
17 Îñíîâíàÿ òåîðåìà àëãåáðû êîì-ïëåêñíûõ ÷èñåëÎïðåäåëåíèå. Ïîëå F íàçûâàåòñÿ àëãåáðàè÷åñêè çàìêíóòûì,åñëè ëþáîé ìíîãî÷ëåí f ∈ F [t] ïîëîæèòåëüíîé ñòåïåíè èìååòïî êðàéíåé ìåðå îäèí êîðåíü â F .Òåîðåìà. Ïîëå C àëãåáðàè÷åñêè çàìêíóòî.Ñëåäñòâèå. ×èñëî êîðíåé ìíîãî÷ëåíà f ∈ C[z], ïîäñ÷èòàí-íûõ ñ ó÷åòîì êðàòíîñòåé ðàâíî deg f .Íàïîìíèì:
• |z1 + z2| ≤ |z1| + |z2|;
• |z1 − z2| ≥ |z1 − |z2|.Îïðåäåëåíèå. zn −→ z0 åñëè |zn − z0| −→ 0.Ëåììà. zn −→ z0 ⇐⇒ Re zn −→ Re z0 & Im zn −→ Im z0.Äîêàçàòåëüñòâî. Çàïèøåì zn = xn + iyn, z0 = x0 + iy0. Òîãäà

|zn − z0|2 = (xn − x0)
2 + (yn − y0)

2,

|xn − x0| ≤ |zn − z0|, |yn − y0| ≤ |zn − z0|.
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Ëåììà. zn −→ z0 =⇒ |zn| −→ |z0|.Äîêàçàòåëüñòâî. ||zn| − |z0|| ≤ |zn − z0|.Ñëåäñòâèå. zn −→ z0 =⇒ ∃c ∈ R |zn| ≤ c.Ëåììà. zn −→ z0 & wn −→ w0 =⇒ zn ± wn −→ z0 ± w0,
znwn −→ z0w0.Äîêàçàòåëüñòâî.

|zn ± wn − (z0 ± w0)| ≤ |zn − z0| + |wn − w0|,

|znwn − z0w0| = |(zn − z0)wn + (wn − w0)z0| ≤
|(zn − z0)wn| + |(wn − w0)z0| ≤ c|zn − z0| + |(wn − w0)z0|.

Ñëåäñòâèå. zn −→ z0 =⇒ ∀f ∈ C[z] f(zn) −→ f(z0).Ëåììà (î âîçðàñòàíèè ìîäóëÿ ìíîãî÷ëåíà). Ïóñòü f ∈
C[z], deg f > 0. Òîãäà ∀c > 0 ∃R ∈ R òàêîå, ÷òî |f(z)| ≥ c ïðè
|z| ≥ R.Äîêàçàòåëüñòâî. Çàïèøåì

f(z) = anz
n + · · · + a1z + a0, an 6= 0, n ≥ 1.23



Ïóñòü A := max |ai|. Òîãäà
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.Ìû ìîæåì ñ÷èòàòü, ÷òî
|z| ≥ (nA + 1)/an ≥ 1.Òîãäà |z|k > |z| è

|f(z)| ≥ |z|n
(
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= |z|n−1 (|an||z| − nA) ≥ |z|n−1.Òàêèì îáðàçîì, ïðè
|z| ≥ max((nA + 1)/an,

n−1
√

c) := R.èìååì |f(z)| ≥ c.Ëåììà (ëåììà Äàëàìáåðà). Ïóñòü f ∈ C[z], deg f > 0,
f(z0) 6= 0. Òîãäà ∀ǫ > 0 ∃h ∈ C òàêîå, ÷òî |h| < ǫ è
|f(z0 + h)| < |f(z0)|. 24



Äîêàçàòåëüñòâî. Çàïèøåì
f(z) = b0+bk(z−z0)

k+· · ·+bn(z−z0)
n, bk 6= 0, bn 6= 0, k ≥ 1.Ïóñòü w0 � îäèí èç êîðíåé ìíîãî÷ëåíà b0 + bkz

k. Áóäåì èñêàòü
h â âèäå h = tw0, t ∈ R, 0 < t < 1. Òîãäà
f(z0 + h) = b0 + bkw
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tk+1Ïóñòü C := |bk+1||w0|k+1 + · · · + |bn||w0|n. Ïðè t < b0/C èìååì
|f(z0 +h)| ≤ |b0|(1− tk)+
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tk+1 ≤
≤ |b0|(1 − tk) + Ctk+1 = |b0| + (Ct − |b0|)tk ≤ |b0| = |f(z0)|.Òàêèì îáðàçîì, ìîæíî âçÿòü h = tw0, 0 < t < min(b0/C, 1).Äîêàçàòåëüñòâî îñíîâíîé òåîðåìû àëãåáðû. Ïóñòü f ∈

C[z], deg f > 1. Ïðåäïîëîæèì, ÷òî |f(z)| > 0, ∀z ∈ C. Ïîëîæèì
M := inf |f(Z)|. Ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü zn ∈ C òàêàÿ,÷òî |f(zn)| −→ M . Èìåþòñÿ äâà ñëó÷àÿ.
• |zn| íå îãðàíè÷åíà. ∀R ∃zn |zn| > R. Íî ïî ëåììå î âîçðàñ-òàíèè ìîäóëÿ ∀c ∃R |f(z)| > c ïðè |z| > R. Ïðîòèâîðå÷èå.
• |zn| îãðàíè÷åíà. Çàïèøåì zn = xn + iyn. Ïîñëåäîâàòåëüíîñòè
xn è yn îãðàíè÷åíû. Âûáåðåì ñõîäÿùèåñÿ ïîäïîñëåäîâàòåëüíî-ñòè xnk

è ynk
. Ïîñëåäîâàòåëüíîñòü znk

= xnk
+ iynk

ñõîäèòñÿ:25



znk
−→ z0. Òîãäà f(znk

) −→ f(z0). Ýòî ïðîòèâîðå÷èò ëåììåÄàëàìáåðà.
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