, 21,12, 27,8, 211,2, 211,105
211,8, %14,2-

Now in the second condition the position (14,6) gives bso = 0, therefore 213, 265, 21,14, 27,5,
21,13, 28,10, 9,6, 9,7, <9,12 A€ ZE€TOS.

Again from the third condition a; 3 = 0, 2712 = 0.

Finally, come to the last, fourth condition. Since the roots as and —as are conjugate with
the element w,, it is clear that in the fourth condition from all a;,b;,c; only bs 4 can be not
zero. Therefore the following elements of Z are zeros: 24, 257, 259, 2512, 25,1, 25,13, 25,14, 22,1,
22,6y 22,14, %32y 3,125 <314, 23,5, Z3,7, <3,8, £3,13, f13,1; £13,65 <6,4; 2,85 #2135 27,15 7,65 7,95 <84y <8,6,
28,12, 29,45 210,65 <11,7, %11,9; <11,12, #11,14, #3,105 13,4, Z14,4, %5,8-

From the first equation now 2319 = 26,12 = 21,6 = 0, from the second one 21§ = 259 = 272 =
213,10 = 214,10 = 211,3 = 29,13 = 29,14 — 0, from the third one 29,1 = 211,56 = 27,13 = 0. Again from
the second condition it follows 26 = 222, 255 = 21,1, 211,11 = Z99. From the first condition
244 = 21,1 = %22 = 277 = 299 = 0. Therefore Z = 0, what we need.

Theorem 2 is proved. 0

From Theorems 1 and 2 it directly follows the main theorem of this paper:

Theorem 3. Suppose that G(R) and G(S) are Chevalley groups of type Ga, R, S are local
rings with 1/2 and 1/3. Then every isomorphism between G(R) and G(S) is standard, i. e., it
1s the composition of a ring isomorphism and an inner automorphism.
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