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Îïðåäåëåíèå.
Ìàêñ-àëãåáðà èëè òðîïè÷åñêàÿ àëãåáðà:

Rmax := (R,⊕,⊗),

a⊕ b = max{a, b}, a⊗ b = a + b,

íóëåâîé ýëåìåíò: −∞, åäèíè÷íûé ýëåìåíò: 0.
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Îïðåäåëåíèå.
Ìàêñ-àëãåáðà èëè òðîïè÷åñêàÿ àëãåáðà:

Rmax := (R,⊕,⊗),

a⊕ b = max{a, b}, a⊗ b = a + b,

íóëåâîé ýëåìåíò: −∞, åäèíè÷íûé ýëåìåíò: 0.

Ïðèìåðû âû÷èñëåíèé:

2⊕ 3 = 3; 2⊗ 3 = 5

2⊗
3

= 6

√
−1 = −0.5



Óðàâíåíèÿ

x⊕ 5 = 5 ⇐⇒ max{5, x} = 5 ⇐⇒ x ∈ [−∞; 5]

x⊕ 3 = 5 ⇐⇒ max{3, x} = 5 ⇐⇒ x = 5

x⊕ 5 = 3 ⇐⇒ max{5, x} = 3 ⇐⇒ x ∈ ∅



Ïðîáëåìà 1. Òåîðèÿ ðàñïèñàíèé. Òðîïè÷åñêèé ïîäõîä
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{
max{x1 + a11, x2 + a21, . . . , xk + ak1} = y1

max{x1 + a12, x2 + a22, . . . , xk + ak2} = y2



 max{x1 + a11, x2 + a21, . . . , xk + ak1} = y1
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max{x1 + a13, x2 + a23, . . . , xk + ak3} = y3
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max{7, 2} + max{5, 8} = 15 6= 12 = max{7 + 5, 2 + 8}

max ←→ ⊕

+ ←→ ⊗

x1 ⊗ a11 ⊕ x2 ⊗ a21 ⊕ . . .⊕ xk ⊗ ak1 = y1

x1 ⊗ a12 ⊕ x2 ⊗ a22 ⊕ . . .⊕ xk ⊗ ak2 = y2

x1 ⊗ a13 ⊕ x2 ⊗ a23 ⊕ . . .⊕ xk ⊗ ak3 = y3

x1 ⊗ a14 ⊕ x2 ⊗ a24 ⊕ . . .⊕ xk ⊗ ak4 = y4

· · · · · · · · · · · ·
x1 ⊗ a1s ⊕ x2 ⊗ a2s ⊕ . . .⊕ xk ⊗ aks = ys

A⊗ x = y



Ïðîáëåìà 2. Ðàñïèñàíèå ïîåçäîâ

v v#
"
 
!

#
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!S1 S2a11 = 2 a22 = 3

a21 = 3

a12 = 5

1. Âðåìÿ äâèæåíèÿ êàæäîãî ïîåçäà çàäàíî è ôèêñèðîâàíî.
2. ×àñòîòà äîëæíà áûòü ñêîëü âîçìîæíî ìàêñèìàëüíîé.
3. ×àñòîòà äîëæíà áûòü ïîñòîÿííîé ïî âñåì ìàðøðóòàì

(ðåãóëÿðíîå ðàñïèñàíèå).
4. Ïàññàæèðû äîëæíû èìåòü âîçìîæíîñòü ïåðåñåñòü ñ ïîåçäà íà

ïîåçä íà ñòàíöèè.
5. Ïîåçäà äîëæíû ñòîÿòü íà ñòàíöèè íàèìåíüøèå âîçìîæíûå

ïðîìåæóòêè âðåìåíè.
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a11 = 2, a12 = 5, a21 = 3 = a22. Òîãäà{
x1(k + 1) ≥ max{x1(k) + 2, x2(k) + 5}
x2(k + 1) ≥ max{x1(k) + 3, x2(k) + 3}

Ïî ï. 3 {
x1(k + 1) = max{x1(k) + 2, x2(k) + 5}
x2(k + 1) = max{x1(k) + 3, x2(k) + 3}

Åñëè x(0) äàíî, òî îñòàëüíîå îïðåäåëÿåòñÿ åäèíñòâåííûì îáðàçîì!
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x1(0) = x2(0) = 0 ⇒

x(k):

(
0
0

)
,

(
5
3

)
,

(
8
8

)
,

(
13
11

)
,

(
16
16

)
, . . .

x1(0) = 1, x2(0) = 0 ⇒

x(k):

(
1
0

)
,

(
5
4

)
,

(
9
8

)
,

(
13
12

)
,

(
17
16

)
, . . .

Ïî ï. 3 ïîñëåäíåå ëó÷øå.
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Êàê åãî íàéòè ?
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Èíòåðâàë ðåãóëÿðíîãî ðàñïèñàíèÿ îïðåäåëÿåòñÿ òðîïè÷åñêèì
ñïåêòðîì, à ñàìî ðàñïèñàíèå � òðîïè÷åñêèì ñîáñòâåííûì âåêòîðîì.
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Èíòåðâàë ðåãóëÿðíîãî ðàñïèñàíèÿ îïðåäåëÿåòñÿ òðîïè÷åñêèì
ñïåêòðîì, à ñàìî ðàñïèñàíèå � òðîïè÷åñêèì ñîáñòâåííûì âåêòîðîì.

x(k + 1) = A⊗ x(k)

A⊗ v = λ⊗ v(= λ + v)



Ïðàêòè÷åñêèé âîïðîñ

Ïóñòü àäìèíèñòðàöèÿ æåëåçíîé äîðîãè íàáðàëà äåíåã íà ïÿòûé
ïîåçä. Íà êàêîé ïóòü åãî ïîñòàâèòü, ÷òîáû ðàñïèñàíèå íå
óõóäøèëîñü? Ìîæíî ëè çà ñ÷åò ýòîãî óëó÷øèòü ðàñïèñàíèå?



Êàê ðåøàòü òðîïè÷åñêèå ñèñòåìû

ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé?



Íàïðèìåð, òàê óñòðîåíû ôóíêöèè ðàíãà â òðîïè÷åñêîì ìèðå
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mrS(A) = trop (A) = mcS(A)


