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MMPEAVCJOBUE K TPETHLEMY U3IAHUIO"

Brmmegmee B8 1995 rogy gocTtaTodHO OONBIIMM THPAKEM BTOpPOE
maganne 3ajfadHuka [16] cramo ymxe OnOIMOrpaduUecKOn pPeIKOCTHIO.
B 1996 roay ObL1 ony0aMKoBaH ero aHrImickuil nepesoa [17].

K coxanenuio, B [16] cogepxurca gocrarouso muoro oneyarox. Ha-
I€HCh, ITO BCE OHM YCTPAHEHH B IPELIaraeMoM YHTATEII0 TPEeTheM U3-
MaHUH, W, PA3YMEeTCs, B HEM He BO3HUKIH HOBBIE HETOYHOCTH. B HacTo-
AMEM M3JAHIM COXPAHEHA CTPYKTYpa, cozgandad B [16], yerpanén psan
one4aToK U 100ABIEHBI HOBBIE 3a/1a4H, B OCHOBHOM B rviaBbl 13 u 14.

Tperse uzganue nogroroeneso B.A. ApTaMOHOBEIM C yYacTHEM ap-
TOPCKOTO KOATEKTUBA, COTPYIHUKOB KadeIpsl BRICTIER aareOpst Mockos-
CKOT'0 TOCYAapCTBEHHOTO YHUBepcHuTeTa, a Takxke E.B. [TankpaTbepa.

[Iybnukanusa HACTOALIEIO U3JAHUA NPUYPOUEHA K BBIXOLY y4eOHOrO
nocobus A. . Kocrpukuna “Beegenne B aare6py” B Tpex gacTax [3-5].

A.H. Koempuxun

N3 ITPEANCJIOBUA KO BTOPOMY MU3JAHWUIO

IocTaprenube mepe cOOPHUKOM 3414 M0 aaredpe mean, 0 KOTOPBIX
TOBOPWJIOCH B NPEAMCJIOBAM K TEPBOMY M3JIaHWIO, B OCHOBHOM JOCTHI-
HyTBL. 06 5TOM MOMKHO CYAUTbH IO HOCTYHIHUBIIMM OT3BEIBAM U IO ONBITY
paboTsl wieHOB Kadeapsl (T.e. aBTopos cOOpHUKA) o cTy1enTamu. Buec-
Te ¢ TeM, MOYTH CPa3y XK€ BBIABUINCH CYMIECTBEHHBIE M3BAHLI IEPBOrO
HM3JaHUA: HEJIOCTATOYHOE KOIMYECTBO 3a]aY YMCI0BOIO XapakTepa: OT-
CYTCTBME psja TUIOBLIX 3ajad4; Hey100Has HyMepauus 3a/1a4 1 OTBETOB;
OM3KOe CoCeCTBO PA3SHOKAIMOEPHBIX 110 TPYAHOCTH 3aj1at.

") lanHoe TpeIMCIOBMe NOATOTOBIEHO THTYILHBIM pEIAKTOPOM KHHTH, tie-
HOM-KOPPECHOHAeHTOM POCCHHCKOM akajeMuu Hayk, [NpodeccopoM, 3aBeayromuM
kadeapon BeiCmern aareOpsl  MOCKOBCKOTO TOCYIapCTBEHHOO YHHBEDCHTETA
A M. Kocrpukunemv. K coxanenuio, Anekcen WUpanosua ymep B centaope 2000 roga,
HE O JABIIMCE BBIXOAA B CBET DTOrO U3 TAHUA.



8 H3 npeducaosus & nepsomy uzdanuio

Hacrosmee uaganue, moaroToBICHHOE, IVIaBHBIM 0OpaszoMm, B.A. Ap-
TAMOHOBHIM (HO C y9IaCTHEM NPAKTHYECKH TeX e ABTOPOB), NPH3BAHO
YCTPaHUTHL yKasaHHble HegocTaTku. O0bEM cOOPHHMKA CYHMIECTBEHHO VBe-
JMIIICA He TOJBKO 3a CI6T CTAHJAPTHBIX 3adad. BO3HHK CHenuaIbHBIR
paszen 3a1a4 MOBBIIIEHHON, 4 MHOTA M BeChMAa BEICOKOH TPYIHOCTH; DTH
3a1a41, YACTUYHO U3BICYEHHLIC M3 KYPHAIBHON B MOHOTpapuIeCKON JI1-
TepaTypsl, MIOMOCYT B ONPEISIEHHON CTEIEHHM YAOBIETBOPUTEL 3AIpPOCHI
CWIBHBIX CTYAEHTOB M MOACKA3ATh TeMbI KYPCOBBIX paboT. ITH 3a1a4u
PacIookKeHsl B KOHIE naparpada Iocae 3HaKa % *x .

N3 IIPEAUCJIOBUA K ITEPBOMY N31AHWUIO

CymwecTeymomme cOOpHEKKH 3ajad mo Kypcam “Berciien anre6per”,
“JTanennon amreOpel 1 reomerpun” (cm., manpumep, [8, 9] u ap.) sa-
pexoMergoBamm cedsa ¢ caMmou Jy-men cTopoHsl [losTomy BRImyck emé
OJHOTO Yy4eOHOr0 MOCOOMA AHATOTMYHOI'O JKaHpa HY:XKIAeTCA B MOACHe-
Huu. CocraBuTenu npeararaeMoro cOOpPHHUKA 3a1a4 PYKOBOICTBOBAINACH
mpocThiMu cooOpaxennmsivu. U3menuBmancsa 3a nocaegune rogsl CTPYK-
TYpa YKA3AHHBEIX KYPCOB, MOABJICHAE HOBBIX PA3IEI0B, YIPA3 THEHHE IR
YACTUYIHOE COKPAIIEHUE PALA TPAJUIUOHHBIX TEM —— BCEe 3TO HPUBEJIO K
TOMY, YTO NPENOJaBaTeIH, BEAVIIHe CeMUHAPCKWE 3aHATHA, BHIHY K 1€HbI
OPUEHTHPOBATLCA HA OOJBIIOE TUCI0 PABHOPOAHBIX MCTOTHUKOB. 100
UCTIPABATE (JIOKUBIIEECS MOMOXKEHHe Belner, kadeipa Boicmen anrebpnt
MI'Y pemmnra TOArOTOBUTH HOBBIM COOPHHUK 3a1a4, KOTOPBIM OXBATHIBAI
OBl BCE pa3elbl TPEXCEMECTPOBOrO Kypca.

Tpyxa ¢ camoro Havaga npuoGPET KoLK THBHBIN xapakTep. CoTpy-
HUK, OTBETCTBEHHLIN 33 TY WIH HHYIO [VIABY, IPHIEPMKUBAJICA BBIPAOO-
TAHHOI'O ONBITHBEIM MYTEM KPUTEPUA MOJHOTHI M Pa3sHOOOpas’usa MaTe-
pHata, TPOABIAA PA3yMHYI YMEPDEHHOCTh B ero mnogbope. PakTuuecku
HTO 03HAYAJIO ONPEAEIEHHOE COKPAIICHME KOJIMYeCTBA MAOJIOHHBIX YUC-
JEHHBIX NPUMEPOB U BBLAEJEHUE B MACCUBE 3a1a4 Haubolee XapakTep-
HBIX npegcTaBuTeneid. TakuM oOpas3oM, B cOOPHUK BOILIH B OCHOBHOM Te
3a/a491, KOTOPBIE PEATBLHO MPeIaramuch cTyaeaTaM. CpaBHHTEILHO He-
OOMBIIYIO 1010, 0COOEHHO B MEPBOM CeMECTPe, COCTABMAIOT 3a 14K MOBHI-
meHHou TPy HocTH. Bee onn cuabxkens! ykaszaauavu. Pons Takux 3aga«,
OJHAKO, BO3PACTAeT K KOHIY Kypca. Haumbomee TpyaHble 3agadd MOTYT
IpelIaraThea Ha JOTMOJHUTETbHBIX 3aHATHAX 110 aaredpe.

KommaecTso TeopeTHIeCKNX MOACHCHUHA CBEeICHO K MUHAMYMY, OHA-
KO (3()()6p&}KeHHH ABTOHOMHOCTH UI'PaJIu BCE Oosee 3HAYUTEJNbHYIO PDOJIb 110
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Mepe MPOIBMKEHNA K JOMOJHUTEIbHBIM riasaM aaredpsr. [Ipu cocragie-
HUM HACTOAUIET 0 TOCOOUA OBLIO NCIIONB30BAHO 3HAMUTEABHOE YUCI0 3a1a
13 cOOPHUKOB, VKA3AHHBIX B CIIUCKE JTUTEPATYPHI.

B konme xaurn npuBoIsATCS COUCOK OOO3HAMEHMN M ONPEIEICHUT OC-
HOBHBIX [TOHATHH, HCIOJIB3YEMbIX B KHUIe, K KOTOPBIM CJIeIVeT 00pamaTh-
Cf B CIyYae 3aTPY,JHEHUN IPH OHMMAHUY YCI0BHA 33 1a4u. OnperenenHust,
OTCYTCTBYIOLIME B HOCIEIHEM CIMCKE, MOXKHO HAUTH B pasgere “Teope-
TUYMECKHe CBeIeHus , [1e KPATKO W3I0KEHBl OCHOBHEIE Y TBEDIK IeHIs, He-
0OX0AMMBIE 1A PELICHHA 3a1ad.

Aprope! BeIpaxkaloT 6iarogapaocts B.B. BaTwipésy, MmHOr0 nopa6o-
TaBmeMy Hajg TekeToM cOopruka. Ocobas 61aro apHOCTh — COTPYIHH-
KaM Kadeapsl Beicien anreops: u Teopun wucen Canxr-llerepbyprekoro
VHUBepCcUTeTa U KadeIpsl arredpsl 1 MaTeMaTHIecKol Jorukn Kuescko-
ro yaueepcuTera. JHE NPOBEIU TIIATEIBHOE PEIeH3MPOBaHNe cOOPHUKA
¥ caenagn O0JbIIoe NCI0 KOHKPETHLIX 3aMeIaHnn.

AsToper 6marogapus pegaxtopy xauru [.B. lopodeesy, koTopwii
00paTi caMoe CepbEe3HOe BHUMAHKME HA IPUHIMILL YIOPALOYCHIA MaTe-
pHaia M YHH(DUKAINO 0003HAMEHNH, YCTPAHHB M3JIUIIHAN HapaslIeTn3M,
0 KOTOPOM TOBOPHIOCEH BEILIE.
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YACTHB 1

OCHOBBI AJITEBPHI

lNnasa I

MHOZ?KECTBA 1 OTOBPA2KEHUA

§ 1. Onepauum HAJ MOAMHOXKECTBAMM.
IToagcuer gucna seMeHTOB

1.1. lycrs A; (i € I), B noavmuoxecrea B X. [loxasars pa-
BEHCTBA:
a) (UA,-)nB:U(A,mB); 6)(ﬂAi)UB:ﬂ(A,-UB);
iel icl icl iel
B)UAi:ﬂIE F)ﬂ&':UI-
icl icl iel i€l

1.2. Hyers X — NpPOM3BOJIBLHOE MHOMKECTBO, 2% — MHOMKECTBO BCEX
ero noamaoxecTs. JokasaTs, 4To onepamua A cusmmempuveckoi pas-
HOCTRU

AAB=(AnB)U(AnB)
Ha MEOKecTBe 2% 0OIazaeT cregyommMMH CBOMCTBAMME:

a) AAB=DBAA;

6) (AAB)AC=AA(BAC);

B) AAG = A;

r) mn moboro noamuoxkecTBa A C X CyIIECTBYeT MOIMHOXKECTBO
B C X rakoe, uto AA B = @;

N (AAB)NC=(ANB)A(ANC);

e) AANB=(AUB)\ (AN B);

®) AAB=(A\B)U(B\A).

1.3. Jokasars, 9T0 A1 100LIX KOHEIHBIX MHOXkecTB Aq,..., A,
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n

=Y JAil- > JAinAjl+...

i=1 1<i<jgn

cos HA—T)E1 S AN nAg ]+

1I<ihi<..<ig<n

n
0
i=1

4+ (_1)?1—1

A1N...N Ay

1.4. [lokasaTp, 4T0 111 J0060r0 HATYPAJIBLHOrO Yucaa i > 1

w=n(i-2) (- 2)-- (- 2).

TI€ P1,P2,- .., Pp — BCE PAIMYHEIE IPOCTHIE JEIUTEIN TucIa n, ¢(n) —
Pynryus Iaepa.

1.5. Kakoe mMakcuMaibHOE YRCJIO IOIMHOXKECTB MOKHO 00pas’oBaThb
U3 JaHHBIX N MOAMHOMKECTE (PUKCMPOBAHHOI'O MHOMKECTBA C IMOMOIIBIO
onepanun mnepecevdeHusa, 0ObeIMHEeHUA U TOTOTHeHMA

1.6. IIycte A, B, C' — nojMHOKECTBa B HEKOTOPOM MHOKECTBE.
Hokazate, yto AN B C C Torga u Toaeko torjga, korga A C BUC.

§ 2. Yucao oro6pakeHUN U NOJMHOMXKECTB,
6uHOMHUANBHBIE KO3 (PHUIIMEeHTHI

2.1. [Iycte X — MHOXKECTEO JI0JeH B HEKOTOPOM HOMeIIeHuy, ¥ —
MHOMKECTBO CTYJIBEB B DTOM TOMEIIEHNH U TTYCTh:

a) KaxkJA0MY 9eI0BEKY MOCTABICH B COOTBETCTBHE CTYJ, HA KOTOPOM
OH CH/IHT;

6) KaxkJI0OMY CTYJIY NOCTABJICH B COOTBETCTBHUE YEJOBEK, KOTOPHIN HA
HEM CHIWT.

B kakux caygasx a) m 6) ompemeasior orobpaxenua X — Y wu
Y — X7 B kakux cayvasx 9T 0TOOPAKEHUA HHLEKTUBHEL, CIOPBHEKTHB-
HBEI, OMEKTUBHEI!

2.2, JlokasaThb, 9TO €CIU MHOXECTBO X OECKOHEYHO, a €ro I10IMHO-
KecTBO Y KOHEYHO, TO CYLECTBYET OHEKTHUBHOE OTOOpaXKeHHe
X\Y->X.

2.3. llyctes f: X — Y — orobOpaxenne. Orobpaxenue g : Y —
— X HaswBaeTcsa Aesbim (COOTBETCTBEHHO Npasbim) ofpamubim i f,
ecin g o f = 1x (cooreercTBenHo f o g = ly). JlokaszaTs, 4To:

a) orobpaxkenne f MHBEKTHBHO B TOM H TOJBKO TOM CJIY9ae, eCIn OHO
0013, 13eT JEeBBIM OOPATHBIM;
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0) oToOpaxenue f CIOPHEKTHBHO B TOM M TOJBKO TOM CIAyYae, ec/IH
OHO 0OJazaeT IpaBeIM 0OPATHBIM.

2.4. YcTaHOBUTH OMEKTHBHOE COOTBETCTBHE MEXKAY MHOXKECTBOM
Bcex orTobpaxenuni MHOxkectBa X Bo MHOkecTBo {0,1} u mHOXKecT-
Bom 2% (cm. 1.2) n mairtn |2%|, ecn | X| = n.

2.5. Ilycte | X| = m, |Y| = n. Hantur ancio:

a) 0TOOPaKEeHHUH;

0) HHBEKTHBHEIX 0TOODaKEHN;
B) OMEKTHUBHLIX OTOOPAKEHUIN;

I') CIOPBEKTHBHBIX 0TOOPAKEHHN;
MHOKecTBa X BO MHOXKECTBO Y.

. n
2.6. Ilycte |X| = n. Hantu gmcio ( ) BCEX TOAMHO¥ECTB B X,
m

COCTOAIINX U3 TN DJIEMEHTOB (3T0 HUCI0 HA3BIBACTCA TaKXKe YUCAOM CO-
yemanui u3 n aaemMenmos no m 1 1acTo 0003HAYASTCA CUMBOJIOM C:;l .

2.7. Oycrs | X | =n. HanTu 9ucao Bcex noAMHOXKECTE B X, COCTOAINX
U3 IETHOTO MCJIA DIEMEHTOB.

2.8. Mokasate dopmyay bdunoma Hewomona

n
(a+b)" = E (n) ai>, n €N
i

i=0

2.9. lIycrs | X|=nuwm +...+mp =n (m; = 0). Hanru gucao

n . -
VIOPAJZOYEHHBIX Pa3OueHnN MHOXKecTBa X Ha K IOJIMHO-
my,...,my

KeCTB, CoaepxalluX COOTBETCTBEHHO Ty, ..., 3JEMEHTOB.

2.10. /JokaszaThk paBeHCTBa:

n
[ § : my my .
a) (@1 +...+ap)" = (ml ma)gjl e
5o s TR

(my,...mp)
mi+...+me=n, m; 20

n n
6) z (ml,...,mk)_k '

(my,y...omy)
mi+...+mp=n, m; =20

2.11. /loxa3aTh paBeHCTBA:

a) (:z) = (n fm); 6) X: (’:) e
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oS (i) =0 03l =

9 3 C0A(7) =0 n>

i=1

2001 2)

(r-:l)(l’+2’ 0= m+1) = (n+1);
(i) +('“?£1) () =)
)pr 1).. +6—1):(p+1)---(p+n)_

n
:
n!

i=0

n—I . ¥
i n—1 n+1
J = >k+12>20.
“)’_k(k)( z ) (k+l+1)’ W2 e+ 20

2.12. Joxasars, uto ™ 4+ 7™ ABIAETCA MHOTOWICHOM CTEICHH 71
?
orr+x 1.

g

2.13. Hamtu wucao pazdmeHndl 9UCIa 7 B YHOPAJOYEHHYI CYMMY
13 k HEOTPUIIATENILHEIX CIATAEMBIX.

§ 3. IlepecTanoBku

3.1. IlepeMHOXUTE NEPECTAHOBKA B YKA3AHHOM M OOPATHOM MOPSI-

Kax:
5) . (1 2 5\ .
2)*\5 3 4)?

[ BTN
[=2 I
L
SN

(=)

—~
/—‘\/’—"\/w’—"\/—“\
CTLNY = BN DN =N

- W e W =W

S o O s O e O e
= ot
Nt
X
e
IS
[SLIN \V)
LR W =N~ W
e A N L

B O = Ot
-t
ot
N
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3.2. 3anucarh B Br e MpOM3BeIeHNA HE3aBNCHMMBIX INKJIOB IIepecTa-

HOBKMU:
1 2 3 4 5 6 T\,
5 4 1 7 3 6 2)°
12345 6 7).
3 1 6 7 5 2 4)°
1 2 3 4 5 6 T\,
3 7 6 5 1 2 4)°
1 2 3 4 5 6 T\,
4 3 6 71 5 2)°
) 1 2 3 4 2n-1 2n \ .
M2 1 4 3 o  2n-1
) n n+l1l n+2 ... 2n
5 n+1 n+2 ... 2n 1 2 .on /)

3.3. 3anucars B Buae TAOAMIE TEPECTAHOBKHN:
a) (136)(247)(5);

6) (1654237);

B) (135...2n—1)(246...2n).

3.4. TlepeMHOKUTE NEPECTAHOBKU:

a) [(135)(2467)]-[(147)(2356)];

6) [(13)(57)(246)]- [(135)(24)(6 7).
3.5. OnpegenuTh 4IHUCIO NHBEPCUHN B MOCJIEL0BATEIBHOCTAX:
a)2,.3,5,4,1;

0) 6,3, 1, 2,5, 4;
e)1,9,6,3,2,5,4,7,8;
r)7,56,4,1,3,2

ax) 1,3,5,7,...,2n — 1,2,4,6,8,...,2n;
e) 2,4,6,.. 271,1,3 B,..02n—1;

xK) k,k-i—1,...,7’L,1,2,...,k—1,

) kk+L .k —1,k—2, .. .,2,1.

3.6. OnpeenuTh YeTHOCTH NEPECTAHOBOK:

1 2 3 4 6 7
a)- 3;

4 1
3 6 7 8\
2 4 8 7)

o Ot

7
4
1

=)

ot
N
(LI
ot O
D Ot
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5 3 56 4 2 1 7\
2 417 6 5 3)°
) 2 7 5 4 8 3 6 1
\3 587 26 1 4)°
) L 2 3 iiessan on e on s n—1 n
Ml2 4 6 R T SR ’
& I T n—1 n
1 3 D e 2 4 0 zocemssinma: ’
) 1 2 3 n—1 n
n n—1 n-—2 2 L
) 1 2 3 4 ... n—1 n
Vhn 1 =1 B .srmennses '
3.7. OnpeeauTes 4eTHOCTE IePECTAHOBOK:
a) (123...k);

)
6) (i1d2...ik);

5) (1473)(67248)(32):

r) (i1d2)(i3i4)(is 76) . . - (fop—1 G2k);

rﬂ;) ( ?p (.71 q)( l-"kr)(il---ls)-

3.8, "Iucio MHBEPCHN B HMZKHEN CTPOKE IepeCcTAHOBKI

1 2 ... n
aq as ... Qp

paBHo k. HaTu 9uca0 HHBEPCUT B HUAKHEH CTPOKE MEPECTAHOBKHI

(1 2 . n)
G Ot oev Of”

3.9. PaccmaTpuBaoTes MepecTaHOBKH
1 2 ... n
a1 ax ... Qy

a) B kaxon crpoke (ay,...,a,) 1ucio uasepcun Hanboasmee?

CTEeNneHn n.

6) CxoapkO MHBEpCHE 00pa3yeT YUCI0 1, CTOAIee B HUMKHEN CTPOKE
Ha k-M mecTe?

B) CKOIBKO MHBepCHI 00pA3yeT 9mcIo 7, CTOANCe B HUKHEH CTPOKe
Ha k-M mecre?
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3.10. IIycTh B HOCHEIOBATENBHOCTH @, . . . , Gy GUCET 1,2,..., 1 IEpe-
cTaBieHbl aa uucaa, g u ¢+ 1, rae 1 < g < n — 1. [Jokasars, 9T0 9UCI0
MHBEPCUN M3MEHHTCA Ha +1.

3.11. IlycTe 3agana nepecTaHOBKA

(1 2 ... n)
a = y
ap az ... Qp

MPUHEM STHCIO0 WHBEPCHH B HUKHEN cTpoke pasHo k. /lokazats, 9To:

a) o ABageTcs npoussesenueM k Tpancnosunun suga (q,q + 1), rae
1<g<sn—-1

0) o HeIB3A MPEICTABATH B BUJAC NPOM3BEACHUS MEHee k TPAHCIIO3N-
OMY YKA3AHHOTO BUIA.

3.12. Ilycte w,0 € S,,, npuaém o aeagerca MukiaoMm wimHE k. Joka-
3aTh, YTO TOT | Takike ABIACTCA IMKJIOM JUTAHBI k.

3.13. BeiacHuTh, KAK M3MEHSeTCA Pa3joKeHHUe I[epecTAHOBKM B
NPOU3BEIEHNE HE3ABUCUMBIX IIMKJIOB MPH YMHOXKEHUH €€ Ha HEeKOTOPYIO

TPaHCIO3HUINKD. Yro MIPpOUCXOOIUT IIPpH 3TOM € OJEKPEeMEeHTOM IiepecTa-
7
HOBKH!

3.14. [okasaTh, 9TO BCAKAA MEPECTAHOBKA 0 € S, MoxeT OBITH
NpecTaBIeHa KaK IMPOU3BEIeHIe TPAHCIOZUIINN BI 14

a) (12),(13),...,(L,n);
6) (12),(23),...,(n—1,n).
3.15. [lokazaTb, 4TO BCAKAS NEPECTAHOBKA 0 € S, MOXKeT OBITH

OPEACTABICHA KAK IIPOM3BEICHUE HECKOJBKMX COMHOMKHTEICH, PABHBIX
muknam (12) u (123...n).

3.16. [TokaszaTh, 9TO BCAKAA YETHAI [IEPECTAHOBKA MOMKeT OBITH
[NpPeJCTABIEHA KAK:

4) IPOM3BEAEHNE TPOMHBIX [HKIOB;

0) npomasegenne mukiIoB Buga (123), (124),...,(12n).

3.17. llycte f;; — OXHUH M3 ABYWICHOB I; — & WIH X; — X;, TIe i
U j — TPOU3BOJBHBIC HATYPATLHBEIC IUCIA OT 1 10 n, i < j, U OyCTh
f(z1,...,x,) — npoussegenue Beex »>TUX ABYwIeHOB. Jokazars, 4To 114

M0601 epecTaHoBKu o € S,

f('ra'(l)a-“a'ra'(n)) = (Sgna) 'f(il?l,---,-"ﬂn)n

2  A.N. Kocrpukun
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3.18. Ilycte T — mexkoTopbm HabOp TpaHcmosumuu u3 S, u [ —
rpad co MEHOKeCTBOM BepmimH 1,2, ..., n n MuOkecTtBoM pédep T'. Toka-
34Th, YTO:

a) BCAKASA MEPeCTAHOBKA U3 S, NPEICTABIACTCA B BUAE TPOUIBEICHNAA
Tpascnosunui w3 T Torga m ToabKo Torma, korjga rpad I ceasHbI;

6) mpu |T'| < n—1 cymecTeyeT nepecTaHOBKA U3 S,,, He IpeICTABAMASA
B BUJ€ NPOM3BEACHNA TPAHCIo3ummy u3 Habopa 7.

.. n
3.19. Ilycre 3agano «ucno k, npuaém 1 < k < (2) MokasaThb, 9TO

B Sn CYmecTBYeT nepecTaHOBKA

1 2 ses B
iy 4 ... in)’

YHCI0 MHBEPCUH B HHUMKHEH CTPOKe KOTOPOH pPaBHO k.

3.20. Hawtu cyMMy "ImM(jIa MHBEPCHUM HUKHUX CTPOK BO BCEX Iepe-

CTAHOBKAX
L 2 v 0
i1 3 ... in/)’

3.21. Ilycre |X| =m, |Y| =n, ¢ € Sx, 7 € Sy. Onpegerum ¢ €
€ Sx «y, noaaras

£z, y) = (o(2),7(y)), xe€X, yet

Hanru:

a) sgn &, eciu 3a1aHBl SEN T U SEN T;

6) LIMHEL HE3ABHCHMEIX OUKIOB B DA3JIOKEHNN IEPECTAHOBKH £, eC/In
M3BECTHBL LIUHEHL ki, ..., ks n ly,...,[]; HE3ABMCHMEBIX [UKJIOB B PA3IOKE-
HUAX TEPECTAHOBOK ¢ U T (¢ yueToM nukJIoB qauHbl 1), HoayvanTs orcioaa
€IIé OJHO PEIIeHNe 33,1a%H a).

3.22. Ilycre d =d(o) — mexpemeHT nepecTaHOBKH o. [Joxazars, 94T0:

a) sgno = (—1)%;

6) mepecTAaHOBKY O MOXKHO NPEICTABATH B BHIE NpPOHM3BeeHus d
TPAHCIIO3UIINT;

B) IEPECTAHOBKY 0 HEIL3S NPEJCTABUTH B BU/E IPOU3BEJCHUA MEHee,
4yeM d TPAHCIO3UIMH.

3.23. Ilycts o € S,,. Jokasars, uto 0 = af, rae a,3 € S, u a® =

= B2 =e.
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§ 4. PexyppeHTHbIE COOTHOLLIEHUA.
MaremaTuveckas WHIYKIMAA

4.1. Mycrs f(z) = 2% — ax — b — XapaKTePUCTHYECKUHM MHOTOYICH
PEKYDPPEHTHOTO YPABHEHMS

u(n) = au(n — 1)+ bu(n —2) (n =np + 2).

Hoka3aTk, 94TO:

a) ¢pyukmua u(n) = a" ABIACTCA PElIeHneM JAHHOTO YDABHEHH, €CIH
a — xopens f(z);

0) dyukuua u(n) = na” ABIAETCA PELIEHHEM IAHHOIO YDABHEHU,
ecau v — IBOMHOU KopeHb f(x);

B) ecam f() mMeeT pasIWUHEE HEHYIEBEIE KOPHH (v] U (2, TO BCAKOE
PeIleHre JaHHOTO YPABHEHUA UMEET BUJ

u(n) = Ciaf + Chay,

npuiém nocroauueie C u Cy OOpemeisoTcs 0JHO3HAYHO;

r) ecin f(z) uMeeT ABOMHOM KOPEHb (v, TO BCAKOE PELIEHUe TAHHOIO
VPABHEHUA HUMEET B[

u(n) = Cra” + Cona™,

npuiém nocroaaasile Cy u Cy OOPemensoTes OJHO3HAYHO, ecan a # (.

4.2. Peumrs pexyppentaee ypasaenus (ng = 0):
a) u(n) =3u(n—1) —2u(n — 2), u(0)=-2, u(l)=1;
0) u(n)=-2un—-1)—u(n—2), u(0)=-1, u(l)=-1.

4.3. [lokasars, 910 npu a # 1

n+l _ n

1+2a+3a+...+na" 1 =22 (n+1)a +1.
(a—1)?

4.4. Berancaute w(0) +w(l) + ... +u(n), rge n > 2 u

a) uw(n) =5u(n —1) —4du(n — 2), u(0)=0, u(l)=3;

0) un) =2un—-1)—un—-2), u0)=1, u(l)=-1;

B) u(n) =4u(n — 1) —4du(n —2), u(0)=-2, u(l)=0.

4.5. Myere w(0) =0, u(l) = 1lu u(n) =u(n — 1) +u(n — 2), rae n >
> 2. Yucna u(n) waswvBarores wucaamu Puboneuuu. Beraucaurs w(n).

2*
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4.6. IIycTb @ = —1. [JokaszaTk, 9TO A4 JH0O0T0 HATYPATBHOT'O “HC-
Ja n cupaBelanBo HepapeHeTBO (1 4+ a)™ > 14 na.

4.7. okasarb, 94TO 11 JHOO0r0 HATYPAIBHOIO MHCIA 1L > 2 CIIpaBe-

JMBO HEPABEHCTBO

4n (2n)!
< =.
n+1 " (n!)?

4.8. JokaszaTk, 9T0 A4 JI0O0r0 HATYPAJLHOTO STHCIA 7
a)(n+1)(n+2)...(n+n)=2"-1-3-5-...-(2n — 1);
(n—1n(n+1)

3
n(n+1)(n+2)(n +3)

6)1-2+2-3+...+4(n—1)-n=

B)1:-2-3+2-3-4+...+nn+1)(n+2)=

4 ]

RS U S 1 n
B Fe——i e el = 3

4.5 56 6-7 m+3)(n+4) 4n+4)

1 1 1 n-+2

x) (I_Z) (1_5)"'(1_(n+1)2)_2n+2’
A SN S W SO S S SV
€ 273 a7 o1 3 n+l m+2 T o

PO S SR T | Wil M
1.2.3 234 nn+D(n+2) 2\2 (m+1)(n+2)

4.9. [lokazarb, 94T0 NpH JHOOM HATYDPAJBHOM 71

a) uncao n® + 5n gemmrcsa Ha 6;

6) umcao 2n® + 3n? 4+ Tn zemnrcs Ha 6;

r) 4ucao 2% — 1 geanres Ha 3;

B) HMCJIO n® — n xemarca Ha 30;

1) amcao 115713 + 1 pernrca ma 148;

e) wmcao n® + (n +1)% 4+ (n + 2)® gemuresa ma 9;

K) amcao 727 — 4" pemuresa Ha 33.

4.10. [ToxazaThk, 9TO 414 J000T0 HATYPATLHOTO THCIA 77 BRITOTHCHE

HEPABEHCTBA
1

2v—1

n
2

11
I+ -+ =+... <n.
< +2+3+ + £n

¥ ok %

4.11. Ilyers u(n) — nocaegoBarensHoCTh uncen Pubonavan. [Joka-
3aThb, 4TO:

a)u(l)+...+un)=un+2)-1;
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=)

Y u(1)? + ...+ u(n)? = u)u(n + 1);
B) u(n + 1) — u(n — 1)? = u(2n);
Ju(1)® + ...+ un)® = %[u{i’m +2)+ (=1)" ' 6u(n — 1) + 5);
1) u(m+n) =u(m)u(n — 1) + u(m + Lu(n);
e) ecam n genut m, 1o u(n) gemut u(m);
x) (u(n),u(m)) = u((n,m)).

4.12. Tlyete up(t) =0, wi(t) =1 w up(t) = tuy—1(t) — uy—a(t).
JokaszaTsk, 9T0:

a) up(t) =t"1 — (n I 2) 3+ (n ; 3) A T

sin nd

r

0) ecoim t = 2cos#, TO u,(t) = TR
B) tn(t)? — ugp(t)? = tn_p(t)tnix(t), tae k=0,1,...,n;
T) Un41(t)? — un(t)? = uzn41(t).
4.13. Ilycte r m cosrm — paunmoHaJgbHBIE uuciaa. JJokasaTk, 4TO
cosrw = 0,£1/2,+1.

4.14. Ha ckoabko HacTen pazbuBaloT ILIOCKOCTD 71 TPAMBIX, HAXO 1
MUXCA B OOIIEM MOJOKCHUH (T.e. HUKAKHe JBe U3 HUX He NapalieJbHBl 1
HUKAKNC TPU HE MEPECEKAITCA B OJHON TOouke)?

§ 5. CymmupoBauue
5.1. Hautu cymmbr:
a)124+224...4+n?%;  6)134+224+...41n.

5.2. Jokasats, uro cymma 1% 4+ 2F + .. + n* npeacrasager cobon
MHOrOWIeH 0T 1 crenedu k + 1.

* * *

5.3. Hycre N(o) = |{i | 0(i) = i}| — 9mca0 HEMOABMKHEIX DIEMEHTOB
TMepeCcTAHOBKN 0 € S, 7

Y (N@) =7(s)n!, 1<s<n.
gES,
Jokanats, uro (1) = 1, ¥(s) ne napucur ot n 1

8

Y(s+1)=(s)+ (i)7(3*1)+...+ (k)'y(sék')+...+ (,gi1)7(1)+1‘
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5.4. [lokasaTh, 9TO

1 mpu n=1,
Z:M(d):{[) mpu n>1
dn P )
rae p(n) — dyaxous Médnyca.

5.5. [lycte f(n) u g(n) — ase dpyuxkuun N — N. [Jokazars, 9T0 3K-
BHUBAJICHTHEI DABEHCTBA:

@) o) =Y (@, f) =Y u(d)g (5):

Ll dn
0 9 =T1s@. s =TLs(5)"".
din din

5.6. Joxasars, 9To yukumsa Iinepa ¢(n) u dynxkuuas Méduyca pu(n)
CBA3AHBL COOTHOLICHUEM

Wd) o)
D

n
d|n



['nasa II

APUPMETPUYECKHUE ITPOCTPAHCTBA
U JIMHEVMHLIE YPABHEHUA

§ 6. ApudmMeTHdecKne IPOCTPAHCTBA

6.1. Hauru aurennyio kKombuHanuio 3a; + Sas — ag BEKTOPOB
] = (4,1,3,—2), as = (1,2,—3,2), az = (16,9,1,—3}.

6.2. Hautn BexTOp & M3 ypABHCHUN:
a) a; + 2as + 3az + 4z =0, rae a; = (5, -8, -1, 2),
as = (2,-1,4,-3), a3z =(-3,2,-5,4);
6) 3(a1 — z) + 2(as + x) = 5(ag + z), rae a; = (2,5,1,3),
as = (10,1,5,10), a3z = (4,1,-1,1).
6.3. BEDICHUTS, SBIUIIOTCA JH CIeIYONAe CACTEMEl BEKTODOB JIMHEH-
HO HE3ABUCHMBIMI:
a)a; =(1,2,3), as =(3,6,7);
6) ( —2 6) az = (65 -3, 9)
)ar =(2,-3,1), a»=(3,-1,5), a3 =(1,-4,3);
rja; = (o 4,3), a2=1(3,3,2), a3 =(8,1,3);
1) a -5,2,6), a2=(2,-2,1,3), a3z =(6,-3,3,9),
as = (4,-1,5,6);
e)ay =(1,0,0,2,5), ax=1(0,1,0,3.4), a3 =1(0,0,1,4,7),
as = (2,-3,4,11,12).
6.4. In koopauHAT KaXA0r0 BEKTOPA JAHHOH CHCTEMBI BEKTODOB
OJHOT'O M TOrO K€ 9YUCIa W3MEePEeHMH BhIOepeM KOODAMHATEHI, CTOALINE
HA ONPEeIeJCHHBIX (OJHMX M TeX JKe I BCEX BEKTOPOB) MeCTax, U CO-
XPAHUM HX NOPAJOK; MOIYUEHHYIO CHCTEMY BEKTODOB OyIeM HA3LIBATH
YKOPOUEHHOT A TIEPBON CHCTEMBI, A TIEPBYI CUCTeMY OyIeM HA3BIBATH
YOoAuRENHOTE T BTOPOH.

B
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MokasaThb, 4TO:
a) YKOPOYeHHAA CHCTeMA JI0D0N IHHEHHO 3ABHCUMOM CHCTEMEL BeKTO-
POB JIHHENHO 3aBUCUMA;

0) YATHHEHHASA CHCTEMA JIOOOH JHHEMHO HE3ABHCHUMOU CHCTEMBI BEK-
TOPOB JUHENHO HE3ABUCUMA.

6.5. JokasaTh, 9YTO €CJaU BEKTOPHI (|, (2, (3 JUHEHHO 3aBUCHMBI U
BEKTOP (i3 HE BBRIPAKAETCA JUHENHO Yepe3 BeKTOPHL ) U o, TO () M U
pa.BJIH‘Ia.IOTC}I N[e)KrI[y COﬁOEI JUIITE YHUCJIOBBEIM MHOXKHATEICM.

6.6. [lokasaTb, 4TO €CaM BEKTOPHL @1, (s, .. ., () JTAHENHO HE3ABUCH-
MBI, & BEKTOPBL @, A3, . - . , Af, b IUHENHO 3ABUCUMBL, TO BEKTOP b IUHEHHO
BHIPAKACTCA ICPe3 ay, Az, . .., Af.

6.7. IlycTh 3agaHa TUHENHO HE3aBUCHMAA CHCTEMA BEKTODPOB dj,. ..
...,0f. BBIACHATB, ABIAIOTCA JM JUHEHHO 3aBHCAMBIMH CHCTEMBI BEK-
TOPOB:

'd.) b] =3(L|+2d2+ﬂ3+(£4, bg=2a'| +5ag +303+2(I4,
by = 3a; + 4as + 2as + 3ay;
6) by = 3a1 +4as —Saz — 2a4+4as, bs = 8ay +Tas — 2a3 +5a4 — 10as,
bg :201—(].2 +80,3—ﬂ:4+205;
B) by =a1, by=a1+as, by=ay+as+az ...,
o bp=ay+az+...+ag;
1") by =ay, by=a;+2as, b3=a+ 2as+ 3as,
.y by =ay +2ax 4+ 3az + ... + kag;
,[[) b =a; + ag, by =as +as, by =as+ Ady ooy
be—1 = ag—1 +ag, bp=ay+ as;
e) b1=al—ag, b2=ag—a3, bg=(13—a4, .
oy bk =ag—1 —ag, by =agp —ai.

6.8. [laHBl BeKTOPEI

a; = (0,1,0,2,0), a2 =(7,4,1,8,3), a3 =1(0,3,0,4,0),
ay = (1,9,5,7,1), as5=(0,1,0,5,0).

cyIlIeCTByI()T JIM THCJIa Cij TakKHue, ITO BEKTOPbL
5
bi = E Cijay, i = 1,2,3,4, 5,
j=1

JMHEHHO He3aBUCUMBIT
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6.9. Hautu Bce 3HaveHusa A, IPH KOTOPLIX BEKTOP b JUHEMHO BBIPa-
KAeTCA Yepe3d BeKTOPHL 4y, da, a3

a)a; =(2,3,5), a2=(3,7,8), as=(1,-6,1), b=(7,-2,));
0)ay = (4,4,3), a:=(7,2,1), a3 =(4,1,6), b=(59,X);
B) a1 = (3,4,2), as =(6,8,7), a3z =(15,20,11), b=(9,12,});
r)a; =(3,2,5), a:=(2,4,7), az=(5,6,A), b=(1,3,5);
) a; =(3,2,6), a»=(51,3), a3=(7,3,9), b=(A25).

6.10. HauTu BCce HazMChl CHCTEMBI BEKTOPOB:
a) a; =(1,2,0,0), a»=(1,2,3,4), a3 = (3,6,0,0);
6) ay =(4,-1,3,-2), a»=(8,-2,6,—4), az=(3,—-1,4,-2),
ay = (6,-2,8,—4);
B) a; = (1,2,3,4), a»=1(2,3,4,5), a3 =(3,4,5,6),

ay = (43:)!617);
r)a; =(2,1,-3,1), as=(2,2,-6,2), a3=(6,3,-9,3),
a4 = (]-’ 11 ]-: 1);
Il) a; = (3:213): as = (2:314:)1 az = (3:23 3): ay = (4J3a4)1
as = (1,1,1).

6.11. B xakom caydae cucTeMa BEKTOPOB 001a1aeT ¢IUHCTBEHHBIM
oasucom?

6.12. Hanru kakon-anby 1k 6a31UC CUCTEMBI BEKTOPOB U BHIPA3UThH Ye-
pe3 HToT 0a3uc OCTAILHLIE BEKTOPHLI CUCTEMBIL:

a)a; =(5,2,-3,1), a»=(4,1,-2,3), a3=(1,1,-1,-2),
as = (3,4,-1,2), as =(7,-6,-7,0);
6) a, = (23 _1!3!5)1 s = (4s _3$ 153)! a3z = (35 _27354)5
as = (4,—1,—15,17);
B) a) = (1*213: _4)1 az = (2:3: _4:: 1)1 az = (2= _57 87 _3):
as = (5,26,-9,=12), a5 = (3,~4,1,2);
P) a = (293! _4! _1)3 az = (11 _2a 113)= az = (5,—3, _158)5
a4 = (3:85 —9, _5)5
rq) = (2:2171 _l)a az = (3 -1,2 4) az = (11 15371)7
e)ay =(3,2,-5,4), a:=(3,-1,3,-3), a3 =(3,5-13,11);
x) a1 =(2,1), a2=(3,2), a3 =(1,1), as=(2,3);
3) ay = (27 11 _3)? az = (3: 1: _5)7 az = (4727 _1)1 a4 = (1,07_7);
H) ap = (2:31 51 _4: 1)1 az = (11 _112131 5):
az = (3,7,8,-11,-3), a4 =(1,-1,1,-2,3);
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K)ap =(2,-1,3,4,-1

)! 2 = (132! _351u2):
ag = (5, 5, 12,1 ,—5), ay = (1, —3, 6,3, —3);
a)a; =(4,3,-1,1,-1), a:=(2,1,-3,2,-5),

3 _2)1 aq = (1151 2? _246)
6.13. IlycTn BeKTOpHL A1, @2, . . . , G IHHEHHO He3aBucuMEL. HanTu Bee
Ha3UCHI CHCTEMBI BEKTOPOB
by =a; —az, by=ay—az, by=az—ay

vy ki =ar—ay, br=ap—a
6.14. IlycTh gaHa cucTeMa BEKTOPOB
a; = (a1, Qiz,...,8in) THE

$§=1,2,:..,8 g
JokasaTsb, 9TO eCIn
8
lagsl > Y la|
i=1
i#j
A BCAKOTO j = 1,...,§, TO TaHHAS CUCTEMA BeKTOPOB JUHEUHO HE3ABU-
cuMa.
6.15. JokasaTh, YTO €CIU HEJOYMUCICHHBIE BEKTOPHL 4y, A, ..., 4 €
€ Z" nuHenHo 3aBucuMbl Ha g rogenM (), TO HAMAYTCA TaKue LeIble YUCIa
A1, A2, ..., Ag, B3AaMMHO TIPOCTEHIE B COBOKYIHOCTH, ITO

Aray + Asas + ...+ Apag, = 0.

6.16. /Joka3aTh,9TO €CJIU CHCTEMA HEJOMUCICHHBIX BEKTOPOB JUHCH-
HO HE3ABUCUMA HAJ TOJEM BBIMETOB MO MOV P I HEKOTOPOTO TPOC-
TOrO YMCIA P, TO JAHHAA CUCTEMa BEKTOPOB JUHENHO HE3ABUCUMA U HA
MOJEM PAlMOHATBHBIX YHUCET.

6.17. IlycTs cucTeMa HeTOMACIEHHEIX BEKTOPOB JMHEMHO HE3aBUCHMA
aaj nogem . JlokasaThb, 9T0 HAMAETCA JUIIL KOHETHOE THCI0 (BO3ZMOKHO,

HyJIb) OPOCTHEIX YHCEA P TAKHX, ITO BEKTOPEL JAHHON CHCTEMBI JHHENHO
3aBUCHMBL IO MOZYJIIO P.

NpoCcTBIC YHCIa P, TO MOAVIID KOTOPBIX B3TH CHCTCMBL JMHEHMHO 3aBU-
CHUMBI:

6.18, 11 ZaHHBIX CHCTEM IEIOTHCICHHLIX BEKTOPOB YKa3aTh BCe
a)ap =(0,1,1,1), a2 =(1,0,1,1), a3=1(1,1,0,1),
a4 = (17 1: 13 0)1
6) ay =(1,0,1,1), a2 =1(2,3,4,3), az=(1,3,1,1).



27

§ 7. Pane mampuybt

§ 7. Paur maTpuubt

7.1. Hauru panr ciegyomux MATPUI ¢ TOMOIIBI0 OKAMMISHU MIHO-

POB ¥ 3JEMEHTAPHBIX TPeo0pPa3OBAHUN:

-1
-2
-1

8 2 2
1 7 4
-2 4 2

|

= — a0 SO0 -
| e
—_—
SO -
oy Moo -
O -0 o -
D e D NO O ~ ~
| IO SN
OMm = OO
oM D OO O = MNH™—MMm™—
| ] | & < en o~
o o~ b S
— e = e = =
— I~ —_
= o o) N
~ \736 A e — 0
o ~— ~ ——
r ~ .- —
n.\._ b
— ] )
— N o= ) - — —
— . ! L C o
—— —_— .
— MM M~ o~ = C S
| MmO m (. cooo :
O oY — 17_-:w 1.I_.n/_80_o c oo -
I I I
SO -~ b
= — 12 ™ e NN :
| oms—-o O O
— I~ a0 [ IR ] .
| MHMOFTNN -0 O ol
I~ N 11_
+ O ™™ - o0 o =
.ffrll|||\
—_ —_ e —
@ = % ]

7.2. Haurn PaHr CIeAYVIOMUX MaTpPUL NPU PA3JINYIHBIX 3HA'ICHUAX I1a-

paMmeTpa A:

6
10 :
13- A

T—A —12
10 —-19-A
12 -24

|
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1-X 0 0 0
0 1-XA 0 0
01 o 0 2-x 3 |
0 0 0 $—3
(3 4 2 2 1 % -1 9
3 1Ir 7 1
B) : r) 2 -1 A S ;
1 10 4 A L 0 6 1
4 11 3
1 1 2 3 A 1 2 31
)12—)\223 0 1 -A 3 21|
Mlz 3 1 5 | 2 3 A 11}
2 3 1 9-2)? 3 2 1 =21
A1 2 n-1 1 5 o
1 2 n—1 1 1
1 2 A -1 1 21 4 A
)K) i T i ) . 3)221 /\n—z
L VOl L
1 2 3 n o1 =8 @ 1

7.3. [loxasaTh, 9T0O eI pasr MaTpuisl A He H3MEHAETCS OpU 10-
DaBIeHNM K Hel J1000ro ¢Toabia MaTpuibl B ¢ TeM ke IHCIOM CTPOK,
TO OH He MeHaeTcA Ipu aobasieHun K A Bcex cTonbuoB MaTpuusl B.

7.4. lokasaTk, YTO PAaHI IPOU3BEIEHUA MATPHUI[ He IPEBOCXOIUT
pPaHra, KakK 10U MaTPUIBI-COMHOKHTEIA.

7.5. [lokasats, 4T0 panr Marpuisl (A|B), HOIYIeHHON NPUITHCHIBA-
HueM K MaTpuie A Marpunsl B, He IPEBOCXOAUT CYMMBI PAHIOB MATPHIL

Au B.

7.6. [lokasaTh, 9TO paHr CYMMBI MATPHI He NPEBOCXOIUT CYyMMBI
PAHIOB DTUX MaTpHIL.

7.7. lokasars, 4TO BCAKYIO MATPULLY PAHIA I MOKHO IPEJICTABUTE B
BHUJI€ CYMMEBI I MATPHIl PAHTA 1, HO HETL3s MPEACTABUTL B BUIE CYMMBI
MEHBIIEr0 9ACIA TAKUX MATPUIIL.

7.8. JlokazaTk, YTO €CJM PAHr MATPUIEI PABEH T, TO MHHOP, CTOA-
MUH HA NePeceveHny JMOObX © IHHEHHO He3ABHCUMBIX CTPOK U JMHEHHO
HE3aBUCHMBIX CTOJOLOB, oTandeH oT (.

7.9. llycte A — kBagpaTHas MATPULA IIOPALKA 1. > 1 1 r — eé panr.
Hauru panr npucoepunénnon marpunsl A = (A;;), rae A;; — aareGpa-
MYEeCKOe JIOIOIHEHUE BIeMeHTa aj; MaTpuubl A.
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7.10. Ilycte A 1 B — MaTpHUEBL ¢ BEIIECTBEHHBIMH DJEMEHTAMHU C

OIUHAKOBBIM “THCJIOM CTPOK. ,ﬂOKaﬁaTb, qTOo

. (zi _?B) — r(4) +r(B).

7.11. Ilyets A u B — kpBagpaTHEE MATPUIEL OJHOTO nopaaka. [lo-
Ka3aTh, ITO

. (‘é BiBBz) = #(A) + r(B).

7.12. JokasaTh, YTO KaxKjJasg MaTpUIa paHra 1 uMeeT BHI

bici  bica ... bicy
52(31 bgc‘«z . bac

2tn — fB i C,
bmcl bm &) dae bmcn

B:(blzb'Z:"-:b'm)w C:(CI:CZ7"'1CTL)‘

rae
..y Ajp — MaATpHUUBI ¢ OAMHAKOBLIM {HMCJIOM

7.13. Ilyers Ay, Ao, .
cTpok, C' = (¢jj) — HeBBHIpOXKACHHAA MaTpuna nmopajgka k. lokazars, 9To

pPaHr MATPHUIILL
ciidi cipds cinAp
CklAl Cho A2 ces Ckk A_t,-

Ay

PaBeH CyMMe paHros Matpui Ap, As, .

7.14. [oka3aTk, 9TO OPAMOYIOJIBHAA MATPHIA C D) Tae A—

HEBBIDOXK AeHHAA MATPHUIA MOPAIKA 1, MMeeT PAHT N B TOM K TOIBKO TOM
cayaae, koraa D = CA~' B; npu aTom

¢ 9@ o

7.15. [loxasaTh, 9T0 KaXkKIYI0 HEBEIPOXK ICHHYIO MATPHILY ¢ TOMOIILIO
aneMeHTAPHEIX npeobpasosanuil 11 THOA CO CTPOKAME MOXKHO MPHBECTH

K BUIY
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10 0 0
01 00
00 1 0
0 0 0 d

7.16. JoxasaTh, 91TO MATPULA C OIPEIETHTENeM, PABHEIM 1, ABIAETCA
NpPOM3BEJCHUEM DIeMEHTapHBIX MaTpun Buja F + AE;;, i # j.

7.17. JokazaTk, 9TO eCad CTPOKH (CTOAOLEI) MAaTPUUbl A JIMHEHHO
3aBUCUMEBI, TO C MOMOIIBI AIEMEHTapHBIX mpeobpasosanun Il Tuma co
CTPOKAMH U CTOIOIAMEM MATPHLIY A MOXKHO mpuBeCTH K BHIY

E. 0
0 0/’

rame ET- — CAMHHM'THAA MaTpPALA NMOPAIKa T

7.18. Ilycre A 1 B — maTpuusl pasMepoB m X n, i X { 1 PaHros
r(A), r(B) coorsercreenno. [lokasars, 4ro panr marpuus AB He MeHb-
we, geM r(A) + r(B) — n.

7.19. [Jokazarb, 9TO BCAKYI0 MATPHILY IEMEHTAPHBIME IIPeoOpa3o-
BAHUAMHU HAJ CTPOKAMM MOMKHO IIPUBECTH K BHIY

0 wwx B A o D 0 = * 0 *\
0 0 0 0 1 = * * * 0 *
0 0 0 0 0 0 0 1 = * 0 *
..................................................... * 0 ® |
0 0 0 0 0 0 0 0 0 0 0 1 = *
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0

M TAKOW BUJ OTPEIETCH OTHO3IHATHO.

§ 8. CucTeMbl JIMHENHBIX yPABHEHUN

8.1. Hauru obluee peireHyre W OJHO YACTHOE PEIIeHHe CHCTEMBI JIH-
HEMHBIX VPABHEHUH, Ucoab3ysa Metoa aycea:

5xy + 322 + a3 + 1224 = 10,
a) ¢ 2z +2xs + 3w3 + Szy = 4,
r1 + Tz + 923 + 424 = 2;
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=9z, + 622 + Txg + 1024 = 3,
0) ¢ —6z; + 4zs + 223 + 3z4 = 2,

—33.‘1 + 23!72 = 11223 = 15:224 = 1;
B) —4xy 4+ Txg + w3 + 324 =5,

Txy + dxo — 43 — 624 = 3;

1221 + 922 + 323 + 1024 = 13,
4xy + 322 + 23 + 224 = 3,

{ —97, + 1072 + 325 + Tz = 7,
{ 8ry + 6x0 + 223+ 524 =T;

—2z1 + 3z2 + Sx3 + 4xy = 2,

—6x1 + 9223 + 323 + 224 = 4,
1)
—4x, + 622 + 43 + 314 = 3;

3z + 3x2 + 223 + 24 = 10,
4y + 229 + 323+ 24 = §,
3x1 + 310 + a3 + x4 = 15,

8xy + 629 + dx3 + 224 = 21,
7.1‘1 + 4.‘)52 + 5.’[,‘3 -+ 21‘4 = 18,

2z + 5Ty — 83 = 8,
) 4y + 3190 — 923 =9,
2y +3x0 — b3 =T,

r1 + 8xs — Taxg = 12;

3xy + 209 — 223 + 14 = T,
9xy + 62 + a3 + 324 + 20205 = 2,

6xy + 4xs + Sx3 + 224 + 375 = 1,
3xy + 2@ + 423 + 14 + 225 = 3.

K
2)
8.2. UccaegoBaTh CHCTEMY M HAWTH ODIIEe PEIIeHNe B 3aBUCUMOCTH
OT 3HAYCHMA MapaMeTpa A:

18.’171 + 61‘2 + 3.‘1&‘3 + 211’54 = 5,

—12zy — 329 — 323 + 334 = —6,

471 + 519 + 223 + 324 = 3,
Ary + 420 + 23 + 434 = 2

a)
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—6x1 + 8xy — Hxg3 — 14 =9,
—2x) +4dxo + Teg + 324 =1,
—3xy + bxo + 4x3 + 224 = 3,
\ —3x1 + Txo + 1723 + Ty = A;

2r, +9x0 + 3+ 3Ty = 2,

4xy + 629 + 33 + Sy = 4,
4.]51 + 14$Q + 3 + 7$4 = 4:
L 221 — 3z2 + 323 + Axy = T;

2r, — x9 + 3wz + 4xy = 5,
43y — 229+ S35+ 624 = T,
6x1 — 3x2 + Txg + 824 =9,

| Az — 4z + 923 + 1024 = 11;

2x1 + 330 + 23 + 224 = 3,
4y + 6x0 + 323 + 4y = 5,
61 + 920 + 523 + 624 =T,
\ 8x1 + 1220 + Tz + Axy = 9;

Axy + 20 + 23 = 1,
e) 1+ A2 + 23 =1,
r + a9 + Az = 1;

Ary +xo +a3+x4 =1,
T+ Ao + a3 + 14 =1,
T+ X0+ Arg + a4 = 1,
T +:L‘;2+:1’.‘3+/\1’4 =1

(1+/\)$1 + 2o+ 133 =1,
3} Iy +(1+A).T2+173 :)\,
T+ x2 + (1 4+ N)zg = A%

(14 A2y + 22 + 23 = X2 + 3,
Ifl) z + (]- +A)ZL‘2 + I3 = )\3 +3A27
T+ 22 + (14 A)xzg = A1+ 34%,

8.3. Hantu Bce BekTopsl npocTpancTea R” ., mepexogdmme B BEKTOD
b € R™ npu auuennom orobpaxkennn R" — R™, sanansom marpuuen A:

3 2 -5 7
34 -9 9
)d=5 3 g|> P=|s|
8§ 1 -7 12
1 -3 -3 -14 8
6)A={2 -6 -3 -1|, b=|-5];
3 -9 -5 -6 —4
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1 -2 -1 -2 -3
3 -6 -2 —4 -5
B)A=13 ¢ _4 -8 —13
2 =4 -1 -1 -2
1 9 4 -5
322 5
nd=12 32 2|,
176 -1
2 2 3 4
113 -2 3
2 2 4 -1 3
NA=13 3 5 2 3|
2 2 8 -3 9
3 =g —1 4
e)A=1[1 -2 -3 T/,
2 -4 -14 31
2 1 3 -2 1
6 3 5 —4 3
®)A=19 1 7 _4 1|
4 2 2 -3 3
8 6 5 2
33 21
3)A=1(4 2 3 1|, b=
g 511
7 4 5 2

7

b=

-2
-3
-9
-1

8.4. Hanru oduiee pemenue u pyHIaMEHTAIBHYIO CUCTEMY DEIICHUH
aiee p YHI y yp

CUCTEMBI YPABHEHUN:

Ty +To — 2.’?73 + 2z4 = 0.,
3:131 -+ 5:11‘3 + 6.‘113 - 41‘4 = 0,
4z + Sxo — 223 + 314 = 0,

3x1 + 8xo + 2413 — 1924 = 0;

3  A.N. Kocrpukun

6) <

:1?1—1133:0,
12—117,120,

-z + 13 — x5 =0,
—%g + %4 — g =0,
—x3+ x5 =0,
-y +xg = 0;
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r1+xo =0,
T —x3+ w5 =0,
Ty +x + a3 =0,

To — x4+ a6 =0,
To+x3 + 14 =0,

B){ o1 —Ts+25 — x5 =0, r) 4

.’EQ—SL‘3+$5:0,

Tpn-2+Tp-1+2, =0,

Ty — Ty + x5 = 0; .
Tn_1+ %, =0.

\

8.5. Hawru kakou-Huby b 6a3uc sipa JUHEUHOrO OTOOPAKEHU A, 3a-
IAHHOT'O MATPUIEH:

.
sy (1200
a)24—63;6)79965;
11 17 -8 4 L8 39 0
6 9 2 5 7 6 -2 2
[ 41 )899—34_
B 5 74| Y|l7 16 -286})
2 5 3 4 -1 3 -1 4
(56 -2 7 4 3 41 2 3
)23—142 9)57134
Ml7 9 -3 5 6’ 714 521 5
59 -3 16 7 10 1 6 5

8.6. C nomomrio npasuita Kpamepa pemmrTs cucreMy ypaBHEHWH:

2x) — 29 =1, 2x1 + 522 =1,
a) 6)
r1 + 16x = 17; 3, + Tae = 2

22 + 2 + 23 = 3,
1") €I +2.’Ez +.’II3 = O,

) { 1 cosa + zasina = cos 3,
B
T + o2 + 223 =0

—xy sin @ + x5 cos v = sin 3;

r1 + x9 + x3 = 6, 221 + 3x2 + 523 = 10,
;) § —xy + a2+ 23 =0, e) { 3z + Trp + 423 =3,
Ty — Ty + T3 = 2; z1 + 220 + 223 = 3.

8.7. Hantu muorowren f(i) BTOPOU CTEIEHH C BEIECTBEHHBIMH KO-
adpduunentamu, gia xoroporo f(1) =8, f(=1)=2, [f(2)=14.

8.8. Hantu wmuorowren f(x) TpeThed CTemeHH, AI4 KOTOPOrO

f(=2)=1, f(-1)=3, f(1)=13, f(2)=33.
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8.9. Hantn mHOrowren f(z) 4YeTBepTOM CTENeHH, IIA KOTOPOrO
f(=3)=-77, f(-2)=-13, f(-1)=1, f(1)=-1, f(2)=-17.
8.10. PemnTh cucTeMy CpaBHEHUU:
e+y—2=1,
a) ¢ x+2y+2z=2, (mod5);
z+y—z=-1
3r+2y+52z=1,
6) ¢ 2zx+5y+32=1, (mod 17).
dr+3y+2z2=4
8.11. [JokasaTk, 4TO €Cau ONpefeInTeNb KBAIPATHON MATPUIIEL (a;;)

nopAaka n ¢ neJbIMHA KOB(I)(I)HIIHGHTRMH B3aMMHO IIPOCT C HaTypaJbHBIM
qHUCJA0OM M, TO CHCTEeMa CpaBHCHHf{

(apry +ap + ...+ aim) =b;  (mod m), i=1,2,...,n,

UMeeT eITHHCTBeHHOE PemIeHue 10 MOIYVI 1.

*
*
*

8.12. Ilycre A HEJIOYUCICHHAA MaTpulia u d HAMMEHBIIUN 13
MOAyIeH ee 3aeMeHTOB. [JoKa3aTh, 9T0 ecau NpU HeTOYUCIEeHHBIX SIeMEeH-
TapHBIX NMpPeoOpPa3OBaHUAX CTPOK M CTOAOHOB MaTpunbl A wmcio d me
VMEHBIIAeTCs, TO d JeJUT BCE DIeMEHTH 3TOM MaTpUUbL A.

8.13. /lokasaTh, 9TO € MOMONIBID BJICMEHTAPHBIX NPe0oOpa3oBaHUM
CTPOK U CTOJAOLOB HA KOJABLOM 7, JTIOYI0 LEJI0OYNCICHHY 0 MATPULLY MOZK-

HO TIPUBECTH K BHIY (3 8), rae A=diag{d,....d;} n di|di1,
(i=1,2,...,r—=1).

8.14. /lokazaTk, 9TO ecan KBAJPATHAA HEJIOYUCACHHAS CHCTEMA JH-
HEWHBIX YPABHEHHN ABIACTCA ONPEICIEHHON 0 MOV JH000I0 NPpOoCcTo-
ro 9UCIA P, TO OHA ABIAETCA ONPENENEHHON M HA,T KOIBIIOM EIbIX THCET.

8.15. Bruicuurs, OyaeT au KBagpaTHAs LEJOUHCICHHAS CUCTEMA JIH-
HEUHBIX YPABHEHUN, COBMECTHAS IO MOAVJIIO JI000r0 MpOCTOro 9ucia p,
COBMECTHOM HaJ KOJBIOM IEeJbIX THCe.

8.16. [loxasaTh, ITO CAEIVIOUIHE CUCTEMBI YPABHEHUN MMEIOT €IWH-
CTBEHHOE DEIeHHe 10 MOV BCEX HPOCTBHIX YHCEN, KPOMe KOHEYHOT'O
X 9UCIA. PemmuTs 9T CUCTeMBI 10 MOV OCTAJIBHBIX IPOCTHIX MHCEI:

3*
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T+ T2 +x3=1
T + 223 + 223 = 2, ; i ’

a) & 2xy + a9 — 213 = 1, 0)

2.’1’11 —2.’62 + I3 = 1,

L1+ 22424 =1,
T+ a3+ x4 =1,
Ta +x3+ x4 =1
T +x2t+ w3+ g =
iI?1+IL‘2—.‘L'3—iL‘4

?

1
1,
1

B)
T+ T2+ T3 —xy4 =1,

T1— Ty — 23+ 14 =0.

8.17. [JokazaTb, 4TO BCAKYIO CHCTEMY JUHEHHEIX YDABHEHHU C Be-
LIECTBeHHBIMU KO(MPULMEHTAMI MOXKHO IIPUBECTH K CTYNEH4YaTOMY BU-
AV, UCTIONB3YA JUIIEL daeMeHTapHble npeodpasosanusa I Tuna.

8.18. [loxasaTh, 9TO NpPH HEJOTHCICHHLIX DIeMEHTaPHEIX Tpeodpaso-
BAHUAX CTPOK M CTOJXOIOB UEIOYNCICHHON MATPHILI HAMOOJIBIIHT 0O
JEMUTENb e MUHOPOB (PMKCUPOBAHHOIO MOpAAKa k HE MEHACTCH.

8.19. ﬂoxaaa’rb, HTO ecJr HDeJOYMCIEeHHAaA MaTpHlla C MOMOIIBIO IIe-
JOYHCJIEHHBIX JIeMeHTapHbIX ﬂpEOGPaZ}OBaHHﬁ CTPOK H cToabuoB npuBe-

A ;
JIeHA K BUIY (0 8) rae A =diag{d;,ds,...,d.}, d;i # 0 u d;|d;i;1, TO
qucaa dy, ds, ..., d, OIpeIeIeHBl OJHO3HAYHO (C TOYHOCTBIO 10 3HAKA).

8.20. /Ira Habopa HEM3BECTHBHIX HA3BIBAIOTCA YEAOUUCACHHO FIKBUGCA-
ACHIMHBLML, €CAN OHN CBA3AHBI COOTHOIIEHNEM

y'ﬂ. 'q’.’ﬂ/

rae U — HenovucaeHHas MaTPUa ¢ ONPeIeInTeneM, PABHBIM [0 MO Y0
eaunune. [JokasaTb, YTO CHCTEMa YPaBHEHUN

n
g aj;T; = by, i=1,2,...,m,
j=1

rae agj, b,j — HOeJpIe "INGIA, Y9KBHBAJCHTHA HaA KOJBIOM HEJBIX “IHCEI
cucreMe y])&BHGHHﬁ BHUIa

diyizci: i:1:23"'7n1‘3

npuieM HabOP HEMABCCTHBIX (Y1, . . . , Yy ) IEIOTHCICHHO SKBUBAICHTCH Ha-
60py (T1,---,Zn)-
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8.21. [JokasaTh, YTO HEJOYMCJACHHAA CHCTEMA YPABHEHMH MMeeT Ie-
JOYKCICHHOE PEIIeHNe B TOM TOJBKO TOM CJaytae, Korjaa LI Joboro Ha-
TYPAILHOIO 9ucIa k Hanboabmve 00I1e TeInTegIn BCeX MUHOPOB MOPSAI-
Ka k B MATPHUIE CHCTEMBI U B €€ PACIIMPEHHON MATPHIE COBIAJAIOT.

8.22. [lokasaThb, 9TO LEJIOYHCICHHAA CHCTEMA YPABHCHHN MMCET IC-
JOYMCACHHOE PelleHHe B TOM M TOJBKO TOM CIy4ae, KOrja OHa HMMeeT
pemenue 1no 1doMy MOAYIH p.

8.23. O6GocHOBATE CAEIYIOMNI OPAKTHIECKUH CIOCO0 HAXOMXKICHW
BCEX HEIOYUCICHHEIX PEIIEHNH CHCTeMEl YPABHCHUH

n
E ﬂ,‘jl‘j:bi, i:l,?,...,m,
=1

A b
¢ neapivu Koaddunuentamu. [locrpoum matpumy E. o) Pasmepa
n

(n+m) x (n+1). 3aTem, NCHOABAYA JHIIL LETOUUCIEHHBIE 2IEMEHTAPHBIE
npeoOpazsoBaHusA NEPBEIX 1M CTPOK U 1 CTOAOLOB, IPUBEAEM DTY MATPULLY

K BUIY 8 ¢ , Tae
U o0

d 0 0 0 0
0 ds 00 0
(:1 ---------------------------
c=|:1|., |detU|=1, D=|0 0 ... d 0 .. 0],
"y 0 0 0 0 0
0 0 0 0 0

di|dit1, dy £0, ..., d. #0.
Torpga cucrema coOBMECTHA, €CIH
dile; wpm i=1,...,r,
c,. =0 mpm k>,

a ofuiee pemenue gaeTca GopMyIon

a1 [/dy
I :
U e /d,
yr+[
Ty
Un

LA Ypt1s Yr+2y ooy Un JM00BIE Leble YUCTA.
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8.24. Hantu Bce HeJOMUCICHHBIE DeIIeHUA CIeIYIOINX CHCTeM ypaB-
HCHWUN:
2x) + 3x0 — 1lxg — 1524 =1,
a) 2x1 + 3o + 4oz = 5; 0) 4xy — 69 + 23 + 334 = 2,
2y — 3o + Sy + Tag = 1.

8.25. Ilycte A 1 B — MaTpulbl OMHAKOBBIX PA3MEpPOB, MPUIEM OJ1-
HOPOJIHBIC CUCTEMBl JUHEMHBIX ypaBHeHuM ¢ Marpunamu 4 m B skBu-
BadeHTHEL [[0Ka3aTh, 9T0 0T A Kk B MOXKHO TEepelTH 3IeMeHTAPHEIME
npeoOpPABOBAHIAMHE CTPOK.

8.26. IlycTe 3agaHa cucTeMa JMHEMHBIX KOMILIEKCHBIX YPABHEHHN
AX = b ¢ kpagpaTHON HeBbLIpOXKJAeHHOUW MaTpuuen A. IIpexnogoxum,
ITO CYMMAa MOIVJICH DIEMEHTOB KaXI0W CTPOKH MaTpuisl F + A Menn-
me 1. Ilyets X — OpOM3BOMLHBIM CTOAGEN M MHAYKTHBHO OINPEIEIIM
Xmt1 = (A + E)X,, — b. Torga nocaeqoBaTebHOCTE CTOIOUOB Xy, CXO-
IUTCA K pemenuto ypapaenua AX = b,
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OIIPEAEJIUTEJIN

§ 9. OmnpegenuTenn BTOPOro ¥ TPETHErO IMOPAAKOB

9.1. BeraucauTh OnpeneanTenm:

) 3 5 6) ab ac| cosa  —sina |
als 3 bd ed| ) sin av cosa |’
sina sinf3 | log, a 1
r) cosa cosf3 |’ %) 1 log, b |’
0) cos o + isina 1 . ) a+bi c+di
1 cosa —isina |’ —c+di a-—bi|
9.2. BerucanTh OnpeIeanTern:
1 2 3 -1 5 4 0 2 2
a)|bh 1 4| 6)] 3 -2 0f; B)|2 0 2
3 2 5 -1 3 6 2 20
1 2 3 a b ¢ 0 a O
r)|4 5 6|; mnlb ¢ al; e)|b ¢ di;
7 8 9 c a b 0 e 0
sinav cosa 1 1 141
x) [sinf cosf 1 |; 3) 0 1 i
siny cosy 1 1—7 —1 1
1 ¢ &2
n) g2 1 (e=—1+i£);
9 2 2
g € 1
1 1
. 4 4
K)|[1 ¢ £ (e = cos 37 + isin §7T)‘
1 & ¢
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§ 10. BripaxeHue onpegeauTes.
MNuaykTuBHOE onpegeaeHne

10.1. BoiacuuTh, Kakue U3 GIeAYOMMX OIPOU3BEIEHUN BXOIAT B Pas-
BEPHYTOE BHIpAKEHHME ONPEIeIUTEIeN COOTBETCTBYIOMNX MOPAIKOB U C
KaKMMM 3HAKaAMM:

a) 113220431 Q46055064 6) a31013052045024;
B) 34021 4601707354062 -
10.2. Buibparts 3uatenusn i, j, k Tak, ITOOL TPOU3BEICHNE
51 Aia] jA35244 A6k
BXOAWIO B Pa3BEPHYTOE BhIPAKEHHUE ONPEIeJUTENA IeCTOro HOPAIKa CO

3HaKOM MHHYC.

10.3. B paseépHyTOM BBIPAKEHUN ONPEJeJIUTeNs

z 1 2 3
r ¢ 1 2
1 2 = 3
x 1 2 2z

HAWTH “IeHsl, cogepxamme x4 m °.

10.4. Toas3ysace onpejeneHneM, BBMUCINTE CIEIVIOLMME OIpenen-
TeJu:

a1 0 0 0 a 30 5
a2 99 0 0
0 b 0 2
a,) asy az2 (133 0 3 B) 1 2 ¢ 3;
......................... 00 0 d
Gp1  Gp2  Qp3 Qnn
0 e 0 0 ain 1 0 2 a
o L L 0ls o 5]
ani pn—2 CAnn—-1 Onn d 0 0 0
ayy a2 a3 a4 aps
Gz1 Qg2 Q23 @24 A5
,[ﬁ) azy a3 0 0 0
agn a2 0 0 0
as)  as2 0 0 0
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10.5. IIpeacTaBUTE B BHAe MHOIOYICHA, PDACIOIOKEHHOI'O 10 YOLIBA-
IOIIIM CTEIeHAM f, OpeJeTnTeNb

—1 0 0 ... 0 ay
as -t 0 ... 0 0
0 0 0 . —t 0
0 0 0 ... a, -t

10.6. BerucauTh OnpeIetnTent, ¥ KOTOPOTO BCe 3IeMEeHTHl TIIABHON
AMArOHAIN PABHEL 1, 4 D1eMeHTHl CTOA0IIa ¢ HOMEPOM ] PABHEL G, A2, .. .

s Qj—1, Qj41, .-, Ap, & OCTAJBHEIE DJIEMEHTHI paBHLI (.
10.7. Ilycts
1 2 ... n
o= ( ; . ] €S,
B 5 eee dg
n A — KBagpaTHas MaTpUUa pasMepa 71 ¢ IEMEHTAMH (pg, IPHIEM
ays = 1, ecin 8 = i, u a,y = 0 B nporusHoM cayyae. JokaszaTb, 9TO

ONPEeIeanTeIs MATPUIEL A pABeH 3HAKY MOJICTAHOBKY O.

§ 11. OcHOBHBIE CBOMCTBA ONpe/eJUTeNsa

11.1. Kak usMeHuTCA ONpeaenTedb IOPAIKa 1, eCIu:

a) ¥ BCEX ero AJIeMEeHTOB N3MEHUTh 3HAK Ha POTHBONOI0KHEIN;

6) KB €ro BIEMEHT @;;, YMHOXUTH Ha ¢ (¢ # 0);

B) KaK BN €00 AJIEMEHT 3aMEHUTE DJIEMEHTOM, CUMMeTPUIHEIM OTHO-
CUTEILHO NOOOYTHON AMATOHAHK;

I') KAyKALIA €00 HJIEMEHT 3aMEHUTE HA CHMMETPUIHLIE OTHOCUTEILHO
“menTpa’ onpegeruTeNs;

a) ero mosepuyTh Ha 90° Bokpyr “menTpa”’ (IPOTHB YACOBON CTPEI-
xn)?

11.2. Kak u3aMeHUTCA ONpeIeauTeIb MOPAIKa 1, eCIu:

4) ero HepBHIM CTOIOEN NOCTABATE HA IIOCIETHER MECTO, & OCTANLHER
¢TOAOUEL CIBUHYTE BJIEBO, COXPAHAA UX PACIONIOXKEHUE,

0) ero cTpoOKM 3amucaTh B 0OPATHOM mOpsgke’

11.3. Kak uaMeHuTCA OMPeIeIuTelb, eCau:

4) K KaxJI0My CTOI0LY, HAYHHAA CO BTOPOrO, NPUOABMTE IIPEABLIY-
LIHH CTOAOeI;

0) K KaxJ0My CTOJ0IY, HATHHAS CO BTOPOr0, NPUOABHUTE BCE TPEIbI-
JAyuue cToadsl;
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B) M3 KakKIOM CTPOKH, KPOME MOCIeIHEH, BEYeCTh CAeIYIOIY 0 CTPO-
KY, & U3 TOCIeJHEN BEMEeCTh MMPEXKHION MePBYID CTPOKY;

I') K KaXKJI0MY CTOXOLY, HAYHHAS CO BTOPOrO, NPHOABUTE NPEIEILY-
i cToabern, a K nepBoMy NpubABATH MPEKHUN MOCHeTHAR CTOI6er?

11.4. JokasaTh, 9TO ONPEeISTATENb KOCOCHMMETPHICCKON MATPHIILL
HEYETHOrO Nopsaka paseH ().

11.5. Yncaa 20604, 53227, 25755, 20927 u 289 gemarca ma 17. [loxa-
34Th, YTO TAKKe IeIUTCA Ha 17 onpegenureib

2 0 6 0 4
53 2 27
2 5 7 5 5
209 27
00 2 89

11.6. BeraucanTs, He PasBépThIBaf €10, ONPEeTHTEIb

i

[N I SR
(] I T
|4 B o

11.7. Yemy paBeH onpeIeauTens, ¥ KOTOPOrO CYMMAa CTPOK € 9U6T-
HBIMHM HOMEDaMH PAaBHA CYMME CTPOK C HEYETHBIMKM HOMEpaMu’

11.8. [lokazaTh, 9TO 000U ONPEISTHTENb DABEH MOIYCYMME IBYX
OIpeJeInTeNeH, OJUH W3 KOTOPLIX HOIYYeH U3 TAHHOO IPUOABIEHHEM KO
BCEM DJIEMEHTAM -1 CTPOKH YUCIa b, a IPYyroll — aHATOIMYHEIM 00pa3oM
npubaBIcHHEM [ucaa —b.

11.9. /[lokazaTh, 9TO €CIM BCE IEMEHTHI ONpeIeTuTens TOpAIKa 1
ABIATCA IudrpepeHuupyeMbIMy (PYHKIMAMI OAHOI'O IIEPEMEHHOI'0, TO
OPOU3BOJHAA DTOrO ONPEJENTUTENs ABIAETCA CYMMOU 71 ONpeaesuTe-
gen [, Tme Bce CTpOKWM ompenenuTens [);, Kpoume i-H, Te Xke, UTO H
B ompeneauTene ), a i-a4 cTpOKa COCTaBIeHA M3 MPOM3BOIHBIX AJeMeH-
TOB i-I CTPOKK ompeaeanTesd D.

11.10. BeraucanTs onpeaeanTenu:

ay +x T &
E as +T ... xr
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a +x a3 Qp
6) a as + & Ay ;
alag .......... a: n+£
l+oy 1+mye 1+ ziyn
B) 1+£29’1 1+1172y> 1+1'2yn :
1+ 2ngn 1+Zn2 -.. 1+2Znyn
fila)  filaz) ... fi(an)
r) fala)  folas) ... falan) , rae fi(x) — MHOrOWIeH cTencHn
falar)  fala2) ... f-n(“n)

e Bemme n—2 (i =1,2,...,n);

1+a +b a, +h a; + by,
Il) as + by l4+as+by ... as + by L
a, +b a, + by ... 1+a,+b,
1+ Tr1Y2 Z1Yn

o) T2 L+aoys ... T2y

§ 12. Pasnoxkenune onpegesuTenasa Mo CTPOKe U CToabImy

12.1. Paanaras 1o TpeTbe CTPOKE, BLIYACIUTE ONMPeIeInTelb

2 -3 4 1
4 -2 3 2
a b ¢ d
3 -1 4 3

12.2. Pazjgaras no BTOpoMy CTOJIOIY, BEIMUCINTE OMPEeIeInTelb

5 a 2 -1
4 b 4 -3
2 ¢ 3 =2
4 d 5 -4
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12.3. BoraucanTs onpeaeanTenn:

e)

x y 0 0 0
0 =z wy 0 0
0 0 = 0 0
0 0 0 r vy
y 0 0 0 =z
ag -1 0 0
ay z -1 0
as 0 xz -1

6)

nlag (n—Dlay (n—2)las

a, az ap—1
I 0 0
—Y2 €Io 0

0 0 Tp—1
0 0 —Un

ﬂ’??

&

0|

T

-n x 0
0 —(n—-1) x
0 0 0
1 2 3 n—-1 n
— z 0 0o 0
0 -1 =z 0 0
0 0 0 z 0
0 0 0 -1 =z
n -1 0 0
n—1 r -1 0
n—2 0 -1
2 0 0 0
1 0 0 0
1 0 0 0 0 1
1 a¢ 0 0 0 0
1 1 ay 0O 0 0
1 1 aj 0 0
1 0 0 0 1 a,
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5] 0 0 b] g 1 1 1 1
0 as ba 0 1 a 0 0
B) | e ;)| 1 0 ax O 0
0 bm_l Aon—1 )
b:gﬁ 0 e 0 [e5T) 1 0 0 0 ... ap

12.4. Jokasatb, aTo (n + 1)-u wien u(n + 1) mocregropaTeabHOCTH
qucen Pubonauan (em. 4.5) paBeH onpegeanTenio

1 0 0 0 0

- 1 1 0 0 0
0 -1 1 1 0 0
0 0 00 -1 1

nopsaaka 1.

§ 13. OnpegenuTenu u d3NeMeHTApHBIE Npeo6pa3oBanus

13.1. BuramcanTe onpegeanTenn:

1 2 3 4 1~ 1 -8
o3 2Bl g1 813
1 -2 10 4] -1 -1 4 3|
2 9 -8 2 -3 0 -8 -13
-6 o 4 44 -10 -1 8
23 75 23
1 0 -2 6 6 :
32 57 32
B) 7T 8 9 -1 -6 | F)122112;
1 -1 -2 4 5
e e 17 66 57
21 12 21
s s s -5 -7 -2 2 -2 16
0 0 4 0 -5 0
31 29 8 . .
2 0 -2 0 2 0
A-1 7T =38 95 e g 4 5 -1 15 -5
34 24 7
' E B@ 5 -4 10 1 14 6
2 3.0 -2 0 3 0
1001 1002 1003 1004 27 44 40 55
4 | 1002 1003 1001 1002|120 64 21 40 |
1001 1001 1001 999 | 13 -20 —13 24 [

1001 1000 998 999 46 45 =55 &4
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1/2 1/3 1/2 1
30 20 15 12
o|20 B2 B 3 12 1 1/2)
15 12 15 20 | ’
12 15 20 30 /2 1 1/2 18
1 1/2 1/3 1/2
1 10 100 1000 10000 100000
0,1 2 30 400 3000 60000
p| 001 3 60 1000 15000
! 0 0 0.1 4 100 2000/
0 0 0 01 5 150
0 0 0 0 0,1 6
4 -2 0 5 4 335
3221y (3482
Wl=3 1 35 =1J H13 2 5 4/
2 3 —6 -3 2 4 2 3
3 2 4 5 M 13 3 -18
|42 e -7 42 w0
Y| 5 -2 -3 7 ™| 21 23 0 -—23}
-3 4 2 9 7 12 -2 -6
6 3 8 -4 2 4 6 -5
(56 4 2 gl 165 4
PPlo g a4 2f 3 2 4 6
4 1 -4 6 45 2 3

13.2. llpuBenenneM K TPEYroOAbHOMY BHIY BBHIMHCIUTH CJIeIVIONIVE
OIpe eI T e TH:

1 2 3 e T 1 M 1 osww B
-1 0 3 ... 1 n 2 n ... n
a)| -1 -2 0 n |; 6)|n n 3 n|;
-1 -2 -3 0 non o on n
1 1 1 1
ay a ay — bl [25]
B) as as — bg [15:] asz |;
a, — by, an an an
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ry a2 @13 ... aipn
ry T2 Q23 ... Q2pn
r)(x1 x2 x3 ... asn|;
r  I9 T3 In
1 2 3 n—2 n—-1 n
2 3 4 n—1 n n
a3 4 5 n n o onl;
n on n n n n
1 r 2 2 z"
a1 r  x? g1
e) |az ax 1 T B2 [
apl Ap2 0p3 Opq 1
1 1 1 -n
1 1 -n 1
W) | oo s swmaaese weme .
1 -n 1 1
-n 1 1 1
b b b
b b
S || et iaes & Ses :
b b a b
b b b a
1 ap s Uy
1 a1 +b a9 Ay
H) 1 ay as + b2 Ay
1 ap o . ap+by

13.3. BeruacauTh OnpenemTenb

a a+h a+2h ... a+(n—-2h a+(n—-1)h
a+(n—1)h a a+1lh ... a+(n—=3h a+(n—-2)h
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§ 14. Buruncienue onpeAeauTeNen CHeuajlbHOr0 BUAA

14.1. BeraucanTs caegyiolue ONpeleluTeld METONOM PEeKyppPeHT-
HBEIX cooTHOmeHu#n (cm. 4.1):

2 1 0 0 3 2 0 0
1 2 1 0 1 2 0
a)|0 1 2 0: 60 1 3 0;
0 0 0 2 0 0 0 3
5 6 0 0 0 00
4 5 2 00 00
01 3 20 00
B)|0O 0O 1 3 2 0 0
000 00 3 2
00000 1 3
1 2 0 0 0 0 0
343 00 0 0
02 5 30 0 0
r)|0 0 2 5 3 0 0f;
00000 5 3
00000 2 5
3 2 0 0 00 0
1 3 10 00 0
0 2 3 2 00 0
Do o0 1 3 00 0f
00 00 1 3 1
00 0 0 0 2 '3
a+ af 0 0 0
1 a+f apf 0 0
e) 0 ] a+ 5 af 0



§ 14. Buucaenue onpedeaumenets cneyuaabhozo euda

49

1 1 1 S 1
1 2 22 i on
%) |1 3 3 i
1 n+1 (n+1)2 (n+1)"
arl (a — 1)?1 (a — n)n
an—l (a l)n—l (t]. n)n 1
B) | ;
a a—1 a—n
1 1 1
1 1
x; +1 . Ty +1
n) 2+ x R T
Y A o
a? a?‘ibl a?_zbf ... B
2 ay ay " 'by a e . B 1
-1 2y
anyr Guiibpr apiibhg .. by
1 za z22 ... z57' &t oz
1) 2 T3 2 2 2|,
1 & @2 ga-1 geHl al
14z 1+a} 14+af
1420 1422 14z
M) Mt
1+z, 1+22 1+zp
0 1 1 1 1 0 r a .
1 0 =z . 0 -
1 = 0 e y
H) : 0|y ¥y a T
e . 0 ol e ﬂ;
1 & @ xz 0 vy vy

4  A.N. Kocrpukun
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§ 15. Onpegenurenas NPOU3BEJECHUsA MATPHIL
15.1. BerkucauTs onpeaeTnTenb

a b c d
—b a d —c
—c —d a b
—d ¢ —b a
myTeM BO3BEIEHUA €0 B KBAIPAT.

15.2. BermmemTs caeayonme OnpeeInTeNn, TPeICTABIAL UX B BUIE
NPOU3BEICHUH OIPeIeIuTeIeH:

cos(a; — 1) cos(ag — B2) ... cos(ay — By)
i cos(aa — A1) cos(as — B2) ... cos(as — By) |
cos(an — B1) cos(a, — fB2) cos(an — fn)
1—alb} 1 —alb]
].—ﬂ.lbl o ].—(l]_bn
6) : : ;
1 —apby 1—apby
1 —ayb T 1- anby
(ag + bo)” S (ﬂ,o + bn)n
B) 3 :
(an +b0)™ ... (an+by)"
So S S9 Gt Sn—1
51 S9 S3 S Sn
F) S92 53 54 P Sn+1 4 riae SA_:$§7+:B§+__‘+$$1.
Sn—1 Sn Sp4l -.. S2p-2

15.3. JokasarTs, 9T0O HUPKYJIAHT

a as as an

an ay as an—1
p—1 0ap a1 an—2

as a3 a4 ay

pasen  f(e1)f(ea)... f(en), vme f(z)=a1+asz+...+antn_1;
£1, €9y ..., Ep — BCE KOPHU CTEIEHU 1 U3 eIUHULEL
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15.4. BBIMHCIUTE ONpeIeInTeNn:

2 n—1
a b c d a'nlfl (; (:; o z-nfz
d a b c n—2 _n—1 T ns
a) e da bl 6) | a a 1 «
by & d w a ...... ( 120!? ......... 1

§ 16. JomoHUTEIbHEIE 34 a9

16.1. Hauru manboapliee 3HAUYCHHE ONPEJACAUTENA TPETHEro Mop#al-
Ka, COCTABICHHOTO:

a) ma uncen 0 m 1;

0) ma mcer 1 mw —1.

16.2. Joxasars, 9TO €cau B ONpeJelInTele NOPALKA 1 Ha Iepecede-
HUM HEKOTOPEIX k ¢TpoK # [ cTOAOHOB CTOAT DJIEMEHTHI, PABHEIC HY.IIO,
npuiéM k + [ > n, TO onpeaeauTenb paBeH HYJIIO.

16.3. IIycte D — onpegenurens nopsika n > 1, Dy u Dy — onpe-
JeTUTeNd, TOIyYeHHbe n3 [) 3aMeHOR Kaxk/J0ro 2IeMeHTa @;; Ha ero al-
rebpanieckoe gomonHenne A;; mia Dy m va ero musop M;; ana Ds. [o-
Kasark, uTo Dy = Dsy.

16.4. Bzaumnoi (mmn npucoedunennoti) Marpurnen A 1isa kBaapaTHOR
MaTpuubl A pasmepa n HasBIBAETCH MATPHIA, B KOTODOM Ha MECTe ij
crout aarebpandeckoe gonoasenne Aj;. JokazaTs, 4To:

Al — | 4|n—1.

a) [A] =A™

6) A=|A"?Aopun>2ud=Anpun=2.

16.5. (@Popmyae Bune—Kowu.) Iycrs A = (a;;), B = (bi;) — maTpn-
LBl HOpAgKa m X n, A; u B;,, . i, — MHHODEL HOpAgKa m MaTpur A
u B cOOTBETCTBEHHO, COCTABICHHBIE 3 CTOJIOLOB ¢ HOMEDAMH i1, . .., i,

seesabm

n

Cij :Zaikbjk’ C=(C.,'j), i=1,...,'ﬂl; j:l,...,m.
k=1

JokaaaTe, 4TO

det C' = Z Airin Biv,iom

1€ih <ia<...<im<n

ecimm < n, ndetC =0, eciu m > n.

4*
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16.6. Ilyvcte A mw B — MaTpuUUBI DOPAIKOB P X n U n X k €o0T-
TR} iy ... i
BETCTBEHHO, A( . _m) , Bl _m) — MuHOpBL MaTpun A u B,
Ju - Jm J1 - Jm
CTOAIINE HA MEPeCcedeHuAX CTPOK € HOMEPAMH iq,...,%,; U CTOJDIOB C
HOMEPaMH Ji,...,Jm, 1 C = AB. [lokazaTb, 9TO

C(“ i.m) —
Jl oo Jm
i1 ... 1 i1 ... 1
Z A(. .m) B(. .m), ecan m < n,
= 1 b Lha R J1 -+ Jm J1 .- JIm
0, ecam m > n.

16.7. [lokazaTk, 4TO CyMMa TIIABHEIX MHHODOB MOPAIKA k MaTpPHIED
A-!'A papma cymMMe KBaJPATOB BCEX MUHODPOB nmopsaaka k marpunst A.

16.8. IlycTs

ay A1p
D=\|.. ... .........
anl Apn
MokasaTk, 9TO
@] aip Ty n
................... — DZ _ Z 41 T
AijTiTj

(n1 Qpp  Tn sl
o Tn z !

16.9. [loxazaTk, 4TO CyMMa alredpanieckKux TOMOJHEHUN DJIeMEHTOR
CTPOKHU ONPEIETATENA He H3IMEHUTCA, eCIl KO BCeM DIeMEHTaM MaTPHIILL
IPHOABUTH OJHO U TO K€ HHCIO0.

16.10. [loxazaTb, 9TO €CIM BCE DIEMEHTHl KAKOM-HUOYIb CTPOKH
(cTonbua) onpegeInTena paBHE eAMHULE, TO CYMMa alredpanIecKux Jo-
MOJHEHUH BCEX BJIEMEHTOR ONPEJIeIUTEIA pABHA CAMOMY ONpeIeTNTeTIO0.

* * *

16.11. IIycrs
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aprbyy o.ooaipbin anbis oooapbia oo anbiy oo arabiy
n1biy .. appbin apibis oL apnbio oL @pibir ... apnbig
5 2 R ,
aitbpy ... a1pbrn anbrz ... aipbre ... anibre ... G1Rbri
anlbkl annbkl aﬂlka e amtbki' s anlbkk annbkk
rae D (onpegemuTens nopsika k) KPOHEKEPOBCKOE TPOM3BEICHUE

onpegemnrenen A u B. Jokasars, uro D = A*B™.

16.12. Konwmumnyanmoii HA3LIBAETCA ONPEIEINTEIb

a L. 00 . 0 0

-1 a 1 0 ... 0 0

(0,1(1.2 i .(jn) = 0 -1 as I 0 0
0 0 0 0 -1 an

a) Brpasutk (ajas . ..a,) B BUIe MHODOWIEHA OT Gy, ..., Gy.
0) HamucaTs paaioikeHne KOHTUHYAHTHI TIO ICPBEIM £k CTPOKAM.

B) YCTAHOBUTL CJIEAVIOUIYIO CBA3L KOHTUHYAHTHI C HENPEPLIBHEIMU
apobamuzK

(a1az...a,) 1

(azasz . ..a,) 1
as +

1
ap—1 + —
n

16.13. /lokasate, uro ecim A, B, C', D — xpajgpaTHbIC MATPHIIEL
nopaagkanu C -'D =D -'C, To

A B _ t t
4 8en s,
16.14. Jokasars, yro ecin A, B, C, D — kBagpaTuiasie (pOPMEL

nopsiaka n, npuiaém C' win D — uessIpox geanas matpuua, u C'D = DC|
TO

A B
C D

‘: |AD - BC)|.
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A
16.15. BeraucanTs onpegennresb 1 oE ’, rie
a 1 0 0 0
1 a 1 0 0
A=|0 1 a 1 0
00 0 0 a

16.16. [lokasaTh, 9TO ONPEIETHTENb, OLY SAKMIMACA DA BEIMEPKH-
BaHUM k-T0 cTONOIA B MATPUIIE

j—1 . .
(aij):(@—l))’ i=1...,n+1; j=1,...,n+2
o n+1
papex |, |-

16.17. [lokasars, 4TO

1 1 1 1
2! 3l 4l 2k + 2)!
1 1 1|
21 3 2k +1)!
o 1 1 =0, keN
2 2k)!
TR R
0 0 0 o

16.18. (Toxwcdecmeo Fiiaepa.) llepeMHOKUB MATPHIEL

Iy &2 3 €Iy ('8 Y2 Y3 Y4
Ty —Ip —I4 T3 Y2 —Y1 —Ya Y3
T3  ry —r —mry | ¥y3  Ya —y1 —y2 |’
Ta —I3 Ira —I1 Ya —UYs Y2 —Ih

J0Ka3aTh, 9TO

(e} +a+ai+ad)wi+u3+yl+yi) =
= (T1y1 + Tay2 + T3y3 + Taya)® + (T1y2 — Toy1 — T3ya + Tays) +

+ (z1y3 + T2ys — T3y1 — Tay2)® + (T1Y4 — T2ys + T3ys — T4y )’
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16.19. BeraucauTs OonpegeauTess MaTPHIBL (a; J—) nopAagka 1, rie:

a) a; j paBHO 1, ecim i gesmT §, u pasHO 0 B IPOTHRONOIOKHOM CIyae;

6) aij paBHO YMCIY OOIIMX AeIuTeNel Tuces i u j.

16.20. /lokasaTh, 9TO ONPEICIATENb MATPULLL (d;j) TOpAIKa n, rae
d;; — Banboabmmyu o6 JemuTens ynucen i u j, paseH @(1)p(2) ... p(n).

16.21. Ilycrb &y ... &0, Y1 .. . Y — uMCIa, npuyaé™m x;y; # 1 114 Beex
i,j=1,...,n, A(xy,...,xn), Alyr,...,yn) — ompenemuremu Bangep-
mouga. /lokasaTts, 9To

n

1
A(@y, ..., Zn)A1,. .., yn) = det (m) IT @ - ziyy).

t.0=1,.,0 i,j=1



[Nnasa IV

MATPHUIIBI

§ 17. lleucTBua HAJg MaTPHIAMHU

17.1. IlepeMHOXUTE MATPHUIIEL

()

cosa —sina) fcosf —sinf\,
sin a COS (¢ sin /3 cosf3)’
5 3 29
2 —3 1 112 18 ;
3 -5 -1 0 -3
1 5 3 2 -3 9
r) 9 —3 1) -1 4 -2 |;
3 -1 1

1
i -1 3 15 2
)| -1 1 -3 ]-{o0o3 -1];
2 -2 6 2 1 -1
1 200 11 0 0
(2100 11 0 o0
1o o1 3 00 1 —1
003 1 00 -1 1
1100 11 00
)1200 13 00
Y10 0 3 1 00 1 2
001 1 00 -3 1

17.2. BuinoaHuTe 1encTBHM:
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3 2 0 ;:?f -2 0 -3
a) [0 1 2 1 - 0 6 -3
2.3 00 g @ 5 -2 8
3 0 2 L9 1 9 0 -4 6 1
()013 9 o T olel? TS5 -2
V12 2 0 s 4 3 B 2 -2 6 4
01 0 1 3 0 1
17.3. Beraucaurs:
2
3oy 8R4
a)l 2 1 -2 ]; 6) :
5 o 1 00 0 1
00 0 0
2 2
i 1 I i 0100
)11—1—1, )0020
Bli1 -1 1 -1]°7 1o o o 3
1 -1 -1 1 00 00

17.4. Berancanrn:

e cjina n A 1 n
a) (_sina (:(‘)Soz) : % (0 ’\) ;

2 ()G D(5 )

17.5. BeraucanTek sHadedne MEorowieHa f(x) or marpunsr A:

210
a) f(z) = 2% — 222 +1, A:(O 2 0];

2 11
6) f(z) =a®-3c+2, A=1(1 2 1].
11 2

17.6. Jokasarb, 9To ecam MmaTpunsl A u B mepectaHOBOYHBI, TO

(A+B)" = Z (’:) Atgr,

i=0

Tpusectu npumep aeyx matpun A, B, mis KOTOpBIX 3Ta (HOPMYJIa
HeBepHa.
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17.7. BerMucauTh CTEeHd KBaJIPATHOH MaTPUIILI

010 0
0 01 0
H'= || woanan gm0 v
0 00 1
0 0 0 0

A1 0 0 0
0 X1 0 0
e | T
0 0 0 Al
0 0 0 0 A

pasmepa n. [lokasars, uro ecan f(z) — MHOrO'WIeH, TO

m f’l(;\) f"Q(IA} f{(:‘_‘”Q()A!) f((:‘_“l()/\!)
= " Y gl = T
0 ...... (.) ....... 0 ............. fm ....... @
0 0 0o ... 0 fX)
17.9. Tyers €, A — KBaJpaTHBIE MATDHMIBI OJHOTO DA3MEpa n

f(x) — muorowren. Mokasars, uro f(CAC™!) =Cf(A)C~'.

17.10. Beraueants e rae:

a.)A:(_i _;); 6) A= (§

17.11. Beraucaurs In A, rge:

@Az(_i_i) oa=|""1"1 ;i“

o O =
OO
SN———

iy
—
-0
e il e



§ 17. deiicmeus nad mampuyamu 59

17.12. Ilycte A = (a;j) — MaTpua pasmepa m X n. JokasaTb, 9T0
A= Z aijEij;
i,

rae Ejj — mampuunbie edunuypl.
17.13. [dokasark, ut0o E;; Epy = 8, Eiq.
17.14. lIycts A — npomsBosbHas MaTpuna. Borancants Fij A.
17.15. Ilycte A — npoussoabHas Marpuna. Berancmre AFE;;.

17.16. Ilycte A — xBajgparTHas Marpuua, npuuém Fijj A = AE;; nia
Beex MaTpudHbIX eaumHnn Fj;. [Jokasats, uto A = AE 114 HeKOTOPOro
cKamapa A.

17.17. Ilyctes A — xBagpaTHas maTpuna, npuiem ;A = AE;; nia
Beex 1. [JokasaTh, 4To MaTpuna A InaroHaabHA.

17.18. Ilycte kBagpaTHasa MaTpuia A nepecTaHOBOYHA CO BCEMH He-
BBIPOXK JeHHBIMEU MaTpunaMu. Jokaszats, uro A = AE.

17.19. Hautu Bce marpunsl A nopsagka n takue, 910 tr AX = 0 mua
10001 MaTpunel X mopagka n.

17.20. [loka3aThk, YTO ¢jIejl MPOU3BEICHNA [BYX MATPHIL HE 3aBHCHT
OT MOPAJIKA COMHOKUTENCH.

17.21. Jokasark, uTo ecam C HEBEIPOXK CHHAaA MaTpUILA, TO 114
moboi maTpunsl A Toro ke nopaaka tr CAC™! = tr A.

17.22. IIpn kakux A\ uMeeT PEHICHHe VPABHCHUE
(X, Y]=AE
([X,Y] — xommyrarop marpuy X u Y)?

17.23. dokasarb, 4To A aobbix KBagpaTubix Marpun A, B, C Bol-
MOJHAIOTCA PABEHCTBA!

a) [4, BC) = [A, B]C + B[A,C];

0) [[A,B],C] + [[B,C]. Al + [[C, A], B] = 0.

17.24. [loxa3aTh,9TO AIS JOOBIX MATPHII TOPAIKA 2 BBIMOJIHACTCSH

pasencteo [[4, B]?,C] = 0.

17.25. Ilycrs A, B, ..., D| — KBagpaTHBIC MATPUIIEL OJHOTO TOPA -
Ka. BEIpasuTh Npou3BeseHne MaTPUIL

A B\ (A B
¢ p)'\¢: D
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Tepes3 3adaHHbIC MaTpPHIIBL.

* * *

17.26. [lycts A — TpeyroabHas BEMIECTBEHHAA MATPHUIA, EpecTa-
nopounas ¢ LA, JoxasaTs, wro Marpuna A amaromatbHad.

17.27. lycte A = (a;;) € M, (R) — cuMMeTpUIHAA HEBBIPOK TeHHAA
MaTpHIa, IPUYEM cylecTByeT Takoe k < n, 4to a;; = 0 mpu |i — j| = k.
Mpeanonoxum, ato A = ‘B - B, rae B = (b;;) BEPXHETPeyrOJbLHAA
marpuua. Jlokasars, uro b;; =0, ecmn j — 1@ 2 k.

17.28. /[lokasaTh, 4T0 J100ada MATPULIA €O caeaoM () ABIAETCS CYyMMOR
KOMMYTAaTOPOB MaTpHIl co cregoM (.

17.29. [lnsa maTpums

01 0 0
0 0 1 0
0 0 0 1
00 0 0

HauTH Takue Matpunsl A u B, uTo

[4,X]=X, [A,B]=-B, [X,B]=A

§ 18. Marpuunsie ypasHeHua. O6paTHas maTpuna

18.1. PemmTs cucTeMy MATPHYHLIX VPABHEHUH:

s 1 1 5. i 0_
a) X +1 _(0 1), ‘2X+3}_(0 1),

e 01 o [0 =2
6)2)&—1—(_10), —4‘\+2s_(2 0).

18.2. [lokasaTh, 9TO KBaApaTHAS MATpuna X TOpPAIKA 2 ABIAETCS
peLIeHHeM YPaBHEHUA

X?—(trX)X +detX =0.

18.3. PemuTh MaTpPUTIHEIE VDABHEHUS

E -0 ex( 2 2)-(2 1)
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(6 0)x=(8) ox(E D)= )
> )% (2= 2)

11 1 128 n
3}01 IX:012 n—1
0 0 1 000 1
1 1 -1 1 -1 3
mX|2 1 0|=(4 3 2|;
1 -1 1 1 -2 5
1 2 1 2 10
k)21 2)x=| 11 2];
1 2 3 -1 2 1
2 10 0 0 1 010
M1 2 0]x[(010]=(10 0];
0 0 1 100 000
111 1 2 3
M) X1 2 3]=(2 4 6];
1 49 \3 6 9
1 2 3 001
H) (2 3 1|]X=[1 0 0};
3.1 2 \0 1 0
110 5 -1 2
o2 1 2)]x=| -6 4 6 |.
01 1 \ -2 0 7

18.4. [lycte A, B — MaTpHIUBI pasMepoB m X n u m X k coorser-
creenno. [JokasaTh, uro maTpuanoe ypasaenue AX = B, rage X — mar-
pHUIa pa3Mepa n X k, IMeeT PEeIleHne TOrAA W TOJBKO TOrIa, KOTa PAHD
maTpuibl A coBnagaeT ¢ paHrom pacmmpenson matpunst (A|B).
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18.5. Ilycte A — xBaaparHas MaTpuna. [JokasaTb, YTO MATPUIHOE
ypasHerue AX = B umeeT eIUHCTBEHHOE PELIEHNe TOr 1A ¥ TOJBKO TOT 14,
KOrja MaTpuia A HEeBEIPOXK 1eHA.

18.6. Ilycte A — maTpuma paamepa n X m, npuaém m # n. Jlokasarts,
4TO A1A MoO0ro HATYPaJbHOIO uncia k cymecTByeT Takaa mMarpuua B
paamepa n x k, uro marpudnoe ypasHeHue AX = B e umeer eiuHCT-
BEHHOT'O PEIIeHus.

18.7. JoxasaTk, 9TO CHCTEMA YPABHEHUN

n
Zaij‘\’";:B.', i=1,2,...,’i’l,
Jj=1
rae Xj u B; — MATPHIB HOPALKA P X ¢, HMeeT eIUHCTBEHHOE pelleHne
TOrga U TOJABKO TOrga, korga det(a;;) # 0.

18.8. C noMOupK NPUCOEIMHEHHON MATPULLL HAUTH OOPATHYI K
MaTpule:

90 1) o3 93

1 3 50 0 1 00

r) (2 7); ol 03 0 [; e) |0 1 0];
0 0 -2 3 01

6 0 0 130 1 10

x) [0 1 2); 3) (2 7 0]); m) ([0 1 0];
03 5 007 03 3

200 cosa  —sina
k{3 1 1) ) ( sina cos a )
0 0 2

18.9. HauTu ¢ NOMOIIBIO 2IeMEeHTAPHEIX [IpeoOpa3soBaHui 0O6PaTHYIO
K MaTpHIE:

1000 0010
o (0010 1000
000 1[ 000 1]°
0100 0100
2.0 00 000 -1
o001 Sloo2 0
020 0] 100 0
0010 030 0
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10 0 00
(1]} 1 110 0 0

1) . e |0 11 0 0]:
&0 L 000 11
2 5 7 3 -4 5

®x[6 3 4]; a2 -3 1];
A R * 3 -5 -1
¥ 7 3 1 2 2

u) |3 9 4/; k)| 2 1 -2 ];
15 3 2 -2 1
12 3 4

)2312

T111 1 <1
1 0 <2 —6

18.10. Hautu 06paTHyIO K KBAAPATHON MATPHIIE:
A0 A B

rae A, C — HEBBIPOXK ACHHBIC MATPUIILL.

18.11. Hautu obparHyio K MaTpuue:

1 20 0 29 3 1 2
2 30 0 112 0
Al 113 90001 -1
0 10 2 00 1 -2

18.12. Ilycte A, B, C, D — ueBHpOx 1eHHBIe MATPUUEL. [[oKa3ars,
ITO

A B\™' ((A-BD-!C)™! (C-DBl4)!
(c D) ((B_Ac—lp)-l (D—CA-'B)"')"

18.13. Kakue 3HaYeHUA MOXKET MPUHUMATL ONPEICTUTEIb

a) OPTOrOHATLHOM MATPHIIE;

0) YHHTAPHON MATPUIIHI!

18.14. Ylemy paBeH onpeenuTeNs HEeIOTHCICHHON MATPULEL A, ecan

matpuna A~! Taxxe nerounciennaa?

18.15. IlycTe A — kBagpaTHas MATPUIA OPAIKA 71, DIEMEHTEI KOTO-
PO — MHOTO'IEHBI OT nepementon ¢, u det A — HEHYJIEBOM MHOTO'WICH.
JokasaTk, 4TO CYIECTBYET eIMHCTBEHHAA MaTpuua B, ajJeMeHThl KOTO-
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pOM — MHOrOWIeHsl OT t, Takad, 9To AB = BA = (det A)E. Hauru B,
eCIIH:

Pt
A= 17t 0. ga=f_1 11
1+2 ¢ Rl

18.16. [JokazaTh, 9TO B KOJBIE MATPUI] HAJ TTOJEM:

a) oOpaTuMas MATPUIA HE ABIACTCA JEJTATEIeM HYJIS;

6) mobas MaTpUIa IH00 00paTHMA, IUO0 ABIACTCA JIEBEIM B IPABBIM
JeTHTEICM HyId.

18.17. [lokasaTk, uTo ecau MaTpuna F+ AB obpaTuma, TO MaTpuIa
E + BA Takxe o6paTnma.

18.18. ITycte A u B — MATPHIEL PA3MEPOB 7L X M. U M X 11, IPUIEM
AB u BA — emguEnuHBble MaTpUlbLl pasMepoB n U m. Jokasars, 9TO
m=n.

18.19. Ilycte A — maTpuna pasmepa m X n, uMeromas paur m. lo-
Ka3aThb, 9TO CYIIECTBYeT Takad MaTpuna X pasmepa n X m, 910 AX —
eTUHITHAS MaTPUIA Pas3Mepa .

18.20. Kak mmenntca matpuna A~ ecmn B A:

a) MePeCcTABUTD i-10 U J-10 CTPOKH;

6) K -1 CTPOKEe NPUOABUTE j-10, YMHOMKEHHYIO HA C;

B) YMHOXHUTE -0 CTPOKY Ha 9uciao ¢ # 0;

r') npeobpa3oBaHud a) B) COBEPIIATE CO CTOAOLAMU?

18.21. JlokasaTs, uro (AB)~! = B~14-1.
* * *

18.22. IlycTs X — npucoeauHeHHas MaTpuna (eM. 16.4) s xeai-
patHOM MaTpuusl X. Jokasars, 9T0O

— —~ —

AB=B4, A=A, ([#4)="A4).

18.23. Tlyere B u C — crpokn gueel n, npuuém OB # —1u E —
eIMHIMHAA MaTpHIa pasmepa n. Jokasats, uto marpuna E + BC obpa-
TUMA.

18.24. Illycts B, C — crpoxu gamssl n, npuaéMm OB = -1, u £ —
eMHAIHAA MATPHUIA paamepa n. JokasaTs, 9To paar Matpunsl F +BC
pased n — 1.
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§ 19. MaTpuubl CIeUAJILHOIO BHAA

19.1. ,LTIOKaIiaTI:, qT0o E;-i — Ejj = [Eijqui] nopu i # J

19.2. [IpegcTaBuTe B BUAE NPOM3BEIEHUS HIEMEHTAPHBIX MATPWUII
MaTPHULLY:

01 1
il % &L o1
¢ & 110

19.3. Hcmonb3ys CBOMCTBA DIEMEHTAPHBIX MATPHUI, TEPEMHOKHATH
MaTpULbL:

1 2 3 4 100 0
(1357 020 0|
a1y 9 48 003 0|

1111 00 0 4

1000 1 2 3 4
6|0 200 135 7]

0030 1 2 4 8|’

000 4 1111

1 2 3 4 1000
ot 357 01 00|

1 2 4 8 201 0 |’

1111 -3 00 1)

(1000 1 2 3 4

1100 1 357
Dl 201 0 1 2 4 8

-3 0 0 1 111 1

19.4. [JokasaTh CIeIYIOMIAE CBOMCTRA ONEPAIMHA TPAHCIOHUDPOBAHMA:

a) i (A+B)=tA+1B; 6) {(AA) = M 4;

B) {AB) ='B-t4; 1) (tA)'=Y4"l);  x)i(4) = A

19.5. Jokasars, 9TO BCAKAA MATPHUIA MOXKET OBITH €IHHCTBEHHBIM
00pa3sOM NPEICTABICHA B BUIE CYMMBI CUMMETPHMECKOH U KOCOCHMMET-
PUYECKON MaTpHIL.

19.6. /loxasarts, uToO:

a) ectn mMatpunel A u B oproromamemer, To Matpunsl A~ u AB
TaK:Ke OPTOTNOHATBHEI;

6) eca KOMILIEKCHBIEe MATpHIE A 1 B yHmTapHsr, T0 MaTpums A~
u AB Takxe yHUTAPHBL

5 A.N. Kocrpukun
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19.7. [JokasaTb, 9TO:

?l) NMpOU3BeIeHHUEe IBYX CHMMETPHYICCKUX WIH KOCOCHMMeTPHYIeCKHAX
MaTpul ABJIACTCHA CI’lMMeTpI‘I‘IECKOﬁ ,\-IanIfII.I_EI:I TO'1a U TOJBKO TOrzaa,
KOr'Ta 5TH MaTPHUNBI NePpeCTaHOBOYHEL]

6) NPOM3BEEHHME CHUMMETPHICCKOM M KOCOCHMMETPHYCCKON MAaTPHIL
ABIAETCA KOCOCUMMETPHIECKON MATPHIEN TOTJA W TOJIBKO TOTAA, KOTAa
ITH M&TI)HHI:\I HepeCTaHOBO'IHhI.

19.8. Ilpu KAKOM YCJIOBMM IPOUIBEICHHE IBYX SPMUTOBEIX WIM KOCO-
DPMHUTOBBEIX MATPHUIL ABIACTCA DPMATOBOM MATPULEH?

19.9. [JokazaTh, 4TO AMA JH0OO0M KBaJAPaTHOM KOMILIEKCHOM MAaTpH-
usl X cymecrsyeT mMarpuna Y rakad, 4uto XY X =X, YXY =Y, u
varpunsl XY n Y X spuuToBb.

19.10. /lokazaThk, 9TO MATpUIA, 0OpATHAA K CUMMETPUIECKOH WIN
KOCOCHUMMETPUIECKON, ABIACTCA CUMMETDPUYECKON WM KOCOCUMMETpH-
YECKOM.

19.11. [lokasarb, yto ecaun matpunsl A u B o6e cummerpudeckue
WM KOCOCHMMETPHYECKHe, TO X KommyTaTop [A, B] — kococuMMmeTpu-
Yeckas MaTpHia.

19.12. Bepuo au, 9TO BCAKAA KOCOCUMMETPUYIECKAT MATPUIA, ABJIA-
eTCA CYMMOH KOMMYTATOPOB KOCOCHMMETPUYECKIX MaTPUIL?

19.13. HauTu Bce cuMMeTpUYecKHe OPTOTOHAIBHEIE B KOCOCHMMET-
PUYECKHE OPTOrOHAIBHBIE MATPHIIBL IOPATKA 2.

19.14. Hantu BCce HMIKHHE HWIBTPEYIOJBHBIE MATPHILI, KOMMYTH-
pymoIIye cO BCEMH HUXKHUMM HWIBTPEYTOIBHBIMH MATPHUIAMU TOI'O XKe
TOPAIKA.

19.15. /lokazaTk, 9TO CyMMa JABYX KOMMYTHPYIOIIMX HHIBIOTEHT-
HBIX MATPHIL ABIACTCA HUWIBIOTEHTHON MaTpuien. Bepuo i 510 yTBepK-
JEHNe, eC/H MATPHILL He KOMMYTHPVIOT?

19.16. [Joxasate, uro ecau Matpunsl A, B u [A, B] suisnoTenTHER
u MaTpunsl A n B kommyTupyior ¢ marpunen [A, B], o marpuna A+ B
HWIBIIOTCHTHA.

17. JokaszaTs, 94T0 ecau matpuna A nopsaika 2 HUILIOTEHTHA, TO
A2 =0.

19.18. /TokasarTh, 4TO BCAKAS HIDKHAS HUIBTPEYDOJIbHAS MATPHIIA
HUJIBIOTEHTHA.
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19.19. Jokasarh, 9TO ecad MaTpuia A HLILIOTEHTHA, TO MaTPUIIBL
E—-Au E+ A obparumel.

19.20. [Jokasars, 9TO eciy MATPHIA A HUTBIOTEHTHA H MHOTOWIEH
f(t) mmeer cBoboguem wien, oramasem or ), To marpuna f(A) obpa-
THUMA.

19.21. Pemmrs ypasenne AX + X + A =0, rae A — HWIBIOTEHTHAS
MATPHIA.

19.22, NokasaThb, YTO HAIBIIOTEHTHAA MATPULA IOPALKA 2 HMeeT Hy-
JeBOH CJIe.

19.23. Jokasarb, UTO NPOM3BEJEHUE IBYX KOMMYTHPYIOIMX IIe-
PUOAMYMECKHUX MATPUL ABIASTCA NEePUOANIeCKON MaTpunen. BepHo au 2o
VTBEPK JCHHUEe, eCIH MATPHUILL HE KOMMYTHDPYIOT?

19.24. Jokasarb, uro mMarpuna CAC~! apiseTca HUIBIOTEHTHOH
WM IEPUOANYEeCKON TOrIa U TOJIBKO TOTAa, Korja MaTpuna A aBisercs
HIIBIOTEHTHON WK TePUOINIeCKOH.

19.25. IycTe 0 — mepecTaHoBka Ha MHOXKecTBe {1,2, ..., ntu A, =
= (dig(j)) (dij — cumpox Kpomekepa). /lokasaTs, uTo0:

a) MaTpuna A, mepuoantIecKast;

0) M M00BIX MepPecTaHoBOK o U 7 Ay, = Az A

B) A, MOxKeT OLITL IPEICTABICHA B BUIe IPOM3BEAeHUA He Hoee 1eM
n — 1 BIeMeHTapHBIX MaTpPHIL.

19.26. Jokaszarhb, 9TO NPOM3BEICHNE BEPXHETPEYTOJbHBIX MaTpHII
ABIACTCA BEPXHETPEYTOJABHON MATPULEH.

19.27. [Jokasarh, 4TO MATPULA, OOPATHAL K YHUTPEYTOJILHOU, ABJIf-
eTCa YHUTPEYT OJLHOM.

19.28. Ilycte A, B, C, D — kBaapaTHBIC KOMIUIEKCHEIE MATPHIILL Pa3-
mepa n, npuaém CD = DC. [lokazaTs, 94T0

A B
det (c D) #0 < det(AD — BC) # 0.



Nrasa V

KOMIIVIEKCHBIE YUCJIA

§ 20. KommiekcHble yncaa B arrebpaudeckou gopme

20.1. BeMHCAUTE BBIPAKCHUA:

a) (2+14)(3—19) + (2 + 3¢)(3 + 4i);

6) (2+14)(3+T7i) — (1 + 2i)(5 + 3i);

(5+1)(7 - 6i)

B) (4+i)(5+3) - B+9)B-i); 1) —F

(5+14)(3 + 5i) (1+3i)(8 —4)
SO TR B ¢ B
(2+i)(4+1) (3 —)(1 —4i)
v

m) (24+14)° + (2 —1)% k) (3+14)° — (3 —1)%
3
\5
) gi—;;; M) (% i ?7) .

77 ;98

20.2. Beraucaurs i, 98, i757, "

L1720 4" roe n LEJI0e IUCI0.
20.3. Joxasarh paBeHCTBA:
a) (1+4)¥"=2" neZ; 6) (1+i)*" =(-1)2?", neZ.
20.4. Pemmrs cucTeMmy ypaBHCHHU:
) (1442 + (1 —4d)zg =141,
(1-1d)z1 + (1 +14)z2 =1+ 3i;
iz1 + (1 + i)z = 2 + 21, o (1—1i)z; — 3izg = —1,
2izy + (34 2i)20 = 5 4 34; 221 — (34+3i)z2 =3 — 1
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T+ iy — 2z = 10,
a) Sz —y+ 2iz =20,
ie + 3iy — (1 + 1)z = 30.

22— (2+ ’.':)Zg = —i,
(4—2i)zy — 520 = =1 — 24

20.5. Hauru BemecTBeHHbIE YHCAA T U Y, VAOBJISTBOPAIOLINE YDaBHe-
HUIO:

a) 2+dz+ (1+2)y =1-4g 6) (3+2i)x+ (1+3i)y =4 —9i.

20.6. JokaszaTb, 4TO:

4) KOMILIEKCHO® 9UCI0 2 ABIAETCA BEMIeCTBEHHBIM TOTIA H TOJBKO
Torga, Korjga z = z;

6) KOMILUICKCHOC YHCJIO 2 ABIACTCA MHCTO MHMMBIM TOTJAA M TOJIBKO
TOrJa, KOrga z = —2.

20.7. JokasarTk, 4TO:

a) IIPpOMU3BEACHUE IBYX KOMILIEKCHBIX YTHCEJI JABJIACTCA BeUIeCTBeHHBIM
TOr' 18 1 TOJBKO TOI'fa, KOI'Ja OJHO N3 HUX OTJIMYaeTCcda OT ('.()Hpﬂ}KéHHOFO
K APYroMy BelIeCTBEHHBIM MHOXKHUTEIEM!]

6) CyMMa n HpOHEBe,E[BHHe r[LByX KOMILIEKCHBIX YHCEI SABJAAKTCA Be-
IIECTBEHHLIME TOTJA H TOJILKO TOrA, KO JAaHHLIE THCIA IWIH COMpPS-
KEHBI, WK 004 BElIeCTBEHHBI.

20.8. HauTu BCe KOMILIEKCHBIE HCIA, COMPAKECHHBIE:

a) CBOEMY KBAJDATY; 0) cBoemy KyOy.

20.9. TokasaTb, 4TO €CJIM U3 JAHHBIX KOMILIEKCHBIX 9HCeI 21, Z2,...
..y Zp TPH IPUMEHCHUH KOHETHOI'O THUCJIA ONEPALMH CI0KCHUSA, BEITUTA-

HUA, YVMHOKEHUA U JEJCHUAA MOIYyHaeTCa YUcI0 2, TO U3 YUCeT 21,22, . . .
«-.,Zpn UPHU NPUMEHEHHY TEX K€ OIepPalUi MOJYy9aeTCa Yucao Z.

20.10. /lokasaTk, 9TO ONpeIeauTeTb

zZ1 Z1 a
29 Za b,
Z3 Z3 C

Tae 21, 22, 23 — KOMILVICKCHBIC H @, b, ¢ — BeIeCTBeHHEBIC THCIA, ABIACTCA
YUCTO MHUMBIM YHUCJIOM.

20.11. PenmTe ypaBHeHUA:

a) 2% = i; 6) 2% = 3 — 4i;

B) 2% = 5 — 12i; r) 22— (14+i)z+ 6+ 3i =0;

1) 2 =5z 4+4+10i=0; ) 2+ (%—-Tz+13—-i=0.
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§ 21. KoMIIeKCHBIE YMCJIa B TPUTOHOMETPUYIECKOUn opme
21.1. Hautu TpUroHOMeTpHYIECKYIO (pOPMY THC/IA:
a) b; 0) i B) —2; r) —3i;
D144 el1l—4  x)144iv3;  3) —1+iV3;
u) -1 —iv3; k) 1 —iv3; ﬂ)\/§+i; M) 3+

H) —V3 - 0) V3 —i; n)1+i£; p) 2+ V3 +i4;

3
c)l-— (2+\/_) T) cosa — isina; y) sina + i cosa;
14+t i
@) ﬁ x) 1 +cosp+ising, @€ [-m, ]

Cos @ +ising
cost) +isint’
21.2. BeraucianTh BBIPAKEHUA:

a) (14 4)1000; 6) (14 iv/3)150; B) (V3 +i)%;
N\ 24 . 5
F) (1+§ +%) s r[L) (2_ \/§+2)]2 C) (M) :

1+

) (\/:EH)SU_ 5 L+ivd)"®  (-1-iv3)"®

11 T-9® ' d+i®
21.3. Pemuth ypaBHEHUA:
a) |z| +z =8+ 4i; 6) |z| — 2z =8+ 12i.
21.4. [JoxkazaTk CIeAVIONIAE CBOMCTBA MOJAYJA KOMILIEKCHBIX SHCEN:
a) |21 £ 22| <[] + |22]5 0) ||21] = |22|| € |21 £ 22f;

B) |21 + 22| = |21]| + |22| Toraa m Tombko TOrga, KOrga BEKTODHI 2
U Zy HMEIOT OIMHAKOBBLIE HAIDABICHUA;

r) |21 + 22| = ||z1] = |22]| Torga m ToabKO TOr;a, KOrga BEKTODHL Z
M Z9 HMEIOT IPOTUBONONOKHBIE HAIPABICHNA.

21.5. Joxaszars, 94T0:

a) ecm |z| < 1, To |2% — 2z + ] <3'

6) ectm |z2| € 2, 7o 1 < |22 — 5| <

B) ecan |z| < 1/2, To |(1+44)z3 +zz| < 3/4.

21.6. [MoxasaTe HEPABEHCTBO
|21 = 22| < [|21] = |22|[ + min{|z1], 2]} - | arg 21 — arg z2|.

B kaxom cayuae 5T0 HepaBeHCTBO 00pALIACTCA B PABEHCTBO?
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21.7. JokasaTh, 9YTO €Cau 4 = +/z 22, TO
21+ 22 1+ 22
|z1]+|22|f| —\/z]z,q|+| + /2129|.

21.8. [lokasare dopmyay Myaepa
[r(cos p +ising)]" = r"(cos ny + isinny)

aa ueasrx n# 0.

21.9. [Ipn n € Z BEMUCINTE BLIPAKEHUA:

8 (140"  0) (12—“/3) ,

1—-it n
0 (F080) 0 eospbisingr

21.10. JloxasaTs, 4To ecn 2+ 2~ = 2cos, To 2"+ 27" = 2cosny,
rae n € Z.

21.11. IlpescraBuTh B BUAE MHOIOWIEHOB OT Sin @ M €OS ® (DYyHKIMM:

a) sindx; 6) cosdz; B) sin 5z; r) cosbz.

21.12. /lokasaTh paBeHCTBA:

[n/2] "
o\ nnig = _1\k n—2k ..  oin2k .
a) cosnx = Z( 1) (2!:) cos x -sin®" 13

k=0

[(n—1)/2] n
6) sinnz = Z (=1)* cos™ 2L g gin?R T o

2k+1
k=0
21.13. Bripasurs 4epes nepBele CTENEHW CHHYCA U KOCHHYCa apry-
MEHTOB, KPATHBIX &, (DYHKIIUH:

a) sin® z; 6) cos* z; B) sin® z; r) cos® z.

21.14. [JokasaTb paBeHCTBA:

m—1
om 1 2m 1/2m)\ |
a) cos™™x = Wli (k)cos(Qm—Zk)x-i-é-(m)],

k=0

1 «— 1
6) cos®™Hl ¢ = o E (Qm;_ ) cos(2m + 1 — 2k)z;
k=0 )
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B) sin®"z =
m—1
(=™ w[2m (=)™ (2m
- _ 0s(2m — 2 :
Sm ] 3—0( 1) i cos(2m — 2k)z + 3 .k
r) sin®" g = sz E (27” i 1) sin(2m + 1 — 2k)zx.

§ 22. KopHu M3 KOMILIEKCHBIX YHCEJ
M MHOT'O'WIEHBI JeJeHUsA Kpyra

22.1. Joxa3aTk, YTO €CAM KOMILIEKCHOE YHCI0 2 ABIACTCA OJHUM M3
KOPHEH CTEmeHH 71 M3 MHCJIA BEMEeCTBEeHHOI'O @, TO U CONPKEHHOE THCIIO
Z ABJIAETCS OJHUM M3 KOPHEU CTENeHu N U3 d.

22.2. MokasaTk, uro ecmu Yz = {z1,22,...,2n}, TO VZ = {Z1, %2,

22.3. Kaxue m3 MHOKECTB {/Z COAEPKAT XOTA ObI OJHO BEMICCTBEH-
HOE “THCI07

22.4. Ilycts 2 m w — KoMILIeKcHEIe uncaa. Joxasats paseHcTBa':
a) ¥zhw = z Yw; 0) ¥V —z2"w = —z Y w;
B) {/zw = w{/w, rie u — OJHO M3 3HAYEHUH {/Z.

22.5. [okazaTh, 4TO 00BEIMHCHME MHOKECTB /z u /—z ecTh
2n G
MHOKECTBO V22,

22.6. Bepro s paBencreo Wz® = ¥z (s> 1)7

22.7. BeraucauTs:

a) Vi, 6) Y/512(1-iv3);  B) {/2v2(1 - i);

r) ¥1; 1) V1; e) V1;

x) Vi;  8) V=4 m) V64

k) V16; 1) V=27, m) V8V3i-8§;

m) /-72(1-iV3); o) ¥1+i;  m) V2-2;

Y ‘)§/7—'2:: REE2L
1+iv3 1+iv2  V2+2i

! Muoxecrno zA ecrs no onpegenenmio {za| a € A}.

- (8 —2i);
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) {/1—01 _1+2_7: P 5 i —2+g¢§i & \/§+7
1+1 2—1 2+iv5 2/5 + 5i

22.8. Hautu aByMs criocobaMy KOPHU CTENEHM 5 U3 eIUHHUIL U BLI-

Pa3uTh B paJuKajgax:
2 2 T

a) cos ?Tr; 6) sin ?ﬁ; B) cOS < r) sin <

22.9. Peumth ypaBHeHUA:

a) (z+1)"+(z-1)"=0; 6) (z+1)"—(z—1)"=0;

B) (z+d)"+(z—9)"=0.

22.10. BripasuTh B paauKkaiax BEIIECTBEHHBIC M MHUMBIE TACTH KO-
HeW U3 equHMLEL cTenenen 2, 3, 4, 6, 8, 12.

22.11. Hautu mpom3BeeHne BCEX KOPHEW CTENeHW 7. W3 eJIWHUIHL.
2k . . 2wk
22.12. Iycts & = cos — +isin— (0 < k < n). JokasaTs, 910:
n n

a) ¥1={eo,e1,.-,6n-1};
6)exr=ef (0< k< n);
Eral, ecm k+1<n,

0<k<n, 0Kl <n);
Ekti—n, ecmmt k+12=2n (@< E )

B) EREl =

r) maOkecTBO U, KOpDHEH CTENeHW 7. U3 eJUHUILl ABIACTCA [HK/IH-
MECKOU TPYNION TOPAIKA 1 OTHOCHTEILHO YMHOKEHHUS;

1) BCAKasd NUKIMYeCKas UPYIa nopaika n maomopdua rpyome U,.

22.13. Jlokasarb, 4TO:

a) ecm Yueaa ¢ ¥ S B3auMHO npocTel M a” = af =1, 10 a = 1;

0) ecan d — HauOOIBLIME OOIIMK AemuTens qucen r u s, 7o U, NU,; =
=Uy;

B) €CAM YUCAA T ¥ § B3AUMHO IPOCTHL, TO BCAKAH KOPEHb U3 CAMHU-
LBEL CTENEHM 78 OJHO3HAMHO IPEeACTABIACTCA B BUAE NPOU3BECHNA KOPHA
CTENEeHU I HA KOPEHBL CTEHNEeHHU §.

22.14. lokasath, 9TO (JIEIYIOMNE YTBEPK IEHUA PABHOCHILHEL:

a) £ ABIAETCA MEePBOOOPA3HLIM KOPHEM U3 GIMHUILL CTEICHN 7]

0) nopsagok € B rpyune U,, pasen n;

B) € ABMAETCA NOPOK JAIOMUM djaeMeHToM rpyrnst U,.

22.15. [lokasaTh, 9TO €CIM £ ABIACTCA NepPBOOOPA3ZHBIM KOPHEM

CTENeHU 71 U3 eJMHUILI, TO £ TakXKe ABIACTCA NepBOOOPA3HBIM KOPHEM
CTENeHU N U3 eJUHULIBL
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22.16. JokazaTb, YTO €CAH YUCIA T U § B3AUMHO NPOCTHI, TO £ AB-
JACTCA NePBOOOPA3HBEIM KOPHEM CTEIeHU 1§ U3 eIUHUILI TOrAa H TOJBKO
TOr A4, KOUJa £ ABIAETCA IPOU3BeIeHIeM IepBO0OPA3HOr0 KOPHA CTENeHN
T M EepBOOOPA3HOTO KOPHA CTEICHH S.

22.17. a) llycts 2 — neproOOpa3HLIN KOPeHb n-u cTeneHu ua 1. Ber-
IUCIUTH
1+22+32>+...+nz""L.

6) Ilycts z — mepBooOpasHEIN KOpeHb creneru 2n w3 1. Bermeants

14 z4 .. g™ A,

B) Ilycte z — kopenb u3 1 u 2™ £ 2™ 4+ 1 = 0. Hautu n u m.

22.18. Jokasark, 94TO:

a) IHCI0 NepROOOPA3HBIX KOPHEH CTeNeHN 1 U3 €JUHUIEL PABHO ¢(n)
(em. 1.4);

6) ecam YWCaA M W N B3AMMHO TPOCTHL, TO @(mn) = @(m)p(n).

22.19. [JokasaTb, 9YTO €CIM Z — NEPBOOOPA3HLIN KOPEHL HEYETHON
CTENEeHH 7I M3 eIUHULBL, TO —Z — NePBOOOPA3HBI KOPEHb CTEHeHH 271.

22.20. O6o3naunm 1epes o(n) cyMMy BCEX NEPBOOOPA3HBLIX KOPHEH
cremenu n u3 eaunuel. Jokazars, 4ro:

a)o(l)=1;
6) ecim n > 1, To Y o(d) = 0;
dn
B) o(p) = —1, ecatt p — WpoOCTOE TUCIO;
r) o(p*) =0, ecin p — mpoctoe uucao, k > 1;
)

n) a(rs) = o(r) - o(s), ecin uncaa r U § BIAMMHO NPOCTHI;

e) pyuxmma o(n) coenagaer ¢ dyaxumen Médmyca pu(n).

22.21. Ilycre d — (MOMOKNTEILHBIN) HAMOOJBIINN OOIIMA JeIUTCIb
HEIOr0 YUCIA § U HATYPATBHOIO MHCIA N, £; — NepBOOGPA3HEIN KOPEHb
crenenu n u3 equannet (i = 1,2, ..., p(n)). Jokasate paBeHCTBO

w(n)

>t = o (3):

i=1
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] o
KOpHEM HEKOTOPOH CTEIleHN U3 eIu-

22.22. fpagerca au uncao

HULEI!

22.23. HauTtu MHOTOWIEHB! JeIeHNA KPYTa (KPYTOBBIE MHONOWICHE)

®,,(z) maa n, paBHOTO;

36,

a)l; 6)2 B3 14 16 e)l2

XK) p, Tae p — HPOCTOE HUCIO;

a) p*, rae p — npoctoe uncio, k > 1.

22.24. [lokazaTh CIeIYIONHe CBOUCTBA KPYTOBBIX MHOIOWIEHOB:

a) [] ®al@) = 2™ - 1;
d|n
0) Pop(z) = @,(—2) (n — meudrroe 1TUCIO, OOMBIICE 1);

_ d n/d),
B) &n(z) = [J(=* — Y/,
din
r) ecin k geanres Ha 000U IPOCTON AGIUTENh THCIA 1, TO

®,(z) = ‘I’k(mrt/k);
,ﬂ) €CJIM N JeJUTCA Ha IIPOCTOE TUCIO P U HE ACJUTCA Ha p2, TO

b, (x) = B,y (a?) (B, (2)) "

22.25. Hantu Kpyroeele MHOMOWICHB! 4 n, pasaoro 10, 14, 15, 30,
100, 216, 288, 1000.

22.26. [lokasaThb, 9TO V BCAKOIO KPYTOBOIO MHOIOYWICHA,:
a) Bce KOa(hPUIMEHTH — LEIbIe YUcIa;
0) crapumn kKoa(puuenT pased 1;

B) ¢BOOOIHBIN wicH paBeH —1 nmpu n = 1 u pasen 1 mpu n > 1.

22.27. Hauru cymMMy KO3qpUIHEHTOB KPYroBoro Maorowiena ®,(x).

§ 23. BeraucaeHnsa ¢ NOMOIIBI0 KOMIVIEKCHBIX YHCEN

23.1. BeraucauThk CyMMBI:

(-0
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91+ (1) +(5)+s 0 () (3)+(5)+

23.2. /loxa3aTh PaBeHCTBA:

sin 2£ cos —("Zl)x
a) cosx +cos2z + ...+ cosne = ——— (z # 2km, k€ Z);
sin
sin 82 sin {24
6) sinz +sin2z+...+sinne = —2—2— (2 # 2km, k € Z);
sin %
2
T 37 T (2n —1)m
B) cos — + cos — +cos — +...+cos ———— = 0;
n n n n
. T . 3w . bmw . (2n-1Dm
r) sin — + sin — +sin — + ... 4 sin ——— = 0;
n n n n
n—1
x) . Z(I +epy)" =" +y" (€0.€1,...,6p—1 — KOPHH CTEIIEHH T
k=0

U3 eMHUIbL);

n
R 2 o, Tk :
e) x 1=(z I)H(m 2£cos2n+1+1),

k=1
n—1 ke
x) 22" — 1= (2% - 1) (wz — 2z cos — + 1);
k=1 B
n—1 n
k k V2n+1
3) sin — = \/7_11; u) Hsin ALAR Ly
e 2 n= s 2n+1 2n

23.3. Pemnts ypaBHeHue

cosp + (T) cos(p + a)x + (g) cos(p + 2a)x? + ...

o+ (:D cos(p + na)z" = 0.

23.4. JokasaThk, 4TO:

n n 1/ . Y
a)1+(3)+(6)+..._5(2 +2cos 3),

()1 ()4 () r-omb (o),



§ 24. Ceasb KOMNAEKCHBIT wucea ¢ 2eomempuetl Ha NA0CKOCMU 7

B) (g) + (g) + (z) +...= % (2" +2ctos@);
= m(m —3)

2 - m—2
1( cos x) + )

cmm—k—1)...(m—-2k+1)
k!

r) 2cosma=(2c052)" (2c052)™ 4.

(2cosz)™ 2k 4 ..

.+ (-1)

23.5. Hauru cymmbr:

a) cosx + (T) cos2z + ...+ (n) cos(n + 1)a;
n

0) sinx + (T) sin2x + ...+ (Z) sin(n + 1)x;

B) sin® 2 + sin® 3z + ... + sin®(2n — 1);
r) cosx + 2cos2x + 3cos3r + ... + ncosn;
a) sinx + 2sin2x + 3sin 3z + ... + nsinne.

23.6. /lokasaTsb, 9TO:

; ; n  cos(n+ 1)zsinnz

a) cos’x +cos’ 2z + ...+ cos’nx = = ( - ) ;
2 2sinx

. L . n  cos(n+ 1)zsinnzx

0) 51n2m+s111221:+...+smznm=~2-— ( )

2sinx
23.7. [lokasaTh, YTO A HEYETHOIO HATYPAJILHOIO YUCAA TN

sinmz ’ L Lo 2mq
—— = (—4)m D2 H (sz x — sin® —‘7) .

sinx m
1<j<(m—1)/2

§ 24. CBaA3b KOMILIEKCHBIX IHCE
¢ reoMeTpHMeHn Ha IIOCKOCTH

24.1. N306pas3nThk Ha MIOCKOCTH TOYKH, COOTBETCTBYIOUINE YHCIAM
5, —2, —3i, £1+iV3.

24.2. HaiTn KOMILVIEKCHEIE MHCIa, COOTBETCTBYOLINE:

a) BepIIMHAM KBapaTa ¢ HeHTPOM B HAYajle KOODIMHAT, CO CTOPOHA-
MH JJIMHBI 1, MapaitelbHBIMI OCAM KOODIUHAT

0) BepIIMHAM [PABWILHOTO TPEYTOABHAKA € LEHTPOM B HAYaIe
KOODAMHAT, CTOPOHOU, MAPALIETBHOR OCH KOOPJUHAT, BEPIIHHOA HA OT-
PUIATETHHON BEMECTBEHHOW MOJYOCH W PAJIAYCOM OMHCAHHOTO KPyTa,
paBHBIM 1;
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B) BepIIMHAM MIPABHILHOINO MIECTHYTOJBHHKA € IEHTPOM B TOYKe
2 + /3, CTOPOHOH, TAPALIEILHOR OCH AGCINCC, W PATHYCOM OMHCAHHOTO
Kpyra, paBHBIM 2;

') BEPINMHAM IPABWILHOTO N-YTOJIBHHKA C HIEHTPOM B HAYTATIE KOOP-
IVHAT, OTHOM M3 BEPIIMH KOTOPOTo ABIAeTCA 1.

24.3. Yka3zaTh DeOMETPUUYECKNN CMBICA BHIPAXKEHUA |2 — za|, TAe
Z1 M Zy — 3aJaHHBIC KOMILICKCHBIC YHCJIA,
- . 21 — 22
24.4. YxasaThk TeOMeTPHYeCKHH CMBICT YHCIa arg ———, TJe
29 — 23

Z1y 22, Z3 — Pa3JIMYHbIE KOMILICKCHBIE “TACJIA.

24.5. Kak pacnogokeHbl Ha IMIOCKOCTHM TOYKH, COOTBETCTBYIOIINE:

a) KOMIUIEKCHBIM YUCIAM 21, 29, 23, A1 KOTOPBIX
z1+z20+23=0, |z1] = 22| = |z3] # 0;
6) KOMILIEKCHBIM YUCIAM 21, 22, 23, 24, A0 KOTOPBIX

z1+22+23+24=0, |z1| = |z2| = |z3| = |24] £ 0;

24.6. U300pasuTs Ha INIOCKOCTH MHOXKECTBO TOYEK, COOTBETCTBYIO-
IMX KOMILIEKCHBIM YHCIAM Z, YIOBJICTBOPAIONIMM YCIOBHAM:

a) |z| =1; 6) argz = mw/3; B) |z| £ 2;

) jz—1—4<1l; 1) )|z+34+4]<5 e)2< |2 <3;

x)1<]2-2i| < 2; 3) |argz| < w/6; u) |[Rez| < 1;

K) —1 < Reiz < 0; a) [Imz| =1 M) |[Rez +Imz| < 1;

H) |z2—1|+|z+1|=3; 0) |z+2|—|2—-2|=3; n) |z—2| =Rez+2;

p) a<arg(z—zp) <fB,rme —m < a< f < 7Hz — 33JaHHOE KOMII-
JEKCHOE YHCTI0.

24.7. [loka3zaThb TOXKICCTBO
|2 + wf? + |2 — w]? = 22|* + 2fw|?

" YKa3aThb €ro I‘GOMETprI‘IECI{Hﬁ CMBICJT.

24.8. IlycTb KOMILIEKCHBIE YUCIA 2], 22, 23 COOTBETCTBYIOT BEpIIN-
HaM napamwiesorpamma Ay, As, Az. Hawru yucio, coorseTcTByOLee Bep-
mmHe A4, npoTuBoiexamen As;.

24.9. HauTy KOMILIEKCHLIE HHCIA, COOTBETCTBYIOIIHE TPOTHBOMO-
JOKHBIM BepIIMHAM KBAaJIpaTa, €CId ABYM €ro IPYIUM MPOTHBOIOJOXK-
HBIM BepIIMHAM COOTBETCTBYIOT YMCIA Z U W.
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24.10. HauTu KOMILIEKCHBIE YHCJIA, COOTBETCTBYIOIIHE BEPIIMHAM
NPABWIBLHOTO N-YTOJBHUKA, €CIN IBYM €ro COCETHHM BEpIIMHAM COOT-
BETCTBYIOT MCJIA Zg H Z].

24.11. N300pasuTh Ha MIOCKOCTH MHOMKECTBO TOTEK, COOTBETCT-

+ti
BYIOIINX KOMILTEKCHBIM HCJIAM 2 = 2 TAe teR
i

24.12. [lokasaThb, 4TO:

4) TOYKH ILIOCKOCTH, COOTBETCTBYIONME KOMILIEKCHBIM THCAAM 2|, 22,
Z3, JA€KAT HA OJHOU MPAMOU TOTJA M TOJBKO TOTJ4, KOTA CYUIECTBYIOT
BEIECTBEHHBIC TUCIA A1, A2, A3, HE BCE DABHBIC HYJIIO, TAKUE, TTO

Az + Aaza + Az =0, AL+ A+ A3 =0;

6) TOYKH INIOCKOCTH, COOTBETCTBYIOIINE Da3/IMYHBIM KOMILIEKCHBIM

TUCIAM 21, 22, 23, JEKAT HA OJHOU IPAMON TOCJA M TOJLKO TODAA, KOTJa
TUCTO . ABAETCS BEUIECTBEHHBIM;
22 — 23
B) TOYKH ILJIOCKOCTH, COOTBETCTBVIOIIME PAa3JIUYHBIM KOMILIEKCHBIM
THCAAM 21, Z2, 23, Z4 W HE JEKAIME HA OJHOW TPAMOW, JeXKAT HA O]-
HOM OKPYXHOCTH TOTAA M TOJBKO TOTAA, KOTJA WX ABOMHOE OTHOIICHUE
21— 23 &1 — 24

: ABJIACTCA BEIIeCTBEHHBIM “THCJIOM.
20— 23 22— Z4

24.13. U306pas3nTs Ha MMIOCKOCTHA MHOXKECTBO TOTEK, (‘OOTBPT(‘TB)’I()-

MAX KOMILTCKCHBIM THCIAM 2, YIOBJICTBOPAIOUMIAM DABCHCTBY ’

rae 21,22 € C u A — NonoxuTeILHOE JeHCTBUTEILHOE THCIO.
24.14. Hautu min|3+2i — z| opn |z| <1
24.15. Hauru max |1 +4i—z| mpu |z —10i+ 2| <1

24.16. (Jemnuckama.) 306pasuTs HA IIOCKOCTH MHOKECTBO TOUCK,
COOTBETCTBYIOIIHNX KOMILIEKCHBIM “IMCJaM 2, er[()BJIeTBUprlOIllPIM paBeHcT-
By |22 — 1| = A. [Ipn A\ = 1 3anucaTh ypaBHEHHe MOJIYIEHHON KPUBOM B
NOJAPHBIX KOOPAWHATAX.

24.17. Pacwupernnoti KoMniaexchol naockocmpio HAZBIBAETCA KOMII-
JIEKCHAM IIOCKOCTD, ONOJTHEeHHAA OECKOHETHO yIaJeHHOH TOYKoN 00. [Jo-
KasaThb, YTO ecan (21,29, 23) ¥ (W, ws, w3) — ABE TPOUKHU IONAPHO pa3-
JUYHBIX TOYEK PACHIMPEHHON KOMILICKCHOW ILUIOCKOCTH, TO CYIIECTBYET
JAPOOHO-IHHERHOE Tpeodpa3oBaHme

az+b

@U:m, a,b,c,dEC, (Ld—bc#oa
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HIEePeBOAIIee IePBYI TPOUKY BO BTOPYIO.

24.18. [lokasaTb, 4TO €CIM B KaxKJOW U3 ABYX 4eTBEPOK (21, 22, 23,
z4) 1 (wy,ws,ws,w,) TOIEK PACIIMPEHHON KOMILIEKCHOU ILIOCKOCTH BCE
TOIKH TOTAPHO PAAJMIHLL, TO APOOHO-IAHETHOE TPeoOpa3oBaHue, mepe-
BOAILIEE OMHY U3 DTUX METBEPOK B APYLYIO, CYLMIECTBYET TOCAa M TOABKO
TOrAa, KOrjia COBIAAaI0T ABOMHbLIC OTHOLICHMUA:

21 —Z3 21— 24 w)p —wz W — Wy

29— 23 Za— 24 W —W3 Wo— W4

24.19. [loxasaThb, 9TO OpH APOOHO-INHENHOM MpPeoOpPA3OBAHUH PAC-
IIUPEHHON KOMILIEKCHO! INIOCKOCTH MPAMEIE U OKPYYKHOCTH NEPEXOAAT B
IPAMBIE U OKPYYKHOCTH.

24.20. [lokazaTk, 9TO ApoOHO-THHENHOE TPeodpa3oBaHne

az+b
cz+d’

w =

ad — be =1,

nepexoquT BEIICCTBEHHYIO IIPAMYIO B cebs TOr'Ia U TOJBKO TOr' A4, KOrda

a b .
MaTpUIa ((‘ d) MPOMOPUHMOHATLHA BEIIECTBEHHON MATPHUIIE.

24.21. BeIACHUTL MeOMeTPUYCCKUHA CMBICA APOOHO-IMHENHOIO Mpe-
obpasoBanus w = 1/z.

24.22. BICHUTL DeOMETPHYECKHH CMBICT TPeoOpa30oBaHmsA KOMII-
JEKCHOU ILIOCKOCTH, 3a1aHHOr0 (hopmymon w = 2™ (n = 2).

1 1
24.23. Jokazarb, 4t0o (pyHKuma KykoBckoro w = 3 (z + ;)

oTobpaxaeT:
a) OKpYXKHOCTB |z| = 1 Ha oTpesok [—1, 1] gercTBuTensHON OCH;
6) okpyxHOCTE |2| = R, R # 1, B aumnc ¢ gokycamu —1, 1;
B) IyY argz = ¢ B BeTBb runepboas ¢ doxycamu —1, 1.
24.24. /lokazaTb, 4YTO BCAKOE JAPOOHO-IUHEHHOE NpeodpasoBaHue,

oToOpazawilee OTKPBITYI BEPXHIOK MHOJAYINIOCKOCTh Ha BHYTPEHHOCTH
eIMHUYHOI'O KPyra ¢ HIeHTPOM B Hadaje KOOPIWUHAT, UMEeeT BUI

w=aZ _E, la| =1, Imbd>0.
z—b
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24.25. [JokasaTb, 4TO BCAKOe APOOHO-IHHEHHOEe NpeoOpasoBaHue,
oToOpakaIee eJUHIYHLIA KPYT ¢ IIEHTPOM B HAYAJTE KOODJIUHAT HA Ce-
0s, UMeeT BUI

laj =1, b<1.

24.26. /l1a KaKuX KOMILICKCHBIX SIHCeT @ OTOOpaxkKeHue 2 — 2 + az’
oTobpaxkaeT Kpyr |z| < 1 6uexTusHO B cebs?

6 A.N. Kocrpukun



'masa VI
MHOT'OYJIEHHBI

§ 25. [enenme c ocrarkoMm u anroputrm EBxiuga

25.1. Pasgemuts muorowien f(z) ¢ ocraTkoM Ha MHOrOwieH g(x):
a) f(z) =22 - 32 +42? - 52 +6, g(x)=2%-3x+1;
6) fx)=a®>-32> -z -1, g(x)=322-2z+1.
25.2. Hantu Hanboapmmi 06U 1eIUTeIb MHODOICHOB:
a)z*+2°—322 -4z -1 u P +22-2-1;
6) a:6+2:r4—4:c3—3$2+83“—5 n P+r’-z+1;
B)2° +322-22+2 u 28 +2° +2*—3224+22-6;
r)zt+2*—42+5 n 22° -2 -22+2;
mad+at—2*-2r-1 u 32 +223 + 22+ 22 - 2;
e);r —7:64—0-81; -T2 +7 un 32°-Ta3+ 322 -T;
)2 -2+ 28 + 722 - 122 +10 w 3zt —64z° + 522 + 22 - 2;
3) 2% 4+ 3x% — 1223 — 5222 — 522 — 12 n x4 + 32° — 622 — 222 — 12;
u) z° +a: -3 —322-3x—1 u z' -2z — 2% - 20 +1;
K)z*—423+1 n 2% -322 +1;

mrt—10r2+1 n z* —4v22% + 622 + 422 + 1.

25.3. Hauru HanbGoabmmi obumn geauTensk MHorowiesos f(z) u g(x)
u ero JuHenHoe BeIpaxenune depes f(x) u g(x):

a) fz)=a2*+22% —2? —4x -2, gx)=2*+23—2?-22-2;

6) f(z) =32 -222+2+2, g(z)=x>—-2z+1.

25.4. Ilycts d(x) — nanbonsmmi obmui geaurens f(x) u g(z). Ho-
Ka3aThb, 9TO:

a) CYIEeCTBYIOT Takue MHOIOHWIeHH u(z), v(z), 910

degu(z) < degg(x) — degd(z),
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npuaém d(z) = f(x)u(z) + g(z)v(z);

6) B cayuae a) umeem takxke degv(z) < deg f(x) — deg d(z);

B) MHOrOWIeHH u (), v(z) U3 a) onpeIensoTcs OJHO3HATHO.

25.5. MeToaom HeonmpeaeaéHHBIX KO3(Q@UITMEHTOR MO100paTh TaAKUe
MmHOTO4IeHb u(x), v(x), uro f(z)u(z) + g(z)v(z) = 1:

a) flx)=z*—42® +1, g(z) =2°-32% +1;

6) f(z) =2*, g(z) = (1-=)%

B) f(z) =2, g(z) = (1-a)".

25.6. Hautu takue muorowiens u(r), v(z), 9410

z™u(z) + (1 — z)"v(z) = 1.

25.7. Hautn HamOOIBIIMH OOIIAN TETUTETh W €0 BRIDAKEHHEe Tepe3
f u g vag nomem Fy:

a) f=ab+z'+1, g=z'+2%+1;

6) f=z+23+2+1, g==zx*+1;

B) f=2’+zx+1, g=z*+23+1;

r)f=z*+22+2z, g=z*+z+1.

25.8. Brigeaus KpaTHBIE HENPUBOANMBEIE MHOKHUTEIH IAHHOTO MHO-
FOWIEHA, PA3JIOKHUTh €ro Ha HEIPUBOAMMBIE MHOKUTEIN:

a) % — 152" + 82% + 5122 — T2z + 27;

6) z° — 6zt + 162> — 242 + 20z — §;

B) 2° — 10z® — 2022 — 15z — 4;

r) 2% — 6z* — 423 + 922 + 12z + 4;
m) 28 — 22% — 2t — 228 + 527 + 42 + 4
e) 27 — 325 + 5% — Tzt + 72 — 52% + 3z — 1;

x) 8 + 227 + 5z + 62° + 8z + 62° + 5z® + 2z + 1.

25.9. lycre K — noae, f € K[[z]] n g € K[z]. CymecTByioT in Takue
r € Klz], h € K[[]], uro f = hg+r u 6o r =0, mbo degr < deg g?

§ 26. IIpocThie M KpaTHBIE KOPHHA
HAaJ MOJAMH HYJE€BOM XapaKTepPHUCTHKH

26.1. PaznemmTh MHOTOWIEH f(T) C OCTATKOM Ha I — To W BEIMHCIATH
anaienue f(zo):
a) f(x) =2*—22% +42> - 62 +8, o =1;

6*
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6) f(x) =225 — 5% — 8z, =x9 = -3;
B) f(z) =325 + 24— 1922 — 132 - 10, =z =2;
r) f(z) =2 - 32° — 102> + 22+ 5, =xp = —2;
m) f(x) =2°, w0 =1;
e) f(z) =z +22% —32% -4z +1, zo=-1;
x) f(z) = 2' — 823 + 2422 — 502 + 90, =z =2;
3) fz)=a* +2ia® — (1+d)a?> -3z +7+1i, zo=—1;
1) f(z) = 2% + (3 — 8i)z® — (21 + 18i)a? — (33 — 20i)z + 7 + 184,
g = -1 + 2i.
26.2. Pasnoxurs MHOrOWIEH f(2) IO CTENEHAM T — Ty U HAUTH 3HA-
YEeHHUA ero NpOM3BOJJHBIX B TOYKE Tg:
a) f(z) =2° — 42 + 622 — 82+ 10, 29 =2;
6) f(z) =2 — 3ix® —4x? +5iz -1, x0=1+2i;
B) f(z) = 2* + 423 + 622 + 102 + 20, =z = —2.
26.3. OnpenennTs KPATHOCTH KOPHA 2o MHOTOWIeHA, f(X):
a) f(z)=a° —ba* +T2® — 22 + 42— 8, =z =2;
6) f(z) = 2% + 7x* + 162% + 822 — 162 — 16, =z¢ = —2;
B) f(z) =325 + 224 + 2% — 102 -8, =zp = —1;
r) f(z) = 2 — 62* + 223 + 362% — 27Tz — 54, =x¢ = 3.

26.4. IIpn KaxkoM 3HAMEHNN @ MHOTOWIeH x° — ax’ — ax + 1 mvmeer —1

KODHEM HE HHKE BTODOH KPATHOCTH?
26.5. [Ipu kaxux a u b mporowren az™ ' +bz"+1 gemresa na (z—1)%7?
26.6. Ilpu xaxux a u b MEOrOwien r°+az® +b UMeeT IBOMHON KOPEHB,
OTIMYHEN OT HYJIA!
26.7. [loxasaTb, 9YTO MHOTO'WICHBL:
a) 2" — nz"t 4 pa" — 1
6) z>"t! — (2n + 1)z" ™ + (2n + 1)z" — 1;
B) (n—2m)z" — nz™ ™ + na™ — (n — 2m);
MMEIOT 910 1 TPOMHBIM KOPHEM.

26.8. JokaszaThb, YTO MHOTO™WIEH

1 €T 3)'2 T
+ﬁ+§+...+§

He MMeeT KPATHBIX KODHEH.
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26.9. JokaszaTb, YTO MHOTOWICH
arz™ + axx™ + ...+ agz™, ny < ne <...<ng,

HE MMEET OTINIHBIX OT Hy/sT KOPHEH KpaTHOCTH, Oonbmen k — 1.

X % %
26.10. OnpegenTs KPATHOCTL KOPHA ( MHOTOWIEHA
r—a
5 [f'(z) + f'(a)] = f(z) + f(a),

rae f(x) — HEKOTOPBIM MHOTOYJICH.

26.11. /lokasaTk, 9TO HAJ TIOJEM HYJCBOM XapaKTEPUCTHKH MHOIO-
<wieH f(x) geanTcAa HA CBOK IPOH3BOIHYIO B TOM H TOJIBKO TOM CIyHae,
ecin f(z) = ag(z — xo)"™.

26.12. [okasaTh, 4TO ecim MHOTOWIeH f(z) cTemeHm n He mMeeT
kpaTHBIX Kopuen, To [f'(x)]> — f(x)f"(x) He umeeT KOpHE:N KpaTHOCTH
Bhie n — 1.

26.13. PaccMOTpEM peKyPPEHTHOE COOTHOIICHKE

u(n+k)=aou(n)+aun+1)+...+apquin+k—1), k#0, ag#0.

Monoxum f(z) = 2% — aj_zF~!

- ...—ap. JokazaTs, 9TO:

a) dyakuua u(n) = n"a”, r = 0, a # 0, ABIAETCA PELIEHHEM DeKyp-
PEHTHOr'0 COOTHOLICHHA TOTAA W TOMBKO TOTJA, KOrAa @ — KOpeHsb f(x)
KPATHOCTH, HE MEHBIICH 7 + 1;

0) ecau ay, ..., 4, — Bce KOpHHU f(Z) KPATHOCTH Sy, ..., 8y, TO IPO-
M3BOJBHOE PelIeHne w(n) peKyppeHTHOr0 COOTHOIICHUS UMEET BH]

u(n) =Y gi(n)a},

i=1
rae g;(x) — MHOrOwIeH crenenu He Beime s; — 1 (i =1,...,m).

26.14. Hycts f(z) = ag+a1z+. ..+ apz’. JokasaTs, 410 HenyIeBOE
YUCAO 2 ABIAETCA KOPHEM KPATHOCTH HE MeHbIne r + 1 Torga m TOIBLKO
TOrJa, KOrjaa

ao+a1z+ azz? +...4+ @™ +...+ arz* =0,
a1z + 2022% +...4+ manz™ +...+ kagz® =0,
a1z + 220222+ ...+ m2amz™ + ...+ k2apz* =0,

a1z+2"as2?2 + ...+ mtanz™+ ...+ kTapz* =0.
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§ 27. PasnoxkeHne HA HEIIPUBOAMMBIE MHOXHUTEIN
Hag R u C

27.1. PasnoxuTh HA JUHEHHEIE MHOKUTEIN Ha1d nmoJeM KOMILIEKCHBIX
quceJ MHOTI'OYJIeHBI:

a) 2 — 622 + 11x — 6; 6) ' + 4; B) 2% + 27;

r) 22" 4 2™ +1; 1) cos(narccosx); e) sin((2n + 1) arcsinz).

27.2. PasjioxuTh HA IMHEHHEIE U KBAIPATHLIC MHOKUTEIM HA T [10JEM
BelIeCTBEHHBIX 1MCeJ MHOI'O'LJIEeHBbI:

a) =8 + 27; 6) ot + 42 + 422 + 1;

B) ' —az’ +1, |a| <2 r) 22" + 2" + 1;

I) z® — 23 + 1; e) z12 + 2% + 24 + 1.

27.3. TlocTpOUTL MHOTOLICH HAMMEHBIIEH CTENeHN ¢ KOMILTEKCHBIMH
KO3((PUITMEeHTAMM, UMEIOIIH:

a) OBONHOM KOpeHL 1, mpocree kKopuu 2, 3 u 1+ 4;

6) ABOMHOM KOPEHb i, MPOCTOH KOpeHb —1 — i.

27.4. TlocTpOUTH MHOTOMICH HAMMEHBINEH CTENeHH ¢ BEleCTBeHHbI-
MHI KO DUITHEHTAME, TMEIOITHN:

4) ABOMHOM KOPeHb 1, mpocTele KopHU 2, 3 u 1 + i;

6) OBONHOM KOPEHEL i, IPOCTON KOpeHs —1 — i.

27.5. MokasaTs, uro MuorowieH x> + x37H1 4+ 23942 qemmres ma
2 +z+ 1

27.6. Ipu xakux m, n, p MEOrowIeH x> — 3t 4 2372 jempres
Ha 2 —x + 17

27.7. llpn xakux m wmuorowieH (r + 1) — x™ — 1 geamrca Ha
(22 + 2 +1)27

27.8. Hanty HanOOIbIIUN OOIUI JeJUTEIb MHOIOWICHOB:

a) (z— 1Pz +2)*(z-3)(z+4) u (z-1)(z+2)(z+5)

6) (z—1)(22-1)(z*-1D)(2"-1) u (z+1)(2*+1)(z*+1)(z"+1);

B)z™ -1 un z"—-1;

r)z™+1 u 2" +1.

27.9. Jokasars, 9ro ecan f(z") gemrea va x — 1, To f(2") nemmTes
Ha " — 1.
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27.10. Jokasars, uto ecu a # 0 u f(x) gemuren wa (z — a)¥, 1o
f(z") memmrca na (z" — a™)*.

27.11. Ecm F(z) = fi1(2®) + 2 f2(2?) aemurca ma 22 +x+ 1, To fi(x)
u fo(x) genarca ma x — 1.

27.12. TlycTs 3HadeHns MHOTOWIeHA f (1) HEOTPHIIATEILHEL TPH BCEX
r € R [Mokasats, uto f(z) = fi(2)® + fo(x)® m1a mekoTopex fi(z),
fa(z) € Rlz].

27.13. Ilycte f, g — B3aMMHO MPOCTHIE KOMILVIEKCHBIE MHOT'OYJICHBI.
Torga MakcuMyM u3 cTeneHed f, g MEHBbINE HHCIA PAIAYHLIX KOPHEH
muorowresa fg(f + g).

27.14. llycts f, g, h — momapHO B3aMMHO HPOCTHIE KOMILICKCHLIE
MHOrOWIeHH, npuiaém [ + ¢g" = h". [dokasats, 4yTo n < 2.

§ 28. MHOrowieHsl Ha/ MOJEM PAIMOHAILHBIX THCEJ
H Had KOHEYHBIMH IIOJAMH

28.1. [lokasaTh, 9TO €CaM HECOKPATHMAs PALMOHAIBHAA APOOb p/q
ABIACTCA KOpHeM MHorouwnena f(z) = apz" + iz V4 ...+ 1T+ ay
C IIeJBIME KO dUnuenTaMu, TOo:

a) plan; 6) qlao; B) (p— mq)|f(m) npu mobom m € Z.

28.2. HauTu Bce panMOHATLHEIC KOPHE MHOIOWICHOB:

a) z° — 62> + 15z — 14; 6) z* — 22° — 822 + 13z — 24;

B) 6% + 1923 — 72?2 — 262 + 12;

r) 24z* — 422% — 772? + 56z + 60;

1) 24x° + 10z* — 2% — 1922 — 5z + 6;

e) 10z* — 1323 + 152% — 18z — 24;

x) 4zt — T2? — bx — 1; 3) 22° + 32 + 6z — 4.

28.3. [oxasars, 970 MHOTOWIEH f(x) ¢ measMu KoadpuimenTamMn ne
umeet neasx xkopuen, ecan f(0), f(1) — meuérnre wucaa.

k k%

28.4. [okasaTb, 4TO MHOIOWICH, HEIPUBOAUMBIM HAJ IIOJICM PALHO-
HAJIbHBIX YUCEI, HE MOKET MMETh KPATHBIX KOMILIEKCHBIX KOPHEH.
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28.5. MHOrowIeH ¢ meabIMi KO(pUIIHEeHTAMH HABLIBACTCA NPUMU-
MUBHBIM, €CTH ero KoapUIMEeHTH B COBOKYIHOCTH npocThl. [JokasaTs,
YTO IPOM3BEIEHUE IPUMUTUBHLIX MHOTOYWIEHOB ABIACTCA IPUMUATHBHBIM
MHOTOYIEHOM.

28.6. [oxasarTb, 4TO €CJH MHOLOWIEH C LEIBIMH KOI(DDULIIEHTAMA
NPUBOAUM HAJ MOJEM PALHMOHAIBHBIX YUCET, TO OH MOMXeT ObITh PasJio-
JKEH B IPOU3BEACHUE IBYX MHOMOWICHOB MEHBIICH CTEMICHN C HEJIBIMU KO-
s punreHTaAMA.

28.7. Ilycte MHOTOwIeH f(z) ¢ measiMu KoapuoueHTaMI TIPUHAMA-
eT 3HadeHna £1 Opu IBYX LEJbIX 3HAYEHUAX T, Ta. [Jokasars, uro f(x)
HE NMEET PALMOHAIBHBIX KOPHEH, ecau |& — 22| > 2. Ecan xe |z — 20| < 2,
TO PAIMOHATBHBIM KOPHEM MOXKeT OBITh TOJBKO (X + 2a)/2.

28.8. (ITpuznax wenpusodumocmu Iizenwwmeiina.) Iycrs f(x) —
MHODOWIEH ¢ HeJIBIMU KOd(DMUIMEeHTAME ¥ CYMIECTBYeT TAKOe HPOCTOe
qUCIO P, ITO:

a) crapumi Koxpduuuent f(z) He geruTes Ha p;
6) BCe ocTaabHBE KO3h(UIUAEHTH f(T) ZeaaTca Ha p;
o 2

B) cBOGOIHBEIN wieH f(r) He ZeauTcesa HA pP°.

Hokasatk, 910 MHOTOWIeH f(Z) HENPUBOAMM HAJ TIOJEM PALMOHATL-
HBIX THCET.

28.9. Joxa3aTh HEMPUBOJUMOCTL HAJ TOJEM PATMOHATLHEIX THCET
MHOI'OYJI€HOB:

a) z1 — 82% + 122% — 6z + 2;

6) 2% — 1223 + 36z — 12;

B) 2105 —9;

r) ®,(z)=a? ' +aP % +...+2+1 (p— npocroe Uncao);

o) (x—a)(x—a2)...(xr—ay) — 1, vae ap,az,...,a, — PATHIHEE
LEJIBIE “HCIA;

e) (x—a1)*...(x—a,)*+1, rae aj,as,...,a, — PasIUIHLIE IETLIE
quCcaa.

28.10. [JokasaTb, 94T0 MHOrOWIeH &' — & — 1 mpu n = 2 HENPUBO UM
man Q.

28.11. [okasaTs, uTo MHOrowieH ™ +x+ 1 senpusoaum nax Q, ecan
n # 2 (mod 3). Joxkazats, aro npu n = 2 (mod 3) muorowen " +x + 1
nemnrea Hag Z Ha z2 4+ o + 1.
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28.12. Iycre f(z) = 2" 2™ +1. JokasaTs, uTo aubo f(x) Henpueo-
aum Hag Q, 6o kopueM f(x) ABAAETCA HEKOTOPOH KOMILIEKCHBIN KOPeHb
u3 1.

28.13. IIycte f(x) = 2"+ 2™ + 29 £ 1. Jokasars, 4ro aubo f(x) He-
npusonM Hag (), 1160 xopHeM f() ABIACTCA HEKOTOPBIM KOMILIEKCHBIN
KOpeHb u3 1.

28.14. /lokasaTh, YTO BCAKUA MHOIOYWICH [TOJOKUTEILHON CTEIEHH C
HeTBIMA KO QHUINEHTAMA AMeeT KOPeHb B momte Z, 111 OeCKOHEeTHOTO
MHOZKECTBA MPOCTHIX IHCeT p.

28.15. [okasaTk, 4To ecau [Fy — moae u3 ¢ aneMeHToB, TO

xt—r= H(z—a}.

a€F,

28.16. [lycts F' KoHeuHoe noze. [okasaTb, 4TO I8 BCAKOI'O

otobpaxenus h: F™ — F cymectsyer muorowies f ua xoasua Flzy,. ..

.y, ana xkotoporo fl(ay,...,a,) = h(ay,...,a,) 411 J00BIX a,. ..
..,a, € F.

28.17. Ilycre f(z) n3 28.10 win 28.11, npuuém f(x) umeer ¢ KopHeH,
ABIAIOMMXCA KOMILICKCHBIME KopHaAvE u3 1. [lokasate, uro B Q] nve-
et MecTo pasaoxkenue f(x) = g(x)h(z), rae kopaamu g(x) AsigOTCS Bee
kopau u3 1, a h(z) — mempusogumMemn Han () MEHOrOWIEH.

28.18. lokasarhb, uTo MHOrowied f(x) = z" + ax £ 1, a € Z, Henpu-
BoguM Haa Q, ecam |a| > 3.

28.19. [JokasaTb, 4T0 ecau MHOrowieH f(x) =z + 2z & 1 npusogum
Han @ To f(z) = g(z)(z £ 1), rae g(x) menpusogum mag Q.

28.20. [okasats, uto muorowen f(z) =a" + gz +r € Zlz], 1<
< p < n, nenpusogum Haa Q, ecam |g| > 1+ |r|" ! u |r| me apanerca d-i
CTENEeHBIO 1A JI00I0 HeeIMHUMHOTO JeIUTeI d ucaa n.

28.21. Muorowier  f(z) = 2" 4+ ap_12" 1 +...+ap € Z[z] me-
npusogum Hag (), eca: |an,—1| > 1+ |ag| + ... + |an_2|.

28.22. Haurn:

a) BCce HEMPHBOJUMBIC MHOTOLICHEI cTenenn < 4 Hag noxeM Zo;

0) BCe YHUTAPHBIE HENPHUBOIUMBIE MHOTOWIEHBI CTENEeHH 2 HAJ I0-
aem Zig;

B) YHUCIO HEIIPUBOIUMBIX MHOI'OYIEHOB CTEIIeHN 5 Hag 1moJgeM Zg;
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I') 9HCJIO0 HeMPHBOAUMBIX YHUTAPHBEIX MHOCOWICHOB CTeneHed 3 u 4
HaJ mogem Zis.

28.23. HauTu €ucI0 HEIPUBOAMMBIX YHHTAPHBIX MHOIOYIEHOB CTe-
meHer 2 ¥ 3 Ha ImoJaeM U3 9 2IeMeHTOB.

28.24. /lokasark, uro Muorowien $,(x) npu d, genamem p — 1, paa-
JaraeTcA Ha JHUHEHHEIe MHOXKUTEIM HAL Z ).

28.25. Ilycts  f(z) € Zp[r]. HokasaTs, wTo MHOrOWICHHL f(x),
flx+1),..., f(z+p—1) mbo nonapHO pasaudHeL, 100 BCE COBIAJAIT.

28.26. [lokasaTb, 4TO MpH @ € Z; MHOTOWICH ¥ — T — a HeIPUBOANM
naj Z,,.

28.27. Ilycte b — HenyneBoi anemeHT Z,. [Jokasats, uto 2P —x — b
HenpuBoauM Hag Fyn Toraa m TOAbKO TOrIa, KOUJa n He JeIUTCs Ha p.

28.28. /lokasaTk, uTo npu a # 1 mporowuien ¢ — ax — b nmeer B [,
KOPEHBb.

28.29. MokasaTh, uTo 22" + " + 1 mempuBoguMm Hanx Zs TorJa u
TOMBKO TOrga, kKorga n = 3¥ gis mexoroporo k > 0.

28.30. Jlokazatb, uro o' + 2" + 1 HENpPUBOAMM Hal Zs Torja u
TOMBKO TOrAa, Korga n = 355 yia mexoTopwx measix k,m = 0.

28.31. HaurTu BCce neasie 4ucia a, 418 KOTOPBIX BCE KOPHHM MHOIO-
urena zt — 142 4 612% + 84z + a uenwe.

28.32. [lycrs I, — “KCI0 pa3au<aHBIX HEOPUBOIUMBIX MHOTOYWIEHOB
CTemeHW m cOo crapmmM KoadpuuueHToM 1 HaJl KOHEUHBIM IOJIEM U3 (
aneMeHTOB. /l0Ka3aTh, 9TO B KOJbIe cTeneHHEX pagos Qf[z]]

1 oo 1 I,
lqu_H(IAz’") '
m=1

28.33. B ycaoBuax 3agaun 28.32 gokasaTs, uTo ¢¢ paBHO cymme ml,,
IUIA BCEX JTeIuTenen m qucaa k.

28.34. Ilycrs I, u3 28.32. [Jokasars, 9TO

_ 1 md !
In = — > u(d)g™ .

d|lm



§ 29. Payuonaavubie dpobu 91

§ 29. PaumonaasHbie gpobn

29.1. IIpeacraBuTh palMOHAILHYIO APOOb B BUAE CYMMbI IPOCTEH-
ommx 1po6ed Hal MOMeM KOMILVIEKCHBIX THCET:
o 1 T

a) (:1:—1)(;17+2)(m+3); 0) o+ 4 5) (:172—1}‘3;
5z% + 6x — 23 . )
D e e e P eoDe-de-3E-3
3+z z? 1
€) (z — 1)(x? +1); = -1 3) z3 -1’
n! 1 1
Wi, @-n Y@-nr Ve-oor

29.2. TlpeacTaBuTh PALMOHAIBHYIO APOOL B BHAE CYMMBI IPOCTEH-
mux Apoben Haj MOIeM BelIeCTBEHHBIX THCe:
x? 1 x

a D O o B e
) zt — 16 ) zt+ 4 ) (x+ 1)(z2 + 1)2
) 1 1
v —
(zt —1)2 A cos(n arccos )
1
e) m—, rae MHOrOwWIeH f(2) CTemeHn 1 MMEeeT 1l PA3IUYIHEIX BEeHIeCT-
x
BEHHBIX KOPHEN;
) 1 ) x? ) 2r—1
K) ———; 3) ——; " , ;
¥ -1’ xb 4+ 27’ w(z+1)% (22 + 2+ 1)?
1 ' I‘.Z'm
K) m, .TI) m, m < n.

29.3. Pazaoxuts Ha IpocTedmue pobu Hajg Z,.

29.4. JokasaTb, 4TO 1A JIOOBIX HEHYJIEBLIX MHOT'OWIEHOB [,
) Y y 9

(f9) _ 1 o

fo F g
29.5. Ilycrs f = (z — a1) ... (x — ay,). JokasaTs, 4T0

foo L1
f z—a1 T z—a,
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§ 30. UaTepnonauus

30.1. Hantu MHOrOWIeH HAMMEHBIIEH CTEeNeHHu 10 JAHHOM Tabauue
ero 3HAYCHUM:

a);rr—10123_ 6)3:12346
fl)| 65032/ fx)y|5]6|1|-4]10

30.2. [oka3aTh, 9TO MHOMOWICH CTEICHN < 1, IPUHUMAOLINH [eI5Ie
3HATEHUA TIPH 7 TIOCIe[0BATENBHBIX MEJBX 3HAYCHUAX MePeMeHHON, TPH-
HUMAET LEJbIe 3HAYCHUA IPH BCEX LEIBIX 3HAYCHUAX [IePEMEHHOM.

Bepro 11, 9TO TAKOH MHOTO™WICH UMEET IeIke KOMD(PUIHeHTH !

30.3. Moxkazars, uto Beakasa Gyukmnua f: F — F #a konewsroM nome F'
13 ¢ 3JEMEHTOB OJHO3HAYHO NMPEeICTABIAETCA B BUAe MHOTOWIEHA CTele-
HI < ¢.

30.4. [Joka3zaTh, 9TO MHOIMOWIEH CTEICHU < 12, TPUHUMAIOIINYN B TOY-
Kax T1,..., T, 3HAYCHUA Y1, ..., Yn, DABEH

E)Z (z — q(fﬂ

i=1

rae g(z) = (z —x1)...(x — zp).
30.5. Muorowien f(z) crenenu He Bue 7 — | IPUHEMAET 3HAMEHUA

Y1y .-, Yn B KOpHax crenenu n u3 1. Hauru f(0).

30.6. [Jokazarb, 94TO TOYKM Ii,...,T, € C ABmAOTCA BepHIMHAME
OPABIILHOTO N-YIOALHUKA C IMEHTPOM B TOYKE T TOLAA M TOJBKO TOI-
aa, Korga aas aoboro Muorowiena f(x) crenenn < n BEIIOJHAETCA pa-
BEHCTBO

z0) = ~{f(@) + ... + fza)]

30.7. IlycTb BCE KOPHM Iy, ..., T, MHOrOWIeHa f(I) pPasiudHEL
a) JlokasaTs, 1T0O Opu M0O0M HEOTPUIATETEHOM HEIoM § < 1 — 2

6) Beramcants cyMMmy
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30.8. Hautu MHOTOWIEH CTeleHd 2n, JAlOMMAK IIPH IeJTeHHA Ha
z(x —2)...(x — 2n) ocratox —1.

30.9. Iocrpoure vag Z, muorowieH f(r) HAaUMEHBIIEH CTENEHH C
yveaosuem f(k) =k ' g k=1,2,...,p— 1.

30.10. Iocrpours Haxg Z7 mMuorowieH f(r) HAMMEHBIIEH CTEIEHH C
yeaosuem f(0) =1, f(1)=0wu f(k) =k ana k =2,3,4,5,6.

* * *

30.11. Ilycrs F, — moxe u3 ¢ > 2 a1eMeHTOB, ¢ — 0Opa3yIOMIHN I[HK-
mieckon rpynnet [ . [okasats, 4To rpymma noicTaHopok S, peain-
ayemas Ha [y, nopoxpaercs orobpaxenuavu f(x) = x + 1, h(x) = e,
g(z) = 2972

30.12. B ycaosun 30.11 I[OKBBH.TI: ITO 3HAKOMepeMeHHas rpymma A,
NOPOXK JaeTCA MHOrOwIeHaMu >z, x + 1, (x972 + 1)972,

30.13. IIycrts ko,..., ky HaTypaJbHble YACIa 1 24, bij — 21emMeH-
T noas F' mysneBon xapakrepuctuku, rae i =0,....n, j=0,...,k; — 1.
[Ipeanmoraraercs, 9TO DIEMEHTHL Ty, ..., &I, Pa3IATHBL ﬂ;oxaaaTb 9TO

CYIMIECTBYET eIHHCTBEHHBIH MHOTOWICH f( x) € Flz] crenenn we Bbuue
ko + ...+ kn — 1 Takoi, uro f7(z;) = b;; ana Beex i, j.

30.14. B ycaosum 3aga4um 30.13 monoxum

ki—1 k 1 .
fz) = ZG Z ZO 1 dot (m) - (z—=2)",

i=0 k=0 1

rae Gi(z) = [[;4(z — z;)ki. lokasate, aTo f(r) — MHOTOWIEH CTemeHN
He Bumme ko + ...+ k, — 1 u fY9(x;) = by; nna seex i, j.

§ 31. CummeTpHuuecKue MHOrowieHbl 1 dopmyasl Buera

31.1. IlocTpouTs MHOrOWIEH creneHn 4 co crapumM Koax(ppuimen-
TOM 1, HMEIOIIHN:

a) xopuum 1, 2, —3, —4;

0) TPOMHON KOpeHb —1 ¥ IPOCTON KOPEHS %)

B) xkopan 2, —1, 1 +i u —i;

r') ABOHHON KOPEHL 3 M MPOCTHIE KOPHH —2 u —4.

31.2. Hauru cyMMy KBAJPATOB M NPOMIBEICHUE BCEX KOMILIEKCHBIX
KOPHEH MHOIOYWIeHA:
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a)32®+222-1; 6)zt—-2*-2z-1

31.3. Hawru cymmy 4uces, o6paTHBIX KOMILIEKCHBIM KOPHAM MHOI'O-
wIeHa:

a) 3z + 222 — 1; 6)zt—z>—z—1.

31.4. Hauru sHAYCHHA BCEX DJIEMEHTAPHBIX CHMMETPUYECKIX MHOTO-

WIEHOB OT KOMILICKCHBIX KOpHe["JI 7~ CTEIEHH U3 e TUHUIIEL.

31.5. OnpegennTts A Tak, YTOOBI OAWMH M3 KODHEH MHOIOYICHA
— 7z + A\ paBHAICA yABOCHHOMY APYTOMY.

31.6. Cymma aByx xopHen muorowresa 2x® — z® — 7o + A pasna 1.
Hawru A.

31.7. OnpenennTs COOTHOLIEHNE MEXKIY P U ¢, IPYU BBINOJTHEHUH KO-
TOPOTO KODHU I, T2, T3 MHOIOWIEHA T° + P +q YIOBJICTBOPAIT VCJIOBHIO
1

1
Ty = — + —
&Iro .Tl
31.8. (Kpumepuii Buavcona.) Jokasats, uro (p— 1) = —1 (mod p)

TOra M TOJBKO TOr'la, KOr'ja p — IIPOCTOE YHUCIO.

31.9. Cregyronme MHOIOWIEHEI BHIDA3UTEH B BHJE MHOTOWIEHOB OT
BIEMEHTAPHBIX CUMMETPHYICCKUX MHOTOWICHOB:

a) xizs + 1123 + TiT3 + T12F + T3T3 + T27F;

6) zf + x5 + x5 — 22322 — 22222 — 2232%;

B) (2172 + T324) (2123 + T224) (2124 + T273);

r) (z1 + 20 — a3 —24)(x) — T2 + 23 — @4)(T1 — T2 — T3 + 14);

o) (ry + oo+ 1) (2 + 23 + 1) (20 + 3 + 1);

e) (z122 + x3) (w123 + T2) (X223 + 21);

K) (2x) — x2 — 23) (222 — 21 — 13) (223 — 1) — T2);

3) () + x0)(xy + 23) (21 + 24) (T2 + 23) (22 + 24) (13 + 24);

) oio} + atal + oie] + oief + 23ad + 2zl

) (#1 — 1)(@2 — 1)(z3 — 1);
) :

i+ .. M) 23+, H) T3T2%3 +...;

O).I‘f.r§+, n) zizrexs + ... p) zdxd +...

JI

31.10. Hantu spadenyne CUMMETPUIECKOT0 MHOrOWIeHa F' 0T KopHen
muOrowieHa f(x):

a) F =23 (2o +x3)+ 23 (21 +23) + 23 (21 +22), f(z) =2 —2?—dz+1;
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6) F= ;E%(.’L‘gﬂ?;; + Z2xy + T324) + :L‘g(;r:l;,trs + 2174 + TaTq) +
+.1‘§§(:1:1;1:2 + x4 + To2Ty) + ;113(371:62 + zy23 + T223),
flz) ="+ 2% — 20 — 3z + 1;
B) F = (z1 — 22)% (21 — 23)2 (22 — 23)2,  f(2) = 23 + a12” + aox + a;
3
r)F= Y ziz;, f(z)=382%-52%+1;
l'_y#=.’l
3 ¥
NF= Y iz, f(z)=32'-223+222+4+2-1;
1<i< <4

e) F = (2} + z122 + 23) (23 + 2ox3 + 23) (2} + 7125 + 22),
f(z) = 52% — 62% — Tz — 8.

31.11. Ilycts 21, ..., T, — KOPHH MHOIOWICHA " + Gp_ 2" ' + ...
. + ap. J[lokazaTe, YTO JIOO0N CUMMETPHYECKMH MHOTOYJIEH OT
T, T3, ..., T, MOXKHO NPEICTABATE B BIAE MHOTOWIEHA OT 1.

31.12. IlycTb op; — DAEMEHTAPHBIM CHUMMETPUYECKHN MHOT'OYWIeH
CTemeHu k OT T1,...,%Li—1,Titl,---,Tn- JOKABATD, ITO

‘f‘lm + (-1)*af

Oki = O — LiOk—1 + ...+ (—1)F 1z
(cumraerca, uro o, =0 npu m>n u o, =0 opum = n).
31.13. PaceMoTpuM MHOTOWICH
A= (1 +zt) ... (14 z,1)
OT HMEPEMEHHBIX T, . . ., Tn, t. JIOKa3aTh, 9T0 A\t = 1401 t+09t%+. . .40,t".

31.14. Mycrs \; ma sagaun 31.13 u s = af +.. -f-z\v"}2 JoxasaTth, ITO

%(ln M) =D (—1)Fsyth=t.
k20
31.15. [loxasate dopmyay HeoTona
sk — 01851 +028k—2 + -+ (1) op_ys + (-1)* ko =0
(cauraercs, wto o =0 npu k > n).

31.16. [lokasaThk, 4TO B ycaoBuax aagaqu 31.15

o1 1 0 SR (N

20‘2 aq 1 0 0

S = | tevisniceiviiisisisdevess s e sesie
(k— I)O'k_l Tl—2 Op—3 a 1

koy, Op—l Ok ... Oz O]
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31.17. [okasaTh, 9TO B yCI0BUAX 3aga4dd 31.15

51 1 0 0 0
1 S9 81 2 0 0
Of = 77| ceessetcarasssssasssssssssssnssass
k!
Sg—1 Sk—2 Sk—-3 ... 81 k-1
Sk Sk—1 Sk-2 ... 82 S

31.18. Hautu s, oT kOpHEn MHOTOLIeHA P, ().

31.19. Hautu s1,...,S8, OT KOPHEH MHOTOWICHA
mn—1 an—2
.1.‘”+£ +£—+...+i.
1! 2! n!

31.20. BeriueanTs 3HAYEHUS CUMMETPUYECKHX MHOTOWIEHOB §; OT
KOMILICKCHBIX KOpHen k-u cremenn u3 1.

31.21. Pemmnrhk HAI HOJEM KOMILIEKCHBIX YHCEJI CUCTEMY VPABHCHHN:

£ 2 2
1+ T2+ 23 =0, 22 + 23+ 23 =6,
a) ¢ 73 +23+22 =0, 06) ¢ 2P + 3+ 23 — 2130wz = —4,
T3 + 23 + a3 = 24; T1Z2 + T1T3 + Taxy = —3.

31.22. [JokasaTb, 9TO 3HAYEHHE OT KOPHEH CTEIEHM 1 U3 1 BCAKO-
IO CUMMETPHYECKOrO MHOIOWIEHA OT 71 MEPEeMEHHBIX ¢ LeJbIMu Koaddu-
LIMEeHTAMH ABIAETCA LEIbIM THCI0M.

31.23. Ilycts ( — nepBOOOPA3HBEIN KOMILUIEKCHBI KOPEHb CTerneHn k
m3 1. [JokazaTsb, ITO 114 J0O0T0 KOMILIEKCHOTO YHCIA @

(x —a)(#( —a)...(e¢*" —a) = (~1)*+ (z* — ab).

31.24. Ilycts { — nepBOOOPA3HBIN KOMIVIEKCHBIM KOPEHb CTerneHn k
3 1 u f(2) — MHOrOWIeH ¢ KOMILIEKCHBIMM Koadupunnenramu. JokazaTs,
4TO

a) f(@)f(zC)... f(x¢*1) = h(z*), rae h(x) — MmHOrOWIeH;

6) xopaavmu h(x) ABIAOTCA B TOYHOCTH k-€ CTEHEHH KOPHEM MHOIO-
wiena f(x).

31.25. HauTy MHODOWIEH TPeThEN CTENeHH, KOPHAMA KOTOPOrO sB-

JAKTCA:

a) KyOBI KOMILIEKCHBIX KODHEH MHOTOWIeHa 7° — x — 1;

6) UeTBepPTHIE CTENeHN KOMILIEKCHBIX KOpHell Muorowiena 21° —x? +2.
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31.26. HauTu MHOTOYWIEH YeTBEPTOM CTEINeHH, KOPHAMH KOTOPOTO
ABJIAIOTCA:
a) KBapaTEl KOMILIEKCHEIX KOPHe#d MHorowiena x' + 2z° — x + 3;

4

0) KyOBbl KOMILIEKCHBIX KOPHEeH MHOrowieHa x* — x — 1.

* * *

31.27. a) Mycrs f(21,...,%,) — KOCOCHMMETPHYICCKUH MHOTOMICH
OT Z1,...,%y. JlOKA3ATH, ITO

floy, ..o zn) = Alzy, .o yzn) g(zy, o0y o)y

rae A(xy,...,x,) — onpegernrens BangepMmonma, a g(xi,...,T,) —
CUMMETPUYECKUH MHODOWICH.

6) lIycre h(zy,. .., o,) — cHMMeTpHYECKHUN MHOrOWIeH, pudém h(zy,
r1,23,...,2T,) = 0. [JokasaTs, 9To
7 ; — - i A2 it s
h(z1,...,2zn) = A(Z1,. .., @n)" u(®1,...,%0),
rae w(xy, ..., Ty) — CHMMETPUICCKHH MHOTOWICH.

31.28. Ilycts

h;,. = Z Tiy - Ty,

Ish<..Ssn
u Ay u3 3agauu 31.13. Jokasars, 9To:
a) A7 =) (- DFht®;
k=0
0) op —hiog—1 +...+ (—1)k_1hk_]0‘1 + (—1)“.hk =0, k=l
B) KaJKJBIH CUMMETPHICCKHI MHODO'WICH ABIACTCA MHOTOWICHOM OT

hiye..s .

31.29. Pazbuenwem wucaa n Ha30BeM HAOOP A LEJIbIX HEOTPHULATE/ b
HEIX ueel A = (Ay,...,An), rae Ay +...+ X A, =nuw A\ =2 A > ...
... 2 A 2 0. llyers p(n) — uucao pasbuenun smeaa n. [lokasats, 1T0

[[a-e=" =3 pm.

mz0 nz0

31.30. IIycte @ = (aq,...,ap), a3 > a2 > ... > a, = 0 — =HaboOp
HaTypaabHEX gnces. [lomommm

ao(T1,...,Tn) = Z (sgno)zyly) - .- To7-
gES,

7 A.HM. Kocrpukux
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MokasaThb, 4TO:

pried o
‘E] ‘mn1
a) ag(Ty,...,@y) =det | ...l 7
e
6)ecmd = (n—1,n—2,...,1,0), 70 as(x1,--.,T,) — ONpeseIATET:
Bangepmonaa ot zy, ..., 2.
31.31. IIycts A = (A1,..., A,) — pasOueHMe HEKOTOPOI'O HATYPAIb-
sHoro 4ucaa k. Iloaoxum
a;=Ni+n—i
s Beex i, 0 u3 3agaqu 31.30. ycrs
(458
Sg(ml,...,wn) —r——y
ag
MoxasaTthb, 9TO:
a) Sx(xy,...,2,) — UEIOYUCICHHBIN CHMMETPUYECKMI MHOTOYICH;
6) Sx(zy,...,x,) mpu Beex A = (Ar,..., A,;) oOpasyoT 6asuc JuHEH-
HOIO MPOCTPAHCTBA CUMMETPHICCKHX MHOMOWICHOB OT X, ..., &n;
B) ect A = (1,...,1), T0 Sa(x1,...,%n) = On;

r) ecm A = (n,0...,0), ro Sx(z1,...,2,) = hy (M. 31.28).

31.32. TokasaThb, 94TO:
n

a) [[ M —=ziy)™" =) Sal@r,z2,.. )Sa (w1, 92,- . );

i,j=1 A
n
6) J[ A+ miy;) = Sa(wr, 2, )Sxn (w1, 92, - );
i,j=1 A
rje CyMMHPOBaHHE BeA&TCsa 10 BeeM pasbmenuam A = (Aq, ..., A,), A —
CONpsKEHHOE pasbueHue, T.e. A — 9HCI0 TaKumX j, 9T0 Aj = i.

31.33. /loxazarts, uTo

D k(@ @)Y, Tr(m¥n) = Ok (@15 Tn) Ok (Y15 - Yn)-
TESh

31.34. Ilycte F' — noae apoden KoJablla, HeJ0YNCIeHHBIX CHMMETPH-
YeCKUX MHOTOWICHOB OT I, ...,T,. JokasaTs, aro F coBmagaeT ¢ mom-
mOJIEM B Q(:I;l — II;n), COCTOAUIMM U3 BCEX CUMMETPUYICCKUX PALMOHAIb-
HEIX IpOo0en.
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§ 32. PeayapTanT M JUCKPUMHHAHT

32.1. BerueanTs pe3yIbTaHT MHOTOLIEHOB:
a)z® -3z +2x+1 n 22°—xz—1;

6) 22 — 322 +2x4+1 u 2> +z+3;

B) 223 - 322 —x+2 u z'-—22% -3z +4;
r)3z +2r° +x+1 u 223 +a2? —z—1;
1) 2zt —2*+3 u 323 -2+ 4.

32.2. Hautu Bce apadenus A, MNP KOTOPLIX UMEIOT OOMMHA KOPEHb
MHOT O'JICHHI:

B)a-dz+2 w A+
6)z*+Az* -9 n *+ Az —3;
B)z? =2 z+ Mz u 2?2+ )\ -2
32.3. UckmouuTs T U3 CUCTEMLI YPABHEHIN:
{mz_my_}_yz ) 6){23—$y—93+901
z?y + zy® = 6; 2 +r—y?=1

) y? — Toy +4z% + 13z — 2y — 3 =0,
y? —14zy + 922 + 28z — 4y — 5 = 0;

) Yy +2*—y -3z =0,
r . b
y? — 6zy — 2° + 11y + Tz — 12 = 0;

) 5y — 6xy + 5x2 — 16 = 0,
Y-zy+222—y—z-4=0.
32.4. Joxasare, uto R(f,g192) = R(f, 1) R(f, g2)-
32.5. Hauru pesyasrant maHorowienos ¢, u ™ — 1.
32.6. Hauru pesyabrant MHOrowieHos ¢, u &,,.

32.7. BeMuCAUTD IUCKPUMUHAHT MHOI'OYJICHOB:

a) ar?® + bz +¢; 6) 3 + pr + q;

B) 2° + ay2? + asw + as; r) 2zt — 2% —4zN2 +z + 1;
nNzt—z-322+2+1.

7*
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32.8. HauTu Bce 3Ha4YEHUA A, IPH KOTOPBIX MMEIOT KPATHBIM KOPEHb
MHODOLICHBI:

a) 2% — 3z + X; 6) z* — 4z + X;

B) 2% —

822 + (13 — A)z — (6 + 2));

r)zt —4z® + (2 - Nz + 2z - 2.

32.9. /Jokasarb, 4TO

32.10.
32.11.
32.12.

32.13.

32.14.

32.15.

D[(z — a)f(2)] = D[f(x)] - f(a)*.

BEIMUCIATE IMCKPUMHAHAHT MHOTOWIeHA "1+ 2772 4+ +1.
BBEMUCINTE THCKPUMUHART MHOTOLICHA Py, (7).
BBIMUCIATE IUCKPUMHHAHT MHOTOWIEHA

LA 2.
o2t ol

[Iycts f u g — HenmpuBoguUMEIE MHOTOWIeHH. /[0Ka3aTh, 4TO
D(fg) = D(f)D(9)[R(f,9)]*-
[Iycts j, k — HaTypamsste wucaan d = (j, k). JokasaTk, 9T0
R(z’ —d, z* —b*) = (—l)""(b""'k"'_l — afkd™ i

Iycte n> k>0 u d=(n,k). dokasars, 9To

D(z" + az* +b) = (71)”(“_1)2_1t!:o"“_1 X

% ,”’nd'_lb(n—vk)d'1 — (_l)nrﬁ‘l(n e k)(n—-k)d_lkkd_laﬂ.d'l] .

32.16. BorqucanTs IHCKPUMUHAHT MHOTCOWIeHA T’ + a.
32.17. BeraueanTs AMCKPUMUHAHT:
N dn g
Y n, x°/2 —x°/2).
a) MHOrowieHos Jpmura P, (z) = (—1)"e"/ w(e g

Tl

6) mMaOrOUTeHOB Jlareppa P, (z) = (—1)"e" d (z"e™7);

e
axm

. T
B) MHOrOwIeHOB Yebbmmésa 2 cos (n arceos 5)
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§ 33. Pacnpeaesenue KOpHeHn

33.1. Cocrapurs psaxg lMlrypma 1 0TAIUTH KOPHE MHODO'WICHOB:
a) 23 — 3z —1; 6) z° + 12 -2z - 1;

B) 2 — Tz +T; r) z° —x+5;

n) z% + 3z — 5; e) ' — 122% — 16 — 4;
x) 2t —2—1; 3) 2z — 823 + 822 — 1;
u) 2t +22 -1 k) vt + 423 — 122 + 9.

33.2. Cocrapure pag llTypma 114 BEIIECTBEHHOTO MHOTOYICHA
27 — bax® + 5a’x + 2b. B saBucumocTu or 3Haka uncaa a® — b HauTH
YHC/IO BEMIECTBEHHBIX KOPHEH MHOIOWICHA.

33.3. CocraBure psag llrypma 11d BemecTBEHHOO MHOIOWICHA
" +px+q. B 3aBucuMocTu ot wéTHOCTH 1 3HaKa wncIa d = —(n—1)""1 x
Xp" —n"g" ! HAWTH YMCIO BEMIECTBEHHBIX KOPHEH MHOTOMICHA.

33.4. Cocrapurs pag HlTypMa 1 HAUTH YUCIO BEIIECTBEHHBIX KOPHEX
MHOPOYICHA,
r "
s A ey

Enl@) =1+ g+ 5; ot

33.5. JokasaTh, 4TO MHOrOWICH £° — 3t + r He MOXKET UMeTh GoJee
OJHOI'0 BEIIECTBEHHOIO KOpHA B uHTepBade [0, 1].

33.6. Illpeanonoxum, uro Bee kopHM MHOroweHa f(r) € R[z] Be-
[IECTREHHEL, T.€.

f(z) =al(z —a)* ...(x — am)*, a # 0,

rome a; < az < ... < Q-

JMokasaTs, 9TO:

a) fl(z) =nalz —a))" .. (2 —ap)™ "z —b1)... (& — bu_1),
roea; < by <as < bg S A—1 < bm—l < Qm;

0) ecay 9MCI0 k He IPEBOCXOIUT CTENeHN MHOrowIeHa f(x), To KparT-
HBIMU KOPHAMHE k-1 Npou3BogHon [ ”")(:r) ABIAITCA YUCIa a;, k; = k + 2,
1 TOJIBKO OHH!

B) ecam f(x) = ez +cp1 ™ 1+ ...+ eg, rae € A0 U € = Cpy1 =

=0 g wexoroporo k=0,...,n—2, T0cg =€ =...=¢ = 41 = 0.
33.7. llycre g(x) = byz™ + ... + by — BEIIECTBEHHBEIN MHOTOWIEH,
npuiaém by, by # 0 u b, = byry = 0 g wexkoroporo k =1,...,n — 2.

Torga e Bee kopHM g(T) BelECTBEHHBL.
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33.8. [okasaTb, 9TO y BelIECTBEHHOIO MHOTOWICHA,
A" + ap1z2 '+ . tazzd + 22+ +1, a, # 0,

HEe BCE€ KOPHM BelleCTBEHHBI.

33.9. /[lokasaTh, YTO BCe KOMILIEKCHBIE KOPHM 2z MHOTO'WICHA

" n—1 _ .. —1 yaosrersopawr ycaoeumo |z| < 1.

nr” —=o

33.10. /[lokazaTts, YTO BCe NOJOKUTEILHBIE KOPHM MHOTCOWICHA
flx)=z(z+1)(z+2)...(x+n) —1 menpme 1/nl.

4

33.11. Jokasarb, uro mHOorowieH o' — 5x° — 42?2 — Tz + 4 He uMmeer

OTPULATEILHBIX KOPHEN.

33.12. Croabko Kopaell MEOrowIeHa 25 + 6 + 10 JexuT B Kaxk10M
KBAIPaHTe KOMILIEKCHOU IIOCKOCTH?

33.13. Ilyctb ny < ... < ng — HATypaabHee 4ucia. [JokazaTs, 4TO
MHOroOWwIeH 1 + 2™ + ... + 2" He UMeeT KOMILVIEKCHBIX KOPDHEH Z ¢ yCJIo-

v5—1

BueM |z| <

2 < £
33.14. /lokasaTh, 9TO BCe KOMILIEKCHBIE KOPHM MHOrOwieHa ! —

—ar™ +axr — 1, rjge a — BEIIECTBEHHOE YUCJI0, MMEIT MOAYIb 1.
33.15. Ilycte k — maTypanapHOe umciao u |a;| < k npn i = 1,...,n.

Joxasats, 94T0 TOr A 4718 JE0OOT0 KOPHA 2 MHODOWIEHA A, 2" +. . .+a1x+1

uMeeM |Z| = k—H

33.16. [lokazaTs, uTo ecau Bee kopHn MHOrowreHa f(x) € Clx] pac-
MOJOXKEHB! B BEPXHEH MOJIYILIOCKOCTH, TO Bee KopHu f'(x) dexar B Ton
e MOMYILIOCKOCTH.

33.17. [lokazathk, uTo ecim D BBIYKJIAA 00JACTh KOMILIEKCHOH
IIOCKOCTH, cofepskaras Bee Kopuu MuHorowieHa f(z) € Clz], To Bee Kop-
u f'(z) nexat B D.

33.18. IlycTh mama TOCAEIOBATENBHOCTD BEIIECTBEHHBIX MHOTOMIE-

HOB fo, f1,.--, fn € TIOMOXKWUTEIHLHBIMH CTAPIIMMH KO3(MPUITHEHTAMH,
IPUIEM:

crenens fi pasEa k =0,...,n;

fr = apfr—1 — epfr—2, TA€ ap,cp — BELIECTBEHHBIE MHOI'OYWICHHI,

mpumiaéM c¢x(r) >0 muascex r € R mpm k > 2.
Moxasarb, 4TO:
a) KOPHU BCEX MHOIOWIEHOB fj, BEIIECTBEHHEL;
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0) MeXkIy ABYMs KOPHAMM MHOTOWIEHA fi €CThb KOPeHb MHOIOWIe-
HA fr_1.

33.19. OnpenennTs 9UCIO BEIIECTBEHHEIX KOPHEH:

2 7o (7 A
a) MHOrowieHa Jpyuta (—1)"e* /2——e % /2,
dxm
n

0) muorowrena Jlareppa (—1)"e" g
dx

(z"e™ ).

33.20. OnpeesnaTs BCe MHOTOWICHH ¢ Koahunuentamu +1, mvero-
mye TOJBKO BEIIEeCTBEHHBIC KOPHU.



YACTDB II

JIMHEMHASA AJITEBPA
1 TEOMETPUS

I'masa VII
BEKTOPHBLBIE ITPOCTPAHCTBA

B 3T()i4;1 rape KOOpJAUHATBI BEKTOPa 3allMChIBAIOTCA B CTPOKY. baauc
NPOCTPAHCTEA, COCTOAIIMUA U3 BEKTOPOB €1, €3, ..., €p, 3AIUCHIBACTCA
CTPOKOH (€1,€a,...,€,), & OPH MEPexole K MATPHUYHON 3AIUCH KOOD IW-
HATHI 0A3UCHBIX BCKTOPOB pPacoaaraxTCAa B CTO:IﬁeH.

Mampuyeii nepezoda or craporo Oasuca kK HoBOMy Oasucy (e],
€y, ...,ep), HaspBaeTca Marpuna I’ = (t;;), B cTOIOIAX KOTOPOH CTOAT
KOOPIUHATEI HOBBIX OA3UCHBIX BEKTOPOB B cTapoM Oasuce. Takum obpa-
30M,

{61 s 805 e uns 8 ) = (61,8000 580) T
a KOOPIMHATEL BEKTOPA & B CTAPOM 1 HOBOM 0A3UCAX CBA3AHLI PABCHCT-
BAMM Tj = 3 tj&;, WIM, B MATPUIHON 3AmMCH,

T2 zh
=T

/!

Tn T

§ 34. ITouaTHe BEKTOPHOI'0 MPOCTPAaHCTBA. Ba3ucel

34.1. Ilycte z, v BEKTOPHI, @, [ — ckamapel. [JokazaTe, aTo:

a) ax = 0 Torga u TOIBKO TOrga, Korga a =0 wm x = 0;

0) ax + By = fzr + ay TOrJAa M TOILKO TOTAA, KOTAa « = [ Win
T =y.

34.2. Ilpn kakux 3HaYEHUAX A:
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a) U3 JIMHEHHOU HEe3aBUCHMOCTH CHCTEMBL BEKTOPOB {@), G2} BBITEKa-
eT IUHeHHAA HEe3ABUCUMOCTD CHCTeMBI {Aa; + aa, a; + Aas };

0) U3 JUHENHON He3aBUCUMOCTH CUCTEMEL {di,...,d,} BEITEKAET Ji-
HelHasA He3aBHCHMOCTD CHCTEMBbI
"
{a1 +az, a2 +ag, ..., an—1+ an, a, + Aay }?

34.3. [lokasaTe JUHEHHYIO HE3ABUCHMOCTL Haa R cucreM (pyHkumm:
a) sinx, cosa;
6) 1, sinz, cosz;

B) sina, sin2z, ..., sinnz;

r) 1, cosz, cos2x, ..., COSn;

a) 1, cosz, sinz, cos2z, sin2z, ..., cosnz, sinn;
e) 1, sinz, sin’z, ..., sin";

x) 1, cosz, cos’z, ..., cos"x.

34.4. JlokasaTh JUHEHMHYIO HE3ABUCUMOCTL HaL R cucTeM (pyHKINM:

a)-E%F, g80. on BT
(o} i i R 1 P,
-1 -1,

B) (1—ayz)™ ..., (1 —aua)™ Y

CAe (..., Qp —— HOHAPHO PA3JNYHBIE BEIIECTBEHHLIE TUCIA.

34.5. [lokasarThb, 4TO B HIPOCTPAHCTBE (DYHKIIMU OJHOM BEIIECTBEHHON
MepPeMEHHOR BEKTOPHI f1, ..., [ JUHENHO HE3ABUCHMBI TOTAA M TOJBKO
TOrAa, KOTJAa CYNIECTBYIOT TUCIA Ay, ..., Gy Takne, 910 det (f;(a;)) # 0.

34.6. a) B BexToprom npoctpanctse V Hag noaem C onpeneans HO-
BOE YMHOKEHHE BEKTOPOB Ha KOMILICKCHBIE MHCIa TI0 TPABUIY (¥ © T = /L.
JlokasaTk, 4TO OTHOCUTEILHO ONEPALMI + U © IPOCTPAHCTBO V' ABJIA-
erca BeKTOpHbIM. HallTu ero pasMepHoCTE.

6) Iycts C" — abeneBa rpymma BCeX CTPOK (ay,...,Qy) QJUHEL 71,

a; € C. Ecm b € C, ro nonoxknm bo(ay, ..., a,) = (ba,...,ba,). Asiserca
mn C" oTHOCHTENBHO onepanui + M © BEKTOPHBIM MPOCTPAHCTBOM?

34.7. [doxasarn, 4ro:

a) rpynna Z ne uzomopdHa aJIATHBHON DPYIIE HUKAKOO BEKTOP-
HOI'O [IPOCTPAHCTBA;

0) rpynna BeMeTOB Z;, M30MOp(HA alIUTUBHON IPYIIIE BEKTOPHOIO
[POCTPAHCTEA HAd HEKOTOPBIM IOJEeM TOra ¥ TOJBKO TOLJA, KOraa 1l —
MPOCTOE THCIO;

B) KOMMYTATHBHYK Tpymmy A MOXKHO NIpPEeBPATHTE B BEKTOPHOE
HPOCTPAHCTBO Haj nodeM Z, Torga u ToabKo Torja, korga pr = 0 pis
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moboro x € A;

I') KOMMYTATHBHYIO TDPYIOIy A MOXKHO HOPEBpaTUTb B BEKTOPHOE
OpoCTpaHcTBO Ha g noteM () Torga u TOILKO TOrAa, KOT4a B HEH HET die-
MEHTOB KOHEUHOrO MopAgka (KpoMme Hy/d) U 11 J060ro HATYPAILHONO
qucaa n 1 a06oro a € A ypaBHeHHe nx = a UMeeT pemeHue B rpymme A.

34.8. llycrs F — noae, E' — ero noanose.

a) Jokasate, uT0 F ABIATCA BEKTOPHBIM HPOCTPAHCTBOM HAJ IO
aem E.

6) Ecan F xomeuno, to |F| = |E|", rge n — pasmeprocts F' xax
BEKTOPHOTO NpOCTpaHcTea Han E.

B) Ecim F koneuno, To |F| = p™, rae p — xapakrepuctuka F'.

r) Hantu 6asnc u pasmeprocts nona C max nomem R.

o) Iyers mq, ..., my — pasanvHbIe HATYPAIBHLIE YHCAA, KAXKI0E U3
KOTOPBIX HE ACIUTCA Ha KBAAPAT NpOoCTOro ducaa. Jokazars, 9To 1ucia
1,/my,..., /T, JUHEHHO He3aBUCUMBI B mpocTpancTse R Hax ().

e) Ilyctb 1y, ..., 7, — Pa3IUYHBIC PALMOHAIBHEE YHCIA U3 HHTEPBAIA
(0,1). JokasaTs, uTo B mpocTpancTse R max nomem @ wmema 2™, .., 2™

He3aBUCHMBI.

3) IlyeTh @ — KOMILICKCHBIN KOpeHb MEOTowIeHA p € Q[z], Henpusoan-
moro vag Q. Haitu pasueprocts maa Q npoctpanctea Q[al, cocToamero
w3 «ucen suga f(a), f € Qz].

34.9. Ilycte M — mHOXKECTBO, cOCTOsLIEe U3 11 daeMeHToB. Ha MHO-
KecTpe ero noaMuoxecTs 2M onpegemum onepaimm CIOKeHHA M YMHO-
JKEHUA Ha JIeMeHTHl noas Zs 1o npaBmly, Kak B 3ajgade 1.2:

X=X, 0X=go

a) JlokasaTb, 9TO OTHOCHTEJIBLHO HTHUX omepamuit MuoxKecTBo 2M ap-
JAETCA BeKTOPHBIM IPOCTPAHCTBOM HaJ 1ojaeM Zo, ¥ HAUTH ero 0a3uc u
pPa3sMepPHOCTh.

6) Iycte X1,..., Xy — nommuOxKecTBa B M, IpUYEM HE OJHO U3 HEX
HE COAEPKUTCA B 00beMHEHNN OCTaAThHEIX. JlokazaTs, ato Xq, ..., X —
JUHEMHO He3aBUCHMas CUCTEeMA.

34.10. IlycTh BeKTOpPEL €1, . . ., €, U T 33JAHEL CBOUMHI KOOP JUHATAMHI
B HEKOTOpOM Oasuce:

a)e =(1,1,1), e2=(1,1,2), e3=(1,2,3), z=(6,9,14);

6) e =(2,1,-3), €2 =1(3,2,-5), e3=(1,-1,1), =z=1(6,2,-7);
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B) e =(1,2,-1,-2), e2=1(2,3,0,-1), e3=(1,2,1,4),
es =(1,3,-1,0), z==(7,14,-1,2).
Joxasats, 9to (e1,...,€,) — Takxke 0A3UC OPOCTPAHCTBA, U HANTH
KOOPIMHATEL BEKTOPA T B 3TOM Hasuce.
34.11. [Joxa3aThb, ITO KaKIad U3 IBYX 3aJaHHBIX CHCTEM BEKTOPOB
S u 5" apnaerca 6asucom. Hanru maTpuny nepexoga or S k S':
a) S=1((1,2,1), (2,3,3), (3,8,2)),
S'=1((3,5,8), (5,14,13), (1,9,2));
6) S=((1,1,1,1), (1,2,1,1), (1,1,2,1,), (1, 3,2,3)),
S'=1((1,0,3,3), (-2,-3,-5,-4), (2,2,5,4), (-2,-3,—4,—4)).
34.12. [okasath, 94T0 B npocrpancTse R[], MHOrOYWICHOB cTeneHu
< N ¢ BelIeCTBEHHBIMU KO3 pUIIMEeHTAaMU CUCTEMBL

{1,z,...,2"} mn {1,58—(1.,(27—(1)2,...,(17—a)n}, a€R,

ABIAIOTCA 0A3MCAMEI, W HANTH KOOPJAMHATHL MHOrowieHa f(x) = ag +
+ayx+. .. +a,x" BoTHX 6azucax U MATPHULY epexo1a 0T nepBoro dasuca
KO BTOPOMY.

34.13. Kak uaMeHMTCA MATPHILA IEPeXoaa 0T OIHOrO Oasuca K aApy-
romy, ecJjn:

a) IOMEHATH MeCTAMH IBa BEKTOpa NMepBOro Hasmca;

0) DOMEHATE MECTAMH JBA BEKTOPA BTOPOrO 0a3uca;

B) 3AIMCATH BEKTOPHI 060X 6A3UCOB B 0OOPATHOM MOPATKE !

34.14. [loxka3aTh, ITO CHCTEMBl BEKTOPOB JUHEHHO HE3ABUCHUMEI, U
JONOJHUTE X A0 0a3uca MPOCTPAHCTBA CTPOK:

a)a =(2,2,7,-1), a2=(3,-1,2,4), a3=(1,1,3,1);

0) ay =(2,3,—4,-1), ax=(1,-2,1,3);

B)ap = (4,3,-1,1,1), a»=(2,1,-3,2,-5),

az =(1,-3,0,1,-2), a4 =(1,5,2,-2,6);
r)a; =(2,3,5,—-4,1), a»=(1,-1,2,3,5).

§ 35. IlognpocTpancTBa

35.1. BeucHUTS, ABIACTCS 1 MOANTPOCTPAHCTBOM COOTBETCTBYIOLIE-
r0 BEKTOPHOT'O TMPOCTPAHCTBA KAXKIAA U3 CAETVIOMNX COBOKYITHOCTEH
BeKTOPOB:

4) BEKTOPEI INIOCKOCTH ¢ HAMAIOM (), KOHITEI KOTOPBIX JCKAT HA O JHOH
M3 ABYX NPAMBIX, [epecekarmuxcs B rouke O;
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6) BEKTOPHI IMIOCKOCTH ¢ HadanoM (), KOHIEI KOTOPBIX JeKaT Ha TaH-
HOU TIPAMON;

B) BEKTOPBL ILIOCKOCTH ¢ HAadatoM (), KOHIEL KOTOPBIX HE JeKAT Ha
NAHHOH IIPAMOH;

') BEKTOPBL KOOPANHATHON [LIOCKOCTH, KOHIIBI KOTOPEBIX JEKAT B Iep-
BOH YI€TBEPTH;

1) BeKTOpBl mpocTpaHeTBa R, KOOPAMHATHL KOTOPHIX — IEJIBIE
qUCIa;

e) BeKTOPHI apu(hMeTHIeCKOro npocTpadctea F™, F —— noge, ABIAIO-
LeCs PeHIeHHAMH TaHHOM CHCTEMBI JMHEMHBIX YDABHEHUN;

) BEKTOPBI JIMHEHHOIO MPOCTPAHCTBA, ABISIOMIMECS JHHCHHBIMU
KOMOMHAIHMAMA JTAHHEIX BEKTOPOB A1, ..., G}

3) OI'PaHHMY€HHBIC ITOCIe10BaTEIbHOCTH KOMILIEKCHBIX HCEJI;
H) IOCIe J0BATENBHOCTH BEIICCTBEHHBIX “MCe, MMEIOIINe peres;
K) mocae 10BATEIbHOCTH BEIIeCTBEHHBIX YHCEN, MMEKIIHe IIperea a;

) HOCAeA0BATEABHOCTH 4(n) saemeHToB noasa F, yi0BIeTBOpAOLIAE
PEKYPPEHTHOMY COOTHOIIEHUIO

u(n+ k) = f(n) + aou(n) + ayu(n + 1) + ... + ap_qu(n + k — 1),

rae (f(n)) — duxcupoBaHHAA NOCIEIOBATEILHOCTD MIEMEHTOB noan F
k — WKcHpOBaHHOE HATYpalbHOE YnCIo, a; € F;

M) MHOTOICHBI TETHOM CTETICHN ¢ Koadpuunentamu u3 noasn F;

H) MHOTOWIEHHI ¢ KoadduuuenTaMu ua noas F, He comepxamme 16T-
HBIX CTENeHeH MePeMeHHOU I

0) MHO)ecTBa u3 npoctpancTea 2V (em. 4.9), cocrosume 3 YETHOrO
HHUCIa DJEeMEeHTOB;

m) mEOKecTBa M3 2M | cocToAmME M3 HEYETHOrO YMCIA DIEMEHTOB.

35.2. [JokazaTh, YTO CAEAYIOIINE COBOKYIHOCTH BEKTOPOB IPOCT-
paunctea F", F' — noae, 006pasyioT HOANPOCTPAHCTBA, U HAMTH uX Oa-
3UCHL U PA3MEPHOCTH:

a) BeKTOPHI, Y KOTOPBIX COBIAJAIOT MEPBAS U MOCIE THAL KOOP IUHATH;

6) BeKTOPEI, ¥ KOTOPHIX KOOPAMHATHL ¢ Y6THEIMEA HOMEpaMu pasHHI 0;

B) BEKTOPLI, ¥ KOTOPHIX KOOD/JAMHATHL ¢ Y6THLIMH HOMEPAMU DABHEI
MexKay cobomu;

r) ekTops Bujaa (a, 5, q, 3,...);
1) BEKTOPBI, ABIAIOIMECS PENICHHAMA OJIHOPOAHOM CHCTEMBI YPaB-
HEHUN.
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35.3. BLIACHUTE, KAKHe H3 CJASAYVIOMUYX COBOKYMHOCTEHd MAaTPHIL IO-
pAgKa n Hag moaeM F' o0pasyioT noanpocTPaHCTBa B MPOCTPAHCTBE MaT-
pun M, (F), nauTyu ux 6a3uchl U pasMepHOCTIH:

a) BCe MATPUILL;

0) CUMMeTPHYIECKHEe MATPHIIHL

B) KOCOCHMMETPHIECKHEe MATPUIE;

I') HEBBIPOXK ICHHBIE MATPHIIBL

1) BEIDOK IEHHEIE MATPUIIEL;

€) MATPHUIBL CO CICAOM, PABHBIM HY.IIO;

) MATPHIIBL, IEPECTAHOBOYHLIC C JAHHBEIM MHOXKECTBOM MATPHIL (IPH
BEIMHCICHHH Ga31Ca ¥ Pa3MEPHOCTH MPEANOIOKUATD, UTO TaHHOE MHOKEC-
TBO ManHH COCTONUT U3 OﬂHOﬁ ,E[HaI‘OHaJIbHOﬁ ManHHH C I)aEJIH‘IHbII\rII/I
AUATCOHAILHEIMUA DJIEMEHTAMH);

3) marpuusl X, ygosrereopsomue veaosuo A; X + XB; = 0, rae
{A;, B;} — sazanHBeim HAGOD MATPHIL.

35.4. Ilycte R — npocTpascTBO BCeX (hYHKIMIT, ONPEIeICHHBIX HA
MHOKECTBe S ¥ IPHHUMAIIINX BELIECTBEHHLIE 3HAYEHNA. BEIACHUTE, Ka-
Kie 13 CJIeIyIOMmX coBoKymHocTen (yukmmi f(x) € RS cocrapisaior no-
NPOCTPAHCTBO:

a) (pYHKUNH, IPHHEMAIOLINE 3HAYCHUe @ B JAHHOM TOUKe § € S;

0) pyHKINYM, TPUHEMAIOIINE 3HAYEHNE @ BO BCEX TOYKAX HEKOTOPOIO
moamuKecTra 1’ C S,

B) (pyHKIHM, 00pALIAOMAECs B HYJIb XOTA OBl B OJHOH TOYKE MHO-
XKecTBa S;

r) (pyHKUIN, MMelomue npetet a npu  — oo (mpu S = R);

1) QYHKIMM, UMemue He OOIee KOHEYHOr( YHUCJIA TOYEK PA3pPLIBA
(mpu S = R).

35.5. Ilycte K°° — mpocTpaHCTBO HECKOHEIHBIX MOCIeI0BATEIbHOC-
Ten ¢ aaeMedTaMu 13 noad K. BeICHUTE, Kakue U3 CIeyIomnx COBOKYTI-
HOCTEN MOCIEI0BATEILHOCTER COCTABIAIT B K °° MoANpocTpancTBO:

a) MoCIeI0BATETBHOCTH, B KOTOPHIX JUIL KOHETHOE THCI0 DIeMEHTOB
OTJHAYIHO OT HYJIA;

0) MOCJIeI0BATEILHOCTH, B KOTOPHIX JHUIIL KOHETHOE THCI0 DIeMEHTOB
PABHO HY.JIIO;

B) NOCIEJ0BATEILHOCTH, B KOTOPBIX BCE DJICMEHTHI OTJINIHEL OT 1.

35.6. [Tokazars, wro B npocrpancTsax R™ u C* caegyiomune coBo-
KYIHOCTH 00pa3yoT MoanpocTpalcTBa:
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a) MOCIeI0BATEIBLHOCTH, YIOBICTBOPAIOMINE Yeaosuio Koww: 1 iwo-
6oro & > 0 mangerca uncao N € N rmakoe, uro npu awoberx n,k > N
BBIMOIHACTCA HEPABEHCTBRO |1, — )| < &5

6) IMOCJIe I0BATEIBHOCTH, YIOBIETBOPAIOMEE ycaosuto 'uavbepma: pam
S |wi|? exoguTes;

B) 10C/IEI0BATEILHOCTH TOIMHOMHAILHOTNO pocTa, T.e. |z,| < Cnk,
rae C', k — HaTypadbHBIE TUCIA, 3ABUCALIEE OT TOCIET0BATEILHOCTH;

') MOCIeI0BATENBHOCTH SKCIOHCHIMAIBHOTO POCTa, T.e. |z,| < Ce™,
rae C' — NOMOKUTEIRHOE BEIIECTBEHHOE YHCJI0, 3ABUCALICe OT MOCAeI0-
BATEJLHOCTH.

35.7. BeusicHATD, KAKHE U3 CIeIYIOMNX COBOKYMHOCTEH MHOIOYWICHOB
00pa3yOT MOANPOCTPAHCTBA B mpocTpancTee R[x], (cum. 34.12) u mairtn
uxX GA3MCHL 1 PA3MEPHOCTH:

4) MHOTOICHBI, UMEIOIINE TAHHBIN KOPeHb a0 € [R;

6) MHOTOYIEHHI, NMerImme taHHbm Kopenb a € C\ R;

B) MHOIOYWIEHBI, HMEIIHNe JaHHBIE KODHU (1, ..., ) € R;

') MHOIOYICHBI, HMEIINe JaHHBIH IPOCTON KOpeHb a € R.

35.8. [okasaTh, 4TO eCad MOJANPOCTPAHCTBO BEKTOPHOT'O MHPOCT-
panctea R[z], (cm. 34.12) gaa moboro k = 0,1,...,m cogepxuT x0T

Obl OMUH MHOTOWICH CTENEeHW k W HE COAEPKUT MHOTOWICHOB CTEIEHH
> m, To OHO coBnajgaer ¢ R[z], .

35.9. Mycte R[zq,..., 2] — NPOCTPAHCTBO MHOTOWIEHOB OT TIEpe-
MEHHBIX T1,...,IT;,. HanTn:

a) pasMepHOCTh MOANPOCTPAHCTBA BCEX OJHOPOTHBIX MHOTOWICHOB
cTeneHu k;

6) pa3sMepHOCTH ero MOANPOCTPAHCTBA, COCTOAIEI0 W3 BCEX MHOIO-
“@IeHOB cTeneHn < k.

35.10. IIycte V' — n-MepHOE BEKTOpPHOE MNPOCTPAHCTBO HAJL IIO-
aem F', cocrosmmy na ¢ snementos. Hanru:

a) Ymea0 BeKTOPOB B IPOCTPAHCTBE V'

6) umesao 6azucos npocTpancTsa V;

B) YNCJIO HEBRIPOK ICHHBIX MATPHI HOPALKA 1 HAJ moaem F;

I') YMCJIO BBIPOMK ICHHBIX MATPUIl HOPAAKA 1 Haj mojaem [

1) 9uca0 k-MEepHBIX TOANPOCTPAHCTE NPOCTPAHCTRA V;

e) sucao pemennn ypaprenna AX =0, rge A — npamoyroasnas MaT-
puna pasara r, X — cronber HEM3BECTHBIX JIJIHHBL 7.
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35.11. Hautu 6a3uc 1 pasMepHOCTh JUHEMHON 000J0YKH CJIe1YIOIIEen
CHCTEMBI BEKTODOB:

a)a; =(1,0,0,-1), as=(2,1,1,0), a3=(1,1,1,1),
ay =(1,2,3,4), a5 =(0,1,2,3);
6) aqy =(1,1,1,1,0), a»=(1,1,-1,—-1,-1), a3 =(2,2,0,0,-1),
ag = (1,1,5,5,2), as =(1,-1,-1,0,0).
35.12. Ilycte L) m Ly — mognpoCTPaHCTBA KOHETHOMEPHOI'O BeK-
TopHOro npoctpancTea V. Jokazars, 9T0:

a) ecim Ly C Lo, 7o dim Ly < dim Lo, nputiénM paBeHCTBO UMEET MECTO
ToabKO npu Ly = Lo;

0) ecim dim (L, + L2) = 1+ dim(Ly N Ly), To cymma Ly + Ly paBHa
OJHOMY U3 TUX HOIIPOCTPAHCTB, a nepecedenue Ly N Lo — xpyromy;

B) ecim dim Ly +dim Ly > dimV, To L; N Ls # 0.

35.13. Ilycts U, V, W — moanpocTpaHCTBa BEKTOPHOTO MPOCTPaH-
CTBA.

a) Moxkuo mu yrBepxaats, aro UN(V + W) =(UNV)+ (UNW)?
0) [lokasaTe, 9T0 npeJLLIyIIee PABeHCTBO BepHO, ecan V C U.
B) [lokasars, 4ro

U+W)NW + V)NV +U)=[(W+V)NU]+[(V+U)nW].
r) JoxasaTs, 910

dim[(U + V) N W]+ dim(U NV) = dim[(V + W) N U] + dim(V N W).
1) Jloxasats, 110
UNAV)+VAW)+WNU)CU+V)N(V+W)n (W +U)

1 pPa3HOCTb pa:mepH()CTeﬁ ITUX IIOANIPOCTPaAHCTB ABJIACTCHA 9ETHBIM
IUCIOM.

35.14. Hauru pasMepHOCTH CYMMBL U TIePECeYeHMs JUHENHBIX 000710~
YeK CHCTeM BeKTOpOB mpocTpancTsa RY:

a) §=((1,2,0,1),(1,1,1,0)),

T = ((1,0,1,0), (1,3, 0 1))

06) S=((1,1,1,1),(1,-1,1,-1),(1,3,1,3)),
T ((1 27 ’2)’( ’27 ]’7 2)7( 713 ? ))1

) S = ( :D: ) (3: 2: ’ ):(1 -1, 17_1))
Ih= (( 1,-1,0),(0,-1,2,3), (5,— 2,—1,0)).



112 Ia. VII. Bekmopubie npocmpancmea

35.15. Hatu 6a3ucel CYMMBI M Te€pecedeHud JMHeHHBIX 000JI09eK
(a1, az,az) u (b1, ba, b3):

a) a1 =(1,21), b =(1,22),
az =(1,1,-1), b =(2,3,-1),
0'3:(1!313)? b3_(131! 3)9
6) a; = (_1361 47 7?_2)1 bl — (11 112: 11 1)7
az = (_23310s 5’ _2)1 bQ — (01 _21 Oa _17_5)1
ag = (_3565 51 65 _5)1 b3 = (21 0125 1! 3)7
8) a =(1,1,0,0,—1), b =(1,0,1,0,1),
az = (07 11 1101 1)! b? — (0:2: 11 110)1
G3:(0,0,1,1,1) b3=(1!231127_1)3
F) a; = (1?21 110)! bl = (25 _1:051)7
as = (—1,1,1,1) b2 = (1,—1,3,7};
,J‘I) a; = (1:21 _13 _2): bl = (275 _61_5)7
a3 = (3,1,1,1), by =(—1,2,-7,—3)
a3z = (_150111_1)$
35.16. Hanitu cucTeMy JUHEHHBIX YPaBHEHHH, 33 JalOULYI0 CHCTEMY
BEKTOPOB:

a‘) ((11_171:0): (1717071)3 (27011:1))1

6) ((1,-1,1,-1,1), (1,1,0,0,3), (3,1,1,-1,7)).

35.17. llycte Ly,..., Ly NOJATPOCTPAHCTBA BEKTOPHOIO MPOCT-
pancTea. [lokazaTk, 4TO:

a) cyMMa dTHX MOANPOCTPAHCTE ABIACTCA MPAMOU TOMJA M TOJILKO
TOrAa, KOrja XOTA Obl OAMH €€ BeKTOP OJHO3HAYHO MPEACTABIACTCA B
BHIE

 + ...+ Ty, el 1=k

6) yenosue L; N Ly = 0 114 mo0BIX pasan4HbX ¢ 1 j oT 1 10 k He ABIA-
eTCA JOCTATOYHBIM A TOr0, YTOGBI CYyMMa 3TUX MOAIPOCTPAHCTB ObLIA
IPAMOU.

35.18. Ilycre moanpocrpancrea U,V CR" 3aganel ypaBHeHHAMU
ri+axs+...+x, =0, Ll =85 == Ty

Hoxazare, uro R" = U @&V, 1 HanTn npoexknun e IMHNMHBIX BEKTOPOB Ha
U napamneasso V' u Ha V' nmapasmneasno U.

35.19. IIycTe B mpocTpancTee RY

U=((1,1,1,1), (-1,-2,0,1)), V={(-1,-1,1,-1), (2,2,0,1)).



§ 35. Hodnpocmpancmsa 113

Hokasatb, uro R = U @ V, u maittu npoexkumo pextopa (4,2,4,4) Ha
noanpocTpaacTBo U mapamwmensuo V.

35.20. [lokasath, 9To m1a Joboro moinpocrpadHcTBa U C R™ cy-
eCTBYeT Takoe nognpocrpancTtso V, ayto R =U @ V.

35.21. Joxkasarn, uto npoctpanctso MaTpun M, (R) asiserca npsa-
MOU CYMMOM TOAIPOCTPAHCTBA CUMMETPUYECKHUX M HOANPOCTPAHCTBA KO-
COCUMMETPHYECKUX MATPHI, U HAUTH MPOEKIHA MATPHUIILL

1 1 ... 1
0 1 ... 1
0 0 1

Ha Kax/Joe M3 3THUX NOJNPOCTPAHCTB NapalLlelbHO APYIOMY IIOIIPOCT-
pPaHCTBY.

35.22. TlycTs U — noAnpocTpaHCTBO KOCOCHMMETPHICCKHX MATPHII,
NOANPOCTPAHCTEO BepXHETPEyTroabHEX MaTpun B M, (R).
a) Jokasare, uto U @V = M, (R).

6) Hautn npoexnmio marpun Fij va U n V.

|4

35.23. [lycte U — mnoanpoCTPaHCTBO CHMMETPHYECKUX MAaTPHIL,
MOAIPOCTPAHCTBO BEPXHEHWIbTPeyroasubix Matpun 8 M, (R).

a) Jokasark, uro U @V = M, (R).

6) Hanru npoeximo marpuner F;; va U n V.

|4

35.24. Ilycts F noae U3 ¢ »aeMeHToB, U — HOAMpOCTpaHCTBO
pPasMepHOCTH M B mpocTpancTse V pasmeproctu n. HauTu amcao taxkux
nognpocrpascte W s V,aro V =U & W.

35.25. [lycte V — JuHenHOE NPOCTPAHCTBO HAT OECKOHETHBIM MOJIEM
F u Vy,...,Vp — nognpocrpaucrea B V', mpuuém V =V, U ... U V.
HMokasark, uro V = V; mia wekoroporoi =1,... k.

35.26. Ilycts V' — ammennoe npoctpancTeo Hag modem F, U, W —
noanpoctpancTsa B V., npuuém U U W = V. Jokasats, uto V = U wm
V=W.

35.27. [IpuBecTnn mpumep TAKOrO MPOCTpaHcTBa V' HAJ KOHETHBIM
nomeMm, uro V = Uy UU; UUs, rae Uy, Uy, U3 — cobcTBeHHBIC HOJ-
npocrpascTsa B V.

8 A.N. Kocrpukun
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§ 36. JIunennbie GyHKIUM 1 OTOOpaKeHUA

36.1. Mycte v, A,y A2, A=,y — mocregosa-

TeILHOCTE JTAHEMHBIX 0TOOPAKEHIH BEKTOPHEIX TPOCTPAHCTB. /[0KA3aTh,
9TO

Z dim Ker A; — Z dim(V;/Im A;) = dim Vj — dim V,,,.

i=1 i=1

36.2. Ilycre F — moae u3 ¢ saementos. Hanru:
a) YMCI0 AMHeRHBIX oToGpaxkenuin F™ B npocrpancreo FF;
6) YHCJI0 TMHEHHBIX MHBEKTHBHEIX 0TOOpaxkenuin F" B FF:

B) “HCJI0 JMHEHHBIX CIOPBEKTUBHEIX oTOOpaxenui F" B FF,

36.3. IlycTe uuenHoe oTobOpaxkenue A: V' — W B Gasucax (e, 2, €3)

3 4 5
Hawrn marpuny orobpaxenus A B 6aszucax (e;,e) + ez, €1 + €2 +e3) u
(f1: f1 + fo).
36.4. lIycre L = K[z]; (cm. 34.12), K — noxe. Hawru maTpuiy Jam-
uennoro orobpaxkenua A: f(x)— f(S) npocrpancrsa L B mpocTpancTso

M =M, (K), rae S = (:f ;

1 2
npoctpanersa V u (f1, fo) npocrpancrsa W umeer maTpuiy (0 )

— (pMKCHpPOBaHHAA MATpUIIA, ecau B L BHI-

d
opan Gazuc (1,z), a B M — Gasuc U3 MATPUYHBIX €IMHII.

36.5. [lycte A, B: V - W — jumennbie 0ToOpaKeHUs, IPUIEM
dim(Im A) < dim(Im B). Jokazare, 9T0 CyIWECTBYIOT TAKHE ONEPATOPLL
C,DBV uW,uro A=DBC, npuaém C (mm D) MOKHO BEIODATH HEBbI-
PO ICHHBIM.

36.6. IIycte A, B: V — W — juneinrle orodpaxenus. Joxka3aTs,
4TO CJIeIYIONNe YCJIOBUA DKBUBAJCHTHBL:

a) Ker A < Ker B;

6) B = CA mna mexoroporo oneparopa C B W.

36.7. llycte A, B: V — W — nunennrne orobpaxenus. [[oka3aTs,
YTO CJACIYIONNE YCIOBUA SKBUBAJCHTHLL:

a) ImA C Im B;

6) A = BD man mexoroporo onepatopa D B V.

36.8. llycts A: V — W — gunennoe oroGpaxkenune. [okazaTs, 110

CYMIECTBYeT TAaKOe auHennoe orobpaxenne : W — V', aro A = ABA,
B = BAB.
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36.9. Ilycte V = R[z],, u oTob6paxenns a® (a € R), 8%, v* npocTpan-
crea V' B R saganb npaBmiaMu

a®(f) = fla), BN =590, ~) =/D fz)dz.

JlokazaTk, ITO CHCTEMBI:

- 0 1 N, 0 1 n. 0 1 n.
a) a’,a,...,a"; 6) 8% 8% .., 8%  B) 1YY
ABIAIOTCA OazmcaMm CONPAXKEHHOTO IpocTpaHcTBa V7.

36.10. a) [lokasarh, 9TO MId KaKIOrO 0a3uUCa CONPSKEHHOTO
npocTpacTBa V' CyIIecTByeT eJUHCTBEHHLIM 0a3uc mpocTpaHcTBa V),
1A KOTOPOrO TaHHBIM 0A3MC ABJIACTCSA COMPIAKCHHBIM.

0) Hamru aToT Gasuc B aagade 36.9, a).

B) Haurn stotr 6asuc B 3agaqge 36.9, 6).

36.11. [Tokasarh, uTo 414 11060H HEHYIeBOU JuHeHHON hyHKIMA f Ha
n-MepHOM npocTpaHcTse V cymectsyer 6asuc (eq,...,€,) IPOCTPAHCT-
Ba V' Takon, 94TO

flxies + ...+ xpey) =2

A 00X KOAMDMUIUEHTOB T, ..., Ty.

36.12. JlokasaThk, 4T0 BCAKOE K-MEPHOE MOANPOCTPAHCTRO N-MEPHO-
'O IpoCTpaHCTBA ABJAAETCA MepecevIeHueM saiep HEKOTOPHBIX 71 — k JIHHEI:'I—
HBEIX (DYHKITHH.

36.13. [lycte f — HenyaeBas JauHenHas (QYHKINA HA BEKTOPHOM
npocTparcTee Vo (e obmzarennuo xomeusHomepuom), U = Ker f. Ho-
Ka3aTh, YTO:

a) U — maxcumaabnoe nOANpOCTPAHCTEO V, T.€. HE COLEPKUTCA HU
B KaKOM IPYTOM MHOJNPOCTPAHCTBE, OTIMIHOM OT V5

6) V =U & (a) paa moboro a ¢ U.

36.14. /JokasaTb, 9TO ecIM ABe JUHEHHbIE (DYHKIMH HA BEKTOPHOM
IPOCTPAHCTBE UMEIOT O IMHAKOBBIE AAPA, TO OHY PA3INIAITCS IHHENHBIM
MHOZKHTEJeM.

36.15. [JokasaTh, 9TO N JAHEHHLIX (QYHKIUN Ha N-MEPHOM MPOCT-
PAHCTBE JUHENHO HE3ABUCUMEL TODA U TOJBKO TOT A, KO A ePeCeIeHne
UX AlEep eCTh HYJEBOE MOIIMPOCTPAHCTRO.

36.16. [lokasaTh, 9TO BEKTOPHL €1,...,€; KOHEIHOMEPHOIO MPOCT-
parcTBa V JIMHEHHO HE3ABUCHMEI TOTAA W TOJLKO TOLIA, KO A CYIIECT-
BytoT auneinsie Gyukuun ... f* € V* rakue, uro det (fi(e;)) # 0.

8*



116 Ia. VII. Bekmopubie npocmpancmea

36.17. [L1a BeAKOro noaMuokecTBa U KOHEYHOMEPHOI'O IIPOCTPAHCT-
Ba V' m 1ma Beaxoro moamuoxecTsa W oconpakénnoro npocrpancTea V'
TIOJOKHIM

O ={f e V*| f(z) =0 gan moboro z € U},
WO ={z € V| f(x) = 0 nna mob6oir pyukman f € V*}.

Hoxasarts, ¥To:

a) UY — noampoctpanctso B V*, u ecim U — mOANPOCTPAHCTBO, TO
dimU + dimU? = dim V;

6) ecom Uy u Us — noanpocrpasncrsa s V, o U = UY Toraa u Toabko
Toraa, korjaa U; = Us;

B) i aroboro noanpocrpanctea U npocrpaseTsa V

U =U, (+W)°"=02nU], (ULnl)°=U]+U2.

36.18. [JoxaszaTs, 4To mpocTpaHcTBo MHOrowieHoB (Q[z] e wmso-
MOD(PHO CBOEMY COMPAKEHHOMY.

36.19. Ilycte [;,lo — 1aBe JWHENHLIC (YHKIUA HA JHHEHHOM
npocrpanctee V, npuuém y (x)la(z) = 0 gua Beex x € V. [JokasaTs, 910
OJHa 13 (PYHKILMHA HYJIeBasd.

36.20. Ilycts Iy, ...l —auHenHbIe QYHKINN HA JHUHEHHOM BEKTOD-

HOM mpocTpaHcTBe V' man OGeckonedHbelM mogdem. JokaszaTes, 9TO ecan

()...lg(x) =0 gaa Beex z € V', To ogHa U3 HYHKUMI HYI€Bas.

36.21. Ilycte K — koHeuHoe moJe ua ¢" aaeMeHTOB, F' — noamoae B
K u3 q sanementoB, l[(z) =z + 29+ ...+ a:q?k], x € K. [okazaTh, 1TO:

a) l(x) — /mEensEBm omepaTop B K Kak BEKTOPHOM NPOCTPAHCTBE
Hag I

6) sagpo onepaTopa [(z) cocTOMT U3 Beex aneMeHToB Buia a — a’, rae
a€ K;

B) F nexur B agpe oneparopa [(x) Torga m TOABKO TOrAa, KOrja
XapaKTePUCTUKA ToAA K JTeauT ni.



I'masa VIII

BUJIMHEVHBIE 1 KBA/IPATUYHBIE
DPYHKIINN

§ 37. OGue GUIMHENHbBIE U MOJYTOPATHHENHbIE (DYHKIIUH

B sTom naparpadye npeanoaaraeTces, 9To XapaKTePUCTUKA OCHOBHOTO
MOJIA OTJIAYHA OT ABYX.

37.1. Kakue us caegyoummx (GyHKUUE ABYX apryMEHTOB ABJIAKTCA
OMIMHEMHBIME (DYHKIIMAMU B COOTBETCTBYIOMIUX [IPOCTPAHCTBAX:
a) flz,y)='z-y (x, y € F" — cToabusr, F — momne);
0) f(A,B) =tr(AB) (A,B € M, (F), F — noze);

B) f(A,B) = tr(AB — BA);

r) f(A, B) = det(AB);

2) F(A, B) = tr(A + B);

e) f(4,B) =tr(A-'B);

x) f(A,B) = tr('A- B);

3) f(A, B) — xoadpunment Ha mecte (i, j) MaTpunsr AB;

n) f(u,v) =Re(uv) (u,v€C, C— BexTopHOE IpocTpaHcTBO HaL R);
k) f(u,v) = Re(uv);

a) f(u,v) = |uwl;

H) f(u,v) = ] uvdt (u,v — menpepsiBHbE (GYHKIAU apryMeHTa b
);

Ha oTpeske [a, b
[

o) flu,v) = [ we' dt (u,v — audppepertmpyemble (hyHKIMU HA OT-
b

peske [a, b], mpuaém u(a) = u(b) = v(a) = v(b) = 0);
) f(u,v) =/ (u + v)?dt;

b
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p) flu,v) = (w)(a) (u,v € Flz], a€F);

d
c) flu,v uv)(a);
) f(u,0) = 5 (w)(a);
T) flu,v) = |u+v|* = |[u? = |v|* (u,v € R®);
y) flu,v) =e(u xv) (X — BekTOpHOE yMHOXKEHHE, £(T) — CcyMMa
KOOP/MHAT BEKTOPA T B 3aJaHHOM Gasuce).

37.2. B xoHeYHOMEPHBIX IPOCTPAHCTBAX U3 3a1a4u 37.1 BeiOpars Oa-
3UC U HAUTHM MATPHUILI COOTBETCTBYIOMMX DUIMHENHBLIX (DYHKIIHN.

37.3. llycres F' — nose n F'(x) — nosne panmoHAJLHBIX (QYHKIIMNI OT
nepeMeHHon x. JOKasaTh, YTO OTOOpAKEHHA T — £x7 3aJal0T aBTOMOP-
(duaMel BTOporo nopaaka B F(z), rae e,7 = 1 u (g,7) # (1,1).

37.4. Mlycte p,q — pasamusble npocThie dncaa. [JokaszaTh, 94TO Be-
mecTBeHHbIe Yucia Bujga a + b/p + ¢\ /g + d\/pg. rae a,b,c,d € Q, oGpa-
ayior noanoae Q(/p, /q) B R. [Iposeputs, uro oTobpaxenue

t—=T=a—b/p+cyqg—dypg

ABJACTCA aBTOM()pq)HBMOM BTOPOro mopajika B 3TOM II0JIC.

37.5. IlycTe F' — mose ¢ apToMOPMUIMOM @ — @ BTOPOT'O MOPAAKA.
Kakue 13 creayomux pyHKIUH IBYX apCyMEHTOB ABIAOTCA MOy TOPAJIH-
HeMHBIMHM (YHKIMAME B COOTBETCTBYIOMINX BEKTOPHEIX [IPOCTPAHCTBAX:

a) f(a,b) =ta-b (a, b€ F" — cTonbum);

6) f(A,B) =tr(AB) (A4, B € M, (F));

8) f(A, B) = det(AB);

r) f(4,B) =tr(A-'B);

x) f(A,B) = tr(A-*B);

e) f(A, B) — saement, crosmmit na mecte (i,j) marpunsr AB;

x) f(A, B) — saement, croammit Ha Mecte (i,j) marpuus A'B;

d
a) flu,v) = E(uﬁ)(a), (u,v € F[z], a € F; npumenerne aBToMOphI3-
Ma K MHOTOWICHY 03HAYACT NMPUMEHCHHE ero KO BCeM KoaqupUIMeHTaM).
37.6. Hantu maTpuny OwinaernHON (PyHKIMK [ B HOBOM Oasuce, ecaun
3aJaHBl €€ MATPULA B CTAPOM Oasuce u pOPMYJIBL IEPexoaa:
1. 2 3 el = e —ea,
&) 4 5 6 s e’2=&‘1+€3,
T 8 9 e3 = e1 + ez + e3;
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0 2 1 6'; =€1+2€2—(’.3,
6) -2 20 , Cf_; = €3 — €3,
1 0 3 €f3=—€1+62—363.

37.7. IlycTe monyTopaiuHenHad GyHKINA f B IBYMEPHOM KOMILICKC-
HOM IpocTpaHcTBe ¢ basucom (eq, es) sagana Mmarpuuen 5. Hantn mar-
puty B’ ¢yuxuun f B Gasuce (e, eh), rae:

a)B:(H_I —1) el = e +iey,

0 —1i ey = +ie) + ea;

2 —1414 el = 2e; —iey

B = ) i 1 . ’
B) (—z 0 ) eh = iep + ey.

37.8. [lycre Omnmuennas (pyuxkuua f 3agaHa B HEKOTOpoM Oasmce
varpuueu F. Hauru f(x,y), econ:

1 -1 1
a) F= -2 -1 3 ], T _ (1110,23),_4).
0 4 5 y= 3 &y ?
¥ L &= (14+i,1—4,1)
0) F=| -1+ 0 B Pl s
9+i 3—i y=(-2+1,—i,3+ 2i).
37.9. Haittu snavenue f HOJY TOPATHHEHHON (YHKIMH, 3a1aH-

HOHI B HEKOTOpPOM Oazuce KOMI’L‘]GKCHOFO IIPOCTPAaHCTBA M(IT})HIIQI'] B, ec-
JIN:

_( 52 &= (i,~2),
a)B_(l z) y=(1-14,3+1i);

6)B:(—i 1—21:) z=(2,i+3),

-4 243 y=(—i,6 — 2i).
37.10. Ilycts g — Owmmnennasn yHkmmsa ¢ MaTpuien G B HEKOTOPOM
basuce npoctpanctsa V, A — gunennnm omepaTtop B V¢ MaTpunen

A. HauTn B aTOM Gasuce MaTpuily Ommuaenson Gyaxuun f(u,v) = g(u,
A(v)), ecan:

1 -1 0 = i 1
aG=|2 o0 -2, 4A=|-3 -4 2];

3 4 5 1 -2 -3

01 2 1 -4 3
6)G=|[4 0 3], A= 4 -1 -2

56 0 8 B i

37.11. TlycTe g — nmoayropanunaenHas Gpyukiusa ¢ marpunen G B He-
KOTOpOM 0asuce IHHEHHOr O npocTpaHcTsa V', A — JIMHeMHLIA onepaTop
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B V ¢ marpunen A. HauTu B aTOM Oasuce MATPHIY [OJYTOPATHHENHON
dyaxumn f(u,v) = g(u, A(v)), ecam:

—5+i 2 i 0
a)G‘( —i 4+i)’ A—( 2 —i)’
_(4-i 2-i _[(-i+1 0
6)G‘( 0 1+i)’ ‘4‘( 1 3+i)'

37.12. Hanru nesoe u npapoe aapa ouwinHenHow pyHkKuuu f, 3anaH-
HOU B Oazuce (e, ez, €3) MATPUIEH:

2 -3 1 4 3 2
a) (3 -5 5]: o6 [1 3 5
5 -8 6 36 9

37.13. Iycts F = Q(v/3) u

T=a-b/3, ecin z = a+ bV3, rae
a,b € (). HauTy B IBYMEpPHOM BEKTODHOM IIPOCTPAaHCTBE Haja F Jepoe

1 TIPABOC AIpa MOy TOPATHHENHON (DYHKINH, 3a1aHHON B 6asuce (e, €2)
MATPULEH:

&) 1+v3 —-1-v3)\. o) (73 23
1 2-v3 ) 2v3 4 )
37.14. HauTu sesoe u mpasoe agpa OmiuHenHOH dyukunn f(x,y) =
= (z, A(y)), re A

JMHEHHBIA onepaTop ¢ MaTpuied A B OpTOHOPMU-
poBanHoM Gasuce (e, €2, €3) €BKINIOBA IPOCTPAHCTBRA:

5 -6 1 2 —1 3
a)A=|3 -5 -2 |; 6 A=[3 -2 2
2 -1 3

5 —4 0
37.15. Ilycte F, T w3 37.13. Hautu nepoe u npapoe Aapa mogIyTopa-
muHenHon dysxkmun f(z,y) = gz, A(y)), rge A — nuHeUHBIN omepaTop

¢ marpuien A, g — momyTopanuHenHas (PYHKIUA B IBYMEPHOM HPOCT-
paHcTBe, nMeIans B 6azuce (€, €s) eUHUYHYIO MATDUILY:

san(5 ) 0 a5 )

0 0
37.16. Ilycre f — Owimuennas ¢yukuus ¢ marpuner F' Ha BekTOp-
oM npocTpancTee V, U — mognpocrpancrso B V. HanTu nesoe u npasoe
opTOroHadbHEe gononHenus K U oTHocuTeasHo f (T.e. MAKCMMAILHBIC
noanpocrparctea U3 u Us takue, uro f(Uy,U) = f(U,Uz) =0), ecan:
4 1 3
a‘) F=13 3 6 ’ U':((],_I,U),(_213’1}>7
2 5 9
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6 —8 5
6)F=|[5 -5 3], U={((2,0,-3),(3,1,-5)).
1 -3 2
37.17. llpu F, T w3 37.13, n f — moayropaivHenHas (pYHKINA €
marpuuer G Ha BekTOpHOM npocrpancTse V, U — HOANpOCTPaHCTBO

B V. HanTn nepoe u npaBoe 0pTOroHAIBHEIE JOIONHeHNA K U/ OTHOCHTEIb-

HO f, ecan:
1+v3 2 —/3
a) G = 0 1 2 |, ((1,0,4/3), (0,2, 1));
1-v3 2 0
1 —v3 2
6)G=|2 0 1], U={(1,-v32)
1 1-v3 V3

37.18. Ilycts F — KoHeWHOE MOJE U3 ¢° BIEMeHTOB, TpuIem T = 7
aaa seex x € F. Ilpeanonoxum, aro K KOHEYHOE TIOJNE, CoaepKa-
mee F'un =dimp K. JokasaTe, 4T0:

a) = T — aBTOMOpP(U3M BTOPOro nopsika s F;

6) QpyHKunA

2n—2 {20—1

fay) =ay? +ay” +. . a2ty

ABIAETCA DOy TOpPATHHENHOU (pyHKumen B K Kak BEKTOPHOM NIPOCTPAH-
crBe Hag F;

B) pyuxkuua f(z,y) ua 6) HEBLIPOXK AEHA;

') HAUTH JEBOE U MPABOE OPTOTOHAIBHEE HonoaHenus K F' s K or-
HOCHTeIsHO f(2,7).

37.19. Mycts F = Q[i], K = F[V/2]. Paccmorpum K Kak BeKTOpHOE
npocTpadcTBo Hag F. [lokasars, 9To:

a) dimp K = 2;

6) dynxmma f(z) +20v2, t +t2v/2) = 2111 + 22919, nie YepTa O3HATACT
KOMILIEKCHOE CONPAMKEHHE, ABIAETCA NOMdyTopatudenson Gyukumen 5 K
KaK BEeKTOPHOM TPOCTPAHCTBE Haj F;

B) HaiTH MaTpuny f B Gasuce e; = 1, e = /2;

I') I0Ka3aTh, 9TO GYHKIAA f HEBBIPOK ICHA;

1) HAWTH JEBOE W NpaBoe OPTOrOHAIBHBE fomonHeHua Kk F' B K oT-
HOCUTENBHO f.

37.20. Mycrs F = C(r) — nose panuoHATEHBX (DYHKIHE € ABTOMOD-
¢mamoM, pu koTOpoM T — £x’, rae &, 7 = +1, (g,7) # (1,1).
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4

a) [JoxaszaTb, 4T0 MHOrOWIeH y' — & € Fy] menpusoaum Hax F.

6) [okasats, uto B mone K = F[y]/(y* —z) xax sexTopHOM npocTpan-
crBe Ha g F dyHkuma

flu,v) = ulz,y)o(iz,y) + u(z, iy)v(ez”, iy)+
+ u(x, —y)v(ex”, —y) + u(x, —iy)v(ex™, —iy)

ABIACTCA TOIYTOPATUHENHON.

8) Hairtu marpuny f(u,v) B 6asuce 1,y,3>,y° npocrpancrea K nan
noxem F.

r) JokasaTh HEBEIPOXK ICHHOCTEL (yHKIUN f.

1) Hauru mesoe m mpaBoe OPTOrOHAILHEIE TONOJHEHNA K JIMHEHHOU
obonouxe (1,y) B K.

e) Haitu B K Takoit Gaanc ug,ur,us,us, 910 f(u;,y?) = &;;, rae
i,j=0,1,2,3.

37.21. Ilpn Kakux M3 CICAYIOIMX DIEMEHTAPHLIX NPeodpas’oBaHuM
Oasuca MaTpuna OMINHEMHOM (DYHKIIMK MEHAeTCS TaK JKe, KaKk MATPHIa
JMHEMHOTO ONEepaTopa:

a) (e15---5€45--s8n) > (€1,..., 84, ...,en);
6) (€1,...,€4...yn) = (€1,...,8+ Aej,...,en) (F #1);
B) (€1,.+1€iyev3€jy.enyln) = (€1,.003€50.3€45...,65)7

37.22. Hautu ceasp Mex gy maTpunamMu A, B, G IHHEHHBIX onepaTo-
poe A, B n ommuHenHON (TMOIYTOPATHHEHHON) (DYHKIMH § B HEKOTOPOM
Gasuce npocTpaHcTBa M MaTpuuen F OuimHernHON (MOJIYTOpaJInHENnHON)
(hbyHKLIMN

f(z,y) = g(A(z), B(y))-

37.23. /Jlokazare, 9TO BCAKAag OWIMHEHHas (HOJyTOpATHHEMHAA)
¢dyaxmma f paara | mMoxeT OBITH NpelcTABICHA B BHIE NMPOM3BEICHUA
aByx uHenHbIX Qysxunn p(z)q(y) (coorsercrsenso p(x)q(7)). K kakomy
OPOCTENIIEMY BUIY MOXKHO MPUBECTH MATPUIY (DYHKIMH f € IOMOIILIO
3aMeHnl Dasuca?

37.24. Tlycte e = (e1,...,ey,), € = (e]....,e),) — aBa Oasmuca mpo-
crpanctsa V, C' — maTpuuma mepexoga or e k €', f — OmiuHenHas
(noayropamuaensan) pynkuus Ha V ¢ marpunavu Fu F' B oTux 6asu-
cax. Hanru cBase mexay marpunavum F, F'.

37.25. Jllokasars, 4TO Gmmﬂeﬁnme ¥ TOJIY TOPAIUHEHHEIE (DYHKIIMHA
tr(AB), tr(A'B), tr(AB), tr(A'B) ma npocrpanctse M, (K) spimoTes

HEBBIPOXK JeHHbIMU.
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37.26. JJokasaTb, 4TO pasMEepHOCTH JEBOCO M IPABOIO Agep OMIH-
HEeHHOH (MOJYTOPATMHENHON) (DYHKINH COBIAAIOT, OJHAKO CAMH fAIPa
MOTYT 1 HE COBIIaJaTb.

37.27. llycte f — HeBwIpOXKAeHHAA OWIMHEHHasA (IMOIyTOpaTMHEeH-
Has) yukuua Ha npocrpancTse V. [TokazaTs, 4T0 11 J000U JMHENHON
(GyHKUMH p HANZETCA €IMHCTBEHHBEIM BeKTOp v € V' takom, uyro p(x) =
= f(z,v) g1a moboro x € V, n oToOpaxeHue p — v ABIACTCA H3OMOP-
¢uamMoM nipocTpancTs V' u V.

37.28. llycte F' — MaTpua HEBEIPOXK IEHHOU OWINHENHOU (hYHKINK
f Ha BemecTBeHHOM TPOCTPAHCTBE PA3MEPHOCTH N.

a) llokaszaTh, 9TO NIpM HEYETHOM N MATpULA —F He ABIAETCA MATPH-
uen (pyHknun f HE B KaxoM Oasuce mpocTpaHcTsa V.

0) BepHo am yTBep:KIeHNe a) IIa 98THOTO 117

B) Beprno am yTBep:xkAeHme a) mpu UIETHOM N AIA JUATOHATLHON
maTpunsl F7

37.29. llycte g HeHyJIeBOH OWIMHENHOM (IOJYTOPAINHEHHOHU)
dyukuuy f #a npocrpascrBe 1V CylIECTBYeT Takoe UUCIO £, YTO A
mobbix x,y € V

f(ya ~E) = Ef(.’l:, y)
(coorsercTrenno f(y,z) = cf(x,y)). Jokasars, 1T0:

a) € pasuo 1 wm —1;

6) ectu Uy u Us —— BOOMHE M30TPOMHEIE [OAIPOCTPAHCTBA OTHOCH-
TeIbHO f, MMelomue 0 IMHAKOBYIO pasMepHocTh, u Uy NUs- = 0, To orpa-
Huuerne f Ha ux cymmy Uy + Us — HeBIpO® AcHHAA QYHKIMA;

B) ecm W, m Wy — mMakcHMaJbHBEIC BIOJHE H3OTPONHEE MOAIPO-
crparcTBa oTHOCHTENREHO f u Wy MWy =0, To dim W = dim Ws;

') ecu HEBLIPOK IEHHBIE OWINHEenHBe (PYHKIUKM f1 U fa yIOBIETBO-
pAKOT pa.C(fl\{anHBaeMOl\{y YCJI0BUIO (HI)H OJHOM 1 TOM XKe E) " OTHOCH-

TEJABHO KAXKA0M U3 HUX V' ABIAETCA NPAMOM CYMMOHM [ABYX M30TDOIHBIX
MOAMPOCTPARCTB, TO (BYHKIUHU f; U fi DKBUBAICHTHEL.

37.30. Ilycte f — OmimuemHAs (mOXyTOpaIWHEenHAsd) QYHKOUA HA
npocTpacTse V' u maa mobex z,y € V u3 pasencrBa f(x,y) = 0 BBI-
Texaer f(y,z) = 0. Joxasats, aro:

a) ecom f — OwimHenHAas (PYHKIUA, TO f — CHAMMETPUYHAA HINM KO-
COCHMMETPHYIHASA (DYHKIIHS;

0) ecin f — morxyropamuaensas Gyuxiu, To f — aubo 3pMUTOBA,
JUO0 KOCOZPMUTOBA (DYHKIUA.
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37.31. Ilycte fi, fo — OwimmHeHHBIE (MOIYyTOPATHHENHEIE) (VHKIAK
Ha mpocTpaHcTBe V¢ GasucoM (er,...,e,). Ha npocrpanctee W ¢ ba-
3UCOM (11,8125« +, 1y G215+ 3 A2y -5 Aply e - s Qpy) ONPEIEIUM OMIN-
HenHYI0 QYHKIUIO f, TOI0KUB
flaij, ap) = filei, ex) fa(ej, ).
a) Hanru marpnuy dyukuun f B 3agapnom Gasuce.

6) [llokasaTek, ITO ecanM MPOCTPAHCTBO V' ABIACTCA NPAMOH CYMMOH
BIIOJIHE M30TPONHLIX MOANPOCTPAHCTB OTHOCUTENBHO f1, To W aBisercs
OPAMOM CYMMOM BIIOJHE W30TPONHBIX HOAIPOCTPAHCTE OTHOCUTENLHO f.

37.32. He npousBoa BLIMKUCICHEH, BEIACHATE, DKBUBAJICHTHEI J1 GI-
JMHEUHbIe (DyHKIM:
a) fi(z,y) = 2x1y2 — 3x1Y3 + T2y3 — 2T2y1 — T3Y2 + 3T3Y1,
falm,y) = z1y2 — T2y1 + 2x2y2 + 321Y3 — 3T3Y15
6) filz,y) = 131 +iz1y2,
falz,y) =2y + (L +d)xy2 + (1 — i) xayy — ixays.
37.33. IIpuBecTn K KAHOHMYECKOMY BHAY KOCOCHMMMETPHYUCCKHE OM-
JHHEeHHLIe (hyHKIIHN:
a) T1y2 — T1Yz — Tay1 + 22y3 + T3y1 — 2T3Y0;
6) 2x1y2 + T1Y3 — 2x2y) + 3x2ys — T3Yy1 — 3T3Y2;
B) T1Ys + T4ys — Toyy + 2ways — 2w3ys + 3x3ys — w1y — ITays;
r) T1Y2 + T1Ys + T1Ys — Tay1 — TaYs + TaYa + T3Ys — TaY1 — Tays.
37.34. TIpuBecTH K KAHOHHYCCKOMY BHIY KOCOBPMUTOBY (hYHKIIMIO B
KOMILICKCHOM TIPOCTPAHCTRE:
a) TPy — i1 — iT2Y5 — T1y2 + iT1ys + iTays + i217, — iT1y1;
6) (1+i)x1Ty + 22173 + 1217y — (1 — i)x2y3 — (1 — i)Trys +
+if1y4 + (1 + 3)521}3 + 2?:.11‘2@2 - 2f1 3.

1
37.35. Jlokasats, uro dyukuua h(f,g) = f fg¢' dx ma npocTpanct-
0

Be MHOI'OWIEHOB CTeleHH < 5, 00pamammmuxcs B Hyab B Toukax (0 u 1,
ABIACTCA KOCOCMMMETPUHYECKOU, M HAUTH [/ HE€ KAHOHUYECKUH Oa3uc.

37.36. [JoxazaTs, ITO ONPEIETUTENs IETOTHCICHHON KOCOCUMMETPH-
YECKOU MATPULEL ABIACTCA KBAIPATOM LEJION0 THCIA.

37.37. Ilycte f — KococuMMeTpUYeCKasa OWIMHENHaa (PYHKINA
Ha mpoctpancTtee V, W — moampocTparctso B V, WL — ero opto-
roHAJMBHOE jgomogaueHue oraocuTeasHo f. Jokasars, uro dim W —
—dim(W N W+) — uérroe uucio.



§ 37, Obwue buaunednbie u noaymopasunetinve Hyrryun 125

37.38. [okasaThb, 4TO A1 J0OO0H KOCODPMUTOBOH KOMILIEKCHON
MaTpuiel A cymecTByeT Takad HeBHIpOAKIeHHas wMarpuma C, 49TO
CA'C — amarosajgbHas MATPUILA, OPHIEM [0 MNIABHOH JUATOHATN CTOAT
MHUCTO MHUMBIE KOMILIEKCHBIE TUCIA.

37.39. Ilycts f — KococumMeTpHyuecKad OWIMHENHAs (PYHKIMA Ha
npocrparerse V, V' — eé aapo, W — MakcuMalbHOE BIOJIHE U30TPOMHOE
noAnpocTpascTeo. JokasaTs paBeHCTBO

dim W — dim V' + dim V' -
2
37.40. Tlycts f — HEBBIPOXKACHHAA KOCOCHMMETPHYECKAS OWIMHEN-
Has (pYHKLMA Ha n-mMepHoM npocrpanctse V, G = (gij) — Kococummer-
pU¥ecKas MaTpHa TOpsAaka n. [oka3aTh, 9TO CYIIECTBYIOT BEKTOPEHI
v1,-..,Vn € V Takue, aro g;; = f(vi, v;)-

37.41. llycrs f(x,y) — spuuToBa QYHKIMA B KOMILIEKCHOM MPO-
crpancTie, q(z) = f(z,z). JokasaTs paBeHCTBO

4f(z,y) = q(z +y) — q(z — y) +ig(z + iy) — ig(z — iy).

37.42. [lokazaTh, YTO BEIICCTBEHHAA M MHHUMAasg HYacTH 3PMUTOBOH
(GYHKIMM HA KOMILIEKCHOM BEKTOPHOM MPOCTPAHCTBE V' ABIAIOTCA COOT-
BETCTBEHHO CHMMETPHIECKON ¥ KOCOCHMMETPHIECKON (yHKImaAMu Ha V,
PACCMATPHBAEMOM KAaK 2N-MEDHOE BEIIECTBEHHOE BEKTOPHOE IIPOCT-
PAHCTBO.

37.43. [lokasarh, 9TO ecau f — MOJOKHUTEIBLHO ONPEACJICHHAS DPMU-
TOBa (pOpMa HA KOMILIEKCHOM IIPOCTPAHCTBE, TO

f(.l':, y)f(-L', y) < f(:II,I) . f(ya y)'

37.44. Ilycte A — JIMHEHHEIA omepaTop, [ — MOJOKATEABHO OImpe-
ETEHHAA SPMATOBA (PYHKIHA HA KOMILIEKCHOM BEKTOPHOM IIPOCTPAHCT-
Be V. [Mokasars, uro ecam f(A(z),z) = 0 gas moboro z € V, To A
HYJEBOU OMEPATOP.

BepHo n 370 yTBEepK AeHNE IS CAMMETPUYICCKUX OMTHHEHHEX Yy HK-
LU HA BEIIeCTBEHHOM mpocTpaHcTse V7

37.45. s KakuX 3HAYEHUN N HeBLIPOXK 1eHHAA OMIMHEeNHAA (DYHKIUSA
Ha N-MEPHOM BEKTOPHOM IPOCTPAHCTBE MOXKeT 06/1a1aTh:

4) BIOJIHE W30TPONHBIM MOANPOCTPAHCTEOM Pa3MepHOCTH 1 — 1;

0) BIOJIHE UB0OTPOMHBIM HOAIPOCTPAHCTBOM pasMepHocTy n — 27
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BrisecTn (GOpMYIY LI MAKCHUMaJIbHO BO3MOKHOU Pa3MepHOCTH BIIOJI-
He M30TPOMHOTO IMOJINPOCTPAaHCTBA.

37.46. Ilycte A = (a;;) € M, (R) — cummeTpudeckas MaTpuLa u

n 92 f
H= g::l I 00,
— muppepeHIIATBHEI onepaTop B Rz, ..., x,].
NoxazaTtp, 4TO:
a) ecan
1 at
C = . C € GL,(R),
Irn Yn

- 3aMeHa INepeMeHHBIX, TO

L(f)= Y by

HE—a )
Yy
52 Owidy;
rae (bi;) = CA'C;
6) CyLmecTBYeT Takas HEBBIDOXKICHHAA JIHHEHHAd 3aMEHA [epeMeH-

HbIX B R[Zy,...,%,], 9TO OTHOCHTEIBLHO HOBLIX NEPEMEHHBIX Ui, ..., Yk
vn=Le 0L
Ay T Byp dyr,, T OyE

rie 0 < k<s<n.

§ 38. CummMmeTpuyueckne GMIMHEMHBIE, DPMUTOBBI
M KBaJPATUYHBIEC (PYHKIHHA

B sTom maparpade spMUTOBH (hYHKIEH PACCMATPHBAKTCA B KOMII-
JEKCHBIX MPOCTPAHCTBAX.

38.1. Kakne n3 OmivHeNHBIX QYyHKIMHN 3ajgadn 37.1 gpagoTcs cuM-
MeTpHIeCKUMHU?

38.2. a) Kakue ua noayropaiuHenHex GyHKIUN 3ataqu 37.5 ABLA-
OTCA 3PMUTOBBIMU T

0) fApaserca mm Gpyuxums f(z,y) ua 37.18, 6) spmuroson?

B) flpaserca mu pyuxuna f(u,v) na 37.20, 6) spmuroron?

38.3. He npousBois BEIYUCICHUN, BBIACHATE, DKBUBAJCHTHLL JH OU-
JMHEeUHbIE (DYHKIK
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filz,y) = oy + 22192 + 3x1y3 + 4xay + Sxays + 6x2y3 + Taay +
+ 8z3y2 + 10233,
falz,y) = 22191 — T1y3 + T2y2 — T301 + ST3Y3.

38.4. He npouaBo/ia BEIYUCICHUN, BEIACHUTE, 1A KAKOW U3 OWJIMHEN-
HBIX QyHKIEA f cymecTByeT 6a3uc, B KOTOPOM MAaTPHIA 3TOM (DYHKIHK
ANArOHAJIBHA!

a) —z1y1 — 2x1y2 — 2Ty — 3Ty + T3y1 — 4T3ys;
6) —x1y2 — T2y + 3T2y2 + DEaYs + Dr3ys — T3ys.

38.5. JokasaTb, 4TO AiA OPTOrOHAJABHBEIX [JONOJIHEHMU K IPOCT-
PAHCTBAM OTHOCHTENLHO HEBEIPOXKJICHHON CUMMETPUYHON (SPMUTOBOMN)
(PYHKIINK CTIPABEIMBEI PABECHCTRA:

®) UYL =U;
6) (Uy + Ua)* = Uit NUS;
B) (U NUy)* = Uit + U

38.6. HauTtu oproroHaibHOE JIONOJHEHUE K JMHEHMHOW OO0JI04YKe
(f1, fo) oTHOCUTENBHO GuIMHENHOH (ByHKIMA ¢ MaTpuied F', ecau:

i =1 B8
ay)F=| -1 0 -3 ], A=(123), f=0456);
2 —3 7
12 5
6)F=( 2 2 8|, fi=(-3,-1521); f>=(2,10,—14).
5 8 29

38.7. Hautu opTOroHaibHOE JONOJHEHME K JUHEHMHON O060J0YKe
(€1, €2) oTHOCUTENLHO HPMUTOBON (GyHKIMK ¢ MaTpuuen (G, ecan:

i & 1= .
ga=(-i o ), az@l.
14+i -2 -2 S b
0 244 —i :
B B ., 612(*34“17270)7
6) G = 2{ i _12_i 1_?’* s es = (=1 + 3i,—3i,2).

38.8. Merogom flkobm HAUTH KAHOHWYECKHH BHJI CHMMETPUIECKHX
OMIMHEHHBIX (DyHKITMH:

a) 2z1y1 — T1Y2 + T1Y3 — T2y1 + T3y + 3T3Y3;
0) 2x1y2 + 3r1y3 + 2x2y) — T2y3 + 3T3y1 — Taye + T3y3.
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38.9. Merogom fIko6M BBIACHUTHL ODKBHBAJICHTHOCTb OWIMHEMHBIX
DYHKIUHA ¢ MATPUIAME

1 @ 3 130
2 0 -1 |, 31 1
3 -i 3 015

a) HaJ MOJIeM BeNIeCTBEHHBIX THCE;
6) HAJ MOJEM PAIMOHAIBHEIX YUCE.

38.10. Kakue 3 cuMMeTPpHIECKIX OMIMHENHBIX (DyHKIAN 3a71a< 37.1
u 37.5 ABIAIOTCS MOMOKATEIEHO OMPEIeTCHHBIME !

38.11. Ilpu Kaknx 3HAYEHHAX A CAESAYIONIME KBAJIPATHIHLIE (DYHKIH
ABIAKTCA TMOMOKHUTEJABHO ONPEeaeTeHHBIMHA!

a) bx? + x3 + Axd + dz170 — 23173 — 23023;

6) 2o% + a3 + 3% + 2Ax 122 + 271735

B) 7 + 23 + 522 + 2)\z 122 — 27123 + 4223;

r) 7 + 423 + 23 + 2Az 179 + 102123 + 62073;

o) 1Ty + 1T Ta — 22T + AxaTo;

e) 22,71 — (1 —0) 1 T3 — (1 +4)T1 T3 + 2AT2T3 + 2AT2 T3 + ToTa + 523T37

38.12. /lokasaTb, ITO A1 MIOO0H MOSOKUTEIBHO ONPEISTEHHON CHM-

METPHIECKON OWINHEHMHOU (dPMUTOBOM) (PYyHKUIUN [ BBHIIOJHEHO HEpa-
BEHCTBO

Vi +y,z+y) <Vfz) + Vi),

NpUIEM PaBEHCTBO MMEET MECTO TOrJa M TOJBKO TOrja, Korjaa ax = 3y,
rae «, § — HeoTpHIATEILHLIC BEIIeCTBEHHBIC YHC/Ia, He PaBHLIC HYJIIO
OJHOBPEMEHHO.

38.13. He npumensas kpurepus CuibBecTpa, I0KA3aTh, 9TO IJIA I10-

n
JOKUTETLHON ONPEIeIeHHOCTH KBATPATUMHON (DYHKIUK E Qi TiT;
ij=1

yveaosue a;; >0 (i =1,..., n) ABIAETCA HEOOXOIUMEIM, HO HE TOCTATOY-

HBIM.

38.14. Ilpu Kakux 3HAYCHUAX A ABIAIOTCA OTPULATEILHO ONPe1eIeH-
HEIMM KBapPATHIHBIE (DYHKINH:

a) —a} + \o3 — z3 + 47172 + 8T273;
6) Az} — 223 — 323 + 23132 — 27173 + 222233

B) A1 T + 3x2To — ix1Ta + iT) 2]
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l") 42T — 22972 — (A + i);ﬂlfg = (/\ = t)fl.’!:z?

38.15. Hanru cummeTpuieckyio OUIMHENHYIO (3pMUTOBY ) (QYHKIIHIO,
ACCOLMMPOBAHHYIO C KBaIPATHIHON (DYHKIIHEN:

a) o} + 2x1w0 + 223 — 62173 + 4wy — 23,

0) x1x0 + 173 + T223;

B) 1T + 12Ty — iT T2 + 220T0;

1") (5 - i).ﬁﬂ]fz + (6 + i)f1 Ty + T2To.

38.16. Hantu cuMMeTpuIecKyo OMIMHENHYIO (DYHKIINIO, ACCOIMHPO-
BAHHYIO ¢ KBagpaTuiHon gyukumen g(x) = f(x, x), rge:

a) f(z,y) = 2x1y1 — 312 — 4o1Y3 + Tay1 — ST2Yy3 + T3ys3;

6) f(x,y) = —x1y2 + T2y1 — 2x2y2 + 3Tays — T3y1 + 2x3Y3.

38.17. DKBUBAJCHTHEI U HAJ MOJEM BEIIECTBEHHBIX “IHCET KBaIDa-
THYIHBIE (DYHKIHH:

a) ¥3 — 2z w2 + 223 + dzox3 + 525 u ] —Ar1T0 + 22173 + 473 + 23;

6) 27 + 973 + a3} + 8x122 — o123 — 102223 1

2x7 + 3z3 + 623 — dx172 — 4T3 + 8T2737

38.18. Haitu HOpMAJBHEIN BU/I KBAIPATHIHBIX (PYHKIWM:

a) 22 + 22 + 322 + 4z, 22 + 22123 + 22223;

6) z? + 222 + .1"§ + 2x1x0 + 42123 + 2T073;

B) 27 — 313 — 23172 + 27173 — 6T273;

r) T1%2 + T1Z3 + T1Tg + ToTg + Toly + T3Tg;

) 4Ty — T Ty + IT1 29 + 229Ta;

e) (1—i)x To+ (1+1)F o+ (1 — 28)x, T3 + (1 + 20) Ty 23 + 22T 3 + Toxa;

n
) Z a;Q;T;x;, TAe He BCe YHCIA A1, ..., 0, PABHEL ;
ij=1

n
3}2 T2+ E ZiTi5
i=1

Igi<jsn

n) E TiT
1<i<j<n

n—1

K) E TilLit13
i=1

n
. L (e M
2> (@i-9)?, s= o s o
im1 T

9 A.N. Kocrpukun
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M) Z |7 — jlziz;.

1<i<jg<n

38.19. DOKBUBAJEHTHEI JU HAJ NOJEM KOMILIEKCHBIX YHCET KBAIPa-
THUYHBIE (DYHKIIMN:
a) T3 — 27172 + 22173 — 20174 + T2 + 27073 — Axowy + 73 — 2232
1% .‘B']a + T1x2 + T3T4;
6) o7 + 43 + 23 + 43172 — 23173
u oz} + 223 — 25 + 43130 — 22123 — 400337
38.20. Ilycts ¢ 0TOOpaKeHNe BElICCTBEHHOI'0 BEKTOPHOI'O NPO-
crpancTBa V B none R, 1 KOTOPOro cymecTByOT TAKNE KBAAPATHIHBIC
dbyuxuun a, b u butuHenHAA GYHKIMA ¢, TTO

a(Az + py) = Na(z) + Apc(z, y) + p*b(y)

st i00bix A, p € R u 2,y € V. [lokasaTs, 4T0 ¢ — KBaApaTU4HAaA (PYHK-
M.

38.21. Ilyers fi,..., frys — duHenHble pyaknun. JlokazaTs, 9TO M0-
JOKUTETLHBI HHICKC MHEPIHN (PyHKITUN
(@) = A @) +... + @) = [frar @) = ... = [fras(@)]?

He MMpeBoCXoIuT r, a OTpHLIaT(:UIbeII';[ WHIECKC He IIPeBOCXOANUT S.

38.22. HauTy noaouTeILHLN ¥ OTPULATEILHEI MHIEKCE WHEDIIMH:
a) kBagparuusoil ¢yskumm ¢(zr) = tr2z? ma npocrpancree M, (R);
6) xkpagparuanon dyukumu ¢(x) = tr(rT) ma npocrpancree M, (C).

38.23. IlycTe f — HEBBIPOXKICHHAS CMMMETPUYECKAS OWIMHENHAA
(spMmuToBa) pyHKIMA HA TpocTpancTee V pasmeprocTu = 3. [Jokasars,
9T0 ecan QyHKUuA f He ABIAETCA HYJCBON HA ABYMEPHOM IOANPOCT-
pancTee U, TO cylmecTBYeT Takoe TpexMepHoe noanpoctpancteo W D U,
HA KOTOPOM OrpaHudeHue GpyHKINN f HEBBIPOK ICHO.

38.24. Ilyctb [ — HEBBLIPOXKACHHAA CUMMETPUYCCKAs OWIMHEHMHAA
(spMuTOBA) (PYHKINA, UMEIOINAT OTPUNATEILHBIN UHISKC WHEPIIHA, PAB-
uem 1, 1 f(v,v) < 0 gaa sekoToporo BekTopa v. JokazaTs, 1TO OrpaHn-
yenue f Ha J000€ NOANPOCTPAHCTBO, COAEPKAIIEe U, HEBBIPOK JEHO.

38.25. Ilycte [ HEBBLIPOK ICHHAA CUMMeTpUYecKas OWIMHeNHas
(spMuTOBa) (PYHKIMA Ha TpocTpaHcTBe pasmepHocTH > 3. /[lokazaTs,
9TO BCAKHHM M30TPONHBIM BEKTOP JEKHUT B MEPECEYCeHMH ABYX ABYMEp-
HBIX [IOANPOCTPAHCTE, HA KAXKIOM I3 KOTOPBIX orpannvenue Gyukinun f
HeBpr()}K,ELeH().
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38.26. JokasaTb, 9TO PasMepPHOCTb MAKCHMAJIBLHOIO H3OTPOIHOrO
MOANPOCTPAHCTBA OTHOCHTEILHO HEBBIPOK ICHHON CHMMETPHYICCKON On-
JMHENHOU (2pMUTOBON) (DYHKIHN pPABHA HAMMEHBIIEMY U3 €6 MOJ0XKHU-
TEIBHOTO U OTPUHATEILHOTO WHICKCOB WHEPIUH.

38.27. HauTu NOJOKUTENbHEIN B OTPULATEIbHEIN WHIEKCEl MHEPIHH
HEBBLIPOXK ICHHOM KBaIPATUIHOM (DYHKIMH HA 2N-MEPHOM BEKTODHOM
NPOCTPAHCTEE, O0GJIAIAIOMIEM 7-MEPHLIM BIOJIHE M30TPONHBIM IIOANPO-
CTPAHCTBOM.

38.28. [lycTe HEBBIPOXK IEHHAS KBAIPATHIHAS (DYHKIMUA ¢ HA 2n-Mep-
HOM IpOCTpaHcTBe V' ABIAETCA HYJIEBOU HA M-MEPHOM HOAIPOCTPAHCTBE
U. lokasatk, 9710:

a) CYHmIECTBYET Takoe n-mepHoe nognpoctpancteo U/, wro
V=UesU', qU'")=0;
0) B HEKOTOPOM Oasuce (PYHKIMA ¢ MMEeT BHI

1o + 3Ly + ...+ Top_1T2n.

38.29. Jlokasarh, YTO €CJIH B CUMMETPHYECKON MATPULE HEKOTODBIN
[VIABHBIM MHHOD HOPAJKA I OTIMYEH OT HYyJs, 4 BCE OKANUMJIIOIINE €ro
CIABHBIE MHHODBEI TIOPAAKOB © + 1 w0 r + 2 paBHBI HYJIO, TO PAHT 3TOH
MATPUILL PABEH T

38.30. [lokasarh, YTO BELIECTBEHHAA CUMMETPHIECKas (KOMILICKCHAA
opMmTOBa) MaTpuna A Moxer ObITH mpeacTabiena B suge A = 0 - C
(cootBercTRenno A = {C - C), rae C — KBagpaTHAfs MaTpPHIA, TOTJA U
TOJBKO TOTIA, KOT/IA, BCe TIABHEIC MUHOPE MATPHANE A HeOTpHIATEILHEL

38.31. Hantu paszMepHOCTL NPOCTPAHCTBA CHMMETPHYICCKHX OWMIH-
HEUHBIX (PYHKIMU OT 1 MEePEeMEHHBIX.

38.32. ConocraBuM KaxjgoMy (HeopuenTuposannomy) rpady I' c
BEPIIHHAMM V1, . . ., Uy KBAIPATHIHYIO (DYHKIIHMIO

n
qr(z) = Z @i TiT5,
f,j=1
MOJIOKHB

2, ecm 1=y},
a;; =4 —1, ecm v; uv; coequHEHEI peOpoM,
0, ecmm wv; ¥ v; He COEIMHEHBI PeOPOM,

9*
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U PAcCcMOTPHUM Tpadbl

A, :o0—o0—--—0—0 Ay -
Dn:o—o—---—o<2, D, : Z>0——O<z,
E,: O—O——I——D—O (n=6,7,8), By

(vmeno sepumn rpada '), pasHO n, rpada o paBHO 1 + 1).

HokazaTe, a1a rpagos I';, GYHKIHA ¢r NOTOKUTEILHO ONpeleIcHa,
a gasa rpadoe I, nomroxuTeapHO nmoayonpenenesa: gr(z) = 0 mas Jro-
boro .

38.33. Ilycts ¢ — HEBHEIpOXKACHHASA KBaApPATHYHAA (PYHKOUA HA
npocTpaHcTBe V' Ham npom3BoapHBIM modeM F. Jlokazats, 9TO ecan cy-
LIECTRYET HeHyJIeBoH BeKkTop x € V., mas kotoporo g(z) = 0, To oToGpa-
xenue ¢ : V' — F CIOpBEeKTHBHO.

38.34. Ilycre f(x,y) — SpMHTOBA HEOTPUILATEILHO ONpeJeIEHHAA
dyuxuua, npuuéM f(z,z) = 0 mas wekoroporo z # 0. [dokazars, 4TO
f(z,t) =0 gna Beex t.

38.35. Ilycte  f(z,y) — MOTOXKUTEILHO OMpEIEICHHAA 3PMHTOBA

dyuxuna, npuaém f(z,xz) = f(y,y) = 1 paa wexkoroporo x,y # 0. lo-
KasaTb, 4To0 |f(z,y)| < 1.



'nasa IX
JIMHEMHBIE OITEPATOPHI

§ 39. OnpejaesieHue JTHHEMHOTO ONEPATOPA.
O6pa3s, agpo, MaTpuIa JAHEHHOIO OmepaTopa

39.1. Kakue u3 caegyomux 0TOOPaKeHnN B COOTBETCTBYIOIINX BEK-
TOPHBIX NPOCTPAHCTBAX ABIAIOTCA JUHEUHBIME OIEPATODAMU:

a) x — a (a — QUKCHPOBAHHBIN BEKTOP);

6) v — z+a (@4 — PUKCHPOBAHHEIN BEKTOD);

B) z — ar (@ — PUKCHPOBAHHBIN CKAJAD);

r) = (z,a)b (V — eBkIngoBO NpOCTPAHCTBO, @, b — (ukcupoBaH-
HEIE BEKTOPHI);

1)z (a,z)r (V — eBKANZOBO IPOCTPAHCTBO, @ — (PUKCHPOBAHHEIN
BEKTOD);

e) f(z) = flax+b) (f € Rlz],; a,b — duxcupopanusie qucaa);

x) f(z) - f(z+1) - f(z) (f € Rlz]n);

3) f(z) = f®(2) (f € Rlz]n);

u) (xy,22,23) = (21 + 2,22 + 5, 23);

K) (21,22,23) — (21 + 323,23, 11 + T3);

a) (xy, 2, 23) = (T1, T2, Ty + Ty + 23)7

39.2. [lokasaTb, 4TO BCAKMU JMHEHHBIN OHNEPATOp JIOOYI JUHEMHO

3ABUCHMYIO CHCTEMY BEKTOPOB IEPEBOAUT B JUHEHHO 3ABUCHMYIO CHCTE-
MY.

39.3. Joxasarb, 4TO B N-MEPHOM IPOCTPAHCTBE I JOOOH JIMHEM-

HO HE3ABUCHMOM CHUCTEMbl BEKTOPOB A1, . .., Ay ¥ IPOU3BOJLHON CHCTEMBI
BEKTOPOB by, ..., b, HAAETCA e IMHCTBEHHBIN JUHCHHBIN OIIepaTop, Hepe-
BogammA a; B b; (i =1,...,n).

39.4. JJokazaTk, ITO B OJHOMEPHOM BEKTOPHOM MPOCTPAHCTBE BCA-
KUY JIMHEUHBIA OIIEPATOP UMEET BUJ & > (i, ['Ie (¢ — HEKOTOPBIM CKAIAD.
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39.5. Hauru o6pasel 1 AApa JHHEMHEIX ONEpaTopoB U3 3aga4du 39.1.

39.6. [Moxasare, uTo oneparop audbepeHnupOBAHNL:

a) ABIAETCA BHIPOKJEHHEIM B IPOCTPAHCTBE MHOUOWIEHOB CTeIe-
HEA < 15

6) ABIAETCA HEBLIPOXKICHHBIM B NPOCTPAHCTBE (PYHKIMA ¢ OA3MCOM
(cost,sint).

39.7. [okazars, 9TO BCAKOE MOANPOCTPAHCTBO BEKTOPHOIO IPOCT-
PaHCTBA ABIACTCA:

a) AAPOM HEKOTOPOIrO JUHENHOT'O OHEepaTOpa;
6) 06pazoM HEKOTOPOrO JIUHEHHOrO OIEePaTOpa.

39.8. [lokasarTs, 9YTO €CIM IBA JUHEMHBIX ONEpaTopa panra 1 uMeior
PaBHLIE A1pa U PABHEE 00pa3bl, TO OHU NEPECTAHOBOYHEL.

39.9. Ilycry A — F-1MHEMHBI OnepaTop Ha NOANpocTpaHcTse L
npocrpanctea V, orimmunom ot V. [okasate, uTo cyuecrByer 6ecKo-
HEYHO MHOTO JHHEHHBIX OMepaTopoB Ha 1, OrpaHHYeHHe KOTOPHIX Ha
noanpocTpancTBo L conanaer ¢ A, mpu yeaosum, wTo none F GeckoHed-
HO.

39.10. Ilycts A JMHENHBIN ONepaTop B npocTpaHcTee V', L -
noanpoctpancTeo V. [JokaszaThk, 4T0:

a) obpas A(L) n moamei npoo6pas A~'(L) ssamoTes moanpocT-
pancTeamu B V;

6) ecau onepaTop A — HEBHIPOXKAEHHBIM 1 | KOHEYHOMEPHO, TO

dim A(L) = dim A~!(L) = dim L.

39.11. Ilycte A — amsenHb omepaTop B mpoctpanctse V, L —
nognpocrpanctso V u LN Ker A = 0. [okasats, 9T0o mwobas JUHEHHO
He3aBHCHMaA CUCTeMa BeKTOpoB u3 L onepatopoum A nepepogurca B Ju-
HEMHO HE3aBUCHMYIO CHCTEMY.

39.12. [Jokasars aua JuHEHHEIX onepaTopoe A, B, C HepaBeHCTBO

Ddpobennyca
tk(BA) + rk(AC) < rk A + rk(BAC).

39.13. Jlunennsn onepatop A HasbIBaETCA Neesdoomparcenuem, ec-
am rk(A - &) = 1.

Joxasare, ITO B N-MEPHOM MPOCTPAHCTBE BCAKUN JUHEUHBIN OIepa-
TOp SBAAETCA MPOU3BEIEHHEM He DOJIee ©eM 71 IICeB J00TPAKEHUHN.
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39.14. [JokasaTb, YTO IJ1d JUHEMHOrO omeparopa 4 B n-MepHOM
MPOCTPAHCTBE MHOKECTBO onepaTopos X Takux, uto AX = 0, apaserca
BEKTOPHBIM MPOCTPAHCTBOM, M HAUTH €r0 PA3MEPHOCTD.

39.15. Hautu maTpuuny oneparopa:

a) (r1,x2,x3) = (21,71 + 279, 12 + 323) B npocTpancTee R® B 6asuce
M3 eIMHUYHLIX BEKTOPOB;

0) MOBOPOTA IMIOCKOCTH HA YTOJI ¢ B MPOM3BOILHOM OPTOHOPMEPO-
BaHHOM Oasuce;

B) MOBOPOTA TPEXMEPHOrO MPOCTPAHCTBA HA yroa 27 /3 BOKPYT nps-
MOU, BAaJaHHOM B IPAMOYIOJIBHOU CUCTEME KOOPAUHAT YPABHEHUAMU
T| = Ip = I3, B 0Aa3uce U3 ¢IMHUYHBEIX BEKTOPOB OCEH KOO IMHAT;

I') IPOEKTUPOBAHUS TPEXMEPHOrO MPOCTPAHCTBA HA KOOP IMHATHYIO
0Cb BEKTOPA €9 NAPALIEIBHO KOODAMHATHON ILIOCKOCTH BEKTOPOB €] U €3
B Gaauce (e1,e2,€3);

o) &+ (r,a)a B eBKIMAOBOM NMPOCTPAHCTEE B OPTOHOPMHUPOBAHHOM
Oasuce (e1,e2,€3) Ipu a = €; — 2€3 B yKa3aHHOM Oasuce;

e) X — (i fl) X B mpocrpanctee M, (R) B 6asuce u3 MATPHIHBIX

e1UHULL;
2 . fa b
#) X = X ((_ d) B npocTpancTse Mo (R) B 6asuce n3 MaTpUIHBIX
€IMHHULL;

3) X = 'X B npocrpanctse My(R) B Gasuce u3 MATPUIHEIX €IHHWIL;

n) X —» AXB (A, B — pukcupoBaHHBE MATPUIE) B IPOCTPAHCTEE
Mo (R) B 6a3uce, cocToANEM U3 MATPHTHBIX €MHUIL;

k) X = AX + XB (A, B — (puKcMpOBAHHBIE MATPHIIEI B IPOCTPAH-
cree M5 (R) B Gasuce U3 MATPUYHEIX €IMHVII;

1) auddepennmposanua B npocrpancree Rlx], B Gasuce (1,z,...

- Z");

M) auddepennuposanns B npocrpancree R[z], B Oasuce (z",
R SO

H) 1udppepeHnInpoBannsa B mpocTpancTse R[], B 6azuce

(x —1)2 (z-—1)"
(1,:1':— 1; T )

39.16. [Joka3aTk, 4TO B mpocTpaHcTee R CyHmIeCTBYeT €IMHCTBEH-
HBEIM JUHEHHBIX OnmepaTop, nepesogmmui sexkrTops: (1,1,1), (0,1,0),
(1,0,2) coorsercrsenHo B Bextops (1,1,1), (0,1,0), (1,0,1), n nairu
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MATpPUILY DTOrO onepaTopa B Gasuce, COCTOANICM U3 CIMHUYHLIX BEK-
TOPOB.

39.17. IlycTh BeKTOpPHOE IPOCTPAHCTBO V' ABIAETCA IPAMOR CYMMOR

nognpoctpancts Ly u Ly ¢ 6asucamu (ay, ..., ap) u (@py1,---,an). Joka-
3aThb, YTO NPOEKTHpOBaHUEe Ha L napawieibHo Lo ABIAETCHA JMHEHHBIM
OIIePATOPOM, ¥ HAUTH ero MaTpumny B 0asuce (ay,...,a,).

39.18. Hauru o6LMi BH I MATPHUILL THHEHHBIX OIIEPATOPOB B N-MEPHOM
OPOCTPAHCTBE, MEPEBOJAMNX 3aJaHHLIC JTHHEMHO HE3ABMCHMBIE BEKTO-
PHL ay,...,q; (K < n) B 3agaHEbBle BeKTOPHI by,...,0r B Oaszuce Bmaa
(@15 o3 Qk; Ot 5 756G )

39.19. Ilycre auHEeNHBIM onepaTop B npocrpancree V. B HGasuce
(e1,...,eq4) UMeeT MATPUILY

01 2 3
54 0 -1
3 2 0 3
6 1 -1 7

HaiiTn mMaTpuiy sToro onepatopa B 6a3mcax:
a) (e, e1,e3,€4);
6) (e1, €1 + ez, e; +ea +e3, €1 +ea + ez + eq).

39.20. IlycTh JuHENHBIN OmepaTop B OpocTpaHcTBe R[z]s mveeT B
basuce (1,z,z?) MaTpumy

0 01
01 0
1 00

Hauru ero marpuny B 6a3uce

3z +2z+1, 22 +3x+2, 222 +z + 3).

39.21. IlycTh JMHEMHENI omepaTop B nmpocTpaHcTBe R® mMmeer B Ha-
3uce

((87 _6: T): (_16’ 7: _13)1 (9= _37 7))

MaTPUILY
1 —-18 15
-1 =22 20
1 -25 22
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Hautu ero marpuny B 6asuce
((11 _27 1)* (37 _1’2)v (21 17 2))

39.22. Ilycte aumuEenHem omepaTop A B n-MEPHOM BEKTOPHOM
npocTpaHcTBe V' MepeBOInT JUHEMHO HE3ABUCUMBIE BEKTODPHI 1, . . . , 4y B
BCKTOPHI by, . .., b, cooTBeTcTBeHHO. [J0Ka3aTh, YTO MaTPHIIA HTOI0 OME-
paTopa B HeKOTOpOM Gasuce e = (ey,...,e,) paBia BA™!, rae cToabust
vaTtpun A u B cOCTOAT COOTBETCTBEHHO M3 KOOPAWHAT 3aIAHHEIX BEK-
TOPOB B Oa3uce e.

39.23. Hautu obmmi Buj MATPUIE! JHHEMHOTO onepaTopa A B 6asn-
ce, nepeble k BEKTOPOB KOTOPOI'O COCTABIAIT:

a) Gasuc aapa onepatopa A;

6) Gasuc obpaza omepartopa A.

39.24. Tokasats, ato ecmm f(t) = fi(t) f2(t) — pasnoxenme MHOrO-
wiena f(t) HA B3AMMHO NPOCTHIE MHOKATEIN M U1 THHEHHOT'O OIEPATO-
pa A semmoasserca pasenctso f(A4) = 0, To B HekoTopoM Gasuce MaT-

puna oneparopa A umeer Buj (%l j), rae fi(A1) =0, fa(A2) =0.

§ 40. Co6cTBEeHHBIE BEKTOPbI, MHBAPMAHTHbLIE
MOANPOCTPAHCTBA, KOPHEBBIE IIOANPOCTPAHCTBA

40.1. Hantu co6CTBEHHBIE BEKTOPHI U COOCTBEHHBIE 3HAYEHNUA:
a) omepatopa guddeperuupoBaaua B npocrpancTee Rz, ;
6) onepatopa X — ‘X B npocrpancree M, (R);

B) omepaTopa T~ B IPOCTPaHCTEE R[z]n;
dx

1 x
r) omeparopa — [ f(t)dt B mpoctpanctse Rlx],;
T Jo
d"
1) omepatopa f s © JIMHEHHOH 000I09Ke

(1,cosz,sinz, ..., cosmae,sin mz);

xr
e) omepatopa f — f(t)dt B muBenHON 0GOMOUKe

-

{cosz,sinz,...,cosmz,sinmz).
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40.2. okasars, 9T0 B mnpocTpaHcTee Rz, JMHEHHBIT omepaTop
f — flaxz + b) mueer MHOKECTBO COOCTBEHHLIX 3HaYeHnn 1,a,...,a".

40.3. [Toka3ark, 4T0 COOCTBEHHBIU BEKTOD JUHEIHOIO onepaTopa A ¢
COOCTBEHHBIM 3HAYCHUEM A ABIACTCA COOCTBEHHBIM BEKTOPOM OllepaTopa
f(A), rae f(#) — MHOTOWIeH ¢ coGcTBeHHBEIM 3HaYeHEeM f(A).

40.4. [TokazaTh, 9TO ecau onepaTop A HEeBLIPOXK IEHHBIH, TO ONepa-
topel A u A™! umeror ogHu U Te ke cOOCTBEHHBIE BEKTOPHI.

40.5. Jokasars, 9TO BCe HEHY/IEBble BEKTOPLI IPOCTPAHCTBA ABIAIOT-
¢ cOOCTBEHHBIMHU 1A JMHEHHOI'O oneparopa A Torga u TOJIBKO TOrAA,
korjga A — omepaTop nogodus x +» ax, TAe o — HEKOTOPHIN (PUKCHPO-
BAHHBIN CKAJIAP.

40.6. [okasaTs, 9TO eCIU JUHEMHBIN OnepaTop A B n-MepHOM mIpo-
CTPAHCTBE MMEET 71 PA3JMYHLIX COOCTBEHHBIX 3HAYEHUH, TO JHOOOU JIH-
HEeHHBIM ONepaTop, MepecTaHOBOYHBIN ¢ A, nMeeT 6a3uc, COCTOALMI U3
€ro COOCTBEHHBIX BEKTOPOB.

40.7. [MokasaTs, 9r0o mognpocTpancTeo V) (A), cocTommee ma Bcex
COOCTBEHHBIX BEKTOPOB onepaTopa A ¢ coBCTBeHHBIM 3HAMEHUEM A U Hy-
JEBOr0 BEKTOPA, MHBAPHMAHTHO OTHOCHTEILHO JTI0O0T0 JTHHEHHOTO Onepa-
Topa B3, nepecranosounoro ¢ A.

40.8. Joxkazars, uTo giua 100600 (6BITE MOXKET, GECKOHETHOH) CO-
BOKYIIHOCTH NEPECTAHOBOIHBIX JHHEMHBIX ONEPATOPOB KOHEYHOMEDHOIO
KOMILIEKCHOT'O IIPOCTPAHCTBA:

a) CymIeCTBYeT OOIMH COOCTBEHHBIN BEKTOP;
6) cymecTByeT 0a3uc, B KOTOPOM MATPULLL BCEX DTUX ONEPATOPOBR
BEpPXHIE TPeyTrOJbHBIE.

40.9. JoxasaTs, uTo ecan omepatop A% mveer cofeTBennOE 3HATE-
e A%, TO 0gHO M3 uMcen A M —\ ABIACTCA COOCTBEHHBIM 3HAMCHUEM
oneparopa A.

40.10. [TokazaTsb, 9TO:

a) K03 PUOUEHTEL ¢y, . . . , ¢, MHOLOWIEHA

|A=AE| = (-A)*+ea (=" 1+...+¢c,
ABIAKTCA CYMMAMM IVIABHBIX MHHODOB COOTBETCTBYIOIIEIO MODAJIKA
MaTpuuer A;

6) cyMMa M NPOM3BEJICHHEe XAPAKTEPUCTHICCKHX THCea MaTpumsl A
PABHBI €€ CJegy U ONPEeIeIUuTeN0 COOTBETCTBEHHO.
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40.11. JokasaTb, 4TO BCAKUI MHOTOWIEH CTEIEHH 7 CO CTapIIIM KO-
adpunmentom (—1)" ApageTca XapaKTEPUCTUIECKHM MHOTOWICHOM He-
KOTOPOU MATPUIBI TOPAIKA 1.

40.12. JokaszaTk, uTo eciiu A 1 B — KBajJpaTHBEIC MATPHIEI OUHA-
KOBBIX MOPAAKOB, TO MaTpuubl AB 1 BA uMmenT coBnajammme xapaKTe-
pI‘ICTH‘IGCKHG MHOI'OY1JICHBI.

40.13. Hautn xapakrepuctudeckue ancaa Matpunsl ‘A A, roe A —
MATPHULOA-CTPOKA (ay, ..., ay,).

40.14. [Joxa3aTh, ITO BCE XapPAKTEPUCTHICCKNAE TUCIA MATPHUIIEL OT-
JIMYHBL OT HYJA TOMJA U TOJBKO TOIA, KOIA MATPHULA HEBBIPOXK ICHHAA.

40.15. Hauru cobcrBeHHBIEe 3HAYMEHMA U COOCTBEHHBLIE BEKTODHI JIH-
HEHHBIX OMEPATOPOB, 3aJAHHBIX B HEKOTOPOM 0a3uce MATPUIAMHA:

2 -1 2 0 10
a) 5 =3 3 |; o) -4 4 0 |;
-1 0 -2 -2 1 2
4 -5 2 7 —-12 6
B) |5 -7 3]; r)| 10 —-19 10 |;
6 -9 4 12 -24 13
i B B 3 -1 0 0
1 1 0 0
a) 1 -4 9 |; e) 3 05 —3
= B® 4 -1 3 -1

40.16. BeiacHUTh, Kakue U3 JIeJYIONMX MaTPUL MOKHO HPUBECTH K
AMATCOHAILHOMY BHAY IMYyTEM epexoaa K HopoMy Oazucy Hag noaem R wim
Haa nogem C:

—f § = 4 7 =5
a)| -3 5 -1 ); 6)| -4 5 0
=3 3 1 1 9 —4
i el 1 1 1 1
s G S, (R, |
B) | 6 4 -9 |; r)
c 5 7 1 = I =i
o 1 -1 -1 1

Hantu srot 6a3uc 1 cOOTBETCTBYIOUIMKA BU MATPHIIHL.

40.17. Ilpu KakKux yCJIOBHAX MATPUIA, Y KOTOPOH BCE BJIEMEHTEL, KPO-
Me, OBITH MOXKET, QIEMEHTOB (v, . . . , (¥, TODOTHOU TUATOHAIH, DABHEL HY-
M0, MOJ00HA AUArOHAILHOU MaTpuue’
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40.18. [Tas maTpunsl A mopaika n, y KOTOPOU IeMEHTHI TOG0YIHON
IMATOHAJIH PABHBL 1, & OCTAJbHBIE BJEMEHTHI DABHBI HYJ0, HAUTH Ta-
kyio Marpuny 1, uro marpuna B = T7'AT mnaromanbna. BermceanTs
matpuiy B.

40.19. [JokasaTb, 9YTO YUHUCIO JUHEHHO HE3aBHCHUMBIX COOCTBEHHBIX
BEKTOPOB JMHEHHOTO onepaTopa A ¢ coOOCTBeHHBIM 3HAYCHHEM A He O0JIb-
1Ie KPATHOCTH A KAK KOPHA XapaKTePUCTUIeCKOI0 MHOIOWIEHA OIIepaTo-

pa A.

40.20. Iycts Ag, ..., A, — COOCTBEHHBIC 3HAYCHUAS JUHEHHOTO OTIe-
paTopa A B n-MepHOM KOMILIEKCHOM IpocTpancTse. HanTu cobcTBeHHBIE
3HaveHua onepaTopa A Kak oneparopa B COOTBETCTBYIONIEM 2n-MEPHOM
BEIICCTBEHHOM MIPOCTPAHCTBE.

40.21. Iycts Ay, ..., \;, — KOPHHA XapaKTEePUCTHICCKOTO MHOTOMIC-
Ha Marpuusl A. Haltu cobeTBEHHBIE 3HAYEHMA:

a) muneiHoro oneparopa X — AX'A B npocrpancrse M, (R);
6) JmueitHoro omepatopa X +— AXA™! B npocrpancree M,(R)

(mMaTpuna A HeBLIpOXK 1eHHAM).

40.22. HanTtu Bce MHBAPHAHTHBIC TOAIPOCTPAHCTEA AT ONEPATOPA
aundrpepennuposanns B npocrpancrse R[z], .

40.23. ToxkaszaTb, 4TO JUHEHHAA 000J0MKA JHOOU CUCTEMBI COOCT-
BEHHBIX BEKTODPOB JMHEHHOI'O OnepaTopa .4 MHBapHAHTHA OTHOCHTEIb-

HO A.
40.24. /lokazaThb, 94TO:

a) Aapo 1 00pa3 IMHEeHHOTO OIepaTopa A NMHBAPHAHTHEL OTHOCHTEb-

HO A;

6) BCAKOE MO AIPOCTPAHCTBO, cogep:kaliee o6pas onepaTopa A, uHBa-
PUAHTHO OTHOCHTENBLHO A;

B) €U NOANPOCTPAHCTBO [ MHBAPMAHTHO OTHOCATEILHO A, TO ero
00pa3 ¥ NOIHBM TPOOOPA3 UHBAPUAHTHEL O THOCHTEILHO A;

I') ecd JUHeUHLIN omepaTop A HeBBIPOXKIEHHBIA, TO BCAKOE IOI-
IPOCTPAHCTBO, MHBAPHAHTHOE OTHOCHUTEILHO A, MHBAPDMAHTHO OTHOCH-
reasro AL

40.25. /lokazaTh, 9TO B N-MEPHOM KOMILIEKCHOM TIPOCTPAHCTBE BCA-
KUU JMHCHHBIA ONEPATOP MMEET MHBAPHAHTHOC HOANPOCTPAHCTBO Pas-
mepHocT n — 1.
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40.26. JokasaTb, 4TO JUHEHHBIH ONEPATOP B BEKTOPHOM IPOCT-
paHCcTBe HaJ moJeM K, IMenImi B HEKOTOPOM 0a3uce MaTPHILY

a1 0 0
a 0 1 0
ap-1 0 0 1
a, 0 0 . 0

rae MHOTOWIeH " — aqx” ™! — ... — a,_1T — a, HempuRoaMM Haa K, me

uMeeT HETPHUBUAJBHBIX MHBAPDHMAHTHBIX MMOANIPOCTPAHCTB.

40.27. IlycTs muHeHHBHN omepaTop A B n-MepHOM IPOCTPAHCTBE MMe-
€T B HeKOTOPOM 0a3uce IUAarOHAJLHYIO MATPHUIY C PA3IMYHLIMHU dJIeMeH-
TaMu Ha auaroHaan. Haitu Bee m0ADpOCTPaHCTBA, HHBAPUAHTHBIE OTHO-
curensHo A.

40.28. Haitu Bce MHBApUMAHTHBIE [OANPOCTPAHCTEA A JMHEMHOIO
onepaTopa, UMEIero B HeKOTOPOM Oa3uce MATPUILY, COCTOAIIYIO U3 OJ-
HOW KODJIAHOBOW KJETKH.

40.29. Hautu B TpexXMEpPHOM BEKTOPHOM IIPOCTPAHCTBE BCE IOI-
NPOCTPAHCTBA, MHBAPUAHTHBEIC OTHOCHTEIBHO JHHEHHOO OlepaTopa C
MaTpPUIIEH

4 -2 2
2 0 2
-1 11
40.30. Hawru B TpexMepHOM BEKTOPHOM IPOCTPAHCTBE BCE MOAIPO-

CTPaHCTBa, MHBADUAHTHLICE OTHOCHUTEJIBHO IBYX JUHEMHBIX onepaTopoB,
3aJaHHBIX MaTpHUIaMA

5 1 -1 -6 2 3
-1 & =1 |, 2 -3 6
=1 =1 3 3 6 2

40.31. B R[z], u Clz], HauTn BCE NOANPOCTPAHCTBA, UHBAPUAHT-
HEIE OTHOCUTEIBHO OLEPATODA:

S AN=2Li  9An=1[ foa

40.32. B mmuennon 060n04Ke (pyHKINHA

{cosz,sinz,...,cosnz,sinnx)



142 I'a. IX. Jluneiinvie onepamopsl

HAUTH BCE NoAnpoOCTpaHCTBa, HMHBAPHMAHTHBIEC OTHOCUTEJABHO OllepaTopa:

T
DAN=2.  an={ rwa
&€ —x
40.33. [Tokasarb, 4yro ecim miasa oneparopos A, B konednomepHo-
o BEeKTOPHOro npocTtpancTBa V' Hag moseMm C BBINOMHAIOTCA PaBEHCT-
Ba A? = B* = £, To B V cymecTByeT 0JHOMEPHOE WIM ABYMEPHOE TOJ-
IpPOCTPAHCTBO, HHBAPUAHTHOE OTHOCHTENbHO A u B.

40.34. [TokazaTh, ITO KOMILIEKCHOE BEKTOPHOE TPOCTPAHCTBO, CO-
JEPIKAMIEE TOJBKO OJHY TPAMYIO, MHBAPDUAHTHYIO OTHOCUTEILHO JHHEH-
HOrO omneparopa A, HEPA3IOKUMO B NPAMYIO CYMMY HEHYJIEBBIX I0OJ1-
OPOCTPAHCTB, HHBAPUAHTHBIX OTHOCUTEILHO A.

40.35. HauTu cOOCTBEHHEBIE 3HAYEHUA M KOPHEBLIE MIOANPOCTPAHCTBA
JMHERHOT'O OHepaTopa, 3a1aHHOIO B HEKOTOPOM Ha3uce MaTpUIeH:

4 -5 2 1 -3 4
a) [6 =7 31; 6) |4 -7 8];
6 -9 4 6 -7 7
2 6 —15 b =% & =
= 1 1 -1 -1
B)[1 1 =5 |; r)
L2 e 0 0 2 0
1 =1 0 1

40.36. [JokasaTb, 9TO JUHEHHBIN ONEPATOP B KOMILIEKCHOM BEKTOp-
HOM MPOCTPAHCTBE MMEeT B HEKOTOPOM 0azuce AMATOHAIBHYID MATDH-
Ly TOrJa X TOJBKO TOrJa, KOI'J1a BCE €r0 KOPHEBbIE BEKTOPBI ABIATCHA
COOCTBEHHBIMH.

40.37. [Joxasarhb, ecau 9TO IUHENHLIN OIePATOP B KOMILIEKCHOM BeK-
TOPHOM TIPOCTPAHCTBE WMEeT B HEKOTOpOM 0Oa3uce AMArOHAJIBLHYIO
MATpUILY, TO €ro OrpaHuyveHune Ha Jodoe¢ MHBAPDHAHTHOE MNOJANPOCT-
paHcTBO L Takyke MMeeT IMArOHAIBHYIO MATPHUIY B HEKOTOpoM Oazuce
noanpocTpascTsa L.

40.38. [JokasaThb, 94TO BCAKOE KOPHEBOE MOANPOCTPAHCTBO JUHEHHO-
ro oneparopa A MHBAPMAHTHO OTHOCHTEIBHO JMHO0C0 JIMHEMHOT'O OIepa-
Topa B, mepecranosounoro ¢ A.

40.39. TokazaTb, 94TO €CIU MATPHUIA JUHEHHOTO ONEpaTOpa MPHBO-
JUTCA K 3KOPJAHOBOU hopMe, TO BCAKOE MHBAPUAHTHOE MOANPOCTPAHCT-
BO ABJAETCA IPAMON CYMMOU CBOMX NMEPECEYEHUN ¢ er0 KOPHEBLIMHE I101-
IPOCTPAHCTBAMH.



§ 41. Kopdanosa dopma 143

40.40. TIycte A € M, (C). Paccmorpum B npocTpanctee M, »p, (C)
omepatop La, rae La(X) = AX. Hantu cobcrBennbie anadenns L 4.
Hantu xopreswle moanpocTpaHncTsa oneparopa La, rae A BEpXHe-
TpeyroabHaA MATPHIIA.

40.41. TIycte A € M,,(C), B € M,,,(C), npuuém A u B He mmeoT
06mux cobcTBeHHbIX 3HadeHun. [JokasaTs, 4T0:

a) ecsim X — marpuna pasmepa nxm u AX —XB=0, to X =0;

0) ypasrenue AX — X B =, rge X, ' — maTpuusl pazMepa n X m,

HMeeT W IPUTOM eIHHCTBEHHOE PDeIleHne.

40.42. Ilyctb A — IMHEHHBIN OIEPATOP B KOHEYHOMEPHOM KOMILIEKC-
HOM BeKTOpHOM npocrpancree V. [lokasars, uro B V' cymecreyer Hazuc,
B KOTOPOM MATPWIIA OTMEpaTopa 4 BepXHeTpeyroanHasd.

40.43. Ilycts A — IMHEMHBIH OMEPAaTOP B KOHEYHOMEDPHOM BEIeCT-
BenHoM npoctpanctse V. Jokasars, uto B V' cymecTByer Hasuc, B Ko-
TOpOM MaTpuua oneparopa A uMeer GI0UHO-BEPXHETPEYTOJILHEIN BH

0 |

rjae kpajgpaTasie 6ok Ap, ..., A, uMeoT paaMep He BRIIE 2.

40.44. Ilycts A, B — auHenHbIe onepaTopsl B KOHEYHOMEPHOM KOMII-
JEKCHOM BEKTOPHOM ITPOCTPAHCTBE U panr onepatopa AB — BA me npe-
BocxomuT 1. [JokasaTh, 9TO CYMIECTBYeT OOIMHN COOCTBEHHBIM BEKTOP
A Au B.

§ 41. ZKopganosa ¢popma U €€ IPUIOKEHUA.
MuHUMAJBLHBIM MHOTOYWICH

41.1. Hauru )0paasHoBy (GOpMY MaTpPHIEL:

1 -3 4 4 =5 7
a) |4 -7 81; 6) 1 -4 9 |;
6 -7 7 -4 0 5
4 6 0 3 0 8
B) [ -3 =5 0 |: r) 3 -1 6 |;
-3 -6 1 -2 0 =5
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_9 N 6 1 -3 0 3
-2 -6 0 13
1) —4 10 6 |; e) 0 -3 1 3 |’
=8 1 -4 0 8
3 -1 1 -7
) 9 -3 -7 -1
0 0 4 -8 [’
0 0 2 —4
1 -1 1 0 0 0
0 1 -1 0 0 0
0 0 1 -1 0 0
3) ]
0 0 0 0 1 -1
0 0 0 0 0 1
1 1 1 2 1 n n—-1 n-2 ... 1
1 e 1 0 n n—1 ... 2
) [0 0 1 1]; x) | O 0 n 31;
0 0 0 1 0 0 0 n
01 0 0
98 O\ 00 1 0 0
28 0 00 0 1 0
a (1 2 3 01; M)
................ 00 0 0 1
1 2 3 n) 100 0
(a a2 ais Qin
0 [ 23 ... Q2p
H) |0 0 @ ... asz, |, rme aiz,Q3,...,0n-1.5, 7 0.
0 0 0 «

41.2. [lokazaTk, 4T0 XopJaHoBa ¢opma MmaTpunsl A4 + aF paBHa
Aj+aF, rae A; — xopaanosa ¢popMa MaTpunsl A.

41.3. llycrs A JKODJAHOBA KJIETKA HMOPAIKA 1 ¢ DJIEMEHTOM o Ha
[VIABHOU JIUATOHATH.

a) Hautw matpuny f(A), rae f(z) — MHOro<wIes.

6) Haittu xopaasosy ¢opmy maTpuisr A2,
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41.4. Hautu xopaaHoBy (OpMYy MaTpPHILI

a 0 1 0 0 0
0 a 0 1 0 0
0 0 a 0 0 0
0 0 0 «a 0 0
0 0 0 0 a 0
0 0 0 0 0 «

41.5. Hantu xopaaHoBy (GOPMY MaTPUIILL:

a) A?; 6) A7! (A — HeBLIPOXKICHHAS MATPHIA);
eca A umeer xopjaaxosy dopmy Aj.

41.6. Haitu xopgasoBy GpopMy MaTpuusl A ¥ BBIACHUTH NCOMETPH-
YeCKHH CMBICJA COOTBETCTBYIONIEr0 JUHEeHHOro onepaTopa A, ecin:

a) A2 = E; 6) A2 = A.

41.7. [okaszaTk, 9T0 BCAKAA MEPHOIMIECKAS KOMILIEKCHAA MATPHUIIA
Mo 100HA THATOHAILHOM MATPHUIE, M HAUTH BUJ DTOH IHATOHAJLHON MAT-
PHIIEL

41.8. [lokasaTh, YTO MATPHUIA HIIBIOTEHTHA TOT A4 U TOIBKO TOTA,

KOrga BCe ee XapaKTepPUCTHIeCKHe THUCIa PaBHBEL HYJIIO.

41.9. [JokaszaTb, YTO 15 BCAKOTO JUHEMHOrO oneparopa A panra 1 B
KOMILIEKCHOM BEKTOPHOM MPOCTPAHCTBE CYMIECTBYET TAKOe IuCIo k, 9T0

A2 =kA.

41.10. Hantu xopaasoBy GopMy MATPHILI JHHEHHOTO oniepaTopa A

u basuc (fi,...,fn), B koTopoM A mmeer 5Ty maTpumy, ecim B Hasuce
(e1,...,e,) omeparop A 3agaeTca MATPULEN:
3 2 -3 1 1 -1
a) 4 10 -12}; o) -3 -3 3 |;
3 6 -7 -2 -2 2
01 -1 1 6 -9 5 4
5) =1 2 =L 1 |._ r) T =13 8 7
-1 1 1 0 |’ 8 —17 11 8
-11 01 1 -2 1 3

41.11. Hanrtu x)opaaHoBY (GOpMY MATPUILI JUHEHHOTO OMEPATOPA B
KOMILIGKCHOM BEKTOPHOM NPOCTPAHCTBE, MMEIOMIEM TOJLKO OJHY MHBA-
PHAHTHYIO NPAMYIO.

10 AWM. Kocrpukux
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41.12. JokasaTk, 9TO MAKCUMAJILHOE HUCJIO JHHEHHO HE3aBUCHMBIX
cOOCTBEHHBIX BEKTOPOB JHHEHHOro onepaTopa A ¢ cobcTBeHHEIM 3HaYe-
HUEM A PABHO YUY KJIETOK C JMATOHAJBLHBIM JIEMEHTOM A B JKOPAaHOBOU
dopme MaTpunsl oneparopa A.

41.13. JokazaTk, 4YTO MHOXKECTBO JMHEMHBIX OIEPATOPOB B 7-Mep-
HOM KOMILIEKCHOM BEKTOPHOM IPOCTPAHCTBE, NePECTAHOBOYHBIX € MaH-
HEIM OIEPATOPOM A, ABIACTCA BEKTOPHBEIM IPOCTPAHCTBOM PA3MEPHOCTH
Zn.

41.14. TokaszaTh, 4TO €CJAd JUHEUHBIM onepaTop B B KOMILIEKCHOM
BEKTOPHOM IPOCTPAHCTBE HNEPEcTaAHOBOYEH € JIOOBIM JUHEMHBIM Olepa-
TOPOM, IEPECTAHOBOYHEIM ¢ onepaTopoM A, To B — muorowies ot A.

41.15. [lokasaTh, 9T0 ecanm MaTpuisl A u B yaI0BICTBOPAIOT COOT-
womennio AB — BA = B, To maTpunia B HUILIOTEHTHA.

41.16. B npocrpaHcTBe KOMILIEKCHBIX MHOIO'IEHOB CTEIEHU HE Bbl-
we 2 no x u y geucrsyer oneparop A : f(x,y) = f(z+ 1,y + 1). Hanrn
KOpAAHOBY (hopMmy omepatopa A.

41.17. B mpocTpaHCTBe KOMILIEKCHBIX TIOIMHOMOB OT &, i CTCIICHU He

i a 0 i
BhILe 1 gencTeyetT oneparop A = — + —. Hanru xopranoBy dpopmy A.

dxr  dy

41.18. JTokasaTs, 970 J00aa MATPUIA TOJ00HA CBOEH TPAHCIIOHUPO-
BAHHOU.

41.19. B npocrpanctee M, (C) paccMoTpuM JHHEHHBIH ONEPATOP
La(X)=AX, rue X € M3(C) u A — (QuKCHpOBaHHAA MATPHULA M3
M. (C). Hairu xopaasoBy ¢popmy onepaTopa L 4, 3Has &KOPIAHOBY (hop-
My A.

41.20. [JokaszaTb, 4TO miA JI000M HEBLIPOXKICHHON KBAIPATHON
KOMILIEKCHON MATpUibl A 1 mob0ro HATYPAIbHOro Hucaa k ypapHeHne
X* = A nmeer peuenue.

41.21. Peunrs ypaBHeHu:

a)XQ:(_? 1) 6)X'3:(g ?)

41.22. Ucnoabsysa xopaaHoBy ¢opmy u sagaam 17.7-17.9, BbI-
YUCIUTD!

G( 1) e(d )"

41.23. Haut MUHMMAJLHLIM MHOTOWIEH IMACOHAJLHOM MATPHUILL C
PA3IMYHBIMK 3JEMEHTAMH Ha [VIABHOM IHArOHAN.
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41.24. HauTy MUHUMAJIBHBIM MHOTCOMICH JKOP JaHOBOU KJICTKHA MOPSI-
Ka 7 ¢ 9UCIOM (¢ HA TJIABHOM TUATOHAJM.

41.25. Joka3arb, 9TO MHUHUMAJIBLHBEI MHOCOWIEH KJI@TOYHO-IUArO-
HAJLHOM MATPHUIBEl PABEH HAMMEHBLIIEMY OOLIEeMY KPATHOMY MWHMMAJb-
HBEIX MHOT'OWIEHOB ¢ KJICTOK.

41.26. Hautu MUHIMAILHBEIE MHOTOWIEH:

a) TOXKAECTBEHHOT'O OIEPATOPA;

0) HYJIEBOTO OMEePATOpA;

B) omeparopa MOPOEKTHPOBAHMA 71-MEPHOI'O HPOCTPaHcTBAa V' HA
k-mepuoe nognpocrpanctso L (0 < k < n);

I') OmepaTopa OTPAKEHN;

1) HWIBIIOTEHTHOTO OIepaTopa ueiekca k;
e) oneparopa A u3 40.31, a);

) oneparopa A4 ua 40.31, 6);

3) oneparopa A u3 40.32, a);

n) oneparopa A u3 40.32, 6);

k) omepatopa L4 w3 40.40;

a1) oneparopa A ua 41.16.

41.27. Hatu MUHUMATLHBIM MHOTMOWIEH MATPHUIIBL

3 -1 -1 4 -2 2
aylo 2 ol; 6| -5 7 -5
1 1 1 -6 6 -4

41.28. Ilycrs aunenssm oneparop A B 6asuce (ep,es,e3) npoct-
pascTBa V mmeer Marpuily

1 0 0
1 2 1
-1 0 1

Haptn MuHMMATbHBEI MHOTO4WIeH ¢(t) omepatopa A M pasIOKHUTh
OPOCTPaHcTBO V' B NPAMYH CYMMY MHBADMAHTHBIX MOANPOCTPAHCTE B
COOTBETCTBUM € Pa3lokKeHNeM MUHMMATLHOTO MHOTOWICHA HA B3AUMHO
MPOCTHIE MHOKITEIH,

41.29. /loka3aTk, ITO MUHAMAJILHEIN MHOTOWIEH MATPHILL TOPAIKA
> 2 u panra 1 uMmeeT cTenens 2.

41.30. Y10 MOKHO CKA3ATL O KOPIAHOBOK (OPME MATPULEL JUHEH-
HOro oneparopa A B KOMILIEKCHOM npocTpaHcTse, ecan A® = A%7?

10%
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41.31. [JokasaThk, 9TO HEKOTOpasa CTEMeHb MUHUMAJLHOT'O MHOTOWIe-
HA MATPHIBL JCTUTCA HA €6 XapaKTepUCTHIeCKUH MHOTOWIeH.

41.32. [JokaszaTb, 9TO NI MOJ00OMA ABYX MATPHI, HEOOXOIMMO, HO
HE JOCTATOYHO, YTOOBI OHM MMEIN OJUHAKOBLIE XapaKTePUCTHICCKHN 1
MUHHMAJBHBIM MHOT'OWICHEI.

41.33. [lokazaTk, 9TO €CJIH CTENeHbh MUHUMAJIBLHOTO MHOIOYWIeHA JIH-
HelHoro omeparopa A paBHa pazMepHOCTH NPOCTPAHCTBA, TO BCAKUN
OMepaTop, MepecTaHOBOYHEN ¢ A, ABaseTcs MEHOTOWIeHOM OT A.

41.34. JIMHERHBIN ONEPATODP HABBIBACTCA NOAYNPOCTBLM, €CIA A
Mo00r0 MHBAPUAHTHOTO MOANPOCTPAHCTBA WMEETCA MHBADMAHTHOE 10-
HOJHUTEIBHOE MOAIIPOCTPAHCTEO.

HokazaTp, 9T0:

a) orpaHudeHre TOJYIPOCTOro ONepaTopa Ha HHBAPHAHTHOE TOIIPO-
CTPAHCTBO TAKKE ABLICTCA TOAYIPOCTHIM OIEPATOPOM;

6) TMHEHHBIN OIEPATOP NOAYIPOCT TOTAA U TOJBKO TOTIA, KOTIa TIPO-
CTPAHCTBO ABIAETCA IPAMOM CYMMOR MUHUMAIBHEIX MHBADUAHTHELX 110 1-
IPOCTPAHCTB;

B) €CJIM A JMHEHHOrO oleparopa A cymecTByeT pasiokeHHe Ipo-
CTPAHCTBA B NPAMYIO CYMMY MHBADHMAHTHBIX MOANPOCTPAHCTB, Ha KakK-
IOM M3 KOTODEIX OrpaHmdenue omeparopa A moaympocro, To A moxy-
IPOCT Ha BCEM IPOCTPAHCTBE.

41.35. [JokasaTb, YTO €CIM MUHUMAIBLHBIN MHOIOWICH JUMHEHHOIO
onepatopa A B mpocTparcTre V' ABIgeTCA NIPON3BEICHIEM B3AUMHO ITPOC-
THIX MHOTOWIEHOB ¢ () 1 go(x), TO V' MOMkeT OBITH PARIOKEHO B IPAMYIO
CYMMY IBYX MHBAPMAHTHBIX [IOAIPOCTPAHCTB TAKHX, UTO OrPAHMYEHUA
onepaTopa A Ha 5TH MOANPOCTPAHCTBA UMEIT MUHUMAILHLIE MHOIOYIE-
HEL §1 () 1 g2(2) COOTBETCTBEHHO.

41.36. /lokasaTh, 9TO 11 JH0OO0TO JUHEMHOTO ONEPaTOpPa CyIIeCTBY-
€T TAKOE PA3JOKEHHEe NPOCTPAHCTBA B NPAMYI0 CYMMY WHBAPHAHTHLIX
NOANPOCTPAHCTB, ITO MUHUMAILHEIE MHOTOWIEHBl €0 OrPAHMICHUN Ha
OTH IMOAIIPOCTPAHCTBA ABJIAKTCA CTEIIEeHAMH Pa3JIM'IHBIX HEIIPHUBO IMMbIX
MHOTOIECHOB.

41.37. [lokaszaTb, 9TO €CaM MUHUMAJILHBIM MHOIOWICH JHUHEHHOIO
onepaTopa A ABIgeTCa HemPUBOJUMBIM MHOIMOWIEHOM CTEeNeHu k, TO 1
moboro = # 0 BexkTopsl ¥, Az, ..., A¥ 1z cocraBrmior Gasme MunEMATS-
HOI'O HHBa-PPIaHTH()FO HOﬂHp()(lTpaHCTB&.
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41.38. JokasaTb, 9TO JUHEHHBIN OepATOP HOJYIPOCT TOT 1A U TOTb-
KO TOT'J[&, KOTJ[a €r0 MUHHMATLHBEIN MHOTOWICH HE UMEET KPATHBIX HellPH-
BOUMBIX MHOKHUTEICH.

41.39. Jokasarb, 4TO JUHEHHLIM ONEPATOP B BEKTOPHOM IPOCT-
pascTBe Hajg nodeM K xapakTepuetukn 0 MOIYTPOCT TOrJa M TOJBKO
TOrJa, Korja oH objagaeT coOCTBEHHBIM 0a3ucoM HaJ HEKOTOPBIM pac-
muperneM mouas K.

41.40. [Jokasath, 4TO CyMMa IBYX II€PECTAHOBOYHBIX MOMYIPOCTHIX
JMHEHHBIX OMEePATOPOB HAN MOJEeM XapakTepucTuku () ABIAeTCA MoJy-
MPOCTHIM OMEPATOPOM.

41.41. IIycre A — IMHENHEIN ONEPATOP B BEKTOPHOM IPOCTPAHCTBE
Hag moneM K xapakrepucruku 0 u K[A] KOJIBIO JUHENHEIX Ofepa-
TOPOB, NPEACTABAMBIX B BHAe MHOTo4wieHOB oT A. [okasats, 9To ecan
MUHUMAIBHBIM MHOT'OWIEH OmepaTopa A ABIAeTCsa CTENeHbI0 HENPUBO TH-
MOro MHOTOWIeHA p(x), TO:

a) aaeMenTH Koabia K[A], gensmmecs B DTOM KOJbLE HA DIEMEHT
p(A), obpaaytor ugean I, ormuanem ot K[A];

0) 171a Beakoro onepaTopa B € I MUHIMATLHBIL MHOTOWIEH ONIEPATOPa
A+ B geanres Ha p(x);

B) cymecTByeT onepatop B € I Takon, 4T0 MUHUMAIBLHBI MHOTOWICH
onepatopa A + B paeeH p(z).

41.42. JlokazaThk, 9TO BCAKHUU JUHEHHBIN onepaTop A B BekTOpHOM
HpOCTpa.HCTBe Ha 1 I1oJieM XapaKTepHCTHKH 0 MmoxkeT OBITH Hpe,[[CTaBJIeH B
BHJIE CYMMBI IOJIYIPOCTOrO ¥ HIILIIOTEHTHOIO OEPATOPOB, ABJIAIOMIMXCS
MHOrOWwIeHamMu o1 A.

41.43. JlokasaThb, 9TO BCAKUM JUHEHHBIN onepaTop A MoxXHO eguH-
CTBEHHBIM 00PA30M IPEJACTABHTD B BAJE CYMMBI IEPECTAHOBOIHBIX TOIY-
[POCTOr0 M HUWILIOTEHTHOI'O OIEPATOPOB.

41.44. [Joka3aTh, 9TO €CJIH CTENeHb MEHUMAJIBHOIO MHOTOWIeHA g( 1)
muHenHoro oneparopa A B BekTOpHOM mnpocTpanctse Vo oHang notem K
PABHA PA3MEPHOCTHU IPOCTPAHCTBA U (1) ABIAETCA CTENEHBIO MHOTOWIe-
Ha, HEIPHUBOAUMOro Hajg K, To:

a) V' Helbas pasioknTh B IPAMYIO CYMMY ABYX WHBAPHAHTHEIX NO/-
MPOCTPAHCTE;

0) V apageTcs MUKIATCCKAM OTHOCHTEILHO A.

41.45. Mlycts Ay,..., A, — cobcTBeHHbIe 3HAMEHUA MATpULLl A €
€ M, (C).
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MokasaThb, 49TO:
a) I 1000r0 HATYPATLHOrO ducaa k

LAk Wk k.
trA* = AF 4 Ak

6) KO3(PPUIMEHTH XapaKTePUCTUIECKOr0 TOJMNHOMA MaTpuibl A fB-

JAKTCA MHOrOWIeHaMu oT tr A, ... tr A™;
B) ecmmtr A=trA* =... =tr A" = 0, To MmaTpuna A HLILMOTEHTHA.
* * *

41.46. Ilycts

0 0 01
0 0 1 0
B=|: i . i 1| eM(O
0 1 00
10 00
1 ; >
n S =—(E+iB). JokasaTs, 9T0 a1a kopaaHoBon kieTkn J(n, ) €

€ M, (C) cnpaBejyimBO paBEHCTRO

n—1

1 .
SJ(n,\)S™' = AE + 3 E [Bkke1 + Bryax + 4(EBary1,641 — Bnpx))-
k=1

41.47. [JTokazaThk, 9TO KaxJad KOMIUVIEKCHAS MATPHLA TOJT00OHA CHM-
METPUIECKOU.

§ 42. HopMmupoBaHHbIE NPOCTPaHCTBA.
HeorpunarensHble MaTpHIlbI

42.1. Mlyere K — wopmuposannoe note (cm. 66.35) ¢ mopmon |z|.
JokazaTe, 94T0 cregyoimue GyHKIMA B K" ABJIATCA HOpMaMMU:

a) |[(a1,...,an)|l = a1 + ... + |anl;

6) |(a1,...,ax)|| = max(|ai|,...,|an]);

B) [l(a1,---, an)ll = Va1 + ... + |an[*.
42.2. Myers K — 10KaIbHO KOMIAKTHOE HOPMEPOBAHHOE TIOJIe, V. —
KOHEYHOMEPHOE BeKTOpHOe mpocTpancTeo Hag K. [Joxaszars, 4To jaobbie
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ase HOpMEL ||z||1, ||z||2 B V' skBUBaneHTHEL T.e. CYHIECTBYIOT TaKue MOJIO0-
KUTeTbHBIE JedcTBUTeabHbe uncia Cp, Cy, 9o aua Beex x € V

Cillzlly < [lell2 < Callzls.

42.3. Ilycte K — HopMmupoBagHOe mose, V' — KOHETHOMEPHOE BEK-
TOPHOE NPOCTPAHCTBO ¢ OaszucoM (e, ...,ey,). Illycre x, = 2161 + .
.+ Tpmem €V, x5 € K, n > 1. [lokasaTh, 4TO NOCIEI0BATEILHOCTD
BEKTOPOB &, CXOAUTCA TOrAa M TOJBKO TOTa, KOMIA CXOIATCA MOCTIeI0-
BATENBHOCTHU Ty A 1 = 1,...,m.

42.4. Ilycre K — noanoe HOpMUPOBAHHOE 110J1€ U V' — KOHeYHOMep-

HOe HOpMHUPOBaHHOE BeKTOpHOe npocrpanctso Hag K. [lokasars, yro V
IOJTHO.

42.5. llyets K — #opMupoBagHOE Toae 1 V' — HOPMUPOBAHHOE BEK-
TopHOE npocTpancTeo Hag K. Obosnaqdum gepes L(17) MHOMKECTBO BCex
Takux JuHenHbIX oneparopos A B V, uro uucao || A(z)|| orpanuueno,
ecan ||z|| = 1. JokasaTk, 9To:

a) L(V) — moanpocTpancTBO B NPOCTPAHCTBE BCEX JMHENHEIX OIe-
paTopoe B V;

0) L(V) apasercsa HOPMUPOBAHHON AIreOPON ¢ HOPMOR

lAll = sup [JA(2)];

[lz][=1
B) ecm V' komeunomepro, To L(V) — mpocTpaHCTBO BCex omepaTo-
poe B V.
42.6. Ilycte K —— nopmupoBanHoe moje U B K™ 3ajaHbl HOPMBI

a), 6) ua sagaum 42.1. [Jokasars, uTo (cormacHo 3agade 42.5) HOpMEL B
M, (K) = L(V) umeror Buj:

) |41l = max (Zmu) )IIAII—llgfg,(ilau[)-
i=1

42.7. lycre K HopMupoBanHoe noxe. [Ina A = (ai;) € M, (K)
TTOJOXKHUM:

n

a) |4l = Y layl; 6) [|All2 =
i,j=1
n- max ||

B) “A”S 1<4,5<n

JokasaTe, 910 Kax1asa u3 oTux Gyskmui 3agaet 8 M, (K) crpykTy-
Py HOPMHPOBAHHOH AJIreOphL.
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42.8. Mokasars, uro a1 modon marpuisl A € M, (C) onpexenenst
MaTpuusl e, sin A, cos A.

42.9, IIycte A € M, (C). Hoxasars, 9ro:

a) sin 24 = 2sin A cos 4; 6) e = cos A + isin 4;

1, . ; 1, : ,
B) sin A = 5(@"‘4 — g4y, r) cos A = 5(61'4 S )

42.10. Ecin A, B € M,,(C) u AB = BA, o eATB = eAeB,

42.11. Ilycte A — mopMupoBanHas anredpa Hal MOJHLIM HOPMHUPO-
pauueiM moseMm K. [lokasats, 1To ecim x € A, TO cymecTByeT mpeaen

p(x) = lim |[[z"]|'/™.
n—oo
¥ % %

42.12. Ilycth 2 — saeMeHT HaHAXOBOM aaredpsl A HaI MOTHBIM HOP-
mupoBaHHbIM moneM K. JlokaszaTh, €UTO paamyc CXOIUMOCTH DPAga

Z o t"z"™ € A[[t]] pasen p(z)~! (em. sagauy 42.11).
nz

42.13. Ilycth £ — a1eMeHT HaHAXOBOK anrebpsl A Hal MOIHBIM HOP-
MupoBaHHEIM ToseM K. Cnexmpom Sp(x) Ha3BLIBAETCA MHOKECTBO BCEX
Takux A € K, aro anemenT o — A HeoOpaTtum B A.

HNoxaszarth, 4ToO:

a) pajuyc HaMMEHbLIEro Kpyra B K ¢ LEeHTPOM B HYJIe, COAEPKAIIErO
Sp(z), pasen p(z);

6) muoxecTBO Sp(z) KommakTHO B K.

42.14. Hycre A € M, (C) 1 Aq,..., A\, — Bce cOOCTBEHHEIE 3HAYEHUS
varpunsl A. Jokazars, 1T0
ax |[\i| = p(4) < ||A]l,
max [\ = p(4) < [14]

rae ||A]| — npoussonsran mopma B atretpe M, (C), ungynuposannas B
cury 42.5, 6) mexoropou mopmon B C.

42.15. IlycTs 2@ — saeMeHT GaHAXOBOUW aareOpsl A HAT MOTHBIM HOD-
mupoeannom nonem K u f(t) € K[[t]]. dokasars, 4To ecan p(z) MeHblue
paguyca cxogumoctu f(t), To pag f(x) exoamures.

42.16. Ilycts 2 — saemenT OaHaxoBol aaredbpsl A HaI MOJIHBIM HOP-

MHpPOBaHHEIM ToseM K, g — oGparnvem anemest A u f(t) € K[[t]]. Jo-
Ka3aTb, 9T0 pag f(z) CXOZUTCA TOrJA ¥ TOIBKO TOJA, KOLAA CXOJUTCH

flgzg™"), npuuén f(gzg™') = gf(x)g™".
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42,17, Ilycte a — saeMeHT OaHAXOBOU a.nreﬁpm HAJ TOJHBIM HOP-
mupoBasHeM modeM K. Ipegnonoxum, uro f(t) € K[[t]], npuaém pax
f(a) cxomgurea. [ycTs v a uMeeTcs aHHYJIMPYIOMINE MHOTOYIEH CTere-
mu n. Jokasats, uto f(a) € (1,a,a?,...,a™1).

42.18. Ilycte A € M,,(C) u Ag...., A, — BCe KOPHH XapaKTePUCTH-
YeCKOr0 MHOTOWIeHa MaTpulbl A KpaTHocTen ko, . . ., k. IIpegmonoxm,
49TO A, . .., Ay JEKAT BHYTPH Kpyra cxozumoctu paga u(t) € C[[t]].

JokasaTs, ITO

n ki

=" Gi(4)
i=0

rae Gi(t) = H#i(t =AM,

42.19. Beraucants:

=, 1 d

-1 k
20 [E 1 g G omn (A~ AE)
k=0 1=0

4 2 -5
a) exp 3 -1 : 0) exp 4 =4 : B)exp| 6 4 -9 |;
1 1 6 —3
5 3 i
4 —-15 6
r)ln|1 -4 2]; 1) sin (71'_—11 Wi 1) .
1 -5 3
42.20. HaitTu onpegemurens MaTpumel e”, rae A KBaJpaTHAaA

MATPHULA TOPAIKA 7.

42.21. lIycte A € M,,(C) n
z1(t)
)= :
Ty (t)

— HenpepbiBHO audpepenunpyeman BekTop-pyHkuusa. /Jokaszars, 4To
PeIIeHneM CHCTeMbl I QePeHIMATBHBIX YPABHEHNH ¢ TIOCTOAHHBIMA KO-
addunmeHTaAMRI

d

prad x(t) = Ax(t)

¢ HavATBHBEIM yeaoBueM z(tg) apagerca sexTop-pyuxmua z(t) = e (tg).

42.22. Tlycts A — meorpunaTensaas Matpuna n A¥ — monoxurens-
Hask MATPHUIA IS HEKOTOPOro HATypaaeHOro umcaa k. Jokasats, 910
p(A) > 0.
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42.23. TpuBecT npuMep TAKOM HEOTPUIATEILHOU 2 X 2-MaTpPUILLL,
He ABIAIONICHCA TOJOKHUTEILHOHN, uTo A? ABIAETCA MOJOKUTETLHOMN
MaTPHUIEH.

42.24. IlycTh HEOTPUIIATEILHAA MATPUIA A UMEeT TOIOKUTETLHEN
cobcreeHHbl BekTOp. [lokaszare, uro Marpuua A nogobHa HeoTpHLA-
TEJILHOM MATPHUIE, Y KOTOPOU CYMMBI 3JEMEHTOB KaK J0M CTPOKH OIUHA-
KOBBL.

42.25. Ilycte A, B — NOJ0XKATEIBHBIC MATPHIIEL, MPHYEM MaTPHIIA
A — B rakxe nonoxurenbHa. Jokasats, ato p(A) > p(B).

42.26. Ilycte A HEBBIPOXKJACHHAS HEOTPUIATEIbHAA MaTpHIA,
npuaém u obpatnas matpuna A~! Taxxke meorpunaresbua. /Jokazars,
yro A = DP, rae D — nuaroHajbpHas HeOTPHLIATEIbHAA 0OpaTUMAasi MaT-
puna, P — mepecTaHOBOYHAA MATPHIA.

42.27. llycts A — HeoTpUUATEIbHAA MATPULA, T — TAKOH HEHYJe-
BOM KOMILIEKCHEIM BEKTOP, UT0 Ar — ar — HeOTPUIATEILHBEI BEKTOD
I HEKOTOPOTO BEIECTBEHHOTo uncaa . Jokazats, ato p(A4) > a.

42.28. llycte A — HeoTpunaTeIbHAS MAaTpPHUHA, Tpuaem L A nveeT mo-
JOKATEILHEI cOOCTBeHHEIN BeKTOD. Jokasats, ato ecmn Ax — p(A)z —
HEOTPHUATEILHEI BEKTOD 1A HEKOTOPOI'0 HEHYJIEBOIO BEKTOpa &, TO
Az = p(A)z.

42.29. Ilycte A — HeoTpHUNaTeabHasd MaTpuna, mpmiem maTpmma A
HONOKUTEIBHA I HEKOTOPOT'0 HATypaabHOro 4ucta k. [Joka3zaTs, 4TO:

a) A uMeeT MmoIOKUTENBLHBEIN COOCTBEHHBIN BEKTOD;

6) p(A) — coberBenHoe 3Hadenune A kparHOCTH 1.

42.30. Ilycts meorpunarensras marpuna A mMeeT coOCTBEHHBIN
BeKTOp T = (T1,...,Ty), TAC T1,..., &, > 0, 2py1 = ... = 2, = 0. Joxa-
3aTh, YTO TOrJA CYLIECTBYET Takas [epecTaHoBOYHAA MaTpuua PP, 4To

B C .
P lAP = (0 p ) rae B e M, (R), D € M,,_.(R), mpuaém B nmeer
MO0 ATEIBHEN COOCTBEHHEI BEKTOD.

42.31. Ilycte A — HeoTpunarTeasHas MaTpuna. [JokasaTk, 9T0 Cy-
MIEeCTBYET MOJOKHTEJIbHAd MaTpuua B, mepectaHoBouHaa ¢ A, B ToM
U TOJBKO TOM (:ny‘{ae, ecamn CyI_L'LECTByK)T MOJOXKHUTENBHEIE COOCTBEHHEIE
BexTOpLl y MaTpun A u fA.

42.32. Tlycte A — HEOTPULIATETLHAS TPEXAHATOHAILHAL MATPUIIA.
lokasaTh, 4T0 BCe cOOCTBeHHBIC 3HaYeHusn A BeleCTBEeHHBL.
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42.33. Ilyctb A — HeoTpunaTeilbHasd MaTpuma. JokasaTb, 4TO
p(E+A) =1+ p(A).

42.34. [na HeOTpHUATENBHEIX MATPUI A HAITH HEOTPULATEILHEE
cobcTBeHHBIE BeKTOpHL & 1 p(A):

aC ) 0

1 g
B) [0 : r)

1 3
0

[=JCITN
== "
— =1 N b
oo w

= O QU =



I'masa X

METPUYYECKMWE BEKTOPHBIE
ITPOCTPAHCTBA

§ 43. l'eoMeTpUA METPUYECKHX IIPOCTPAHCTB

43.1. Kakue u3 BeKTOPHBIX IPOCTPAHCTE ¢ OMIMHEMHBIME (hOpMaMu
u3 3aga4dn 37.1 ABAAIOTCA METPUYCCKUMHU T

43.2. [lokasaTh, 9TO BemecTBeHHasA 4acTb f(r,y) ¥ MHHMasg 9acTh
g(x,y) >pMuUTOBON (PYHKIMN HA KOMILIEKCHOM BEKTOPHOM IPOCTPAHCTBE
V' mHBapmaHTHLI OTHOCUTENBLHO YMHOMKEHWA HA 1, T.€. I JIOBX BeKTO-
poB x,y €V

fliz,iy) = f(z,y), gliz,iy) = g(z,y).

43.3. [okazaTsb, 9TO0 METPHYIECKOE BEKTOPHOE IMPOCTPAHCTBO ABJIA-
eTCA MPAMOM CYMMOM TOANPOCTPAHCTBA L M €ro OPTOTOHAIBHOTO A0-
noxnenua L TOrga M TOIBKO TOTAA, KOTAA CKATAPHOE TPOU3BEIeHIe Ha
L HeBLIPOXKICHO M 9TO B HTOM GIyHae CKAIAPHOE Ipou3peieHne Ha L*
TAKKe HEBBIPOK IEHO.

43.4. B mpocrpasctee M, (C) ¢ 2pMHTOBEIM CKAIAPHBIM IPOM3BEIe-
HIEM

(X,Y) = tr(X'Y)
HAUTU OPTOrOHAILHOE IONOIHEHUE K II0AIPOCTPAHCTEY:
a) MATPHIL C HYJCBBIM CICLOM;
6) BPMHUTOBLIX MATPWIL;
B) KOCOPMHUTOBBIX MATPULL;
') BEPXHUX TPEYTOJbHBIX MATDHUIL.

43.5. TlokasaTh, ITO SPMATOBO M €BKJINI0BO MTPOCTPAHCTBA ABIAIOT-
€51 HOPMHUPOBAHHBIMH.
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43.6. Kakue us HopMuposaHuil npocrpancts R, C" ua sagaun 42.1
HHIYIUPOBAHBI €BK/IMIOBON WIM SPMUTOBOM METPUKOM?

43.7. [lonomHUTE 10 OPTOTOHAJBHOTO DA3UCA CUCTEMY BEKTOPOB €B-
KJINJ0Ba U 3PMUTOBA IPOCTPAHCTBRA:

a) ((1’ _2‘- 2’ _3)1 (21 _31 2: 4))5
6) ((1,1,1,2),(1,2,3,-3));

212\ (12 2))
B) ((51575)7(575:_5))7
1111 11 1 1 )
F) ((5757515) 3 (5957_57_5))1

ﬂ) ((19 1= i12)7 (_23 -1+ 3?'13 = 7));
e} ((_is 21 -4+ 1}, (4 - is _17”)
43.8. HaTu OpTOrOHATLHYI0 NPOEKIUI0 BEKTOPA I EBKINA0BA

(apMUTOBA) MPOCTPAHCTEA HA JUHEHHYIO 000JOUKY OPTOHOPMHUPOBAHHON
CHCTeMBI BEKTOPOB (€1, ..., €x).

43.9. Jokasare, 9T0 B MOOBIX IBYX HOANPOCTPAHCTBAX E€BKJINJ0OBA
(3pMUTOBA) TPOCTPAHCTBA MOKHO BEIOPATEH OP TOHOPMHAPOBAHHEIE OA3UCHL

(e1,...,ex) m (fi1,-.., fi) Takmu oGpasom, 9Tobwl (€;, fj) =0 npu i # ju
(es, fi) 2 0.
43.10. lycrs (ey,...,ex) u (fi,..., fi) — opToHOpMUpOBaHHBIE Oa-

aucel nognpocrpadcTs L u M eBkauI0Ba (3pMHUTOBA) MPOCTPAHCTEA,
A = ((ei, f;)) — marpuna mopsagka k x I. JokasaTk, 4TO BCe XapaKTe-
pucTmieckne uucaa Matpunsl ‘A - A mpuragrexat otpeaky [0,1] u He
3aBUCAT OT BEIGOpA Ha3uCcOB B moanpocTpancTsax L u M.

43.11. JokaszaTk, €YTO BCAKAA BEIIECTBEHHAA CUMMETPHUIECKAST
MATpUUOa paHra < 1 ¢ HEOTPHIATEIbHBIMH (COOTBETCTBEHHO IOJOKH-
TEIbHBIMA) [VIABHBIMHM MHHOPAME ABIAETCA MaTpulen | paMa HEKOTOPOR
cucTeMbl (COOTBETCTBEHHO JMHENHO HE3ABHCUMON CHCTEMBI) BEKTOPOB
N-MEPHOrO eBKJIWI0BA IPOCTPAHCTBA.

JlokaszaTs aHAJIOIHYHOE YTBEPKJEHWE 1 DPMUTOBOM MATPUIBLI U
3PMHUTOBA OIPOCTPAHCTBA.

43.12. [lokazaTh, 9T0 CyMMa KBaJPATOR JAIMH IPOCKIUH BEKTOPOB
M000T0 OPTOHOPMUPOBAHHOTO 0a3uca eBKINIOBA (3PMHTOBA) IPOCT-
paHcTBa Ha k-MepHOe MOINPOCTPAHCTBO paBHA k.

43.13. llycte G — MaTpuua CKAJIAPHOTO NPOM3BEACHHA B Oasmce
(e1,...,e,) eBkanaosa npocTpancTea V. HaiTu MaTpumy nepexoia K co-
npskénHoMy 6asucy (fi, ..., fn) ¥ MATPHUILY CKATAPHOrO MPOM3BEICHU
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B OTOM Oasuce.

43.14. IlycTe S — marpuna nepexoja ot dazuca e k bazucy e'. Han-
TH MATPHUIY Mepexoga oT Oasuca €', conpskéHHoro x e, k oasucy f)
compaxeHaOMY K

a) B eBKINI0BOM IPOCTPAHCTEE;

6) B 3PMUTOBOM IPOCTPAHCTEE.

43.15. C noMOomb0 Iponecca OpTOrOHAIN3AINRN IOCTPORTE OPTOrO-
HATBHEIN OA3WC JHHEHHON 00OJOYKN CHCTEMBI BEKTOPOB €BKIMI0BA (2p-
MHUTOBA) MPOCTPAHCTEA:

) ((1 2 2 = ) (1 1:_533)1(312181_7));

6) ((1,1,-1,-2), (5,8,—2,—3),(3,9,3,8));
B) ((2 1,3,-1),(7,4,3,-3),(1,1,-6,0),(5,7,7,8));
r) ((2,1,—1),(1—14,2,0),(—¢,0,1—14));

) ((0,1-14,2),(—i,2+ 3i,4),(0,0, 27)).

43.16. Hantn 6asuc 0pTOTOHAILHOTO TOTOTHEHNA JUHEMHON 000J04-
KU CHCTEMEl BEKTOPOB €BKJIMA0BA (3PMUTOBA) IPOCTPAHCTBA

a‘) ((11 0,2, 1)7 (2= 1,2,3), (0: 1,-2, 1))§

6) ((13 1: 11 1)7 (_1, 17 _17 1)7 (23 01 20})1

B) ((0! 14 2?7 _i): (17 _13 2- 7))

43.17. [TokazaTh, 9TO CUCTEMBI JIMHEHHBIX VPABHEHNH, 38 IAKIIIX J1-
HEMHOE o AIpocTpancTBo B R” 1 ero oproroHaasHoe JONOJHEHHE, CBA3A-
HEL CJIeIYIOMIM 00pa3oM: KOd(PUIUeHTHl JJUHeNHO HE3aBUCHMOM CHCTEe-
MBI, 3aJal0Med OJHO U3 3THX HOANPOCTPAHCTE, ABIAIOTCA KOOP IUHATAMY
BEKTOPOB Ha3uca APyroro mnoIIpoCcTpPaHCTBA.

43.18. Hantn ypaBHeHHs, 3a1a00IHUe OPTOTOHAIBHOE TOTIOJHEHUE K
MOAIPOCTPAHCTRY, 33 JAHHOMY CHCTEMOU YPABHEHU:

2ry + 22 + 313 — T4 = 0,
a) ¢ 3xy +2x9 — 224 =0,
3ry + a0 +4x3 — x4 = 0;
2.’1’31 - 3.1."2 + 41‘3 - 3.’[54 = 0,
6) 33’!1 — Ty + 11:1?3 - 13.1'4 = 0,
4z + x2 + 1823 — 2324 = 0;
21+ (1 —8)xe —ix3 =0,
—ixy + 4z = 0.
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43.19. HauTu Npoekuuo BeKTOPa & Ha MOIIPOCTPAHCTBO L U OpTO-
FOHANBHYIO COCTABIAIOIIYIO BEKTOPA It

a)r=(4-1,-3,49)n L={1,1,1,1),(1,2,2,-1),(1,0,0,3));

6) x=(52,-2,2)u L=1{(2,1,1,-1),(1,1,3,0),(1,2,8,1));

B) x = (7,—4,-1,2) n L 3a3aH0 CUCTEMOH yPABHEHUN

2x) + 9 + a3 + 324 =0,
3.’[71+2.T2 +2.L‘3+.7)4 = 0,
x4+ 229 + 223 — 4y = 0

n) @ =(i,2—14,0) m L 3a1a00 CUCTEMON ypaBHEHUN

(2+ %)z —iwe + 2x3 + izq =0,
(2 + i)z — iwo + 23 + x4 =0,
by + (=14 i)z + a3 = 0.

43.20. JokasaTb, ITO €CIM B IPOHECCe OPTOTOHATHIAIMNE CHCTEMA
BEKTOPOB a1, ..., 0, TEPEXOAUT B CUCTEMY by, ..., b,, TO BekTOp b} ecTh
OPTOrOHAJIBHAA COCTABIAIONIAA BEKTOPA (A OTHOCHTEILHO JMHEHHOU 000-
JIOYKH CUCTEMBI @y, ..., a1 (k> 1).

43.21. Hautu paccrosaMe OT BeKTOpa T [0 NOJAIPOCTPAHCTBA, 3a-
JAHHOTO CHCTEMOU YPABHEHUN:

d)g_(240_1) 2I1+2$2+1‘3+$4:07
’ AT ’ 2z + das + 223 + 4y = 0;

6) v = (3.3,-4,2), {x1+2:c2+.1:3~a:4:0,
r1 + 3w + 23 — x4 = 0;
B) x =(3,3,-1,1,-1), 2xy) — 29 + 3x3 — 214 + 225 = 0;
r)xz=(3,3,-1,1,-1), ry —3xs + 224 — x5 = 0
a) x=(0,—%,1+1), z) +ize — (2 —9)z3 = 0;
e)x=(1,-1,4), Ty 4+ (5 +4i)zs —ixzs = 0.
43.22. Ilycre (eq,...,€ex) OPTOHOPMUPOBAHHAA CUCTEMa BEKTO-

POB N-MEepPHOI'O €eBKJIU 10Ba (BpMMTOBa) OpocTpancTBa. ,HOKH.'B&.TL, "TO 414
T000T0 BEKTOPA &I BBINIOJIHACTCA HEPABEHCINGO Becceas

ZI z,e)* < |zl

i=1
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OPUYEM PABEHCTBO TOCTUCAETCA M JI000T0 T TOrAa M TOJBKO TOra,
Korjga k = n, T.e. JaHHAA CHCTEMa BEKTOPOB ABIACTCA OPTOHOPMUPOBAH-
HEIM OasucoMm npocrpanctsa V (pasencmeo Hapcesaas.)

43.23. Toassysace vepaserncToMm Komm, noxkaszars, 9T0

k k
Zaibi < Z |ai|?|bi]?
i—1

2

i,j=1
JULAL JIFOOBIX KOMILIEKCHBEIX THCET (1, . . ., Gf, D1, .. ., Dg.

43.24. [Jokasarb, 4TO KBaJAPAT PACCTOAHUA OT BEKTOPA T €BKJINJ0BA
(s3pMHUTOBA) IPOCTPAHCTBA 10 MOANPOCTPAHCTBA ¢ GasucoMm (eq,...,€)
PABEH OTHOLICHUIO onpegeanTencn ['pama cucrteM BeKTOPOB (€1, . . ., €, T)
u (ela nome :ek)‘

43.25. [JokasaTh, 4TO ompegeauTens I pama q000H CHCTEMBI BEK-
TOPOB:

a) B IPOLECCe OPTOrOHANM3ALNYE HE MEHACTCS;

6) HEOTPULATEICH;

B) paBeH HYJIIO TOIJA M TOJIBKO TOLAA, KOI4 CHCTeMa JHHENHO 3aBH-
cHUMa;

I') HE MPEBOCXOANT MPOU3BEICHHA KBAJPATOB LIMH BEKTOPOB CHCTE-
MBI, IPUYEM PABEHCTBO UMEET MECTO TOTIa U TOJBKO TOTIa, KOT 4 BEK-
TOPBI MIONAPHO OPTOTOHAIBHEL WIH OJUH U3 HUX HYJICBOU.

43.26. [lokasaTh, 9TO ONPEACIUTE]b MATPHIIBI TOJOKUTEIBHO OIpe-
NeNEHHON KBaIPATHIHON (POPMBI HE IPEBOCXO AT MPOU3BEICHHA DIeMeH-
TOB €€ IVIABHOM JHATOHAJIM.

43.27. JoxkasaTk, 4TO Ajia JMO0ON BEIIECTBEHHOM KBAAPATHOM MaT-
punsl A = (a;j) mopAgKa n BHIOIHAETCA Hepasencmeo Adamapa

(det A)* < ﬁ (i a?j>,
i=1 Jj=1

ﬂpH‘IéM pPaBEHCTBO MMeeT MeCTO Tor'Jda U TOJBKO TOor'Jda, KOr' da aubo
n
Y duan=0 {i=1...n &£
k=1
m6o MaTpuna A uMeeT HyJEBYIO CTPOKY.

CchopMymmpoOBATE W T0KA3ATEH AHAJOTHIHOE YTBEPIK IEHUE I KOMII-
JIEKCHOW MaTpuubl A.
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43.28. Hauti IIHUHBI CTOPOH M BHYTPEHHUE YILUIBI TPEYTOJBHUKA
ABC B npoctpancTee R :

a) A=(2,4,2,4,2), B=(6,4,4,4,6), C = (5,7,5,7,2);

6) A=(1,2,3,2,1), B=(3,4,0,4,3),

5 5 10 5 53
c_(1+2—6\/ﬁ, 2+ 2VT8, 3+ VT8, 2+ 2V 1+%\/ﬁ).

43.29. C noMoup0 CKaAIAPHOrO NPOU3BEICHUA BEKTOPOB JI0Ka3aTh,
qTO:

a) cyMMa KBAaJIpPaTOB AMArOHAJCH MApaLIeJorpaMMa PaBHA CYMME
KBaJApPaTOB €ro CTOPOH;

0) KBAAPAT CTOPOHEI TPEYCOJLHMKA DPABEH CYMME KBAJIDATOB IBYX
JAPYIUX ¢TOPOH 63 yIBOCHHOI'O MPOM3BCICHUA DTHX CTOPOH HA KOCHHYC
yriia MexKa1y HUMH.

43.30. MeTo0M HaMMEHBIIMX KBaJAPaTOB PEHIUTH NEPeOnpegeatt-
HYIO CHCTEMY JUHEHHBLIX YPABHEHHH:

&1 + a2 — 33 = —1, 2x1 — dxs + 3x3 + T4 = 5,
) 2y + 190 — 223 = 1, 6) 3xy — Txo 4+ 323 — 24 = —1,

T +xa+ 33 =3, S5xy — 90 + 63 + 224 =T,

T1 + 229 — 323 = 1; 4r) — 69 + 3x3 + 34 = 8.

43.31. (n-mepnas meopema Iugazopa.) JokazaTh, 9TO KBAAPAT IUA-
FOHAIKM N-MEPHOIO IPAMOYIOJBHOIO NapaJielIelnnela pPaBeH CyMMe
KBaApPaTOB €ro pédep, BRIXOAAIMX U3 OJHON BEPUIMHEL.

43.32. Hautn 4mesio aumaroHagien n-MepHoro ky6a, OpTOrOHAJbLHEBIX
JTAHHOW JMATrOHAJIM.

43.33. Hautu AJUHY AMATOHAIM N-MEPHOro Kyba ¢ pebpoM a U YIVIBI
MEXKAY AnAroHaLIMu kyOa um ero pédpamum.

43.34. Hanru pajuyc mapa, ONUCAHHOIO OKOJO N-MEpPHOro Kyda ¢
pedpoM @, U penmTh HepaBeHCTBO R < a.

43.35. [lokasaTb, 4YTO [AJIMHA OPTOrNOHAJBLHOW MPOEKIUH pedpa
n-MepHOro Kyda Ha J00y0 ero IMaroHATb DABHA 1/n IIMHBL IHArOHAIH.

43.36. Boraucante 00BEM 1-MEPHOTO MapasLIeTenunena co CTOpOo-
HaMMU:

a) (1,—1,1,~-1), (1,1,1,1);, (1,0,—1,0); (0,1,0,-1);

6) (1,1,1,1), (1,-1,-1,1), (2,1,1,3), (0,1,-1,0);

11  A.W. Kocrpukux
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B) (1,1,1,2,1), (1,0,0,1,-2), (2,1,-1,0,2),
(0,7,3,—4,-2), (39,-37,51,-29,5);
r) (1,0,0,2,5), (0,1,0,3,4), (0,0,1,4,7),
(2,-3,4,11,12), (0,0,0,0,1).

43.37. [JokazaTh, 4TO m41a 00BEMA HAPALICICIIHNIICI) BHITOTHACTCA
HEPABEHCTBO

Viay,...,ap, by, ... 00) < Viag,... ag) - Vi(by,....y),

OPUIEM PaBeHCTBO HMeeT MeCTO TOrga ®W  TOJIbKO TOrda, KOrJa
(ai,b;) = 0 mpu Beex i u j.

43.38. Hauru yroa Mexay BEKTOPOM & W MOAIPOCTPAHCTBOM L

a) L=1{((3,4,-4,-1),(0,1,-1,2)), z=(2,2,1,1);

6) L =1{((5,3,4,-3),(1,1,4,5),(2,-1,1,2)), == (1,0,3,0);

B) L={((1,1,1,1),(1,2,0,0),(1,3,1,1)), == (1,1,0,0);

r) L=1{0,0,0,1),(1,-1,-1,1),(-3,3,3,0)), ==(1,2,3,0).

43.39. [JokazaTb, 9TO €Cau KaXKABE IBA PA3JUYHBIX U3 k BEKTO-

POB €BKJIN/IOBA HPOCTPaHCTBa V' 00pasyioT Mexay cobon yroa @/3, To
k< dimV.

43.40. [JokasaTb, 4TO €CIM KAXKABLIEC [BA PA3IUIHBIX U3 k BEKTOPOB
EBKJIHOBA IPOCTPAHCTBA 00pasyior Tymou yroua, 7o k < 1+ dim V.

43.41. HauTu yron MexIy IMATOHAJIBID N-MEPHOTO KyDa H ero
k-MepHOU rpaHbIo.

43.42. Hantu yroa Mex1y ABYMEDPHBIMHM TCPAHAMU (gG)ds U (gdzy
MPaBUJIBHOI'O YETBIPEXMEPHOT'0 CUMILICKCA (o] A2@304.

43.43. HauTu yroa Mexay ToANpOCTPAHCTBAMU

((1,0,0,0),(0,1,0,0,)), ((1,1,1,1),(1,-1,1, -1)).

43.44. Muorowiessl

1 dk 2 k
Po(z) =1, Pk(w)zm@;[(x ~1F] & =1,20)

HABBIBAIOTCA MH020uAenamy Jlencandpa.
a) /lokazaTs, 1To MEOrOWIeHH Jlexanapa 06pa3yioT OpTOrOHAILHEIN
0a3nC B eBKINJ0BOM TpocTpancTBe R[z], cO CKATAPHBIM MpON3BeIeHneM

[11 f(z)g(z) dz.
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0) HauTu asHBIM B MEHODOWIHOB Py (x) ana k < 4.

B) Jlokasars, uro deg Py (z) = k, 1 Ha'Tu pa3BéPHYTOE BHIPAKEHUE
s Pp(x) npu Beex k.

r) Berancants gmuny muorowrena Jlexanapa Py (z).

A1) Berancanrs 3aadenune Py (1).

e) [JlokasaTh, 9TO IPH NPUMEHEHUH IPOLECCa OPTOTOHAIUIAINH K Oa-
aucy (1,x,2%,...,2") npocrpanctsa R[z], momyuaercs 6as3uc, sneMenTH
KOTOPOIO JULIEL MOCTOAHHBIMA MHOKUTEIAMY OTIMYAITCA OT COOTBET-
CTBYHOIIMX MHOTOICHOB JIex)aHpa, U HAUTH 3TH MHOKATEIII.

1
xk) [lokasaTh, 9TO MHTErpas f f(z)*dz, rae f(z) — MHOroOwIeH
-1

CTEIeHH N C BEIIeCTBeHHBIMY KO(D(PUIMEHTAME CO CTAPIINM KO3 UIIn-
€HTOM 1, TOCTHraeT CBOEro MUHUMYMa

22n+1
—_—
(2n+1)(51)
pH
21’1

flz) = @Pn(w)-

43.45. B npocrpancrse R[z], co cKaTApHEIM TpOU3BeIeHAEM

1
IJHmWﬂM

HANTH:
a) 06wém mapamnerenunena P(1,x, ... z");
6) paccrosHme 0T BeKTOpa " 10 nognpocrpascTea R[x],_q.

43.46. B mpocrpancTBe L HenpepuIBHLIX (DYHKIMHE HA OTpE3Ke
[—7, 7] €O cKaNAPHBIM IPOU3BELEHHEM

(f9) == [ st

HAUTH IpoeKinio pyHKuuu ("™ Ha MH0ANPOCTPAHCTBO

V = (1,cost,sint,...,cosnt,sinnt).

43.47. llycte V' — [0CEBIOEBKAHIOBO MPOCTPAHCTBO CHTHATYPBI
(p,q) m W — nmoxnpocrpancrso B V. [Jokasars, 4ro:

11*
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a) ecau CKaIapHOe NpOoH3BeIeHne Ha W IOJOKUTEIBHO ONpeIeIeHo,
1o dimW < p;

0) ecn (z,z) = 0 gaa motGoro € W, To dim W < min(p, q).

43.48. [lycTh Ha BEKTOPHOM MPOCTPAHCTBE 3aJaHO HEBBIPOK ICHHOE
CKATAPHOE NPOM3BEICHEEe CUTHATYPHL (p, ) W OrpaHH-EHHe ero Ha I0I-
npocTpancTBO W — HEBBIPDOKJEHHOE CKAJAPHOE IPOU3BEICHHE CUIHA-
Typel (p',q'). JokasaTs, 4T0 OrpaHHYEHUE CKAJAPHOTO MPOU3BEJCHNA HA
W meseiposeno u umeer curnarypy (p —p',q —¢').

43.49. /lokasarhb, 9TO B ICEBI0EBKJINI0BOM IPOCTPAHCTBE CUT'HATY-
Pl (P, q), TAC p U ¢ OTAMYHBL OT HYJIsA, CYMIECTBYET GA3KC, COCTOAIINA U3
M30TPONHEIX BEKTOPOR.

§ 44. ConpsaxxEHHEBIE M HOPMAJBLHBIE ONEPATOPLI

44.1. Jlokasarh CACIYIONME CBONCTBA ONCPAILMHA MEPEXO1a K COMpsi-
JKEHHOMY ONEPATOPY B METPUUIECKOM IPOCTPAHCTEE:

a) A** = A;

6) (A + B)* = A* + B;

B) (AB)* = B* A*;

) (AA)* =A%

o) A*An AA* — camoconpsaxkéHHEIE OIEPATOPEL;

e) ecm onepaTop A mesnipoxgen, To (A7H)* = (A*)7L.

44.2. Hairtu maTpuny oneparopa A* B 6a3uce e METPUIECKOTO BEK-

TOpHOrO HpocrpancTsa V', ecan oneparop A umeer B aroM Oasuce MaT-
puiy A, a ckansipHOe npomaBeenne — varpuny G.

44.3. Ilycte (e1,e2) — OPTOHOPMHPOBAHHEIN 0A3UC METPHIECKOTO
BEKTOPHOTO MPOCTPaHCTBA W omepatop A mveet B Gasmce (e, e; + e3)

1 2 3
MaTPUILY (1 _1). HauTu maTpuuy oneparopa A* B aToM Gasuce.

44.4. Haute omepaTop, CONMPAKEHHBN K TPOEKTUPOBAHUIO KOO IU-
HATHOH ILUIOCKOCTH HA OCh a0CIUCC NAPATLIEIBHO ODUCCEKTPHUCE TIePBON U
TPETHEH YeTBEPTEH.

44.5. Ilyctb A — NOpOEKTHUPOBAHNE METPHUYECKOTO BEKTOPHOTO
npocTpancTBa V' Ha mOANPOCTPAHCTBO V| HapaielbHO HOAIPOCTpAaH-
crBy Vs. Jokasars, 4To:

a) V=17 & Vi

6) A* — mpoexTuposanue npocrpanctea V Ha Vit napawteasno Vit



=
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44.6. TokasaTb, YTO €CIH HOANPOCTPAHCTBO METPUIECKOIO BEKTOP-
HOT'O NPOCTPAHCTBA MHBAPHAHTHO OTHOCHTEILHO JHHEHHOIO OIepaTopa
A, To ero opTOroHaibHOE IOMOJHEHHE MHBAPMAHTHO OTHOCUTEIBHO ONe-
partopa A*.

44.7. JlokazaTb, 9TO AAPO M 00pa3 comnpsaxKeHHOro omepartopa A*
ABIAIOTCA OPTOTOHAJBHBIMY JOTIOTHEHUAMU COOTBETCTBCHHO K 00pasy m
aapy omepatopa A.

44.8. [Joka3aTb, 9TO €CIH & — COOCTBEHHBIU BEKTOD OnepaTopos A
u A® B METPUYECKOM BEKTOPHOM IPOCTPAHCTBE C COOCTBEHHBIME 3HATEC-
HUAMKA A | (1, TO [t = A,

44.9. llycres V' — DpocTpaHCTBO BEHIECTBEHHBIX OECKOHEYHO 1ud-
(epeHuMpyeMBIX HepuoaudeckKux GpyHKIuN nepuoia h > 0 co cKaaapHBIM

h
MPON3BEICHACM / flz)g(x) dz.
0

a) HawiTu oneparop, CONpsaxKeHHBIN K onepaTopy audpepeHnuposa-
aus D.

6) Joxaszare, uTo orobpaxenus A u B, 3ajannbie npaBuiaMu

n

A(f) =3 wDi(f),  B(f)=Y_(-1)'D'(uif),
=0

i=0

TAe Ug, U - - -, Uy € V — QUKCHPOBAHHEIEC QYHKIINY, ABIAIOTCA TUHCTHLI-
wmu omepaTopayu B V u B = A*.

B) JokazaThk, 9TO OMepaTop, ONPEICTCHHBIN MPABKIOM

A(f) = sin® %’“wz(f) s 2% sin %mD(f),

ABJIAETCA CaMOCOHp}I}KéHHbIM.

44.10. IIycts V' — mpocTpaHCTBO BelIECTBEHHBIX OECKOHEYHO THdg-
(hepeHIMpyeMBIX (PYHKIUMN Ha 0Tpeake [a, b] co CKaIApHBIM NPON3BeeHn-

eM /b f(z)g(z) dz. JokasaTs, 9ro:
al; ecan (PYHKIUH Ug, . . ., Uy, € V yAOBIETBOPSAIOT YCIOBIAM
Di(u;)(a) = Di(u;)(B) =0 (j=1,...,n; i=0,1,...,5-1),
TO oTobpaxkenus A u B, onpegenénnbie npaBmiIaMn

A =S wDi(f), Bl =S (~1)Di(uf),

i=0 =0
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ABIAKTCA JHHEHHBIMU onepaTopaMu B V u B = A*;
6) JMHEHHBIM onepaTop A, onpeIetéHHbIN IPABHIOM

A(f) = (z - a)*(z = 0)*D*(f) + 2(x — a)(z — b)(2z — a — D)D(f),

CaAMOCOTIPAKEH.

44.11. [TokazaTh, 4TO e€cJau JuHenHble onepatopbl A u B B mpoct-

b
pancTse R[z] co cxkamapabM nponase1eHmeM / f(z)g(z) dz onpenenens
a

npaBIIaMK ) )
A(f) = f P.y)fW)dy,  B(f) = [ P(z,4)f(y) dy,

rae P(x,y) € Rlx,y], To B = A".

44.12. Tokasatk, 4T0 ecau A — caMOCONPSKEHHBIA OOEpaTop, TO
dyuxuus f(x,y) = (Az,y) apmuTopa.

44.13. Joxasars, uro ecaun A u B — caMoconpsikéHHbe 0nepaTopsl
B METPUYECKOM BeKTOpHOM npocTtpancTee V u (Az, ) = (Br, x) a1a eex

zeV, o A=B.

44.14. [lokazars, 9T0 onepatop A B €BKIMIOBOM WIH HPMHTOBOM
npocTpascTBe V' HOPMAIEH TOMGAa M TOABKO Torga, korga [Az| = |A*z|
A Beex x € V.

44.15. [JokazaTk, 9TO €CIH & — COOCTBEHHBIM BEKTOD HOPMAJIBLHOIO
omepatopa A B €BKIMIOBOM WIH 3PMUTOBOM IIPOCTPAHCTBE ¢ COOCTBEH-
HBIM 3HAYEHHEM A, TO T — COOCTBEHHBIN BeKTOp oneparopa A* ¢ cober-
BCHHBIM 3HAYCHUEM \.

44.16. [JoxazarTh, 970 COOCTBEHHBIE BEKTOPEL HOPMAILHOIO OIIEPATO-
pa B METPHYECKOM BEKTOPHOM MNPOCTPAHCTEBE C PA3JUAYHBIMU COOCTBEH-
HBIMU 3HAYCHUAMHU OPTOrOHAJIBHEL,

44.17. [TokasaTs, 4TO:

a) OPTOrOHAJBHOE TOMOJHEHHE K JIUHEHHOM 000J0YKe COOCTBEHHO-
ro BEKTOpa HOPMAILHOIO OIepaTopa .4 B eBKIMI0BOM WIM DPMHTOBOM
NPOCTPAHCTBE HHBAPHAHTHO OTHOCHTEIBHO A;

6) onepaTop B 3PMHUTOBOM MPOCTPAHCTBE HOPMAJEH TOJA U TOJIBKO
TOrIa, KOUAa OH UMEET OPTOHOPMHUPOBAHHLIN COOCTBEHHBIH 0a3KC;

B) ONEpPATOp B €BKIMIOBOM WIM METPUYECKOM HPOCTPAHCTBE HOPMAa-
JeH TOTJA 1 TOJIBKO TOCJA, KOTa J0O0H ero cOOCTBeHHEIN BEKTOD ABIA-
eTcA COOCTBEHHBIM /A CONPAKEHHOIO ONEPATOPA.
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44.18. JokaszaTb, 49TO J000€ MHOXKECTBO IIePEeCTAHOBOYHBIX HOP-
MAJBHBIX OMEPATOPOB B 3PMUTOBOM MPOCTPAHCTBE UMeeT OOIIMH OpTO-
HOPMUPOBAHHBIN (6Aa3UC.

44.19. JokaszaTb, 4TO €I HOPMAJbHBEIN onepaTop A B 5pMUTOBOM
NPOCTPAHCTBE MepecTaHoBodeH ¢ omepatopoMm B, To A mepecrtasoBo-
qen ¢ B*.

44.20. Ilycts A, B — HOpMaAJBHBIE ONEPATOPHI B DPMUTOBOM IPO-
CTPAHCTBE, IPHIEM XAPAKTEPUCTUYIECKIE MHOMOWIEHEL 9THX OIEPATOPOB
paBuHL. [lokazaTh, 9T0 MaTpuubl onepatopos A u B B ao6oM Oasuce
O 00HBI.

44.21. llycrs A — HOPMAIBLHBIN HWILIOTEHTHLIM OHEPATOD B DPMU-
TosoM npocrpadcTse. Torga A = 0.

44.22. OnepaTop A B 3pMHTOBOM IPOCTPAHCTBE HOPMAJCH TOrIA U
TOIBKO TOraa, kKorga A* = p(A) gaa mwexoroporo nomuaoma p(t).

44.23. /l1sa BCAKOrO MHOTO'LICHA

fl@) =) air' € K[x]
i=0

MTOJIOKAM
n
fl&) = a;x’
i=0
Hokazarb, 9T0 eczm A —— omepaTrop B METPHYECKOM IIPOCTPAHCT-
BE, TO:

&) S =T

6) ecn f(A) =0, To f(A*) =0.

44.24. Ilycts A — HOPMAIBHBIM OMEPATOP B METPHYIECKOM BEKTOD-
HOM mpocTtparcTee V n f(z) € Kz].

HoxaszaTsk, 4T0:

a) saapo Ker f(A) uaBapuantao orHOCHTEALHO A*;

0) Ker f(A*) = Ker f(A);

B) ecmn f(x) = fi(x)fo(z), rge fi(z) m fa(z) B3amMHO HpPOCTHL,
To Ker f(A) saBrseTca OpTOrOHAIBLHON NPAMOM CYMMOH TOAIPOCT-
parcte Ker fi(A) u Ker f2(.A);

r) ecmn (f(A))" =0, To f(A) =0.

44.25. Tlycts A — HOPMAJILHBIN ONEPATOP B EBKJIUJOBOM IMPOCT-
pancrse V, npuuém A® = —E. Jlokasate, uro A* = —A.
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44.26. Mycte p(t) = t? + at + b — BelIECTBEHHBIH HENPHUBOIMMBIR
muorotwieH. [Ipegnonoxnm, 1410 A — HOPMATBHBIN ONEPATOD B eBKINIO0-
sBoM npocrpancTee, npuaém p(A) = 0. Joxasars, uro A* = —A —aFE.

44.27. Ilycte A — HOPMAJBLHEIN JIUHENHEIN ONEPATOP B €BKIHIOBOM
npoctparcree V', U — aByMepHOE HHBAPMAHTHOE OTHOCHTEIBHO A 101-
npoctpascTeo B V, npuiaém A He nmeer B U COOCTBEHHBIX BEKTOPOB.
Jokazarsb, 4To:

a) U weBapmanTHO OTHOCHTENEHO A*;

6) U+ unpapuanTHO oTHOCHTebHO A 1 A*.

44.28. Ilycts A — HOPMAJILHBIN JUHEHHBIN ONEPATOD B ABYMEPHOM
eBKIMA0BOM npocTpanctee U, npuuém A He uMeeT coOCTBEHHBIX BEKTO-
pos. Ilycts e = (e1,e2) — opToHOpMUpOBaHHEM Gasuc. [okasaTh, 4TO
mMaTpuna oneparopa A B Gazuce e nveer Buj

a —b
b al’
44.29. Ilycts A — HOPMAIBLHBIM ONEPATOD B €BKIMIOBOM IPOCT-

pamctse V. [lokasats, uTo B V' cymecTByeT opTOHOPMUPOBAHHEIN OA3NUC,
B KOTOPOM MaTpuiia oneparopa A nmeer GJ0YHO-IMATOHAJBLHEIN BU

pasmMep KJIeTOK A; He BBIIE ABYX, IPHYEM KICTKN A; pasMepa IBa HMEKT

BUT
a; *b,‘
bi  ai)’
44.30. /TokazaThb, 9TO BCAKAW OTEPATOP B €BKIMIOBOM (3PMUTOBOM )

MPOCTPAHCTBE ABIAETCA CYMMOH CHMMETPHIECKOTO U KOCOCHMMETPUTeC-
KOro (3PMUTOBA M KOCODPMUTOBA) OIEPATOPOB.

44.31. [JokazaTb, 4TO BCAKUN omepaTop A B eBKIMIOBOM MPOCT-
pa"cTBe V' KOCOCMMMETPHYIEH TOT/a U TOJLKO TOIIa, KOrja JJad Jiboro
x € V BekTOpH & W AT OPTOTOHATBHEL

44.32. JTokasaTh, 9TO LA BCAKOTO KOCOCHMMETPHUYECKOTO OMepaTo-
pa B €BKJIMAOBOM IPOCTPAHCTBE CYIIECTBYET OPTOHOPMHMPOBAHHBIN Oa-
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3MC, B KOTOPOM €ro MaTpHia uMeeT MTGTO‘IH()‘&H&FOH%LTLHHﬂ BHI, r'jae
o TJIABHOM JAArOHaJu CTOAT HYJH WIH KJIeTKH BHIa

0 —a
(a 0), a € R

§ 45. Camoconpsaxénnbie onepaTopsl. Ilpusegenune
KBaJPATUYIHBIX (PYHKIUH K IVIABHBIM OCAM

45.1. Jokazars, 9TO NPOM3BEACHHME IBYX CAMOCONPAKEHHBIX OIe-
pPaTOpPOB B METPHUYECKOM BEKTOPHOM MPOCTPAHCTBE ABIACTCA CAMOCOI-
PAKEHHBIM OMEPATOPOM TOCIA W TOIBKO TODIa, KOTAa 3THU OMEPATOPHI
NnepecTaHOBOYHBI.

45.2. [lokaszath, 9To ecsim A n B — caMOCONPAKEHHEIE OMEPATOPHI
B METPUYIECKOM BEKTOPHOM MPOCTPAHCTBRE, TO:

a) onepatop AB + BA camoconpsxén;

6) mpu A = —\ onepatop A(AB — BA) camoconpskén.

45.3. [lokazaTh, 9TO MPOEKTHPOBAHME METPUYECKOrO NMPOCTPAHCT-
Ba L1 & Lo va nmognpocTpancTBo Lq mapamtenbHo Lo ABISETCA caMo-
CONMPSKEHHBIM OMEPATOPOM TOPAA ¥ TOJABKO Torja, korga L; m Lo
OpTOTOHATBLHEL.

45.4. Hantu cOOCTBEHHBIN OPTOHOPMUPOBAHHBIN OA3KUC U MATPUILY B
2TOM Hasmce OMepaTopa, 3aIAHHOTO B HEKOTOPOM OPTOHOPMHPOBAHHOM
Oasuce MATPULIEH:

1 2 -8
a) (? é), 6) 2 2 10 |;
-8 10 5
17 =8 4 b =1 =1
) | -8 17 -4 |; r)| -1 5§ -1
4 -4 11 -1 -1 5
00 1 00 01
ofo10): of001 0]
10 0 01 0 0
10 0 0
1 1 1 1
) 1 1 -1 -1
1 -1 1 -1
1 -1 -1 1
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45.5. [JokasaTb, 4T0 PYHKINK

—, cosx, Sinx, ..., COSNT, sinnw

V2

COCTABIAIOT COOCTBEHHBIN OPTOHOPMHPOBAHHBIA 0A3UC I CUMMETDH-
2

9eCKOTO ONePATOpA ——5 B NPOCTPAHCTBE
T
/n = {ag +aycosx + by sinx + ... + apcosnx + by sinnx|  a;,b; € R}

1 T
CO CKAJIAPHBLIM IIPOU3BEJCHUEM — f flz)g(z)de.
L

45.6. [Joxkazars, wro mHOrowiens: Jlexanapa (3aga4da 43.44) cocras-
JAIT COOCTBEHHBIN GA3uC 1A CAMOCONP/KEHHOTO OMEPATOpa, OMpere-
JEHHOT'O IPaBWIOM

(AN)(@) = (@* = 1) f"(2) + 22 f'(2),
B [IPOCTPAHCTBE MHOTIOYWICHOB CTEIIEHN < 1l CO CKAIAPHBIM IPOU3BEICHH-

1
eM /_1 f(x)g(zx) de.

45.7. Hait cOGCTBEHHBIM OPTOHOPMUPOBAHHBIN OA3MC U MATPULY B
5TOM 0asmce SPMUTOBA ONIEPATOPa, 3aJaHHOIO B HEKOTOPOM OPTOHOPME-
POBAHHOM 0A3WMCe MATPHUIIEH:

3 242 3 i 3 2-i
a)(z—zf.a 1); m(i 3)9 B)(2+i 7)'

45.8. B npocrpancree marpun M, (C) nomoxum

(A,B) =tr(A-'B).

JoxasaTe, ¥To:

a) M, (C) — »pMUTOBO MPOCTPAHCTEO;

6) BeAKas VHUTAPHAA MATPHUIA B DTOM IPOCTPAHCTBE UMEET [JIH-
ny /n;

) onepatopst X +— AX u X — YAX B npocrpancree M, (C) conps-
JKEHBI;

r) oneparop X — AX, rge A — yHUTapHAA MATPULA, ABIACTCA YHU-
TAPHBIM.

45.9. [JokazaTb, 9TO CaAMOCONPSKEHHLIC ONEPATOPLI eBKINI0BA WIN

3PMHUTOBA TPOCTPAHCTBA MEPECTAHOBOTHBI TOTIA W TOJBKO TOT 1A, KOTIA
OHHU MMEI0T OOMIMN OPTOHOPMHPOBAHHLIN COOCTBEHHBIN OA3NC.
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45.10. JokasaTb, 9TO CAMOCONPAKEHHBIM JUHEMHBIA OIEpaTop B
€BK/IMI0BOM WM dPMUTOBOM MPOCTPAHCTBE:

a) HeOTpHLIaTeJeH TOr Ja U TOJABKO TOr 1a, KOrga BCe ero cOOCTBEHHEIE
3HAIeHUA HeOTPULATEeJIbLHEBL;

0) MOMOKUTEICH TOTAA U TOJLKO TOTJA, KOTAA BCE €ro COOCTBEHHLIE
3HAYEHUA MOJOKATETLHEL.

45.11. [Jokasats, uTo ecau A — onepaTop B eBKINIOBOM WIH SPMU-
TOBOM IIpOCTpaHcTBe, T0 A* A — HeoTpULATEIBHEIN CAMOCONPAKCHHEBII
OMepaTopP U MOJOKUTEICH TOTAA U TOJBKO TOTa, Korga omepatop A o0-
paTum.

45.12. /lokasaTh, 9TO €CId ABA HEOTPUUATEIBLHBIX CAMOCOIPSKEH-
HBIX OIEpaTopa B €BKJIMIOBOM WIM 3PMHTOBOM MpPOCTPAHCTBE IMepecTa-
HOBOYHBI, TO HX IPOU3BEICHHE — HEOTPUUATEILHBIA CAMOCOIPAKECHHBIN
omepaTop.

45.13. [JokasaTb, 9TO Al BCAKOTO HEOTPULATEILHOTO (TOMOKUTEIb-
HOI'0) CAMOCONPSKEHHONO oneparopa A B eBKIMJ0BOM HIM DPMUTOBOM
MPOCTPAHCTBE CYIIECTBYET TAKOW HEOTPHUIATEIBHEN ([MOI0XKUTEILHEH )
caMOCOTpAXEHHBI onepaTop B, uro B2 = A.

45.14. Ilycts oneparop A B TPEXMEPHOM €BKJINIOBOM IPOCTPAHCTBE
B HEKOTOPOM OPTOHOPMUPOBAHHOM OA3MCe 3aJaH MATPULEH

13 14 4
14 24 18
4 18 29

Hauru B 5TOM 6azuce MATPUILY MOJOKUATEILHOTO CAMOCOIPAXKEHHOTO 0116~
paTopa B Takoro, uro B? = A.

45.15. [JokasaTh, 9TO COOCTBEHHBLIC 3HAYMCHHA MPOM3BEICHUA IBYX
HEOTPHUIATEIBHEIX CAMOCONPAXKCHHBEIX ONEPATOPOB B E€BKJAWAOBOM WM
SPMHUTOBOM NPOCTPAHCTBE, OAUMH M3 KOTOPBIX OOPATHM, ABIAIOTCA Be-
WIECTBEHHLIMM ¥ HEOTPUIATEIEHLIMHA.

45.16. [lokaszaTh, YTO HEOTPUIATEILHEIA CAMOCOTIPAXKEHHLIA OMepa-
TOP PaHra r B eBKJINJOBOM HJIM 3PMUTOBOM MPOCTPAHCTBE ABIACTCA CYM-
MOM 7 HEOTPHUATEIBHBIX CAMOCONPAXKEHHBIX OIEPATOPOB padra 1.

45.17. Jokasatb, 9TO BCAKUU JUHEHHBIN OmepaTop A 5pMHTOBA
OPOCTPAHCTBA €AMHCTBEHHBIM 00Pa30M NPEeJCTABAM B BHIE

A=A +iAs,

rae Ay u Ay — 3PMHUTOBBEI OEPATOPEL
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45.18. Ilycte A — BemecTBeHHas MarTpuna Akobu, T.e. CHUMMETPH-
JecKafd MaTPHUIA BHIA

ar BF 0 0
B az B 0
0 ,62 g 0
0 0 0 ;{jn—l
0 0 0 Qy,
npuaéM Fq ... Bp—1 # 0. JokasaTs, 910 A He MMeeT KPATHBIX COOCT-

BEHHBIX 3HATCHUM.

45.19. Hautu opTOroHaIbHOE NpeoOpa3oBaHue, IPUBOAALICEe KBaI-
PATHYIHYIO (DYHKIHIO K TVIABHBIM OCAM:

a) 6x7 + 513 + T3 — 43170 + 471 73;

6) 112% + 5x3 + 223 + 163,22 + 47173 — 202273;

B) 73 + 23 + 523 — 67172 — 27173 + 222733

r) ¥ + x3 + i + 4a1 72 + 47173 + 4T273;

n) 2 — 523 + 22 + 4172 + 27173 + 470733

e) 2x12o — 6223 — 6221y + 22314

K) 3z + 8z 32 — 323 + 42 — dx374 + 23;

3) 23 + 22120 + 73 — 223 — dzszy — 223,

u) 93 + 522 + 523 + 823 + Bxaw3 — draxy + 47374

k) 4o} — 422 — 8xax3 + 225 — 5x] + 6wa7s + 308,

" 2
45.20. Joxkazarts, uyto ecan f(x) = E o AiZ7, TO
j=
max([Ar,...,|A]) = T |£(z)].
2|=

45.21. [IpueecTn >pMUTOBY KBAIPATHYHYI (DYHKIWK K TVIABHBIM
0CAM:

a) 5|.’171|2 -+ ’i\/gllf];_l,'-g - ?:\/g_.’fl.'l?g + 6|$2|2;
6) 2|.E1 |l'2 + |$2|2 T E 2?..171}3 = 21‘:31.1‘2 + 2’1?2.1"3 =, 2&.1‘353,
B) |.’;l?1|2 + 2|:1’,‘2|2 -+ 3|$3|2 — 2T 120 + 202172 + 2iTox3 — 21227 3.

§ 46. OpTOoroHajlbHbIE U YHUTAPHBIE OIIEPATOPHI.
ITonaproe pasioxkeHue

46.1. [lokasaTs, ITO OPTOrOHAIBHEIC (YHHTADHEE) ONEPATOPEL 00-
Pa3yT IPYNIY OTHOCHTEIbHO YMHOMKEHUI.

46.2. [Jokazarb, 4TO eCJad ONEPaTOP B €BKJIUI0BOM (3PMHUTOBOM)
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MPOCTPAHCTBE COXPAHAET IJIMHBI BEKTOPOB, TO OH OPTOrOHaJeH (yHH-
TapeH).

46.3. [JokaszaTb, 4TO €M BEKTOPHL & U Y eBKJIUI0BA (3PMUTOBA) MPO-
CTPAHCTBA UMEIT OAWHAKOBYIO JIHHY, TO CYLIECTBYET OPTONOHAILHEIN
(VHMTApPHBIN) OmEpaTop, MePeBOIALIMN & B 1.

46.4. llyctb &y, ..., WY1, ..., Y — JABE CUCTEMBI BEKTOPOB €BKJIH-
N0Ba (ApMHUTOBA) npocTpaHcTBa. [0Ka3aTh, 4TO OPTOrOHAJLHBIN (YHU-
TAPHBIN) OIEPATOP, IepeBoIammy «; B y; (i =1,..., k), cymecTByer TOr-
Ia ¥ TOIBKO TOTAa, Korga (z;,x;) = (yi,y;) opuBcex i u j ot 1 10 k.

46.5. a) Ilycts w HEHYJIEBOM BEKTOD EBKIAMAOBA (PPMHUTOBA)
npocTpanceTsa. Jan moboro BeKTOpa T MOS0KIM

(z, w)

Up(z)=2—2 ;
lb( ) ('U/',’LU)

HokazaTe, uro Uy(w) = —w u Uy(y) =y, ecm x € (w)t.

06) Iycre @,y — HeHyJIeBBE BEKTOPHl EBKJIMIOBA (DPMUTOBA)
npocTpancTea, npuiéM y € (r). JokazaTh, 4TO HAMIETCs TAKOU BEK-
TOp W, 9TO

T
Uy(x) = Il Y.
[l

46.6. Hantu kaHOHMYECKMU 6a3uC M MATPULy B 3TOM Hazuce opTo-
COHAJBHOTO OMEPATOPA, 34 TAHHOTO B HEKOTOPOM OPTOHOPMHPOBAHHOM
Oasuce MaTpUIEN:

TEEE 1 1 2
gzl 2-1 2] ez|L ! V2,
-1 2 2 \VZ —v2 0
. 2 1 . 3 1 -6
B)§ 2 2 -1 |; F)Z 1 3 V6 :
-1 2 & V6 —6 2
. { —J3 1(1 1 1 1

o T N
") 3 Lv2 -1, 5|11 -1 1 -1 |’
vZ 0 V2 L1 =1 <1 1
11 1 1
g draa) e
2l =11 -1 1 |0 2l 5 5 34
<1 1 1 =1
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g 1 -8 4 3 3 -2 6
u)§ 4 4 7 1; K)? 6 3 -2 |;:
~§ 1 & -2 6 3
1
i U _L § R +£
/2 V2 4 1 4
) 1 2 . - M) i 3 _‘/_E
32 32 32 |’ 4 4 4
2 1 2 V6 V61
4 & B T T2

46.7. Hairtu cOOGCTBEHHBIN OP TOHOPMHPOBAHHBIA 0A3MC U MATPHILY B
3TOM 6a3MCe YHUTAPHOTO ONepaTopa, 33 IaHHOTO B HEKOTOPOM OPTOHOD-
MHMPOBAHHOM 0a3uce MaTPHUIEn:

cosa —sina ) 1 MA4d 1\
a) (sin a cosa) (o # k); 6) V3 ( -1 1 —z') :

443 4 —6-2i .
2+3 —v3
B) > | -4 4-3 -2-6i|; r)i(j}gz 2_‘/3;.);
6+2 -2-6i 1

v ()

46.8. [okaszaTk, 4TO YHUTAPHAA MaTPUIA MOPAJKA 2 C ONpeaeJuTe-
JeM, PaBHBIM 1, MOg00HA BeIIeCTBEHHON OPTOrOHAIBHON MaTPHIIE.

9

46.9. MokazaTb, 4To ecan A — YHUTAPHBIA ONEPATOP B SPMUTOBOM
npoctpanctse u oneparop A—& obpatum, To onepatop i(A—E) " (A+E)
JPMHUTOB.

46.10. Ilycts 4 — spuuros onepartop. Jokazars, aro:

a) omepatop A — i€ obpaTun;

6) onepatop B = (A — i)~ (A + i€) yuurapes;

B) oneparop B — &£ oGpatum;

r) A=i(B-&)"YB+&).

46.11. JokazaTb, 4TO I BCAKOrO BpMUTOBa omneparopa A omepa-

Top € yEmTapeH u, o6paTHO, BCAKMH YHUTAPHBIA ONEPATOP HPEICTa-

BuM B Buge e, rae A — >pMuUTOB omepaTop.

46.12. IIycts IV — eBKINJOBO IPOCTPAHCTBO ¢ 0a3ucoM (€1, es, e3) U
A — oproronanbuem oneparop B V ¢ onpegeaurenem 1. Jokazars, 4To

A= A,ByAy,
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rae A, 1 Ay — NOBOPOTHL B INIOCKOCTH (€1,€2) Ha yrabl ¢ u 1), By —
MOBOPOT MIIOCKOCTH (€2, e3) Ha yroa 6.

46.13. IIycte V' — OpoCcTpaHCTBO SPMHTOBBIX MAaTPHIl MOPAIKa 2
Ha noaeM R ¢ ayaeewiv caegom u (A, B) =tr AB (A, B € V). /lokasars,
qTO:

a) V — eBKIMIOBO IPOCTPAHCTEO ¢ OPTOHOPMUPOBAHHEIM OA3NCOM

_1/(1 0 _ 1 (01 1/ 0 i),
“a=pnl\lo 1) 2T B0 o) BT A= 0)

6) omepatop, ompeaereHHbit npasmiom X — AX'A (X € V),
rame A = yHHTa.pHa.H IVIanHHa, SABJIAECTCA OpTOI‘OHa.ilebIM;
B) IS BCAKOIO OPTOIOHAJILHOIO omepatopa A B mpocrpancTee V

CYHIECTBYET TaKas yHUTapHas MaTpHUla MOpsika 2 ¢ onpejgeuTenem 1,
at0 A(X) = AX'A gaaseex X € V.

46.14. [Toka3aTh, 9TO BCAKUN OPTOTOHAJBHLIA onepaTop A B eBKiIu-
MOBOM TIPOCTPAHCTBE ABIAETCA MPOM3BEIEHHEM OTDAKEHHN OTHOCHTETb-
HO THIEPILIOCKOCTEN ¥ MUHHMAJILHOE YHCJI0 MHOXKUTETEH PABHO KODA3-
MepHOCTH noanpoctpancTsa Ker(A — £).

46.15. Jokasarb, uTo ecau A, B —— NOJI0KUTEIBHBIE CAMOCOIPAKEH-
ueie oneparopsl, A = BC u oneparop C oproronaies (yHuTapeH), TO

C=E.

46.16. IIpeacTaBuTh B BUAE IPOU3BEICHUs ITOJOKUTEABHOIO CAMO-
CONPKEHHONO U OPTOCOHAJIBHOT'O ONEPATOPOB ONEPATOP, 34JAHHLIM B
HEKOTOPOM OPTOHOPMHPOBAHHOM 0a3nce MaTpULEH:

4 -2 2

9z 1) o(n a) w41

46.17. Jokasatb, 9To B pasiokenun A = BC omnepatopa B eBKIU-
JOBOM (DPMHUTOBOM) HIpPOCTPAHCTBE, r'ae 3 — HEOTPHUATENLHEBI CAMO-
CONPAKEHHLIN (3pMHUTOR) onepaTop, C — OpPTOroHAJBHEM (YHHUTADHEIN)
onepaTop, onepaTop B onpenerés oIHO3HAYTHO.

46.18. [lokaszaTb, 4TO LI BCAKONO YHUTAPHOrO omeparopa A u
M000r0 HATYPAJIBHOIO YHCIA Kk CYMIECTBYET YHHTApHHI omepatop B3,
ABIAIOMMANCA MHOrOWIeHOM 0T A m Takoi, ato B* = €.

k0 ok ok
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46.19. JokazaThk, 9TO CAMOCONPAXKEHHBEINA ONEPATOP A IOJ0KUTEIeH,
Korga KOd(PPUIHMEHTHI Cp,...,C, €0 XapaKTePUCTHICCKOTO MOJUHOMA
t" + et + L.+ ¢, OTIMMHBL OT HYJIA W UMEIOT HYepeIyIOmnecs 3Ha-
K.

46.20. IIycts A, B — camMoconpsxe€HHble omepaTopsl, npudaém A
nonoxuTenen. Jlokasarb, 4T0 cOOCTBeHHBIC 3HavMeHus onepatopa AB
BEIIeCTBeHHEL.

46.21. Ilycte A — mooKUTENIBHBIA X B — HEOTPUIATEIbHEIN OIle-
paTopel. /JlokasaTs, 9T0 co6cTBeHHEIe 3HAYeHnA AL BelecTBeHHEL U He-
OTPUIATEILHEL

46.22. Ilycts A — camoconpakénasim onepatop. /lokasaTs, 94To cie-
AVIomue yCIOBUA OKBUBAJICHTHBL:

a) Bce coOCTBEeHHBIE 3HAMeHus A Jexar B uHTEpBaJe [a, bj;

6) oneparop .A—AE orpunarenes npu A > b u noaokuTereH npu A < a.

46.23. lycts A, B — caMOCONPAKEHHBIE OMEPATOPHL, COOCTBEHHBIE
3HAYEHUA KOTOPHIX JeXaT COOTBETCTBEHHO B MHTepsadax [a,b] u [c,d].
MokasaTk, 9T0 coOCTBeHHbIE 3HaYeHn A + B aexar B uHTepBate [a + ¢,

b+ d].

46.24. llycts A — caMOCONPAKEHHBIN OJOKUTEIBHBIN ONEPATOD.
JloKa3aTh, 9TO OHEPATOP €' MOMOKUTEICH W CAMOCONPSAKCH.

46.25. Ilycte A = Bl{ — noaspHoe pasioxenue oneparopa A, rie
B — HeOTpHUATEILHBIH CaMOCONPAKEHHBIA OIEPaTop, ({ — YHUTAPHLIN

oneparop. [Jokasars, 1T0 A HOPMAIEH TOrZa M TOILKO TOAA, KOTAA
Bl =UB.

46.26. Ilycte A = Bl — noasproe pasnoxenue oneparopa A, rae
B — meoTpuuaTenbHBIN CAMOCONPAKEHHBIN ONePATOp, I — yHUTAPHBIA
oneparop. [Ipeanmonoxum, 910 Ay = ... =2 A, =2 0 — cobcTBeHHBIC 3HA-
genus B. PaceMoTpuM B mpoOCTpaHCTBE ONEPATOPOB HOPMY, COOTBETCT-
BYIOILYIO COTVIACHO YTBEp:KAEHWIO 3aga4du 42.5, 6) HOpME B DPMUTOBOM
npocrpanctee. [lokazars, aTo:

a) [|All = Ar;
1
6) ecom oneparop A o6patum, To A, > 0 n |[A7| = S
n
46.27. [lyctb A — HeBLIDOXKICHHAA KBAJAPATHAA KOMILICKCHAS

MaTpuIEa pasmepa n. PaceMoTpuM cucteMy JuHENHBIX ypasueHun AX =
=b. llycrs Xy — TouHoe pewenue, X — npubiauxensoe, r =b— AX -
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BEKTOPD HEBA3KH. ﬂOKaBa-TB, 4TO

L= X))
[| Xoll

a1y el

o1l

< 1Al

46.28. Ilycte A — xBaapatHas xoMmiLiekcHas matpuia. /lokaszars,
uro A = Uy DU,, rae Uy, Us — yuurapusie MmaTpuisl, ) — IUarOHAIbL-
nasg Marpuna. [lo rmasHon guaronamu D cTOAT KBAJAPATHLIE KOPHU U3
COOCTBEHHBIX 3HAYeHNH MaTpuier A - (4.

46.29. Ilycte A = (a;j) — KOMILIEKCHAA KBAaJIpPaTHAA MATPHLA IIO-
pagka n. [JokasaTb, 94TO:

n n
a) det(A-A) < [ S a3 Janil? ) ;
=1 i=1

.

6) |det A| < n"/? - (max |a;;|)"™;
ij

B) yKasaHHas B 0) OLEHKa TOYHAA.

46.30. Ilycts A € M, (C). Jokasats, uro A =UR, rae U — yHuTap-
Hasg MaTpuua, a R — sepxuerpeyroasnan. Ecim A € M, (R), o A=QR,
rae () — oproroHanbHas, a I — BeleCTBEHHAS BEPXHETPEYTOILHAS
MaTpHIA.

46.31. Tycts A € M,,(C). /Mokasats, uto ‘AA = 'RR, rae R —
BepxueTpeyroasran Marpuna. Ecan A € M, (R), To B M0xkHO BHOPATH
n3 M, (R).

46.32. lokasaTh, YTO BCAKAA YHUTAPHAS MATPULA ABIACTCA IPOU3-
BEJICHUEM BCHICCTBEHHOU OPTOrOHAJIBHON M KOMILIEKCHOM CHUMMETPHUYICC-
KOM MaTpHII.

46.33. Ilycts V — KOMILIEKCHOE BEKTOPHOE IIPOCTPAHCTBO CO CKa-
JIpHEIM npousBegeHueM (B mome C paccMaTpHBAeTCS TOMKIeCTBEHHBIA
asromopduam). [JlokaszaTs, 9T0 1A 1106000 CUMMETPHYIECKOTO ONEPATO-
pa A B npocrpancTse V' cymecTByeT XOpAAHOB 0A3UC, B KOTOPOM MaT-
pHula CKaJAPHOI'O IIPOU3BeJeHUA KJIeTOYHO-JNaroHaabHa C KIeTKaMu

G0 =: 0 1
0 0 10
01 0 0
1 0 0 0

TOrO XKe pasMepa, YTO M KOPAAHOBBI KJAETKM MATPHUILI omnepaTopa A.

12 AWM. KocTrpukux
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TEH30PbI

§ 47. OcHOBHBIE OHATHA

B sToMm maparpadge V — n-mepHOe BEKTOPHOE MPOCTPAHCTBO, N = 2,
(e1,...,e,) — OGasuc V, (el,...,e") — conpaxéHHLII Gasuc OPOCT-
pancTBa V'*.

47.1. Kaxue u3 e IyoMuX TEH30POB, 33 JaHHBX CBOUMH KOODAMHA-
TaMU, Pa3JIOKMMBL:

a) tiy =1j;  6) t;=4duj;  B) Y =i+j;

r) tf; = 2T+, x) t;f = ;053 e) tijr = 0010517

47.2. Hanru snagenne F(v, f) Tersopa

F=¢c'®es+e*®(e; +3e3) € TH(V),

rie v=e; +5es +4e3, f=ec'+e*+¢e.

47.3. Hairtu snatenne Temsopa A ® B — B® A € T2(V) or naGopa
(U[,...,'L’ﬁ,):

a) A=e'®e’+e*@e* +e*®e? € TYHV),

B=e'®e @ (e! —e3) e TY(V),

vy =€1, Uy =e€1+e, Vg=ex+e3 Vg =Us=es;

6) A=el®e?+e’®@e +e3®e! € TYV),
B € T(V), Bce koopaunaTs! Tenaopa B pasHbr 1,
U1 =€ +e, vV2=e€rt+e3 Vz=e3zt+er, U =15 =es.

47.4. Haiitu anasenue F(v,v,v, f, f) Temsopa F € T2(V), ecim Bee

KOOp AMHATHL Tenzopa F pasubl 3, 1 v = €] + 2es + 3e3 +dey, f = el —et.
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47.5. Haittu koopunaty 13, Temsopa T € T3(V), Bce KOOpAMHATEI
KOTOpOro B Gasuce (e, ez, e3) paBHul 2, B Oasuce

1
(Ela’ébsé’:;) = (61162,33) 0
0

O = D
— b o

47.6. Hantu koopaunaTel ¢ uagekcavu 1, 2, 3, 3, 3 npouapeneHun
A® B u B® A tenzopos

A=e'®e? +e*®e® € TH(V), B = B(vy,vs,v3) € T(V),

rae B(vy,vs,v3) — ONpeaeIuTelk, COCTARBICHHBIN U3 KOOPANHAT U1, U,
v3 B Gasuce (e1,ea,e3).

47.7. Hautu KOOp IMHATEL
a) t3, Temaopa e! @ e? @ (e + ez) € TH(V) B Gasmce

@) =(enen) (3 3):
6) t12 memsopa T € T?(V), Bce KOOpAMHATH KOTOPOrO pasHBI 1, B

Oasuce
e 1 2
(€1,€2) = (e1,€2) (2 5) ;

B) 137 Temsopa e el ®e3Re; +e2 Qe Ve Qez € TE(V) b Gasuce

1 0 0
(€1,€2,€3) = (e1,ez,e3) [2 1 0
3 21

47.8. Hantu KOOpAMHATHL T€H3OPOB:

a) (e1 +e2) ® (e1 — e2);

0) (e1 +e2) ® (e1 + e2);

) (e1 +2e2) ® (e1 + e2) — (e1 + €2) @ (e1 + 2e2);

r) (€1 +2e2) ® (e3 + eq) — (e1 — 2e2) ® (e3 — e4).
479. Nyctbn=4,T =e' R es +e* @ ez +€® ®eq € TH(V). Haitu
BCE TaKMe:

a) fe€V* aro T(v, f) =0 gan aoboro v € V;
6) veV, aro T(v, f) =0 ana moboro f € V*.

12*
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47.10. Iyctb n =3, mone K =Z,, T =e' @ ez + e @ e3 € TH(V).
Hairu wucao nap (v, f) € V' x V*, naa koropex T'(v, f) = 0.

47.11. Hantu panr OWIMHEHHEIX (OYHKIIHI:

a) (el +e®) @ (el +e%) —el @e! —e®> ®e?;

6) (e! —2e3) ® (el + 3e? —e?) + (e! — 2€®) ® e;

B) (el +e3) ® (e2 +et) — (e —e!) ® (e! — €?).

47.12. [lokazars, 4TO:

a) paHr OMIMHENHON QYHKINY 1@V, DAE IeMEHTH U, U € V'* 0TInIHE

ot 0, paseH 1;
k

6) panr OMIMHEMHOH (DYHKIINH E o ® Vi, DA Ujyeney Uy Viyee.

.., v € V¥ e npeBocxogur k.

47.13. HanTu nomHYI0 CBEPTKY TEH30POB:

a) (e; +3e2 —e3) @ (el — 2e® + 3e') — (€1 +e3) ® (el — 3e? + €);

6) (e1 +2e2+3e3) ® (e' +e? —2e3) — (e1 — ez +e4) ® (€% — 2e® — 3et);

B) e;® (el +e+ed +et) +ea® (e +2e2+ 263 +4e?) +2e3® (el —e? —et).

47.14. llycts a2 V* @V — L(V) — KaHOHHIECKNH H30MODQH3IM.
Beraucants a(t)v npu n = 4, rae:

a) t=el®es, v=e +ex+e3+ey

6)t=(e!' +e2) ® (e3 +eq), v=2e +3es+ 2e3+ ey.

47.15. Hartu z € V* ® V Taxoit, 4o a(x) = at)? a1a t, papsoro:

a) (2 —e®) @ (e1 +e2);  06) e ®ea + (e! +26?) ® e3.

47.16. Ilycte Ha nmpocTpancTBe V' 3a1aHO CKaIApHOE MPOU3BEACHUE
€ MaTpHUIEH

[T = )
[ R R
- O
N~ OO

[TpoBecTr onycKaHue U MOAbLEM WHIEKCOB Y TEH3OPOB:

a)e!®ez+e’®es;  6) (el +€?) @ (e3+eq) — (e +€°) Res;

B) t§=52-§+54]‘; r) t';-:‘its,'j.

47.17. Jokasark, 4To ecau oneparop A uaroHaausupyem, To ore-
paTop A®" rakxe MUATOHATUIUPYEM.

47.18. IlycTe a — caex oneparopa A, d — ero onpegeanrens. Hanrn:

a) tr(A® A);  6) tr (A%");  B) det(A® A).
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47.19. Hautu KopaaHoBy $hopMy MaTpuubl oneparopa A @ B, ecan
MATPHITEL OepaTopoB A 1 B UMeT cOOTBeTCTBEHHO KOPAAHOBY (hopMy:

100

11 11 2 1

20 1) (02 96 1) (2)s

01 o2 0o 1) o 2
010
B)(é}) 00 1
0 0 0

§ 48. CuMmMeTpHYECKHE M KOCOCHMMETPHYECKHE TEH30PhI

48.1. Yeranosuts uzomopduam npocrpauncts (TH(V))* u TE(V).

48.2. [okasare (regyomue CBOHCTBA onepatopos Sym m Alt B
npoctpancTee To(V):

a) nmepecedenne saep KerSyvm u Ker Alt pasno mymo npu ¢ = 2 u
OTJINYHO OT HYJA IIpY ¢ > 2;

0) Sym - Alt = Alt-Sym = 0;

B) omepatop P = (£ — Sym) (& — Alt) — npoextuposanue.

HamTu panr oneparopa P npu g = 3.

48.3. /lokazaThb, 4TO ecim OCHOBHOE TOJE UMeeT XapakTepucTuky 0,
TO muHerHAT 060104Ka Ter3opos Buga vX (v € V) coemagaer ¢ S*(V).

48.4. YCTaHOBUTDH M30MOP(MH3M:

a) S VieVe) m ©L,8'(V1)® 857 (V);

6) AMM(Vi @ V) m &L A{VI) @ A7 (1h).

48.5. Mokazath, yto mpu dimV > 2 npocrparctea A%(A?(V)) u
A*(V) me cosnagator.

48.6. [lokaszaTb, 9T0 A1 JIOOON HEBBIPOK ICHHON OMIMHEMHOM (DY HK-
uu f Ha OpocTpaHcTBe V' CYIIECTBYET HEBLIPOXKICHHAA OWIMHEUHAA
¢dyukiua F ua npocrpanctee A2V, 11a koTopon

. f(’U,’U) f(?.?,'b')
F(v1 Avg,v3 Avg) = det (f("u:,vz) f(”u;,vi)) i

48.7. Hanru crex oneparopa A?(A) mo ero marpune A:

1 -2 00

1 4 0 0

0 0 —4 4 (g
0o 0 -3 1

6) =4);

(=N SR
Lo
P ot
[~
I
(3]
—

1
a) |0
0
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B) (¢ =2,3).

S = O =
SO N

—
L OO N

48.8. Hairtn :xopaanoBy ¢opmy MaTpuusl omepatopa A?(A), ecan
maTpuna A umeer xopaanosy (hopmy:

1100 210 0
0110 0200
Alo 01 1]7 9000 3 1]
000 1 000 3
2 0 00 0

0 -2 00 0
B)| 0 0 -2 0 0

0 0 0 1 1

0 0 00 1

48.9. [lokazars, uto ecau tr AY(A) = 0 nua Becex ¢ > 0, To onepaTop
A HuabnOTEHTEH.

48.10. [JoxkasaTe, 9TO B N-MEPHOM MPOCTPAHCTBE V' HEHYVJICBOH OIle-
patop suga A" 1(A) na A" (V) aubo neBbIpox gen, anbo umeer panr 1.

48.11. [Tokasarsk, uro k-mepuoe nogupocrpaactso W C V' unsapu-
AHTHO OTHOCHTENLHO JUHEHHOTO omepaTopa A Torga m Toaeko Toraa,
xorga AW unBapuantHO oTHOCHTETEHO AF(A).

48.12. [okasaTh, uTo 11s Beaxoro 6usextopa £ € A?(V) cymectsyer
G6asuc (ey,...,e,) npocrpancrsa V', 111 KOTOPOro

E=e1Nes+esAhes+...+ep_1 Aey

OpH HEKOTOPOM IETHOM k.

48.13. (Jemma Kapmana.) IlycTs cucrema vy, . .., vy BEKTOPOB IIPO-
crparcTBa V' IMHENHO He3aBuCcUMa U t1, ...t € V. /lokaszaTs, 94T0

'UI/\t1+...-$-’Uk/\tk =U
TOrJa U TOIBKO TOTAA, KOTAA ty,...,t € (Vy,..., 0}, H MATPUIA, CO-
k
CTABJEHHAA U3 DIeMEHTOB (v, T e t; = E (¥jjVj, CAMMETPUYIECKASA.
g=1

48.14. [TokasaTh, 9TO OHBEKTODP £ PA3IOKUM TOTIA U TOJBKO TOTA,
korpga EAE =0.
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48.15. Jokasats, 9yro 111 € € AP(V), z € V, x # 0, paBercTeo EAz =0
BBITTOJHACTCA TOTAA W TOJABKO TOrAA, Korga £ = x A # 111 HeKOTOPOro
6 e Ar—! (V).

48.16. IIycte & € AP(V) — HeHyIeBOU P-BEKTOD U
W={zeV|{Az =0}

JokazaTs, 9T0:

a) dimW < p;

0) dim W = p Torga m TOILKO TOraa, KOrjaa & pasioKuM;

B) HAMMEHBIIEE MOANPOCTPAHCTBO, B P-H CTEHEHH KOTOPOTO JEHKUT
p-BexTop &, ects U = {€(v,...,vp—1)| v; € V*}.

r) dimU > p, npuaém dim U/ = p Torga u TOILKO TOrga, Korga &
PA3IOKIM.

48.17. [lokasaThb, 4TO BHYTpPeHHee ymMHO:keHue i(v*), rge v* € V*,
asaserca audepennuposanuem aareopsr S(V).

48.18. Jlokasarb, 9TO ONEPATOPEL BHYTPEHHEI'O YMHOXKEHHA i(v]) 1
i(v3), vi,v3 € V*, kommyTupyor B atreépe S(V) n aHTHKOMMY THPYIOT
B anreope A(V).



Nmasa XII

ADPDPNHHAA, EBKJINIOBA U ITPOEKTUBHAA
IF'EOMETPUA

§ 49. Addunnnie npocTpaHcTBa

49.1. [lokazarTe, 9T0 aaa JHOOBIX TOYEK @, b, ¢ adUHHOrO MpocT-
paucrsa ab + be = ac.

k
49.2. Jloka3aTk, ITO ecamn E g 5 A = 0, TO a4 TIOOBIX TOYEK Gy, . . -
 —

k
..., 0 apPUHHOTO TPOCTPAHCTBA BEKTOP 5 - AiG@a@; He 3ABHCUT OT

TOYKH .
k
49.3. [lokasaThk, 9TO ecan E - Ai = 1, To ana moOBIX TOYEK @, . . .
1=
k
-+, @) apPUHHOTO TPOCTPAHCTBA TOUKA @ + g . Aijaa; (obosnadaemasn
e
k
Z_ ; Ai@;) HE 3aBUCUT OT TOUKH d.
1=
49.4. Ilycts (P,U) adypuHHOE OAIPOCTPAHCTBO (IVIOCKOCTB)
appuuHOrO pocTpancTBa. JokazaTh, 94TO:
T — Inn .
6) P =p+ U pna mobon Touxu p € P.

49.5. JokazaTe, 4TO mepecedeHne 0000 CeMEUCTBA ILIOCKOCTEH
ahpPUHHOrO TPOCTPAHCTRA AUO0 MYCTO, JUDO0 ABIACTCA MIOCKOCTLIO.

49.6. IlycTb S — HEmyCcTOE NOAMHOXKECTBO adPpUHHOIO IPOCTPAHCT-
Ba A. [lokazaTs, 4T0:
a) mogmuoxectso (S) =a+ (ax | x € ), rae a € S, He 3aBUCUT OT a
1 ABJACTCA HAMMEHBIICH ILIOCKOCTRIO, CoaepKamen S,
k

k
6) (S) = me‘ S A=1a€S keN

i=1 i=1
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49.7. JokazaTh, YTO NOIAMHOXKECTBO a(pUHHOIO HE3ABHCHMOLO
MHOXKeCTBa a)pPUHHO HE3aBUCUMO.

49.8. Jokasarb, 4T0 1000 MaKCUMaIbHOE a(p(PUHHO HE3ABHCHUMOE
IO IMHOKECTBO MHOKECTBA S B appUHHOM IPOCTPAHCTBE CoAepKuT k+ 1
Touek, rae k = 1+ dim(S).

49.9. Ilycrs B appuanom npocrpancTse (A, V') aagans gse cucremsr

aHUHEBIX KOODAMHAT: (a, €4, ..., e,) n (a',e),...,el), a (ay,...,a,) —

KOOPAMHATHL TO4YKM ' B mepsou cucreme u B = (b;;) — marpuuna nepexo-
1a ot dasuca (ey, ..., e,) kK 6asucy (e},...,e,) B BEKTOPHOM IPOCTPAHCT-
Be V. BeipasuTh KoopauHATH (T4, . . ., Ty, ) TOUYKE T € A B IepBO# cucTEME
qepes eé koopauHaTe (o), ..., x!) Bo BTOpOn cucreme, U HAOOOPOT.

49.10. HauTu cucreMy ypaBHCHMHM M IIapaMeTpPUUECKUEe YDaBHEHW,
3agafomue ahPUHEEYI0 000I0IKY MHOXKECTBA!

a) (-1,1,0,1),(0,0,2,0),(-3,-1,5,4),(2,2, -3, -3);

6) (13 ]-: 11 _1)5 (0501 67 _7)7 (2, 35 61 _7)1 (31 41 13 _1)

49.11. Ilyctb a; = (a1, ...,a4) (i =1,...,8) — TOYKN B n-MEPHOM
addunaom npocrpancTse. [JokazaTh HepaBEHCTBA

rk(ai;) — 1 < dim{ay,...,as) < rk(ai;)

M YKa3aThb Y(JIOBHS, IPU KOTOPBIX JEBLIE HEPABEHCTBA NPEBPAILIAITCA B
PaBeHCTBA.

49.12. /loka3aThb, 9TO J00BIE Be TpAMEIE B aPUHHOM TPOCTPAHCT-
BE CONEPKATCA B TPEXMEPHOU ILIOCKOCTH.

49.13. Ilycte Py = a1 + Ly, Po = as + Lo IBE ILIOCKOCTH B adr-
¢punHOM npocrpancrse. JokazaTk, 4TO:

a) P, NP, = @ Torga m TOIBKO TOrjAa, Korga a1as ¢ Ly + Lo;
0) e Py N P # @, TO

dill](p1 U Pg) = dim P] + dim .Pg - dll’l’l(.P] n .Pz),
B) eciu Py N P; = @, o

dim(P, U ) = dim Py + dim P> — dim(L; N Ls) + 1.

49.14. NokasaTek, 9T0 1 00X miockocren Py, . . ., Py apdunnoro
TMPOCTPAHCTRA

dim(P,U...UP,) <dimP +...+dim P, + s — 1.
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49.15. JokasaTk, 9TO emMeNent Napaiseabhocy IBYX HellepeceKa-
omuxed miockocred Py, Py pasra:

a) HambOIBIIeMY U3 9IHCel K, 1A KOTOPEIX CYIIECTBYIOT IAPALIEIE-
uete wiockoctu (1 C P u Q3 C Po pasmeproctu k;

6) HamOOIbIIEN PAa3MEPHOCTH IVIOCKOCTH, cogepxaienca B Py u ma-
pamtensaon Py, ecom dim Py < dim Ps.

49.16. Hauru pazmeprocTh adPUHHON 000I0UKYE O0HEIHHEHIS ILIOC-
kocrenl Py m Po ¥ PasMEpHOCTDb MX IEPeCcedeHns W CTENeHb UX Iapal-
JEeJBbHOCTH, eClIn:

) P 3xy + 229 + 2x3 + 204 = 2,
a ;
YUY 221 + 3as + 225 + By = 3,

2z + 229 + 3x3 + 4y = 35,
Pz: _
5371—.’1324"3333—()134:2;
6) P : 2;1:1+Lj;x2+4:::3+ax4=6,
4x1 + dxo + 43 + 334 = 2,
(21 =1—1,
a=14+2t; +1¢
Py 4 L2 1 2,
x3 =1— 2t + 2ts,
\1174:1+t|+t2;
(32, =1+ 2ty, 71 = —6+ 4¢,
To = 3+ 2ts, T2 = 24 3¢,
B) Pp: ¢ w3 =544ty Py r3 =2+ Tt,
Ty =4+ 3t + 2t Ty = —2 + 5,
x5 =2+t + 21y, rs = —3 4+ 3t.

\

49.17. lycte P, = a1y + Ly u P, = ay + L» — aBe Henmepecekaio-
muecs mIockocTr. JokasaTe, 9T0 MUHUMAJILHASA PA3MEPHOCTH ILIOCKOC-
T, cofepxament Py u napamwtensaon Py, papHa

dim P] + dim Pz - dlm(L] N Lg)

49.18. Ilycre P, P, — aBe miockoctu B ad@UHHOM NPOCTPAHCTBE
A mag nonem K, (PLUP,) = A, PPNP, =@ n nvers A — (ukcupo-
BaHHBIM a1eMeHT w3 K, A # 0,1. Hantn reomerputeckoe MecTo TOUEK
Aay + (1 — X)az, rge a; n ap mpoGeramT cOOTBeTCTBeHHO Py n Ps.

49.19. Mycte Py = a1+ Ly u P> = as + Ly — ckpemmBaiommecs mwioc-
koctu B adpuaHOM npocrpancrse. Jokasarb, 4To i 000U TOYKH
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b ¢ P, UP, cymecteyer He GoJee OZHOU MPAMOHN, NPOXOJAIIEH depes b
u nepecekaomen P; u Py, npuaém Takad mpaMasg CyIIeCTBYeT TOTIa |
TOJABKO Toraa, korga b € (P U Py), vo a1b@ Ly + Lo u ash ¢ Ly + Lo.

49.20. Hautu npaMyr0, IpOXOIAIIYI0 Yepe3 TOYKY b U Iepecexaro-
uryio miockoct Py n Po:

a)b=(6,5,1,-1),

xr = 4+ t,
P, : —x1 + 219 + 13 = 1, P ro =4+ 2,
T +x4=1, r3 =5+ 3,
Ty =4+ 4;
6) b=(5,9,2,10,10),
r = 3,
Ty — Ty —Tq + x5 =2, xo = 2 + 6t + 5io,
P Ty — T3 — x4 +x5 =1, Py x3 =0,
5x, + 32 — 223 — x5 = 0, xy = 5+ 4ty + 3o,
x5 =6+t + 2t;
B) b= (6,—-1,-5,1),
r =3+ 2t,
P T9 =5 —1, Py —6xy + 225 — Sz + 4wy = 1,
T3 =3 —1, 9z — x9 + 623 — 624 = 5.
Iy = 6+f,
49.21. llycts ag, ay,...,a, — ad@UHHO HE3ABUCUMBIE TOUYKH 11-MEpP-

HOro adgpunnoro npocrpanctsa A. [lokasaTe, 4To Beakas Touka a € A
n

eTMHCTBEHHBEIM 00pa3oM TpPeJIcTABIAETCS B BHJIE 4 = E __Aja;, Tae
n =0

E o Ap=1.
i=0

49.22. IIycte (ap, €1, . .., €,) — adduanas cucTeMa KOOPIHHAT B ad-
cdurnom npocrpancree (A, V), a; = ag +e; (i = 1,...,n). Hantn bapu-
yeHmpuuecKue Koopounamsl TOUKA T = (T1,...,T,) OTHOCHTEILHO CHC-
TEMBL TOYCK (g, (A1, ..., 0.

49.23. Iycte (A, V) appUHHOE TPOCTPAHCTBO Hajg mogem K,
|K| 2 3, P — menyctoe moamuoxkectso B A. [lokaszats, uro P sBis-
€TCS IIOCKOCTBIO TOT A U TOJBKO TOT A4, KOTJA BMECTE € JTI0OBIMA IBYMS
pasIUHBIME TOUKaMu @, b € P B P cogepxurca npavasn (a, b). Bepuo im
210 yTBepxaeHue, ecau K —— noje u3 ABYX dieMeHTOB?
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49.24. [TokazaTk, 4TO BCcAKOoe adypuHHOE npeobpaszoBanue, nudipe-
PEHIMAJI KOTOPOTo He nMeeT cOOCTBeHHOrO 3HavYeHus 1, ob1a1aeT Hemo-
JABUKHOH TOYKOH,

49.25. /lokasaTk, ITO AiA J0OBIX ABYX TOYEK a,b adduaroro mpo-
crpancrea (A, V') 1 1106010 HEBEIPOK IEHHOIO JUHEHHOrO onepaTopa A B
npocrpancTee V cymecTByer equHcTBeHHOE adpuHHOE nnpeobpazoBaHue
f, ynosaersopsiomee yeaosuaM f(a) =bu Df = A, rae Df — audpde-
peHIuan oTodpakenns f.

49.26. [ToxkazaTh, 9T0 A1 JH0OOBIX adgGUHEEBIX npeobpasoBanun f u g
D(fg) =Df - Dy,

rge Df — muddepenunar orodpaxenus f.

49.27. llycte f — adpduunoe orodbpaxenne adgpuHEEOrO TPOCTPAH-

crBa A B adduuHOe npocTpancTBo B Hag noaem K, ap,...,as € A,
ay,...,0 € K. [lokazaThb, 4T0:
s 8 5
a) ecan Z a; =1, 1o f Z aa; | = Z a;f(a;);
i=1 i=1 i=1

6) ecan Z(lf,j =0, mo Df Za,;m_ = Za,;f(ui).
i=1 i=1 i=1

49.28. llycts f — adduunoe npeobpazoBanue adPEHHOIO TPOCT-
panctea (A, V) Hag nonem K, nmMerornee KOHEIHBIN nopAA0K n. JokasaTs,
4710 ecan char K {n, To f nMeer HemoABMAKHY0 TOUKY. BepHo am aT0, ecamn
char K | n?

49.29. Tokasars, 9To ecm (G — KoHedHas rpynmna adypUHHBIX Ope-
obpasosanun Hag noaem K wu char K 1 |G|, To npeobpasosanus uz GG 06-
JaJa0T 00IIel HeloBUAKHON TOYKOH.

49.30. Ilycte ag,ay,...,a, u bo,by,.... b, — aBa wHabopa adpuHHO
HE3ABUCHMBIX TOYMEK B n-MepHoM adgpunnom npocrpancTse A. JokazaTs,
YTO CYILIECTBYET enuHCTBeHHOe adduuHoe npeobpasoBanue f: 4 — A
npu xoropom f(a;) =b; (i =0,1,...,n).

49.31. HaiTu Bce TOYKH, IPAMBIE H ILIOCKOCTH TPEXMePHOro adguH-
HOI'O IIPOCTPAHCTBA, MHBAPUAHTHBIE OTHOCHTEIBHO adPUHHOrO npeobpa-
30BaHUA, HEPEBOIALIEI0 TOYKH (g, 41, A2, @3 B TOUKH by, by, bs, by cooTBeT-
CTBEHHO:

) ay (27334)7 a2 = (1:474)1 Gz = (11 3:5}1
13)3 bl = ( 1919)7 b2 = (_2- _21 _6)1 b3 = (53 738);
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0) ap = (3,2,3), a1 =(4,2,3), a2=(3,3,3), a3z=(3,2,4),

bo=(2,4,6), b =(1,812), by=(=1,-5,-1), by=(6,12,11);
B) ap = (2,5,1), a1 =(3,5,1), a>=1(2,6,1), a3=1(2,5,2),

bU = (3! 77 3): bl = (Ga 11:6)7 b? = (5: 17: 9) b3 = (0: _5: —4)1
P) ap = (235a 4)3 ay = (3=5=4)3 az = (21614)1 az = (25515):

by = (1,6,6), by = (8,16,18), by = (=11, -13,—18),

bs = (7,16, 19).

49.32. Jokasath, 9T0 a8e Kouuryparmun Py, P u @1, Q2 B addgun-

HOM TIPOCTPaHCcTBe a(p@UHHO KOHI'PYSHTHHI B TOM M TOJBKO TOM CIydae,
ecau

dim P, =dim@Q;, dim P =dimQ», dim(P; UP:) =dim{(Q; UQ>),

1 006e mapsl UMEHT OJHOBPEMEHHO IIVCTOE MM HEIIYCTOe IIepecedeHne.

49.33. CymecrByer au adpunHoe npeobpas’soBaHHe, NEPEBOIALIee
TOYKH @, b, ¢ COOTBETCTBEHHO B TOYKHM a1,by, ¢, a npaMmyio | — B nps-
Myo [q, ecan:

a)a=(1,1,1,1), b=(2,3,2,3), ¢=1(3,2,3,2),

1=1(1,2,2,2)+ (0,1,0,1)¢,

ay = (_11 17 _1: 1)1 bl = (014:014)1 cp = (21 21212}7
I =(-1,2,0,3)+ (1,-5,1, —5)¢;

6) a=(2,-1,3,-2), b=(3,1,6,-1), e¢=(5,1,4,1),

[=1(2,0,4,-1)+(0,1,2,0)¢,

ap = (1,-2,3,5), b =(2,1,8,7), c =(3,2,10,-6),
l, = (1 -1,5,-2)+ (0,2,3, -3)t;

B) CL:(Q 132127)7 b=(51_4:073}: (4 4 6 8

= (7,4,10, 9) + (4,4,5,6)t,
a = (1,3,2,-2), b = (4, —2,0,(]), = (—3,10,6, 2),
l, = (5,-6,-1,5) + (2,-6,-3,2)t?

49.34. Cymecreyer Jau adgpuaHOoe npeobpasoBaHue, TEPEBOIAIICe

TOYKH a, b, c,d cOOTBETCTBEHHO B TOYKH ai,by,c1,dy, a npavyio [ B
npaAMyo [, ecan:

a)a=(1,2,3,4), b=(1,3,3,4), c=(1,2,2,4), d=(1,2,3,3),
1=(-3,2,4, )+(2,1,—1 —2)t,
a1 =(1,-1,4,2), b =(2,-2,5,3), ¢ =(2,0,3,3),
d = (2,0,5,1), L =(1,-5,2,-12)+ (1,1,1,1)¢;
6) a=(-3,0,2,4), b=(-31,3,5), c=(-2,0,3,5),
d=(-2,1,2,5), [=(-1,55,6)+(1,1,1,0)t,
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ay = (_15 15253)7 bl = (13_45335>5 c) = (_4,8,1,7),
dy = (4,-8,4,10), b = (4,5,—1,1) + (4,—6,1,2)?

49.35. Ilycrs adupunnoe npocrpancTeo A papso (P U P), rae Py
u P» — ckpemmBapomuecs mwiockocta, u G — moarpynmna B adduHHOR
CpyIme npocTpancTea A, cocToaman u3 npeobpa3’oBaHUN, OCTABIAIOIINX
naBapuaHTHEIME Py u Ps. Hantu opburtsr gencrsua G ma A.

49.36. Ilycte (A, V) — addunanoe npocTparcTeo Hag noreMm K. Bu-
ekTHBHOE oToOpaxkenue [ : A — A HaswBaeTCA Koaaureayueil, ecam 1
moOLIX Tpex To4ek a,b, ¢ € A, Jexammx Ha OJHOU npsaMon, Touku f(a),
f(b), f(c) Taxxe nexar va oguou npamon. Jokasars, uro ecom [ K| > 3, To
00pa3 u noaHs 1poobpas wiockoctu P C A npu koutuaeanun f: A — A
ABIAIOTCA TUIOCKOCTAME TOH XKe paszmepHocTH, 9¥To u P. Bepuo am y-
Bepk aenue, ecan | K| = 27

49.37. Ilycts V' — BekTopHOE npocTpancTBo Ha g noaeM K. Orobpa-
wKenue @ : V' — V HaseBaeTCa noayaunetinsim OTHOCHTEILHO HEKOTOPOro
apromopduama ¢ noias K, ecian

plz+y) = o(x) + o),
plax) = a(a)p(x),

rae z,y €V, a € K.

Ioayaddunnmm npeobpazosanuem apdurnoro npocrpancrsa (A, V)
maseBaerca napa (f,Df), rae f: A— A, Df: V — V, yrosrersopsio-
AT YCIOBUAM:

D f — 6uekTUBHOE TOLYIUHENHOE OTOOPAKEHUE OTHOCUTEIBHO HEKO-
TOpOro aproMopduama mosa K;

fla+v) = f(a)+ Df(v) pun mobex a € A, v e V.

MokasaTb, 4TO:

a) moayadpuHHOE Mpeodpa3oBaHue ABIACTCA KOLIHHeAIneH;

6) ecin (A, V) — addunnoe npocrpancTso Hag noaeMm K u |K| > 3,
TO BeAkad KoumHeanns f: A — A asiserca noayadguHHEEIM Ipeobpa-
30BAHMEM.

49.38. Ilycts (B, U) — miockocTts adpunnoro npoctpanctsa (A4, V)
u W — nmoanpocrpancTso npocrpancTsa V', gonomaurensnoe K U. [Toka-
3aThb, YTO BCAKAA TOYKA @ € A eIMHCTBEHHBIM 00pa3oM NPeICTaABIACTCA
BBuge a =b+w, rae b € B, w € W u uro orobpaxenue a — b (npoex-
muposanue ua B mapawiensuno W) asiagercs adpuHEBIM 0TOOPAKEHHIEM
npocrpancrea (A, V) B npocrpancreo (B, U).
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§ 50. Brinykible MHOXKECTBA

50.1. JokazaTb, 4TO BCAKaA ILIOCKOCTH adypHHHOI'O MPOCTPaAHCTBA
SAIBIAETCA MEPecetdeHHeM KOHETHOIO THCIa TOIYIPOCTPAHCTE.

50.2. [TokasaTh, 9TO MOJAMHOKECTBO IIOCKOCTH P adpuHHOrO mpo-
cTpaHCTBa A ABIACTCA 6LINYKADIM MHO2OZPanHUKOM B P TOTIa U TOIBKO
TOrJa, KOTAa OHO fIBJAETCS BBITYKJILIM MHOTOIPAHHUKOM B A.

50.3. [lycTs BRINYKIBIN MHOTOTPAHHUK M B adxpUHHOM TpOCTpaH-
CTBE 33JaeTCA CHCTEMON JUHEHHBIX HEPABEHCTB

filx) 20 (i=1,...,k; f; # const).

JlokaaaTk, 9TO A0 BCAKOTO HemycToro nogvmuaoxectea J C {1,..., k}
muoxkecTBo MY aagamaemoe yerosmayu fi(z) = 0 mpm i € J, fi(x) =0
npu ¢ € J, eciiu OHO HENMyCTO, ABIAETCA PPAHLIO MHOrOrpanHuka M, u, 06-
paTHO, BeAKaA rpank MHororpanauka M umeer sua MY pna mekoroporo
muoxkectsa J C {1,...,k}.

50.4. Ilycts ag.aq,...,a, — TOYKH N-MepHOro adupuHHOIO HPOCT-
paHCTBa, HaxoAsmmecs B obmeM noaoxennn, H; (i =0,1,...,n) — ru-
MEPILIOCKOCTD, MPOXOANIAA YePe3 BCe 3TH TOYKH, KPOME a;, U Hj' —
OTPAHHYIMBACMOE €10 MOJYIPOCTPAHCTBO, COAepKamee TOUKY a;. [Joxa-
3aTh, 4TO

n
conv{ag,ay,...,an} = ﬂH;L
i=0

50.5. /[okaszaTk, YTO I'PaHU N-MEPHOI'O CUMILIEKCA
conv{ag, a1, ..., a,}
— 3TO Bb]IIyKJIbIe 000/I09KH BCEBO3MOMKHBIX COOCTBEHHBIX IIOIMHOXKECTB

MHOKECTBA {ag, a1, ..., 0, }.

50.6. HauTu rpann n-MepHOT'0 Napasliefelnunena, 3alaHHOT0 B HeKO-
TOpon cucreme adpuHHBEIX KoopauHaT HepaseHcTBamu 0 < 2; <1 (i =1,
Devsihl)s

50.7. HauTu BepIIUHEL 1 OMUCATH (POPMY BBITYKJIOTO MHONOT'DAHHEKA
B TpeXMepHOM a(p(PpUHHOM NPOCTPAHCTBE, 3aJaHHOIO HEPABCHCTBAMMU
31'1\(-.17 3"2\<~.17 $3‘~<~.11
nnt+rz-1l, mitezz-l, E2ta3z2-L
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50.8. HauTy BepmmHbl ¥ ONUCATEL (POPMY CEYeHUHN YeTBIPEXMEpPHOr'0
napaJjuieenunesa, 3aganaoro sepapescteavu 0 < x; <1 (i = 1,2,3,4),
IJIOCKOCTAMM:

3.) 1+ T2+t =1;

6) &1 + 30+ 73+ 14 = 2;

B) ¥ + 22 + 73 = 1;

r)r +1o=x3+124 = L.

50.9. ,.fIOKaBaTb, HTO 3aMBIKAHUE BBINIYKJIOIO MHOXKECTBA BBITYKJIO.

50.10. JokazaTb, uTo OTKpeITOe Agpo MY temecroro BBIMLYKJIOTO
MHOKecTBa M BBINYKIO M €ro 3aMBIKAHME cojgepxuT M.

50.11. Jokaszarb, 94T0 06pa3 M HOJHBIM NPo06pas BHIIYKIONO MHO-
KecTBa npu adgPUHHOM OTOOpPaKEHUH HABIATCA BBIIVKJIBIMA MHO-
JKECTBAMH.

50.12. [Jokasark, 4T0:

a) IpH CIOPBEKTUBHOM aMpUHHOM OTOOPAKEHMH NOJHBIN Ipo0Opas
TUNEePILIOCKOCTH ABIACTCA TUIePILIOCKOCTHIO;

6) mOIHLIN IPOOOPA3 NOIYIPOCTPAHCTRA ABIAETCS IIOLYIPOCTPAHCT-
BOM.
50.13. [Joxasars, 9T0 BEIOyKIAA 0O00JI0TKA MHOKECTBA S COCTOUT U3

k
BCEBO3MOKHEIX KOMOWHALIMK BHIA E - Aia;, rae
-

k
GEeS, =20 G=1...5, ZA,-;L

i=1

50.14. Iycte M — Bemykiaoe muoxectso u a € M. JokaszaTe, 4To

conv(M Ua) = U ab.
beM
50.15. [lycte S MOJAMHOMKECTBO N-MepHOro adPpUHHOIO MpPOCT-
pauctea A. [Jokasars, uro ecan (S) = A, To conv S ecTh 00beIUHEHEE
N-MEPHLIX CHUMILIEKCOB C BEPIIMHAMH B TOTKAX MHOKeCTBa S.

50.16. /[oxazaTh, 9TO BEIIYKIAS 000J0TKA KOMIAKTHOTO MHOMKECTBA
KOMIIAKTHA.

50.17. Ilycte M — BRINYKJIOE MOAMHOXKECTBO ABYMEPHOrO adypuH-
moro npocrpasctea u a ¢ MO (em. 50.10). JokasaTs, 9TO Tepe3 TOUKY
@ MOYKHO MPOBECTH MPAMYIO TaK, 9TO MHOKecTBO M OyaeT JexkaThb 1o
OJHY CTOPOHY OT Heé.
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50.18. ITycTs M — BEIMYKJIOE IOIMHOXKECTBO N-MEepHOr'0 aGUHHOTO
npoctpancTea A u a @ MO (em. 50.10). JTokasaTe, 9TO HUepes TOUKY a
MOKHO IPOBECTH THIIEPILIOCKOCTE TAK, 9TO MHOkKecTBO M Oyaer gexars
[0 OJHY CTOPOHY OT Heé.

50.19. [lokasatk, 9T0 4epes JOYID TOUKY 3aMKHYTOIO BBIIYKJIODO
MHOKECTBA, He IPUHALICKAILYIO €10 OTKPBITOMY fAAPY, MOXKHO IPOBECTHI
OTMOPHYIO THIEPIIOCKOCT.

50.20. [lokasarb, 4TO BCAKOE 3aMKHYTOE BBIIYKJIOE MHO)ecTBO M
ecTs mnepecedenne (BooOme rOBOps, OECKOHEYHOIO HHCJIA) HOJIYIPOCT-
PAaHCTB.

50.21. [lokasaTb, YTO BCAKUN 3aMKHYTBIH BBINYKJILIM KOHYC B BEK-

TOPHOM TIPOCTPAHCTBE €CTh mepecedenne (BooOIe roBops, 08CKOHETHOTO
THCTA) TOAYTPOCTPAHCTR, TPAHHUIE KOTOPHIX MPOXOIAT MEpPe3 Hy.db.

50.22. llycrs f; (i =1,...,k) — adpdunnee muHenHbEe QYHKINT HA
adpunnom npocrpancTse A. Jokazars, uTo cucrtema nHepasencts fi(r) <
<0 (¢=1,...,k) HecoBMeCcTHA TOr'Ja U TOJBKO TOIIA, KOI'Ja CYyLIeCTBY-

k
10T Takue yucaa A; 2 0, 9To Y . | A; fi ecTh nonoxuTeIbHas KOHCTAHTA.
50.23. [Iycte M — KOMIAKTHOE BBIIYKJIOE MHOMKECTBO, COAEpIKa-

Imee OKPeCTHOCTh HYJfA, B BEKTOPHOM NPOCTpaHCTBe V', paccMaTpHBae-
MOM Kak apPUHHOE IPOCTPAHCTBO, U MyCTh

M*={feV*| f(z) €1 ana Beaxoro x € M}.

HokazaaTs, ¥To:

a) M* — KOMIAKTHOE BBIMYKJIOE MHOXKECTBO B IpOCTpaHcTBe V'™,
COIEPKAIIEEe OKPECTHOCTE HYJIS;

6) M** = M npu KaHOHMYECKOM OTOXK IeCTBJICHUN IPOCTPaHcTBa V'**
cV.

50.24. /lokazaTb, 9TO BCAKOE KOMIAKTHOE BBITYKJIOE MHOKECTBO
COBIIAJAET C BBIIYKJION OOOIOYKON MHOKECTBA CBOMX KPAMHNX TOYEK.

50.25. /lokazaThb, 9TO MAKCUMYM adxpUHHOW JUHEMHON (PYHKIMH Ha
KOMIIAKTHOM BbIHyKJIONT MHOXKeCTBe HTOCTHUTraeTCsa B HeK()TOpO}UI KpaﬁHeﬁ
TOUKe (HO, MOKET OBITh, JOCTUCAETCA U B APYIHUX TOYKAX).

50.26. [lokasaThb, YTO KPAMHUE TOYKH BHIIYKJIOIO MHOI'OI'DAHHUKA —
3TO ero BEPIIUHBL.

50.27. [loka3aThk, ITO BCAKAN OTPAHNIEHHBIN BEITYKJILIA MHODOTDAH-
HUK COBIAJAET ¢ BLIIVKION 000J0OYKON MHOMKECTBA CBOUX BEPIINH.

13  A.W. Kocrpukux
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50.28. [TokazaTh, 9TO BHIIYKIAA 000J0YKA KOHEYHOT'O YHCJIA TOYEK
ABIACTCA BBITYKIBIM MHOTOMDAHHIKOM.

50.29. 3agaTh CUCTEMOU JUHENHBIX HEPABEHCTB BLILYKIVIO 000I0UKY
VKA3aHHBIX TOMEK TeTHIPEXMEPHOTO adpUHHONO NPOCTPAHCTBA U HAWTH
TpeXMepHBIC IPAHU HTOI'0 BBHINYKJIOIO MHOIOIDaHHHKA:

a)O—(O 0,0,0), a=(1,0,0,0), b=(0,1,0,0),

(]' 15070)3 d: (0?03 1!0)’ e: (030101 ]')1 f: (07031!1);
6)0 (0,0,0,0), a=(1,0,0,0), b=(0,1,0,0),
(010’110)! d:(]‘)]"O’O)’ €=(1$01110)1 f:((]’l!]"o)’

g=(11,1,0), h=/(0,0,0,1).

50.30. [Iycte M u N — BeInykasle MHOXKecTBAa B ad@UHHOM OpoO-
crparcree (A, V). dokazaTk, 4T0:

a) CepelInHBI OTPE3KOB, COeIMHAKMMX TOIKH n3 M ¢ Toukamu uz N,
00pa3yT BEIIYKIOE MHOKECTBO B IPOCTPAHCTBE A;

6) BeKTOpHI, coeguHAme ToYKN 13 M ¢ Toukamu uz N, obpasyior
BEINYKJIOE MHOXKCCTBO B IPOCTPAHCTBE V.

50.31. [Iycte M u N — HenmepeceKawInmuecsa 3aMKHYThIE BBITYK/ILIE
MHOKecTBa B adupuHHOM npocrpadHcTBe A M OJHO M3 HUX OrDAHUYEHO.
JokazaTe, 4To cymecrsyer Takan adunHas auHenHas Gyvekuua f Ha
npoctpanctee A, uro f(z) < 0 npn Beex x € M u f(y) > 0 opu Beex
yEN.

50.32. Ilycte M — KOMIAKTHOE BHITYKJIOE MHOXKECTBO B apGUHHOM
npocTpancTse A, N — KOMIAKTHOE BHIIYKIOE MHOKECTBO B BEKTOPHOM
npocrpancTee L Beex aduHHBIX JMHEHHBIX (QYHKIME Ha A ¥ 0ycTh /1
BCAKOM TO4YKM a € M mangerca takasa ¢pyexkuma f € N, aro f(a) > 0.
Jokazars, aTo cymectByeT Takas Gyakuusa fo € N, aro fo(z) = 0 npn
Beex T € M.

50.33. (Teopema deoticmeennocmu aunelinozo npoepammuposanu.)
[ycTs F — adduunan OummHenHAS (DYHKINA HA MPAMOM MPOM3BEICHAH
aqpuHEEX npocTpaHcTB A n B, m nyets M m N — KOMIAKTHEIE BBITYK-
JIble TOIMHOXKECTBA NpocTpancTs A u B cooTBeTcTBEHHO.

HoxazaTb, 9T0:

» R @Y = Iy F e v

6) CYmecTBYIOT Takue TOMKN &g € M, yg € N, uro npu Beex x € M,
yeN

F(z,y0) < F(20,y0) < F(20,y).
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50.34. [okasaTb, 4TO:

a) MAKCHMATBHOE YHCI0 JacTell (BBIIYKIBIX MHOTOUDAHHUKOB), HA
KOTOpOe MOXeT Pa3OHBATECA N-MEPHOE BEMEeCTBEHHOe ad(puHHOE mpo-
CTPAHCTBO k THOEPILIOCKOCTAMH, PABHO

k+1 k+1 k+1
+ + s o
n n-—2 n—4

0) YMCI0 YacTell MAKCUMAJBLHO TOMA M TOJBKO TOIA, KON nepece-
YeHue JOBIX M 33 IaHHBIX DHNEPIVIOCKOCTEH Ipu m < n ecTh (n — m)-
MepHAA IJIOCKOCTE, a IpH M = n + 1 mycTo;

B) CIN YUCT0 TaCTen MAKCUMAJIBHO, TO YTHCI0 OIPaHUYICHHBIX qacTen

()
pPaBHO .
n

50.35. OnpeneanTs, ABIAIOTCA U OTPAHUYICHHBIMA MHOTOTDAHHUKH,
3aJaBaeMble CJeIYIONMMHA HEPABEHCTBAMU:
a) —=3xy + dwy <10, Sy + 220 <35, 2, 20, 3 =0
0) —z1+x2 <2, day —a <105
B)3xy — 12 24, —x1 + 312 > 4;
r) =3z +4x, <17, 3z +422 <47, x — 22 <4, 3 + 22205
o) —xy +2x2 <6, bHxy) — 229 <26, 1 + 222 > 10;
e) bry —2x0 26, brxy —2r2 <36, 2< 2 <T.
50.36. Hantu yrioBbie TOYKH MHOTOTDAHHAKOB:
a) xy +2x2 + a3+ 324+ 25 =5, X +ax3 — 214 =3,
120, 2220, 2320, x420, z52=20;
6) T+ a0 —23=10, 1 — 20+ Tax3=17,
2120, ® 20, x320;
B) dzy + 5z + 13+ 714 =29, 611 — 12 — 23 + 14 = 11,
2120, 2220, 2320, 3420
r) T +2x2 + 3 =4, 27 + 273 + 523 =5,
T 2 0., Wi 2 0, I3 2 0.
50.37. Hautu MakcuMasbHbIC M MUHUMAJBHBIC 3HAYCHUA JUHEHHOM
(hyHKIMH z HA OrPAHUYEHHOM MHOTIOTDAHHHKE:
a)xy + 2z + a3+ 3z + x5 =5, 2z +w3 — 204 =3,
2120, 2220, w320, 2420, =520,
z =12 — 2x9 + 23 + 3x5;
0)3r1 —xa+2r3+ x4+ 15 =12, 29 —bre — 24 + 75 = —4,
£120, 2220, 2320, 2420, 2520,
z =4x) — x9 + 223 + T5;

13*
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B) b1y + 230 — x3 + x4 + x5 = 42, 4z — 4o + 23 + 24 = 16,
Iy 2 0! €Ty 2 0> T3 2 O? Ty 2 Us Ty 2 01
z=x1 — 2x9 + 4dx4 — T5;

r)xy —3rs + a3 +2x5 =8, 4dxe — 3x4 — 5 = 3,
I 2 01 P 2 0: T3 2 0’ Ty ; 01 T 2 01
z2=x1 — 2x3 + 13 — Ts.

§ 51. EBkiIngoBEI IpOCTpPaAHCTBA

51.1. Hautu ycinosus, HeOOXOAUMEIE W TOCTATOMHEIE 1A TOTO, YTO-
i n
OBl JaHHBI HAOOD U3 ( 2) HEOTPULATEILHLIX BEIIECTBEHHBIX THCET CIy-

KT HAOOPOM PACCTOAHHE MEXKIY:
a) n apPUHHO HE3ABHCHUMBIMH TOYKAMH EBK/IMIOBA MPOCTPAHCTBA;

0) N MPOM3BOJIBHBEIMU TOYKAMH €BKJIWI0BA TPOCTPAHCTBA.

51.2. CymecTByeT /i B €BKJIMIOBOM MPOCTPAHCTBE HAOOP TOYEK a4,
as, ag, @4, a5, LA KOTOPOro Marpuua A ecTb MATpULa PAcCTOAHUN
(plai,a;)), n KakOBa HAMMEHbIIAA PA3MEPHOCTH NPOCTPAHCTBA, B KOTO-
poe TaKoW HADOD MOMKHO MOMECTHTh:

(0 1 2 2 22
1 0 V5 V5 3
a)A=] 2 V5 0 2v2 2 |;
2 V5 22 0 2V3
\2\/5 5 2 23 0
(0 3 V5 V5 2V2
30 V4 V14 V1T
6)A=|+v5 V4 0 V2 VIT|;
Vi V14 V2 0 5
\2vZ vIT VIT 3 0
(0 1 2 vV o1
1 0 V5 2 2
B)A=|2 V& 0 VIT 1 |;
Vi 2 V1T 0 V10
\1 V2 1 V10 0
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0 v5 V5 Vb V5
VB 0 2V 2v2 2
r)A=|v5 25 0 2 202
V3 2v/2 2 0 25
Vi 2 22 25 0

51.3. JoxkasaThb HKBHBAJICHTHOCTEL CJACAVIOMINX ABYX CBOUCTB MAapHI
wiockocTen { P, ()} B eBKIMIOBOM MPOCTPAHCTBE:

a) arobasd IpAMAasd, JeKAlad B OJHON U3 3THX INIOCKOCTeH, NePIeH [1-
KyJApHA OO0 IPAMOM, JEXKALIEH B IPYTOH IVIOCKOCTH;

0) miockoctu P, () nepneHInKyAPHLL 1 Iu00 CKPEIMBAITCA, Iu00
[EePeCeKAITCA B OJHON TOYKE.

51.4. [Iycte () C P — mWIoCKOCTH B N-MEPHOM €BKJIHIOBOM IPOCT-
parctse E. Mokazars, yTo modas miockocts P’ C E, nepnesukyiapHas
P, nas koroponn PN P' = @, umeer pazmeprocts < n — dim P + dim @
M CYLIECTBYET eAUHCTBEHHAA TaKasd ILIOCKOCTH pasmepHoctu n — dim P+
+dim Q.

51.5. IIycte P — mIOCKOCTH B €BKJIMIOBOM OPOCTPAHCTBE H TOY-
Ka a He npuHaexut P. Joxaszars, 4ro:

4) CYMIeCTBYeT €IMHCTBEHHAA MpAMasd, MPOXOAAMAL Yepes TOUYKY d,
nepecexatomasa PP n nepnenaukyaapHas IP;

0) ecan ¢ — a00asd TO9KA B P U 2 — OPTOTOHAIBHAA COCTABIAIONIAL
BEKTOPa GC OTHOCHTEJbHO HANPABIAIIIErO MOANPOCTPAHCTBA ILIOCKOC-
1 P, 10 a+ (z) — npamas, yKasaHHas B a); @+ 2 — TOYKA NEePECedcHus
2TON mpamon ¢ P;

B) pla, P) = |2|.

51.6. B eBxang0BOM IPOCTPAHCTBE HAUTH NPAMYIO, IPOXOIAILYIO Ye-
Pe3 TOUKY a, NepeceKkalonyio IIOCKOCTEL P u nepnen aukyaapuyio P, ecun:
a) a = (5, —-4,4,0), P=(2-1,2,3)+((1,1,1,2),(2,2,1,1));

x1 + dxs + x4 = 10,

6) a= (5,0,2,11), P
51 +x2 +3x3 + 84 = —1.

51.7. B eBKIMAOBOM OPOCTPAHCTBE HAUTH PACCTOAHUE OT TOUKH (
10 mIockocTH P, ecau:

a)a=(4,1,-4,-5), P=(3,-2,1,5)+((2,3,-2,-2),(4,1,3,2));

6)a=(1,1,-2,-3,-2), P=(3,7,-541)+
+((1,1,2,0,1),(2,2,1,3,1));
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2z — 425 — 8x3 + 1324 = —19,

B)a=(21,-3,4), P:
T + a2 — 23 + 224 = 1

Ty — 229 — 3x3 + 314 + 225 = -2,

r)a=(1,-3,-2,9,-4), P:
Ty — 229 — Tx3 + Sy + 325 = 1.

51.8. B n-MepHOM €BKINIOBOM NPOCTPAHCTBE HAUTH PACCTOAHUE OT
n
1ouku (by,...,b,) 10 THIEPILIOCKOCTH E _, Wit = C.
=
51.9. B npocTpaHCTBE MHOMOWIEHOB CO CKaJAPHBIM IIPOM3BeIeHHEeM
1
(f,g9) = [ f(x)g(z) dz manTu paccTosHMe OT MHOrOWIeHA " 10 TOJ-

—1
OpPOCTPAHCTBA MHOTI'OWICHOB CTEIIeHU MEeHbIIe 71.

51.10. B mpocTpaHcTBe TPUTOHOMETPHICCKIX MHOTOWIEHOB €O CKa-
™

JAPHBIM TTpomaeeferneM (f,g) = f(z)g(x)dr manTn paccroanue oT
-7

dyuxmmu cos" T 2 1o moanpocrpancTsa

(1, cosz, sinz, ..., cosnz, sinn).

51.11. Ilycts P — mIocKoCTh B N-MEPHOM €BKJINJOBOM TPOCTPAHCT-
Be E. lokasaTb, 4T0 4epe3 BCAKYIO TOUKY @ € F npoxoJuT euHCTBeHHAA
WI0CKOCTL () pasmepuoctu n — dim P, nepuesaukymipaas P u nepece-
KAIIaa eé B OJHON TOYKe.

51.12. HauTu B eBKINAOBOM TPOCTPAHCTBE TIOCKOCTH HAMOOIBIICH
Pa3sMEePHOCTH, IPOXOIIYIO Y€Pe3 TOUKY @, IePHeHIUKYIAPHYI0 II0CKOC-
T P u nepecexkaioniyio eé B 0OJHON TOUKE, €CJIH:

?l.) a = (2: _11 3: 5)1 P= (7: 21 _31 4) + ((_11 37 21 1): (1 21 3: _1)>~
6) a = (3,-2,1,4), i 2x1 + a0 — a3 — 224 = 4,

3y + 229 — Sy + 14 = 5.

51.13. llycre P, =c¢; + Ly u Py = ¢y + Ly — 1Be Henepecekawmmecs
IUIOCKOCTHU B eBKIMOBOM MPOCTPAHCTEE, § U 2 — COOTBETCTBEHHO OPTO-
FOHAJILHAS NPOEKINUA ¥ OPTONOHAJBHAA COCTABIAIOIIASL BEKTOPA €13 OT-
HOCHUTEIBLHO HOANPOCTPaHcTBa Ly + Lo, v iyets y = yy +y2, e y; € Ly,
Y2 € Lo.

a) [doxasaTk, 9T0 npamas ¢, + y; + (z) NepHeHAuKyIApHA IIOCKOC-
taMm Py, P» u nepecekaer P B Touke ¢ + Y1, a Po B TO4UKe ¢y — Y.

6) Hantu paccrosaue p(P, ).

B) YCTaHOBHTEL OMEKTHBHOE COOTBeTCTBHEe Meky Li N Lo m MHO-
JKECTBOM BCEX IPAMBIX, NEPHEeHANKYAPHBIX P u Py, u mepecekarommx
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o0e IIOCKOCTH.

r) lokasaTe, TO BCe OPAMBIE, ONUCAHHBIE B B), MAPALIEILHEL MEXKIY
cODOM M 9TO MX OOBEJUHEHHE IPEACTABIAET COOOM ILIOCKOCTH PasMep-
nHoctu dim(L; N La) + 1.

51.14. B eBkInI0BOM IPOCTPAHCTBE HAUTH PACCTOAHKME MEXK Y ILIOC-
Koctamu Py u P, econ:
Ty + 32+ 13 +14 =3,
T+ 3x2 — 23 + 234 = 6,
P2 = (0= 21 61 _5) + ((_77 17 17 1)7 (_107 17 213)>'~
-1+ T2+ a3+ T4 =3,
*33&'2 + 23)3 = 43)4 = 4,
P,=(1,3,-3,-1)+ ((1,0,1,1));

1 + 23 + 24 — 225 = 2,

a)Pl:

6) P]Z

B) P : To + 13 —Tq — T5 = 3,
T — X9+ 2x3 — x5 = 3,
Py =(1,-2,5,8,2)4+((0,1,2,1,2),(2,1,2,-1,1));
Ty — 2z + T3 — T4+ 3x5 =6,
Ty — 23— x4+ 325 =0,
Py =(-4,3,-3,2,4)+((2,0,1,1,1),(-5,1,0,1, 1)).
51.15. Touku ap,ai,...,a, B €eBKILIOBOM OPOCTPAHCTBE PACIOJIO-

JKeHBI Ha OJMHAKOBOM paccTosHum d apyr oT apyra. Haitu paccrosnue
MEK Y TIOCKOCTAMUA (A, A1y v oy Qf) W (Qfgp1y e -y )

r) P

51.16. [JoxasaTs, 9T0 KOH(UIYPALMA U3 IBYX IIOCKOCTCH
{ay + Ly,as + Lo} u {ay + L}, ab + LS}

B eBKJIHMIOBOM IMIPOCTPAHCTBE METPUIECKH KOHIPYIHTHEI TOT QA U TOIBKO
Torga, xorga p(ay + Ly, as + Lo) = p(aj + LY, ay + L)), 1 xordurypanun
noanpoctpascts Ly, Ly, LY, LY, opTOroHaIsHO KOHIDYSHTHEL B COOTBET-
CTBYIOIIEM €BKAMIOBOM BEKTOPHOM IPOCTPAHCTBE.

51.17. BeiACHUTE, ABMAIOTCA A METPHIECKH KOHIPDYIHTHBIMH B €B-
KJANA0BOM NPOCTPAHCTBE 3aJaHHbIe ITapbl [LIOCKOCTEeH:
a) Pl = (01 91 8: _12: 11) + ((0:2721 21 1)= (3: 1: 11 11 _1)>7
PZ = (_3; _'4r _55 11} _12) + ((7‘ 5! _55 _15 _5)? (35 55 _1! 113 13));
6) Ql = (2: _57 _117 _8= _10) + ((27 _15 1: _11 1)1 (27 _27 1707 1)):
Q> = (8,8,10,9,11) + {(0,3,4, —4, =3), (14, -2, -5, 3, 4));
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B) Ry = (7,-3,-9,-14,5) + ((0,0,0,1,2), (2, -1, 2,0, —6)),
Ry = (0,10,9, 14, —=5) + ((1,7,2,0,6), (4, —1,0,2, —2)).

51.18. HauTu B eBKINJIOBOM NPOCTPAHCTBE TEOMETPHICCKOE MECTO
TOYCK, Yepe3 KOTOPHIC MOXHO IPOBECTH TIPAMYIO, TePeCeKANIYIO MLI0C-
koctu P, Po 1 nepnesaukyanapHyo 9TUM [IOCKOCTHAM:

a) A =(1,2,-1,-9,-13) + {(2,3,7,10,13), (3, 5,11, 16, 21)),

3x1 — D2 + 223 — T4 + x5 = —22,
P 2z +4x2 + 323 — T4 — 335 = —4,
92; + 3x9 + 3 — 204 — 275 = —138;
6) P =(3,7,2,4,-3)+ ((2,5,4,5,3), (4,5,6, 3,3)),
=3z + 222 + 23 — 234 + x5 = —14,
s : 6xy — xy — 4x3 + 214 — x5 = 16,
2z — 2o + 214 — x5 = 26.

51.19. Jokasars, 4TO:

a) ecIu IBUKEHHME eBKJIUI0BA POCTPAHCTBA UMEET [Be CKPEeLUBalo-
HMecs MHBAPUAHTHBIC ILIOCKOCTH, TO OHO OO/1aJ1aeT HEIOABUKHON TOY-
KOI;

6) aBmKeHHe f N-MEpHOTO eBKIMIOBA MIPOCTPAHCTBA, HMEIOIICEe HEelo-
JABUIKHYIO TOUKY, MMEeT [BE CKPEIIMBAIOIIMEC] NHBAPUAHTHBIC ILIOCKOCTH
HOJIOKUTEIBLHON PA3MEPHOCTH, ecau f cOOCTBEeHHOe, 71 2> 5 M HeYETHO WIn
f HecobeTBeHHOE, N 2 4 M YETHO.

51.20. Iycts ag, ay,...,as u by, by, ..., by — nBa HAGOpPA TOYEK B €B-
KIUI0BOM npocTpaHcTse. [loka3zaTh, UTO IBMIKEHHE, ITEPEBOIAIIEe KakK-
AVIO U3 TOYEK @; B TOYKY b;, CYIIECTBYET TOTAa U TOJBKO TOTIa, KOAa
p(ﬂira‘j) == p(bia bj) (7’1.] = 1: vowiny S)'

51.21. [JokasaTh, 9TO A1 BCAKOTO ABIDKEHHMA [ €BKAMIOBA IMPOCT-
PAHCTBA COBOKYITHOCTE TOYEK (1, HA KOTOPBIX JOCTUTACTCI MUHAMYM PAC-
croauua p(a, f(a)), ABIAETCA IIOCKOCTBID, MHBAPHAHTHON OTHOCHTEb-
HO f, M 4TO orpaHudenue [ Ha 3TV IOCKOCTh €CTh MapalieJbHbIH T1e-
peHoc.

51.22. /lokazaThb, 9TO €CIU Y ABYX TETPa’APOB B TPEXMEDHOM €B-
KINJOBOM MPOCTPAHCTBE COOTBETCTBYIOIIAE IBYTPDAHHBLIE YIVIBI DABHEI,
TO DTH TETPAdAPEL 0 T00HEL

51.23. /laTh reoMeTpuUecKOe ONUCAHUE CODCTBEHHOTO IBMAKCHUA [
€BKJINJ0BO IPOCTPAHCTEA, €CJI:

aor=( 0 3)  sO=21,
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1 1
907=7( 1
1 2
4

1
r)Df==| 7
—9

1
n)Df=={ 6

: ) £(0) = (1,1);

-1 2
2 -1 F(0) = (1,0, —1);
2 2
1 -8
4 4 =(-1,-7,2);
-8 1
6
—2 3 flO) = (-2,4,1).
6 -2

51.24. /laTh TeoMeTpPUYECKOE OMUCAHUE HECOOCTBEHHOTO IBUAKCHUA
f eBKIMIOBO MPOCTPAHCTRA, eCJIn:

apr=(] 3). 50 =00

oor=3(j5 ¥3). f0=0.-v3,
1 4 1 -8
HDf=-3(7 4 4], fO)=(11-2;
: 4 -8 1
2

f(0) = (4,0,2);

|

— D
|

B = B
|

b B =

S————

) ’ f(O) = (250>0)§
2 2 -1

-2 3 6
3 6 -2
6 -2 3

1 -1 2 2
( ) : f(O) =(-3,1,2).

§ 52. 'mmepnoBepXHOCTH BTOPOr'0 MOPALKA

O603HaMeHUA U TTOH ATHA, UCIIOIb3YeMbIEe B 3ada9ax 2TOro maparpada,
coaepxKaTcia B IPUIOXKEHWUH.

52.1. Moxasark, 4T0 A JMIOOBIX T,y € V' BBIIOIHAETCS PABEHCTBO

Qa0 +x +y) = qly) + 2f(z,y) +1(y) + Q(ao + ).
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52.2. MokasaTb, 9To ecam b = ag +v (v € V) — meHTpaibHas TOUKA
kBagpaTuaHon GyHKInm @, To Q(b+ ) = Q(b— ) ana moGoro x € V u
aunennas pyuxuus y — 2f(v,y) + (y) wynesas.

52.3. JoxazaThk, 9TO MHOXKECTBO HEHTPAILHEIX TOYEK (LeHTp) KBAI-
pATHIHON QYHKUMK () 3a1aeTCsA CHCTEMOH yPABHCHUM

aQ .
— =0 (t=1,...,n).
31'.5
52.4. [lokazaTe, uTo npu nepexoje oT appUHHON CHCTEMBI KOOp -
HAT (a9,€1,...,€y) K cHCTeMe KoopauHat (ag, €}, ..., e}) mo dopmyre
!
T Ty 3]
=T b —+
!
Ea z, tn

MaTpPUILL KBAAPATHIHEIX (popM () ¥ ¢ B HOBOU CHCTEMEe KOODIMHAT CBA-
3aHBI ¢ UX MATPHUIAMEA B CTApOU cucTeMe (pOPMyJIaMu

Ao =Tdal, Ay="TAT

rie

- MaTpuna adp@UHHON 3aMeHBl KOODIMHAT.

52.5. [okasarb, 9T0 TOYKK nepecedeHns ap@UHHON OPAMOU
Tk = Th + it (= m:057)

n xBagpuku Q(x1,...,r,) = 0 onpeaesarOTesa 3HAMCHUAMMY £, YAOBJICTRO-
PATOIIIMA YPABHEHUIO

A2 +2Bt+C =0,

rie

n
A=gq(r) = Z ayriry, C= Q(w?,...,mﬁ),

i,j=1
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n

ZF}Q g ,...,mﬂ)r,-: Z(a,}r + b;) r;

i,j=1

52.6. HauTtu nenTp kBaapaTu<HON GYHKIUH Hag moxeM R, 3atannon
B HEKOTOPOU a(PUHHON CHCTEMe KOOPIMHAT:

a) 2 Z i) +2i:;r.t- +1=0;

1<i<j<n i=1

n n
)Z:ﬂ?+2 Z $i$j+22$;‘+1=0;
i=1 1<i<j<n i=1
n—1
B) infﬁiﬂ +z14+2,+1=0;
i—1

K
r) Z;r:';’+2 Z zizj + a1 = 0.
i=1 1<i<j<n
52.7. [ee ksagparnunse ¢yuxkuun (Q; : A — K (i = 1,2) naswsaor-
A IR6UGAACHMHbLMIY, €CTN CYIIECTBYeT Takoe adppuHHOE Tpeobpa3oBa-
Hue f: A = A, aro Qa(z) = AQ(f(x)) ana mekoroporo A € K* u Bcex
r € A. Haitu 4meio KIaccoB SKBUBATEHTHBIX KBAIPATHYHBIX (DYHKINI
Hag mogeM Zg., eciu:
a) pasmepHOCTE A paBHA ABYM;
6) pasmepHOCTE A paBHA TpewM.

52.8. HauTu 4ucio K1accoB SKBUBAICHTHBIX KBAAPATHIHBIX (hyHK-
IUH HA N-MepHOM apPUHHOM IPOCTPAHCTBRE:

a) majg noaem C; 6) mag moaem R

52.9. Ilycte Touka ap adduurOoro npocrpascTsa (A, V) mexnr Ha
kBagpuke X u BekTOp u € V' onpejgenseT aCHMITOTHYECKOE HATIPABICHHE.
Jokasath, 9TO OpAMad T = dg + tu Au00 HEIUKOM JIEKUT HA MOBEPXHOC-
T X, muO0 mepecexkaeT eé poBHO B OJHON TOYKE.

52.10. IIycte © € V — BeKTOp HEACHMITOTHYICCKOTO HATDABICHUA
kBagpukn Xg, T.e. g¢(u) # 0. JokasaTb, ITO cepeInHbI XOpJ KBaIpH-
k1 Xq, HapaiielbHbIX BEKTOPY 1, J€KAT B OJHON I'MIEPIVIOCKOCTH, U
HAUTH €€ YPABHEHHUE.

52.11. /[lokasaTh, 9TO HAIpPaBICHUE U HE ABIACTCA ACUMITOTHYEC-
KM 1 KBAAPUKH X , 33 JaHHOU ypaBHEeHHEM B ahPUHHBIX KOODIUHATAX,
W HAUTH YPABHEHHE T'UIEPILIOCKOCTH, COMPAKEHHON K DTOMY HAMPABIE-
HHWIO:
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a)u=(1,1,1,1), X xywo 4+ wowg + w324 — 21 — 24 =0
6) u = (1,0,...,0,1), > i@+, =1
1<i<j<n

52.12. [okasaTh, 9YTO eciId UEHTP KBAJPHUKHU HEIYCT, TO OH COOep-
KUTCA B DHIEPINIOCKOCTH, CONPAKEHHON K JTI000MY HEACHMITOTHIECKO-
MY HaIpaBJICHUIO.

52.13. JoxkasaTh, 9TO MHOKECTBO OCOOBIX TOYMEK KBAJAPHUKH €CThH eé
mepecedeHne CO CBOUM LHEHTPOM.

52.14. [Joka3aTk, 9T0 0COOBIE TOYKH KBAIPUKH, €CIH OHH CYLIECTBY-
10T, 00pPa3yIOT IIOCKOCTh, ¥ HAIIUCATE €€ yPaBHEHU.
52.15. HauTu TOYKM mepecedenus KBaJgpUKH ¢ IPAMON:

a) 22 + 2172 — T2x3 — 511 = 0,
5—3’12 . 10-.’;17:5_

(A TR T
6) 57 + 9r3 + 973 — 122129 — 62123 + 122, — 3623 = 0,
€Ty T
— T — Py - 4’
3 g2
B) 22 — 273 + 22 — 23129 — T273 + 47173 + 371 — B3 =0,
T +3 0
= =15, xz3=0.
3 2, T3

52.16. Hantu BCe npAMBIC, JeKaIUMe Ha KBaJIPUKE
2 2
ry + :z:% + 5x3 — 6x122 + 22013 — 23173 — 12 =10
M TApaIeTbHBIE TTPAMON

r1—1 x9+3 .
2 1

52.17. HamTu npsamble, TPOXOAAINIME YePe3 HAYAI0 KOODAUHAT U Jie-
JKallMe Ha KOMILUIEKCHOM KBaIpUKe

xé + 3x122 + 22023 — x123 + 321 + 223 = 0.

52.18. HanTu ypaBHeHNe KBAIPUKHU () TOCIe IEPEHOCA HAYAIA KOOP-
auHaT B Touky O
a) Q: o} +523 + 423 + 47120 — 230w3 — 4x173 — 271 — 1072 + 423 = 0,
0"'=(3,0,1);
6) Q: 1‘% + 23)% + E% - 4()31.’172 + 61721‘3 - 25!711'3 + 10-’]"1 —5= 0,
0 =(-1,1,2).
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52.19. Hautu adpUEHBIN TUI KPUBOH, ABIAIIICACA MMepecedeHneM
KBaIPUKK M IIOCKOCTH:

a) 33 + 423 + 24z + 1225 — 7223 + 360 = 0,
T — Tyt x3=1;
0) a"% + 5;17% + 23 + 2z 29 + 22913 + 62125 — 21 + 622 + 225 = 0,
200 — w9 + 3 = 0;
B) 27 — 323 + 23 — 62122 + 22923 — 372 + 23 — 1 =0,
2x) —3x2 —x3+2=0;
r)zi+r3+23— 61 —222+9=0,
Ty +xo— 213 —1=0.
52.20. Hautu adpUHHBIA U METPHIECKUH THITH KBAJIPUKH, 38 TAHHOH
B eBKJIMJOBOM mpocTpancTse R ypapnennamu:

T
a) Z:L‘? - Z i+ &1+ Tngr = 0;
i=1 1<i<jgn
0) Z Tz + T+ T2+ ...+ Ty =0,
1<i<j<n

52.21. Onpegemnts adPUHHALIN BUI KBAAPUKH M HAUTH ¢ NIEHTP:

a) 427 + 223 + 1223 — 42122 + 8x223 + 122123 + 1421 — 1025 + 7 = 0;

6) 53 + 922 + 922 — 121122 — 62173 + 1221 — 3623 = O;

B) bzi + 203 + 203 — 2wy a9 — dwoxs + 20173 — 4o — da3 +4 =0

r) 22 — 223 + 23 + 62223 — 47123 — 871 + 1033 = 0;

x) 2} + 2z170 + @3 — 75 + 203 — 1 =0;

e) 3z? + 3x3 + 3z% — 67y + 422 — 1 = 0;

%) 327 +3x3 — 621 + 422 — 1 = 0;

3) 3% + 323 — 325 — 621 + 4w + 423 +3 =0;

n) 423 + 23 — da120 — 36 = 0;

K) 27 + 43 + 923 — 621 + 825 — 3623 = 0;

1) i — x3 — 23 4 32z — 1223 + 44 = 0;

M) 327 — 23 + 323 — 1871 + 1022 + 1223 + 14 = 0;

H) 627 + 623 + 51 + 622 + 3023 — 11 = 0.

52.22. OnpegesuTs METPUICCKUH THUI KBAJAPUKH B EBKJINIOBOM
NPOCTPAHCTBE U BBIACHUTH, ABAACTCA JU OHA IOBEPXHOCTHIO BPAILCHMUS:

a) .I'é = 2x129;

6) x3 = T1T2;

B) 23 = 3z + 4x»;
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r) 28 = 3.rl + 4z x0;
x) «i = x? +2£11;2+,r2 +1;
e) z3 + 423 + 523 + 4z, 22 + 423 = 0;
X) @} + 221 + 3z2 + 423+ 5 =0;
3) x3 = 2% + 23129 + 23 + 1;
u) 2% — 223 + 22 + 47 79 — 81173 — w273 — 142 — 1425+ 1423 + 18 = 0;
K) 5.:1:] +823 +5x3 — Az 30 + 87125 + dwoxs — 621 + 620 + 623 + 10 = 0;
) 2wy 3o + 2023 + 23033 + 201 + 200 + 223 + 1 = 0
M) 327 + 323 + 303 — 2x 19 — 20125 — 20005 — 207 — 2m0 — 223 — 1 = ()
H) 223 + 623 + 223 + 8xy123 — 42 — 8ra +3 =0
0) 4z} + a3 + 4] — 4z 30 — 8x1 73 + Axam3 — 2871 + 270 + 1623+ 45 = 0;
) 222 4+ 522 4+ 222 — 23y 75 — 47173 + 27023 + 27 — 1025 — 223 — 1 =0
p) 7o+ 72341625 — 10120 — 82173 — 81923 — 1671 — 1675 — 813+ 72 = 0;
¢) 4z +4x3 —8x3 — 10z 2 +4x 23 +4x023 — 1611 — 1622+ 1023 —2 = 05
1) 223 — Tx2 — 4x3 + 43173 — 162173 + 202273 +
+ 6027 — 1222 + 1223 — 90 = 0;
V) 2120 + 23173 — 22134 — 20203 + 22224 +
+ 231y — 229 — 43 — 624 + 5 = 0;
®) 32? + 322 + 32 + 323 — 22125 — 27103 — 22124 —
— 2x0x3 — 22224 — 22314 = 36.

=]

52.23. [lpn kaxux 3HAYEHHAX TapaMeTpa a KBaJIPHUKa
mf + .J:ﬁ + .'r:ﬁ + 2ax1 20 + 2axy123 + 2azx273 = 4a
ABAACTCSA DILTHICOMIOM

52.24. Ilpu kaxkoMm HEOGXOIMMOM KU TOCTATOYHOM yCJIOBHH 1BA [UIIED-
000K 1 MMEIOT OOIIMN ACHMITOTHYECKIH KOHYC?

52.25. Hantu adppUHEEIN 1 METPUYIECKUN TUITEl KBAIPUKH, 34 JAHHON
B eBKIMI0BOM npocTpancTee R ypaBuenuem

n+1

aZm +2b Z mmj+2(:Z:17170

1<i<jgn
B 3ABHCHMOCTH OT 3HAUEHUH [1apaMeTpoB a, b u ¢.

52.26. Kpagpuka naspBaeTca k-naanapmot, ecan depes Jo0yio eé
TOYKY NPOXOAUT XOTA OBl 0HA k-MePHAA IIOCKOCTD, HETAKOM IMPHHA I/Ie-
JKAIAA KBAIPUKe, HO HUKakas (k + 1)-MepHas IIOCKOCTE He COAepKITCS
B KB&I[plfIKe. ﬂOKH.SaTb, qTO:
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!

a) kBaJpuka Tuma I,

Hag R k-miamapua, rge k = min(s,n — s);
0) HEBBIDOKJCHHAA KBaJApuka THna I, , sag R (s — 1)-muanapsa,
ecmm 0 € s <n/2, u (n— s)-mmanapua, ecan § > n/2;
B) HeBBIpOKAeHHAs kBaapuka Tuna 1, , mag R s-miamapra, ecan
0<s<n/2,u(n—1-s)-nianapua, eciu s > n/2.

52.27. BriacHuThb, IpHU KakKuX 3HAYEHUAX napamerpos a,b,c # 0 Ha

KBaJpuKe
n+1

aimf_«%?b Z x,-:chrQCZo:,-:O

i=1 1<i<j<n i=1

B mpoctpasctee R'T! jexur miockocTs mambombmen pasMepHOCTH, U
HAUTH Pa3MEPHOCTh 3TOH ILIOCKOCTH.

* * *

52.28. Ilycts (€q, ..., €,) — Gaszuc BEKTOPHOTO IPOCTPaHcTBa V Ha ]
moneM K XapaKTepuCeTUKH, OTJIUIHON OT 2.

a) Jokasars, 9T0 UIpn n = 4 Bce PA3IOKUMBIE DJIEMEHTHL U1 A U2 B
/\2 V' yRoBIETBOPAIT HEBHIPOKAEHHOMY OJTHOPOJTHOMY KBaJIPATHTHOMY
ypaBaenunio Q(xq,...,xr5) = 0 (keadpura [Huoxkepa).

6) JokasaTs, 4TO BCe Pa’IOKUMEIe BeKTOPH! B npoctpanctee A"V,
2 < r £ n—2, yI0BIETBOPAIOT CUCTEME OJHOPOIHBIX KBA IPATHIHEIX YPaB-
HEHHUN

Qz‘(%:---,ﬂ?(?)_l) =0.

B) IlycTs Ha nmpocrpascTBe V MMeeTcs HEBBIDOKICHHAA KBAPATHYI-
nas dpopma Q. Toraa ma mpoctpanctee A\’ V MoxHO BBeCTH KBaIpaTHI-
HYI0 (QOopMy Q“’) 1o opayram

JokasaTb, 9T0 noay4eHHoe npogomxenue dopmsl @ Ha aaredpy A(V)
ABIAETCA HEBBIPDOXK IEHHOM KBaapaTwaaon dopmon Ha A (V).

r) Opuenmayueti nN-MEPHONO BEKTOPHOIO MPOCTPAHCTBEA ¢ HEBEIPOK-
JIeHHOW KBagpaTwaHOH dopmoit () maswiaetcs saement d € A"V, qua
koroporo Q" (d) = 1. Tokasars, uro ecau det () ABIACTCA KBAJIPATOM B
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noae K, To Ha V MMeWTCA POBHO ABe OPUEHTALMM, U A JIOOOH U3 HUX
(cxaxkeM, d) MOXKHO ONPEIETHTE M3OMOP(MU3M BEKTOPHBIX MPOCTPAHCTB

71 o
Aa:V = A"V, yaopreTBopsiommit COOTHOMEHUIO
n—1

VAT = Q(v,)\glw)d = QY (A, z)d, vE /\ V, zeV.

(Q — OmmmuenHas (popMa, COOTBETCTBYIOLIAL KBAIPATHIHON (opme ().
1) Uenmonsays uaomMopduaM Ay U3 OPeJLIIYIEr0 IIyHKTA, OMPeIeInM
B cayyae dimV = 3 6wiunennoe orobpaxkenue V x V' — V ¢ nomombio
(opMy.IBI
[m,y]zx\gl(a:/\y), x,y € V.
HoxazaTe, 9T0 Tak onpegenennoe ymMmHoxKenue B V' Hagenser V' cTpykTy-
pout anredpsr JIu man K.

§ 53. IIpoexTHUBHBIE NPOCTPAHCTBA

53.1. Hautu xakoe-HEOYyIE IPOEKTUBHOE IPEe0OpPa30BAHUE ILIOCKOC-
TH, DepeBOJAlee 3aJaHHBIE IPAMEBIE B 34 JAHHBIE IIPAMEIE:

a)r=0—ax=0, y=0—z=1;

6)r+y=1—ax=1, z4+y=0—y=0.

53.2. Hantu xakoe-HHOy b NPOEKTHBHOE NPe00Pa30BAHME ILIOCKOC-
THU, IEPEBOIAIIEE 33 AHHBIE KPUBHIE B 33 IAHHBIE KPUBBIE:

a)r’+y’ =1 y=1%

6) 2’ —y’=1—2>+y*’ =1

53.3. Hautu kakoe-HuOyIb MPOEKTUBHOE TPe0Opa3OBAHUE TLIOCKOC-
TH, IepeBOAAIee OKPYKHOCTE &2 +y> = 1 B cebsa u:

a) rouxy (0,0) B Touky (1/2,0);

6) npamyio @ = 2 B GECKOHEHO yAATCHHYIO IPAMYIO.

53.4. Hautn kakoe-HHOyAb NPOEKTUBHOE NPeOOPA3OBAHUE IIPOCT-
PAHCTBA, NepeBoIAllee 3aJaHHYI0 KBAIPUKY B 3a1aHHYIO KBAIPUKY:

a2+’ +22=1ay—-22=1,;

6)ry=z— a2 +y’-22=1,

B) zy = 22 = y = 2°.

53.5. Hautu MakcMMATBHYI) DPAa3MEPHOCTB TUIOCKOCTEH, COTepiKa-
HIUXCA B KBAJIPHKE:

a)zi+...+el -2l —... -2 =1
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22 g2 _ g2 o
6)xf+...+25 =Ty — ... — Th = Tn.

53.6. /[lokazaTh, 9TO HAJ MOJTEM KOMILIEKCHBIX THCET JTIOO0E TPOeK-
THBHOE NpPeoOpa3OBaHIe HMeeT 0 KPAHHEH Mepe OTHY HEmoJBHKHYIO
TOYKY.

53.7. [lokasaTb, YTO B BELIECTBEHHOM NPOEKTHUBHOM IPOCTPAHCTBE
YETHOM PA3MEPHOCTH JI000€ MPOEKTHUBHOE NPe0dpPA3OBAHME MMEET He-
MOABMAKHYIO TOUYKY.

53.8. [okasaTk, 9TO eCau NPOEKTHBHOE IPeobpA30BAHNE 1-MEPHOIO
MPOEKTUBHOI'O MPOCTPAHCTBA HAaJ OECKOHEYHEBIM II0JIEM HMEeT KOHEYHOe
YHCA0 HEMOJABMAKHBEIX TOYEK, TO DTO YHCI0 HE TPEeBOCcXoauT n + 1.

53.9. [lokaszaTb, 9TO AIa BCAKOrO KOHEYHOI'O MHOXKECTBA TO4YeK A
B IPOEKTHUBHOM I[IPOCTPAHCTBE HaJ OECKOHEYHEIM I0JeM CYLIECTBYET CO-
nepxxamas ero adgpdurHas kapta A.

53.10. [Jokasars, uro moboe (k — 1)-mMepHoe mognpocrpancTeo B P
MOKHO MOKPBITH k ad)pUHHBIMM KAPTAMU ¥ HEJIb3fl MOKPBITH MEHBIIMM
YUCIOM APPUHHBIX KapT.

53.11. Hautu 4ucio To9eK n-MepHOTO NPOeKTHBHOTO MPOCTPAHCTBA
HaJ TOJIEeM U3 ¢ 3IeMEHTOB.

53.12. Hauru umcio k-MEpHBIX MOAMPOCTPAHCTE N-MEPHOTO MPOEK-
THUBHOI'O IPOCTPAHCTBA HAJ IOJEM U3 ¢ HJIEMEHTOB.

53.13. Hautu 91cI0 NPpOeKTUBHBIX Peodpa3soBaHuM N-MEPHOIO MPO-
EKTHUBHOT'O MPOCTPAHCTBA HA I MOJEM W3 ¢ SJIeMCHTOB.

53.14. Ilycte M| u M, Hemepecekaomumecs miockoctu B P, Ly
u Lo — Henepecekawmuecs MIOCKOCTH, HMEIIINE Te K€ Pa3MePHOCTH.
JlokazaTk, 9TO CYIIECTBYET MPOEKTUBHOE MPeobpa3oBaHne, KOTOPOe Ie-
pesoguT My, B Ly u My B Lo.

53.15. [lokasarh, 4TO eId NPOEKTUBHOE NPeoOPasOBaHME MEPEBO-
AUT HEKOTOPYIO appUHHYIO KapTy B cels, TO OHO MHAYIHpPYeT adduHHOe
mpeoOpa3OBaHUe HA DTOH KapTe.

53.16. /[loxa3aTh, ITO BCAKOES OMEKTUBHOE MPE0OPA30OBAHTE TBYMED-
HOU NPOEKTHBHOM IIIOCKOCTH, IEPEBO JAIIEE IPAMBIE B IPAMBIE M COXPAHA-
ollee  ABOMHOE OTHOIIECHMEe TOYeK Ha KaKI0M [PAMOU, ABJIACTCH
MPOEKTHUBHBIM.

53.17. [lokasaTh, 9TO € MOMOIIBI HOAXOIALIEr0 TPOEKTHBHOTO Ipe-
06paz’oBaHus JIOOBIE TETHIPE MPAMBIE HA TPOSKTUBHOU ILIOCKOCTH, U3 KO-
TOPBIX HUKAKHE TPU HE MEePEeceKaroTCs B OJAHOM TOYKe, MOKHO IePeBecTH

14 AWM. Kocrpukux
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B J100BIe YeThIpe IpsAMbIe, oﬁﬂanammne TeM 7K€ CBOUCTBOM.

53.18. /lokasaTb, 9TO CyWECTBYeT IPOEKTHBHOE Npeo0pa3oBaHUe
IUIOCKOCTH, COXPAHIOLIEe 33 JAHHBIN TPEYTOJIbHHK ¥ IePeBOIIIee 33 TaH-
HYI0 TOYKY BHYTPH 3TOIO TPEyroJbHHKA B IOV IPYIYIO 3aJaHHYIO
TOYKY BHYTPH HETO.

53.19. /JlokasaTh, 4YTO CYHIECTBYET Npeodpa3zoBaHue ILIOCKOCTH,
COXPAHSIONIee OKPYAKHOCTH ¥ TEPEBOJAINIee 3aJaHHYI TOYKY BHYTPH
DTOH OKPYKHOCTH B JIIOOVIO APYTYIO 33JaHHYI0 TOYKY BHYTPH Hee.

53.20. [Tokazarb, 4TO ¢ HOMOLIBI OJHOW JUHEHKH HEeJAb3s HOCTPOUTH
HEHTP 3aJaHHOH OKPYKHOCTH.

53.21. /[lokasaThk ¢ MOMOMILI0 NPOEKTUBHLIX MPeoOpa3oBaHUM, ITO
OTPEe3KHN, COEIWHAIINNE BEPIIUHEI TPEYTOJALHAKA ¢ TOYUKAMH TPOTHBO-
HOJIOKHBIX CTOPOH, IePEeCceKaoTCsA B OJHOU TOYKe TOIIA W TOIBKO TOTr A,
KOU'Ja TH TOYKM ABIAITCA TOUMKAMU KACAHUA HEKOTOPOI'O BIMCAHHOTO
B TPEYTOJBHUK DJLIUTICA.

53.22. Ha xaprune nzobpaxkena amtesa. PaccTogaaue ot nepeoro nae-
PeBa [0 JHHEN COPH30HTA BIOIL JHHAH aLen 0003HAIUM depes |, pac-
crosame Mexay k-m u (k + 1)-m gepeBbaMu — 4epe3 ay. BEIpasuTh:

a) as epes ap u as;

6) az wepes [ u ay.

53.23. IIpoexkTuBHOE TPe0OPA3OBAHNE INIOCKOCTH HABBIBACTCA 20.M0-
Ao2ueti, eCaIM OHO COXPAHACT BCE TOYUKH, JEXKAIINE HA HEKOTOPOH MPAMOR
(ocu 2omoaozun), u Bee TPAMBIE, TPOXOIAIINE I€PE3 HEKOTOPYIO TOUKY
(yewmp 2omoaceuu). JokazarTs, 4TO:

4) CYIIECTBYeT eIMHCTBEHHAs TOMOJOIHA ¢ 3aJaHHOM OChIO | M 3a-
DAHHBIM IeHTpoM (), mepeBoisaman 3agaHayi Todky A # O, A ¢, B
saganuyio Touky A" # O, A" ¢ |, nexauryio va npavon OA;

6) BCAKOE MPOEKTUBHOE [PEOOPA30BAHME ILIOCKOCTH €CTh IPOU3BE/e-
HUE BYX TOMOJOTHUH.

53.24. /[lokasaTh, ITO CYIMECTBYET ¢IMHCTBEHHOE TPOCKTUBHOE TIPe-
oGpasoBaHKe ILIOCKOCTH, COXpaHAoee OKPYyKHocTh 2 4+ y? = 1 u ne-
peBOALLIee 3aJaHHBIE TPU TOYKM HA 3TOM OKPYKHOCTH B 3aJaHHBLIE TPH
TOYKHN, TAKKE JEKAIME HA DTOU OKPYKHOCTH.

53.25. (Teopema [ezapea.) Noxkasars, aro ecam npavoie AA', BB’
C'C' mepecekaloTCs B OHOH TOYUKe, TO TOYKH NEpecedenus npamerx AB
u A'B', BC u B'C", AC u A'C' nexat Ha OTHOU NPAMOH.
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53.26. (Teopema Iackaas.) JoKazaTh, 9TO TOYKH MepeCedeHUA IPO-
THUBOIOJOXKHBIX CTOPOH MECTHYTOIBHUKA, BINCAHHOTO B OKPY AKHOCTb, JIe-
KAT HA OJHOU MPAMON.

53.27. (Teopema Ilanna.) [JokazaTs, 9TO TOYKHN [EPECEYEHUA MIPO-

THBOIOJOKHBIX CTOPOH MIECTHYOIbHUKA, BEPIIMHBI KOTOPOI'O HAXOIATCA
MOOYEPEIHO HA ABYX 3AJAHHBIX MPAMBIX, JCKAT HA OJHOU IPAMOM.

53.28. Ilycts a1, a2, as, a4 — OpAMBIE HA IMIOCKOCTH, IIPOXOIALINE
qepe3 Touky (O, | — npsamas, He npoxopiman depes (. [Jokasartb, 9TO
IBOWHOE OTHOIIEHNE TOYEK MEPECedeHus MPAMBIX a1, o, O3, (4 C OPi-
mou | He 3aBucuT OT | (ABOMHOE OTHOLIEHHE TIPAMEIX a1, G2, A3, 04).

53.29. [Iycte f HEBBIPDOXK ACHHAA OWIMHEeNHAa (PYHKIMA Ha
(n + 1)-mepuom BexTopHOM mpocrpancTse V. Kamagomy (k + 1)-mep-
HOMY moampocTtparcTBy U C V conocrasmm (n — k)-MepHOE TOXIPOCT-
PAHCTBO

Ut={yeV| f(z,y) =0 aaa Beaxoro z € U}.

DTHM COOTBETCTBHEM B IPOeKTHBHOM npocrpancree P(V) onpenereno
orobpazkenue K¢, KOTopoe KaxJoi k-MepHOH ILIOCKOCTH CONOCTAB/IACT
(n — k — 1)-MepHYIO ILIOCKOCTE (K0ppeaiyus OTHOCHTEIBHO (GyHKIMH f).
Joka3zaTs, 4T0:
a) KOppeaslunsa COXpaHaeT HHINICHTHOCTD, T.e.

U CUs < Ky(Ur) D Kp(Us);

6) ecam QyHKIUA [ CHMMETPUUECKASs WIX KOCOCHMMETDHYECKAs, TO

Koppeaauua Ky MHBOJIOTHBHA, T.C.
Ky (K (U)) =U;

B) KOMOO3HINA KOPPELIIHNA U IPOCKTUBHOIO IPe00Pa30BAHUA €CTh
KOPPEJAINA;

') BCAKAS KOPP AN €CTh KOMIO3ULINA (PUKCUPOBAHHON KOPP eJLALIINH
U HEKOTOPOro NPOEKTHBHOI'O MpeoOpa3soBaHuA.

53.30. /lokasaTk, YTO BCAKAA KOPPEJIANHA MPOCKTUBHOW IPAMOH
AEUCTBYET HAa TOYKHM TaK K€, KaK HEKOTOPOe MPOEKTHBHOE Hpeobpaso-
BAHHE.

53.31. /lokasaThb, YTO KOpPPEIAUMA HA NPOCKTUBHOU ILIOCKOCTH
COXPaHAET TBOWHOE OTHOMIEHHE.

53.32. [JokasaThb, YTO KOPPEIALKEA HA MPOCKTUBHOU ILIOCKOCTH OTHO-
CHUTENBHO CHMMETPUYIECKON OMIMHeNnHON (yHKuMK [ HepeBOANT KaikKIyio

14*
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ToUKy KpuBoU f(x,2) = 0 B KacaTeIbHYH K 3TOM KPHBOH, IPOXOIALLYIO
Jepes JaHHVIO TOYUKY.

53.33. Chopuyauporars Teopemy (meopema Bpuanwiona), momy<a-
emyio u3 Teopemtul [lackans (cm. 53.26) npuMeHeHneM KOPpEeIALNH.

53.34. C noMOMmb0D NOHATHA KOPPEIALNN T0KA3ATh, YTO TOUKHA [Iepe-
CEYCHUS KACATCIBHBIX K JAHHOM OKPYKHOCTH, IPOBEICHHBIX Yeped KOH-
1Bl BCEBO3MOMKHEBIX XODI, MPOXOIALIIMX 9€Pe3 3aJaHHY0 TOUKY, JekKaT Ha
OJHOW MPAMOH.
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OCHOBHBLBIE
AJITEBPANYECKHUE
CTPYKTYPHBI

I'nasa XIII

I'PYIIIIBI

§ 54. Aurebpaunveckue onepanuu. Iloayrpynnsi

54.1. AccounmaTuBHA J1 onepaima * Ha MHOxKecTBe M, ecan

a) M =N, zxy=uz¥; 6) M =N, xzxy=HOI(x,y);
B) M =N, z*xy=2zxy; rYM=Z, xz+xy=ux—uy;
NDM=Z, z+xy=2>+y% e) M=R, xxy=sinz-siny;
xK) M =R, zxy=zx- y*/lo?

54.2. IlycTs S — noayrpymnmna MaTpuil ('é g

unen ymuoxenusa. HauTu B 5TOU NOIyrpynne JeBbie U NpaBble HENTPAIb-
HBIE DJIEMEHTHI, DJIEMEHTE, 00PATUMBIC (JEBA WIM COPABA OTHOCUTEILHO
THUX HEUTPAIbHBIX.

) ,raex,y € R, c onepa-

54.3. Ha muoxkectse M onpegenesa onepamnus o 10 OPABWILY & O i =
= z. Joxasate, uro (M, o) — nmoayrpymna. YITo MoxkHO cka3aTh 0 Hel-
TpaabHBIX B 0OPATUMBIX 3JEMEHTAX HTOU NOAYrpynnsl! B Kakux cayydasx
OHA ABIACTCA CPYIIONT

54.4. Ha muoxkecte M?, rae M — HEeKOTOpOe MHOXECTBO, OIIpee-
JeHa, OTIEPAINA © O npaButy (x,y)o(z,t) = (x,t). fAsaserca m M? noxy-
IPYONON  oTHOCUTEeTbHO o»ToN omepamumu? Cymectsyer ma B M2
HEUTPAILHBIN DJIeMeHT?
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54.5. CKOIBLKO DJIeMEHTOB COAepXKHUT MHOJYTPYIa, COCTOAMAs H3
BCEX CTEMeHel MaTpHUITL]

-1 0 0

0 0 1

0 0 0

Aragercs Jm 5ra DOAYTPyNIa MPyInon’?
54.6. Mlokasars, wro noayrpymer (2M,U) u (2M,N) momopdusr.
54.7. CKOIBKO CyLIECTBYET HEM30MOPQHBIX MeXAy coO0M MHOIy-
rpyun nopaika 27
54.8. [okazark, 94TO BO BCAKOH KOHEYHOH MOJYI'PYNNE HAUIETCH

HIeMIIOTEeHT.

54.9. Ioayrpynna Ha3BIBACTCA MOHOZEHHOT, €CIM OHA COCTOUT U3 1O-
JOKUTEILHLIX CTENeHeH 0JHOT0 M3 CBOUX DJIEMEHTOB (TAKOHU DAEMEHT fAB-
JACTCA NOPONCIBOULUM).

MokasaThb, 4TO:

a) MOHOTUeHHAJ HOIYTPYINA KOHEYHA TOCLA M TOJBKO TOrIA, KOLIa
COJCPKAT UACMIIOTEHT;

6) KOHeYHAS MOHOTEHHAA MOJVIPYNNa Jndo ABIACTCA DPYINON, Jub0
UMEeT TOJBKO OJUH MOPOXK AKIINN HIeMEHT;

B) M00BIe 1Be OECKOHEYHEIE MOHOTEHHEIE IOJYTPYIIEL H30MOPQHEL;

r) BeAKad KOHeIHAA MOHOTEHHAA MOIYTPYINa u3oMopdhHA TOXyTPYyTI-
ne Buga S(n,k), onpeieseHHON HA MHOKeCTBE{ai,...,a,} CICAVIOINM
obpasomM:

Qiy;, ecm i+7j<n,

a; +a; = i .
+ Qpyp+1, €ecmm t+3 >n,

rae | — ocraTok oT genenusa uncaa i+ j —n— 1 van — k.

§ 55. Ilouarue rpynnel. Uzomopdusm rpynim

55.1. Kakue u3 ykasaHHBIX YMCJIOBBIX MHOXKECTB C ONEPAIUAMHU AB-
JSIOTCS TPYIIAMK:

a) (A,+), rze A — oxno u3 muoxects N, Z, ), R, C;

6) (4,-), rge A — oxro ua muoxects N, Z, Q) R, C;

B) (Ao, ), rae A — oano us muoxkect N, Z, Q, R, C, a A = A\ {0};

r) (nZ,+),rge n — HATYpAIbHOE YHCIO;
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a) {=1,1};);

€) MHOKeCTBO CTeleHed JaHHOTO BelecTBeHHOro dncaa a # 0 ¢ me-
JBIMHU IIOKa3aTeJdsaMU OTHOCHUTEIBHO yMHO}KeHHﬂ;

7K) MHOZKECTBO BCEX KOMILIEKCHBIX KOPHEH (DUKCHPOBAHHOU CTEleHH
n 13 1 OTHOCUTETBHO YMHOKEHUA;

3) MHOXKECTBO KOMILIEKCHBIX KOPHEH BCeX cTeneHen w3 1 oTHOCHTe h-
HO YMHOKEHWA;

PI) MHOXKeCTBO KOMILICKCHBIX 9IHCeJ C (bHKCHpOBaHHhIM MOIyJaeM 1" OT-
HOCHUTEJBbHO YMHOXKEHHNA,

K) MHOXKECTBO HEHYJIEBBIX KOMILICKCHBIX "THCET ¢ MOIYJ/JIEM, HE IIPEBOC-
XOJAINM (.IJHKCIIIP()B'(LHHOE MUCIO 77y OTHOCUTENBHO YMHOZKEHUS]

JI) MHOXKECTBO HEHYJIEBBIX KOMILTEKCHBIX 9YHCEN, PACTIONOKEHHBIX HA
JIy¥ax, BHIXOAAIINX M3 HadaJa KOOpAMHAT M obpasyviommx ¢ aydom Oz
VIVIBL 91, ©92,. . ., Pn, OTHOCUTEIBHO YMHOKECHU;

M) MHOXKECTBO BCEX HENpepbIBHBEIX oTobOpaxkenmi ¢ : [0,1] — [0,1],
i kotopeix @(0) = 0,¢(1) =1, nz < y = ¢(x) < ¢(y), oTHOCUTEIBHO
CyIneprno3ummn’

55.2. [okasatk, urto mnomymHTepsan [0,1) ¢ omepammen @, rae
a @ [ — apobHas uacTh uucaa o + 3, aeasercs rpynnon. Kaxon ma
rpynn u3 3aga4u 55.1 usomopdua sra rpynna? [lokasarh, 4To BeAKasd eé
KOHEYHAA MOATPYIIIA ABIACTCA TUKIHICCKOU.

55.3. Jokasath, uto 2M IpyIna OTHOCUTEIBHO ONMEPAIdH CUM-
meTpuieckon passocTu A (cum. 1.4).

55.4. Ilycte ¢ — rpynna OTHOCUTEIBHO YMHOXKEHUA. JapUKCHPYeM
B (G paeMeHT a u 3aga1uM B GG onepanuio roy = z-a-y. Jokaszars, aro G
OTHOCHTEJILHO HOBOH OINEPAIMH O ABIACTCA IPYNIon, uzomopduon (G, ).

55.5. Kakue ua ykasaHHBIX HUZKE COBOKYITHOCTEH OTOOpaKeHUH MHO-
xectsa M = {1,2,...,n} B ceba 06pasy0T IPYIIY OTHOCHTEILHO YMHO-
JKEHU:

4) MHOMXKECTBO BCEX OTOOPAKEHUT;

0) MHOKECTBO BCEX MHBEKTUBHBIX OTOODAKCHUI;
B) MHOXKECTBO BCEX CIOPBEKTHBHBIX OTOODAKEHUI;
') MHOXKECTBO BCeX OMEKTHBHBIX OTOOPaKeHMH;

1) MHOXKECTBO BCEX YETHHIX NEPeCcTaHOBOK;

€) MHOJKeCTBO BCEX HEYETHBIX MepecTaHOBOK;

7K) MHOXKECTBO BCEX TPAHCIO3WIINIL;
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3) MHOXKECTBO BCEX I[I€PeCTAHOBOK, OCTABIAIMIMX HEOIBUAKHLIME
BJIEMEHTHI HeKOTOpPOoro noaMuoxkecrsa S C M,

M) MHOXKECTBO BCEX NEPECTAHOBOK, MPU KOTOPBEIX OOPA3El BCEX De-
MEHTOB HEKOTOpOoro noamuoxecrsa S C M npunamiexar >ToMy LOI-
MHOXKECTBY;

K) MHOMKECTBO

{E,(12)(34), (13)(24), (14)(23) };
JI) MHOXKECTBO

{E,(13),(24), (12)(34), (13)(24), (14)(23), (1234), (1432)}?

55.6. Kakue u3 yKazaHHLIX MHOXKECTB KBAIPATHLIX BELIECTBEHHBLIX
MaTpull GUKCUPOBAHHOIO NOPAIKA 00PA3yHOT IPYIILY:

a) MHOXKECTBO CUMMETPHYIECKHX (KOCOCMMMETPHYECKNX) MATPHIL OT-
HOCUTEILHO CIOXKEHNUS;

6) MHOXKECTBO CUMMETPHICCKHX (KOCOCMMMETPHYECKHX) MATPHIL OT-
HOCHTEIBHO VMHOKCHU;

B) MHOXKECTBO HEBLIPOXKIEHHEIX MATPHUI OTHOCUTEILHO CIOMKEHW;

') MHOXKECTBO HEBBLIPOXKIEHHBIX MATPHL OTHOCHTEIBHO YMHOMKEHHI;

) MHOKECTBO MATPHI ¢ (PUKCHPOBAHHLIM OHpefeauTeteM d OTHOCH-
TEIBHO YMHOXKEHUS;

€) MHOXECTBO JUATOHAJBHEIX MATPHIl OTHOCHTEILHO CJAOXKEHMUI;

) MHOKECTBO AMACOHAJBHBIX MATPUL OTHOCUTENLHO YMHOMKEHUS;

3) MHOXKECTBO QMATOHATBHBIX MATDUI, BCE HJIEMEHTHI IUATOHAICH
KOTOPBIX OTINYIHEL OT (), OTHOCUTEILHO YMHOKEHNUS;

M) MHOXKECTBO BEPXHUX TPEYIOJIbHEIX MATPUL OTHOCHTEIBHO YMHO-
JKEHUA;

K) MHOKECTBO BEPXHHX HWILTPEYTONLHLIX MATPHI] OTHOCHTEILHO
VMHOKEHU;

JI) MHOKECTBO BEPXHUX HUIBTPEYTOJIBHBIX MATPHUIL OTHOCUTEIBHO CJI0-
JKEHU;

M) MHOZKECTBO BEPXHHX YHHTPEYTOIBHEIX MATPHI OTHOCHTEIBLHO
VMHOKEHW;

H) MHOMXECTBO BCEX OPTOIOHAJIBHEIX MATPUL OTHOCUTEILHO YMHO-
KEHU;

o) muoxkecTso Matpun Buga f(A), rae A — EKCHpoBaHHAA HEIbL-
noTeHTHAS MaTpuna, f(t) — TPOM3BOJLHBIM MHOTOWIEH €O CBOOOIHBIM
YWIEHOM, OTJAMYHLIM OT (), OTHOCUTEIBLHO YMHOMKEHNU;
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1) MHOKECTBO BEPXHHMX HHUJIBTPEYTOJBHEIX MATPHI OTHOCHTEIBHO
omepammu X oY = X +Y — XY
Ty
P) MHOXKECTBO HEHYJIEBBIX MATPHIl BUIA Y (z,y € R) oTHo-

CATCIBHO YMHOXKCHWA,

C) MHOXKECTBO HEHYJICBBIX MATPHUI] BUIA ( ;y j::) (z,y € R), rae A

(I)HK(ZHpOBaHHOE BeIIeCTBEHHOE TUCI0, OTHOCHTEJNBHO YMHOMKEHU,
T) MHOXKEeCTBO MaTpPHWIL

o) =6 5% =(a0) =6 0]

OTHOCHTEJIBHO yl\rIHO}KEHH}I?

55.7. IlokasaTs, 9ro MHOKecTBO O, (Z) BeeX HEIOYNCICHHBIX OPTO-
FOHAJIBHBIX MATPHI Pa3Mepa n 00pa3yeT Ipynny OTHOCHTEIBHO Y MHOMKe-
Hua. Haury nopsagok 9Tol rpynmsL.

55.8. JokasaTb, 9YTO MHOXKECTBO BEPXHUX HHJILTPEYTOJMbHBIX MATPHUII
MOPAIKA 3 ABIACTCA TPYIMON OTHOCHTEILHO OTEPATTHT

1
XoV =X+Y +5[X,Y].

55.9. Ilycte X — MHOXeCTBO TOYeK KpWBO# y = z°, | — mpamas,
npoxoaaman depe3 Toukn a,b € X (xacarersHas k X mpu a = b), ¢ —
eé TpeTbA TOYKA mepecedeHusa ¢ X v m — OpaMmas, TpOXOJAIas 1epes
Havano koopauHaT () u Touky ¢ (kacareabHas Kk X npu ¢ = 0).

Monoxum adbb=d, rae d — Tperba Touka nepecedenns m u X wimm O,
ecan m kacaerca X B Touke (. [Jokazars, 9to (X, ) — KOMMyTaTHBHASA
rpymmna.

55.10. [lokasarb, YTO MHOKECTBO (DYHKIIMHA BHIA
ar+b
cr +d’

rae a, b, ¢, d € R u ad — be # 0, ABageTcs rpynnoun OTHOCUTEILHO OIe-
panuu KOMIO3UuImMK (hyHKINH.

55.11. /lokazaTk, 9TO KOMMYTaTOpP

[z, y) = zyz 'y~

NMEMEHTOB &, y rpyunsl G 06aalaeT CBOUCTBAMM:
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a) [z, y]™" = [y, ;
6) [zy, 2] = a[y, 2]z~ [x, 2];
B) [z, zy] = [z, z|z[z,y]z 7.
55.12. [IycTs 3amaH0 PasiokeHne MOACTAHOBKA ¢ B TPOU3BEJICHUE
HE3ABUCUMBIX ITUKJIOB
@ = (i ns S g oo Fom) = oo

HairTy pasioxeHne NoACTAHOBKH o !

JOB.

B IIPpOM3BEIEHNE HEC3aBUCUMBIX ITUK-

55.13. Kakwue na creyommx paBeHCTE TOXK IECTBEHHO BEIIOTHATCA
B rpynme Sj:

a) 28 =1;
6) [[5';1 y]s z] =1;
8 2% =17

55.14. JokasaTb, YTO B I'PYINe BEPXHUX YHUTPEYTOJIbHBIX MATPHIL
NOpAKa 3 BEITOMHAECTCH TOXIECTBO

()™= m”y”[m,y]‘”("’l)/z, n € N.

55.15. /lokasark, 4yro ecau B rpymne (G BBIIOJHACTCA TOXICCTBO
[[z,9],2] =1, T0 B G BHIOAHAIOTCA TOXKICCTBA

[z,y2] = [z,9][z, 2],  [zy,2] = [z, 2][y, 2].

55.16. [lokazarb, 9T0 ecau B rpymnne (G BBIIOJHACTCA TOXKICCTBO
2% =1, To G KOMMYTATHBHA.

55.17. Kakwue ua orodpaxkennn rpynn f : C* — R* aprmorea rovo-
MOppU3IMaAMMU:

a) f(z) =12y  6) f(z2)=2z[;  B) f(2) =1;
r) fz)=1+z[; A f) =% e f(2)
x) f(z) =27

55.18. [Ina kakux rpynn G orobpaxkenue f : G — G, onpegeseHHoe
IPABUIOM:

a) f(z) = 22, 6) f(z) =z71,
ABIACTCH TOMOMOPGMU3MOM !

[Tpu kaxoM ycioBu# 5T 0TOOpAKEHUA ABIAIOTCA U30MOpdu3Mamu’?
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55.19. ComocraBuM Kax 101 MaTpHLe ((; 3) € GL(2,C) ¢pyukumio

ar+b _

y = = (em. 3agagy 55.10). Byger am 370 oToOpakeHue DOMOMOp-
cT

uamom?

55.20. Pa3burs na ki1aces nonapHo m30MOpPGHBIX TPYII CIeYIOMINN
HabOp I'pyIm:

Z H n ’ Q3 R) @* y R* 1 (C* ’ UT2 (‘4)1

rae A — omno us xoren Z, Q) R, C.
55.21. Hauru Bee uzomopdusmbl Mex 1y rpymnavu (Zy, +) u (Z%,-).
55.22. /lokasaTs, 4TO rpymnmna nopsaika 6 ando KoMMyTaTUBHA, 100
um3oMopdHA rpynmne S;.

55.23. /lokasaTh, 4YTO €CIM PalMOHAIBHOE YHCIO0 @ HE PABHO HYJIIO,
TO 0TOOpAKEHHE @ : & — azr ABIgeTca apToMopduamom rpynns (. Hautn
BCe aBTOMOP(dUaMBL rpyrmsr (.

55.24. Ilycte G — HenyaeBasa aJJUTUBHAA TPYONA, COCTOAMAA W3
BEIECTBEHHBIX TUCEJ, TAKAA, ITO B KAXK JIOM OTCPDAHHIEHHOM MPOMENKY TKE
COAEPIKUTCA JHIIb KOHEYHOE Yuciao eé saemenToB. [JokasaTs, yro G ~ 7.

55.25. IlpusecTy npuMepEl IIOCKUX TEOMETPUICCKUX (DUTYD, IPYII-
Bl IBUZKCHUA KOTOPHIX M30MOPQHEL

a) Zo; 6) Zs; B) S3; r) V,.

55.26. Kakue u3 ceayommx rpynn B30MOPGHEL MEKIY COOOM:
rpynna Dy IBMKEHMU KBaIpaTa;

rpynna ksatTepHuoHoB Qg;

Cpynma u3 3a1a4dd 55.5, 1);

rpynna u3 3agasua 55.5, )7

55.27. /lokazaTh, 9TO rpymnel cCOOCTBEHHBIX JBUKEHUHN TeTpasapa,

Ky0a 1 OKTanaApa H30MOphHEL cOOTBeTCTBeHHO IpymmaM Ay, Sy, Sy.

55.28. IIycte G — MHOKECTBO BCex map saemeHnToB (a,b), a # 0,
u3 noaa k oTHOCUTeIRHO onepanun (a, c) o (¢, d) = (ac, ad + b). JoxazaTs,
a1 (G ABIACTCSA PPYINON, B30MOP(HON CPYIINE BCEX JMHEHHBIX (DYHKIIHI
T+ ax + b OTHOCUTENLHO CYIIEPIIO3HIHN.

55.29. Ilycts G — MHOXKECTBO BCEX BEMIECTBEHHBIX MHCET, O TINTHEIX
or —1. [lokasare, 4To G ABIETCHA TPYNION OTHOCUTEIBHO YMHOKEHUS

r-y=x+y+ay.
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55.30. JokasaTsk, 9TO:

d) MHOZKeCTBO BCeX aBTOMOp(l)HBMOB IIpOPIZ!BOJ!bHOfI IPYHOIIBL ABJAACTCHA
rpyrmofi OTHOCHUTEJIBHO KOMITO3WUIIUH]

6) oTobGpaxenue

a.T— a:ca_i,

rie @ — (PUKCHPOBAHHEIN DJIEMEHT IPynnsl (7, SBIAeTCS ABTOMOP(pUIMOM
rpyinsl G (BHYTPEHHUM aBTOMOP(H3IMOM);

B) MHOKECTBO BCEX BHYTPEHHMX ABTOMOPGUIMOB NPOM3BOJILHON
CPVIIMILL ABIACTCA IPYIION OTHOCHTEIBHO KOMITO3UIINH.

55.31. Hauru rpynner aBroMOppU3MOB TPy

a) Z; 6) Z,;  B) Ss;
r) Vy; x) Dy; e) Qs.

55.32. [Jokasarh, 4T0 0TOOpaKEHHE ¢, CONOCTABIIOMIEE KAXK-
aoMy iaeMeHTy a rpynnsl ¢ IEpecTAaHOBKY o @ & — ar MHOxecTBa G,
ABJIACTCA MHBEKTUBHBIM FOMOMOpQU3MOM rpyrnsl G B rpynmy Se.

55.33. Hautu B cooTBeTCTBYIOmNX Tpynmax S, HOATPYOIBL, H30-
MOp(HEIE TPYIIIAM:

a)Zz;  6)Dg; B) Qs.

55.34. IIycte 0 — mepecTaHoBKa cTeneHu n 1 Ay = (0jq(j)) — KBaA-
paTHaa MaTpuna nopaika n. Joxaszars, 410 ecan (¢ — HEKOTOpas TPyIa
ePecTaHOBOK CTENeHu 7, TO MHOxkecTBO mMaTpun A,, rae o € G, obpa-
ayer rpynmy, usomMopduyio rpymne G.

55.35. Hantu B coorBercTByommx rpymmax Marpun GL,(C) noz-
CPYIIEL, T30MOPQHLIE CPYIIaM:

a) Zs; 6) Dy; B) Qs.

55.36. HauTu B rpynne BemecTBeHHBIX MATPUI] TOPAIKA 4 TOATPYII-
ny, nsomopduyo rpymme Qsg.

55.37. [loxasaTs, uto rpynmy Uy~ HeIB3s 0TOOPasUThL TOMOMOPGHO
HA KOHEYHYIO CPYIIY, OTIHYHYI OT €JUHUYHOW.

55.38. ByayT au m3oMop¢HE TPYTIIHT

rL) SL2(3), 6) S4; B) A:,P
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§ 56. ITogrpynmnsl, NOPAAOK DJIEMEHTA CPYIINLI.
CMexkHbIE KIACChI

56.1. [JokasaTh, 9TO BO BCAKOU CPYIIIE:
a) mepecedenue M0O0ro HAOOPA TOATPYII ABIACTCA TOATPYIHON;

0) 0OBeINHEeHNE ABYX MOATPVII ABIASTCA NOATPYIION TOIAA U TOXb-
KO TOra, KOTQa OJHA U3 MOACPYIIN COACPKUTCA B APYTOM;

B) ecsim noarpynna C' cogepxurcs B obbequenan noarpynn A u B,
To mbo C' C A, mubo C C B.

56.2. [lokasaTb, 4TO KOHEUHAs MOANOJYTPYINA 000U IPYIINLL AB-
asercsa noarpynmou. BepHo au 9T0 yTBepX IeHNe, ecau 0 Am0LyrpyIna
oeckoneaHa”

56.3. HanTu nopsagox saeMeHTa CpyInsL:
1 2 3 4 5 1 2 3
)(23154)685* 6)(234

i€ C*; —i € C*;
) 775

M

[

5 6
1 B)ES“’

€ GLy(R); ¢ ((1) 0) € GL,(C);

rae Ay,. .., A, — pasauYHBe KOpHU k-U cTermenn u3 1.

56.4. Ilvete p — mpocToe HedéTHOE YUCI0, X — LEJOYMCICHHASA
KBaJgpaTHas MaTpUIA pasmepa n, npuiém marpuna FE + pX gexnT B
SL,(Z) n mueer koneunsm nopsaaox. Jokasars, ato X = 0.

56.5. [lokasars, 4T0:

4. .
a) DIeMeHT 5 + § TPy C* umeeT GECKOHETHBIH TOPAI0K;

1
0) “mcao — arctg 3 MPPAIHOHATLHO.
T
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56.6. CxonbKO 31eMeHTOB NopAgka 6 coIepKUTea B rpymnme:
a) C*; 6) Dy (C); B) Ss; r) As?

56.7. TokazaThb, 9TO BO BCAKOW TPYTIIE:

1

a) DJIEMEHTHL T U Yry ' UMEIT OJUHAKOBEIN MOPSA0K;

6) anemenTwl ab ¥ ba UMEIOT OJMHAKOBBIM MOPAI0K;
B) DJIEMEHTHl TYZ U 2T MOIYT UMETH PABHLIE TOPAIKHA.

56.8. IlycTb siemMeHTH @ W y rpynnbl ¢ UMEIOT KOHEYHBIA MOPATOK
uxry = y.

a) [lokazarb, YTO CJAU MOPAJIKA HNIEMEHTOB T U Y B3AMMHO IPOCTHI,
TO NOPAJOK NMPOU3BENCHUA Y PABEH MPOU3BEICHUIO UX TOPSIKOB.

0) JokazaTh, 9TO cymecTByIOT nokaszarean k u | Takwe, 9TO mOps-
10K npomssenenns o5y’ papen Hamvenbmenmy o0meMy KPaTHOMY TODAI-
KOB T U Y.

B) BepHbl M HTH yTBEPKIACHUA LIA HEKOMMYTUPVIOIIUX DJIEMEH-
TOB & U1 y?

56.9. [loxasars, 9ro:

a) ecau aeMeHT & rpynnsl G UMeeT GeCKOHeYHBIN MOPAI0K, TO ¥ = !
TOrJa M TOJBKO TOrda, korga k = [;

6) ecau saement x rpymnsl G umeer nopagok n, To ¥ = x! Torga u
TOaBKO TOraa, kKorga n|(k — 1);

B) eciu aaeMeHT x rpynnel G uMeeT mOpALoK n, To x¥ = e Torga u

TOMBKO TOrAa, Koraa n|k.

56.10. JokasaTk, 4TO B rpynme S,;:
a) MOPAJLOK HEHYETHOU MePEeCTAHOBKY ABJIACTCA YETHBIM YUCJAOM;

6) MOPAJOK TH0O0M MEePecTAHOBKH ABIACTCHA HAMMEHBIIMM OOIIMM
KPaTHBIM JUIMH HE3ABUCHMBIX MUKJIOB, BXOIAIINX B €€ Pa3jokKeHHe.

56.11. Haiitu mopsagox saeMenTa ¥, ecanm mopagok sIeMeHTa @ pa-

BEH nN.

56.12. Ilycre G — koneunas rpynna, a € G. Jokasars, uro G = (a)
TOrJa ¥ TOJILKO TOTJa, KOTJAa MOPAAOK a paseH |G|.

56.13. HauTu 9uc10 5AeMEHTOB NOpasKa p'™ B HMKIMYECKOH IPYIIIe
nopagka p", vae p — npocTtoe yucao, 0 < m < n.

56.14. llycrs G = (a) — nuxkamdeckas Tpynna nopaika n. JokasaTs,
qTO:

El.) JAIEMEHTBI (I,k nu (]',[ HMEKT OJUHAKOBBIEC MOPAIKH TOrJa B TOJBKO

roraa, korga HO(k,n) = HOA(I, n);



§ 56. Hodepynnw, nopadox saemenma 2pynnbi 223

6) 2JeMeHT G,k ABJAACTCA NOPOK TAKMIHAM 3JIEMEHTOM G TOr 4a 1 TOJBKO

TOrAa, Korjga k u 1 B3AHMHO IPOCTEL;

B) Beakas noarpynna H C G mopoxgaercs arementom suga a’, rae
d|n;

f‘) AJ1A BCAKOI'O JeJIUTead d qucaa n CymeCTByeT €IUHCTBEeHHAasA I101-
rpymna H C G nopaaxa d.

56.15. B nukandeckon rpynme {(a) HOpAIKa n HANTH BCE DJIEMEHTHI
g, YVIOBJICTBOPAOIINEC YCIOBUIO gk = €, " BCe JICMCHTHI MOPAITKa k opu:

a)n=24, k=6; 6)n=24, k=4

B) n =100, k= 20; r)n =100, k=25;

o) n =360, k=30, e)n =360, k=12;

x®) n =360, k=T.

56.16. Hauru Bce nOACpYIIEL B MUKIMIECKOU IPYIIIE HOPSAIKA:

a) 24; 6) 100; B) 360; r) 125;

1) p"*  (p — mpocroe Tucio)

56.17. IIpeanonoxuM, 9TO B HEKOTOPOU HEeIHHUTHON TPYTITIE BCE He-

€JIMHI'HLIE DIEMEHTEL UMEI0T OJUHAKOBEIM NOPALOK p. Jokaszarh, 94T0 p
SABAACTCA TPOCTBIM “THCIOM.

56.18. Ilycte ¢ — xomeunasn rpynna u d(G) — HanMeHbIIee cpeiu
HATYpAJBHEIX 9UCE] § TaKUX, YTO g° = e 11a BCAKOro aieMeHTa g € G
(nepuod epynnwr G).

JokasaTs, aTO:

a) nepuog d(G) geant |G| U paBeH HAMMEHBIIEMY OOMEMY KPATHOMY
NOPAIKOB 3JIeMEHTOB rpynnel (7

0) ecam rpynna (¢ KOMMYTATHBHA, TO CYIIECTBYeT aieMeHT g € G
nopagka d(G);

B) KOHEYHadA KOMMYTaTHBHAA I'PYIINa ABIACTCA HHK.TIH‘IGCK()IL"I TOT 1A |1
TOJBKO Torja, korga d(G) = |G|.

BepHe! a1 yTBepK 1eHus 6) U B) 1A HEKOMMYTATHUBHOU T'DYIIIEI?

56.19. CymecTByeT au O€CKOHEHAA TPYINA, BCE DIEMEHTEl KOTOPOH
HMMEIOT KOHEYHBIA MOPALOK?

56.20. lepuoduneckoii wacmplo rpynnsl (G HA3BIBAETCHA MHOXKECTBO
BCEX €8 DJIEMEHTOB KOHEYHOrO MOPAIKA.

a) [JokasaTs, ITO IEPHOAMTECKAA TACTH KOMMY TATUBHOM PYIIIHL B~
JIETCSA IO ATPYIIION.

6) Bepno sm yTBepxKAeHMEe A) LT HEKOMMY TATUBHON TPYIIIEL?
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B) Hantu nepuoamdeckyio gacte rpynn C* u D, (C)*.

r) Jokaszare, 4TO ecaM B KOMMYTATUBHON rpynne (G eCTh 3IeMEeHTE
OeCKOHETHOTO MOPAIKA W BCE OHH cojgepkaTca B nogrpynme H, to H
coenagaer ¢ G.

56.21. [TokasaTh, 9TO B KOMMYTATUBHOW I'PYIIIE MHOKECTBO HJICMEH-

TOB, MOPAIKH KOTOPBIX IeIAT (PUKCHUPOBAHHOE HHCJIO 1, ABIAETCA I0]-
rpynmnoi. BepHo M 3TO yTBEPHK IeHNe I HEKOMMYTATHBHOW TPYIIIEL?

56.22. HanTu Bce KOHEYHLIE TPYMIEL, B KOTOPHIX CYIIECTBYET HAM-
Oousiblliadg coOCTBEHHAA MOATPYIIA.

56.23. flpasercsa mu mukandeckon rpynna (Z /157Z)" obpaTuMbIx aie-
MeHTOB Koabua 7 /1527

56.24. MuoxecTBo Bcex moArpynn rpyunsl G o6pazyem yenb, eCIn
UL JIFOOBIX ABYX €€ NOATPYII OJHA COAEPIKUTCA B APYIOM.

a) [lokasaTs, 4TO HOACPYNIBL MUKIMUIECKON IPYIINLL HOpAAKa p', rae
P — HPOCTOE TUCIO, 00Pa3yIoT IeNkb.

6) HauTn Bce KOHEYHBIE MPYNNEL, B KOTOPEIX MOICPYIIEL 00Pa3yioT
Ienb.

B) HauTu BCe Cpymnel, ¥ KOTOPBIX HOACPYIIEL OOPA3YIOT LElb.

56.25. [Ipeacrasurs rpynny (0 B Bujge 00BeAMHEHUA BO3PACTAIOLIEN
HEeNnOYMKN IUKJINYeCKNX IO AIPYIIIL.

56.26. YcranoBuTh uzomMopduaM Mex a1y rpynmamu U, KOMILIEKCHBIX
KOpHEeN cTenenu n w3 1 u rpynnon Z, BEMETOB [0 MOIYJIIO 71.

56.27. Kakue ua rpynn (g), nopoxkaeHHBIX aaeMeHToM g € () u3o-
MOD(pHBI:

1 1
G=C, =—— 4+ —i;
a) g 7 \/ﬁz
6 G=GL(©O. 9= (] o)
B)G=S8s g=(32651);
rG=C, g=2-4g;
5 G=R, g=10

e) G =C*, g=cosﬁg+isin6§;
®x)G=7Z, g=237

56.28. /lokazaTk, 9TO BO BCAKOU T'PYIIE IETHONO MOPAIKA HMEETC
BJIEMEHT HOpALKa 2.
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56.29. Byzaer i rpynna 06paTHMBIX 2JIeMEHTOB KOJIbIA BEIMeTOB Zg
MUKIAIECKON?

56.30. JoxaszaThb, ITO BeAKas coOCTBeHHaA MOATpyHIa Ipymmbl Upe
ABNACTCA MUKIMIECKON KOHEIHOTO TIOPAIKA.
56.31. /[lokasarn, 4TO:

4) B MyJIbTHINIMKATHBHON TPYIIE IMOAA LA JI000r0 HATYPATLHOTO
YUCIa N CYIEecTBYeT He Gojee OJHOU MOATPYIILL TOPAIKA 1)

0) BCAKAA KOHETHAS MOATPYINA MYJIbTHILTHKATABHOM TDYINBI MO
ABIACTCA TUKJINIECKON;

B) MYJLTHILIAKATHBHAA CPYNHA KOHETHOO MOJA ABIACTCA IUKIA-
EeCKOU.

56.32. Hautu BCce MOATPYNOEL B CPYIIIAX:
a) Ss; 6) Dy; B) Qs; r) Ay,

56.33. [lokasarb, 4T0 ecau noarpynmna H rpynmnsr S,, coIepXKuT 01HO
13 MHOMKECTB

{(12),(13),...,(An)} {(12),(123...n)},
To H =8S,,.

56.34. Hauru Bee anemeHTs rpynnsl (G, KOMMYTHPYIOIIAE ¢ TaHHBIM
aseMeHTOM ¢ € (G (HeHTpaIn3aTop IEMEeHTa §), ecIn:

a) G=84, g=(12)(34);
0
0 G=SL®, o= ( 7);
B)G=S8,, g¢g=(123...n).
56.35. [L1a MHOrOWIeHA [ OT HMEPEeMEHHBIX &, L2, L3, L4 HOJOKUM
Gf = {0 = S‘l{ f(:ra'[l):xa(?}r;ra{ii}:xa'(-’l)) = .f(:rlrx'ZJxSyx'i)}'

Jokasats, aTo Gy — moarpynna B Sy, U HANTH 3TY NOATPYIILY 11A
MHODO'JIEHA:

a) f =122 + T324; 0) f = z1z273;
B) f =z + x2; r) f =z xomany;
D= ] @-a).

1<j<ig4

56.36. Hautu cMeXHBIe KIACCHL:
a) AJAUTUBHOU I'PYIIEL Z 10 noArpynie nZ, n — HATYPAILHOe YUCIO;

15 A.W. Kocrpukux
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6) agaurusHou rpynnst C no moarpynmne Z [i] ersix rayccoBbIx Tuced,
T.e. uncel a + bi ¢ uersmu a, b

B) agauTueHOM rpynnsl R mo noarpynne Z;
r) agaurusuou rpymmnsl C mo noarpymnme R;

1) MyapTHmkaTusHon rpynnel C* mo nogrpynmne U wmcen ¢ moxy-
aeMm 1;

e) MyabTUILIUKaTHEHOR rpynnsl C* o noarpynme R*;

3K) MyJBTHILIMKATUBHON rpynnel C* no moarpynme moroxuTensHLIX
BEILIECTBEHHLIX THCE;

3) PPYIIIBL IO ICTAHOBOK S, 110 CTAIMOHAPHON O ATPYIIIE DIeMEHTA 11;

M) aJINTHBHON CPYIIIEL BEIIECTBeHHBIX (3 X 2)-MaTpUIL 110 MOATPYIIIe
BCEX MATPHI (@) ¢ YGIOBHEM a5 = a3z = azp = (;

K) aJAUTUBHOM T'PYIILL BCEX MHOIOWICHOB CTENEHH He BHILE D C
KOMILIEKCHBIME KO(MQHUINEHTAMA [0 MOATPYIINE MHOTO'LICHOB CTEICHHA
He BBIIIE J;

/1) HMKIM49ecko rpynnst {a)g no noarpymme {a').

56.37. Ilycte ¢ — HeBwipoxkjaennas marpuna w3 GL,(C) u H =
= SL,(C). JokazaTb, 9T0 CMeXHBIM K1acC gH cOCTONT M3 BCEX MATpPHIL
a € GL,(C), onpegeantenb KOTOPBIX PABEH ONPEACTHTEII MATPHIILL §.

56.38. [Ilycre H — nmoarpynna B rpynne G. Jokasars, 94To oToOpa-
wenne H — Hr~! 3agaér 6uekumo Mex 1y MHOKECTBOM JeBBIX M MHO-
JKECTBOM IIPaBBbIX CMEXHBIX Kiaaccos G mo H.

56.39. Ilycts g1, g2 — saements rpynnel G u Hy, Hy — moarpynmns
B (. [lokazaTh, 9T0 CIeAYIONIME CBOUCTBA HKBUBAJCHTHbI:

a) gtHy C g2Hy; 6) HHC Hy m g3'gi € Ha.

56.40. IlycTs g1, go — naementsl rpynnel G u Hy, Hy — noarpynmst

B (. [lokazaTe, 9T0 HenycToe MHOxKecTBO g1 Hy N go Hy ABiasieTcs JeBbIM
cMexHBIM KraccoMm G o moarpymnme Hy N Ho.

56.41. [Iycre K — npaeblil cCMeXHBIU KJIace rpynnsl G 110 MoATpyI-
nme H. JlokasaTs, 9T0 ecin 1,3,z € K, To vy~ 1z € K.

56.42. [Ilycte K — nemycroe mogmuoxkecTBo B rpymmne (G, npu4aém
ecmn z,y,z € K, To xy~'z € K. Jokasars, yro K ApiseTcs mpasbiv
CMEKHBEIM KJIaccoM rpynnsl (G o HeKoTopon nogrpymme H.

56.43. I[lycre Hy, Hy — noarpynnel B rpynne G, npuaém Hy C Ho.
Ecimn unnexke Hy, 5 Hs pasen n, a ungexkc Hy B G pasen m, To ungexc H;
B GG paBeH mn.
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56.44. [lokasaTb, YTO B I'PYIIE IU3APa BCE OCEBBIC CUMMETDPUH 00-
Pa3yIOT CMEXHBIN KJIACC TI0 TOATPYIINe BPAIIECHHUH.

§ 57. [leucTBUe rpynnbl HA MHOXECTBE.
OTHOImEHNnEe CONMPAXKEHHOCTH

57.1. Hauru Bce opOuTsl rpynmsl (G HEBRIPOK JEHHBIX JHHEHHBIX OTIe-
PATOPOB, AEHCTBYIOMINX HA N-MEPHOM IpocTpaHcTBe V, ecun:

a) (G — rpynmna Beex HeBHIPOMK JEHHBIX JUHEHHBIX OMePATOPOB;

0) G — rpynmna OpTOrOHAIBHLIX ONEPATOPOB;

B) G — rpynma onepaTopoB, MATPHUILI KOTOPHIX B 6asuce (e, ...,€,)
IMArOHATBHEL;
r) G — rpynma onepaTopoB, MATPHUIE KOTOPHX B 6aauce (eq,...,ey,)

BEPXHHUE TPeyro/bHbIe.

57.2. Hauru craumonapuyo noarpynny G, BekTopa a =€ +ées+. ..
.+ ey, ecan:
a) G — rpymma u3 57.1, B); 6) G — rpynna ma 57.1, r).

57.3. Hautu cranmonapuyio moarpymmy (7, u opOUTy BekTOpa T,
eC/IM:

a) ¢ — rpymma Beex OPTOrOHAJBHBIX ONEPATOPOB B TPEXMEPHOM
eBKJIHI0BOM IPOCTPAHCTEE;

6) G rpynna Beex COOCTBEHHEIX OPTOrOHAILHEIX ONEPATOPOB B
JABYMEPHOM €BKJIHOBOM IPOCTPAHCTRE.

57.4. llycTs G — rpynmna BCeX HEBBIPOXK ICHHBIX JJHHEHHBIX OMEPaTo-
POB B 1-MEPHOM BEKTOPHOM npocTpaHcTBe V u X — MHOXKeCTBO BCex
[OANPOCTPAHCTB pasmepHocTH k B X.

a) Haurn opburer rpynmer G B X.

0) Ilycrs ey, ..., e, — Taxon Gaszuc B V, 410 €1,...,e; — OGasuc "e-
KoToporo noanpocrpanctsa U. Hanru B 6asuce ey, . . ., €, MATPUILI OIIE-
PATOPOB M3 cTaruoHapHON noarpynmnsr Gy .

57.5. Ilyere G —— rpymnmna Bcex HEBBIPOMXK ICHHBIX JMHEHHBIX OIepaTo-
POB B n-MEPHOM BEKTOPHOM mpocrpancTse V u F' — MHOXKeCTBO (iaros
B V, r.e. mabopoe f = (Vp,V1,...,V,) nogupocrpancrs B V, npuaém
0=Vo<Vi<...<Vp=V.

a) Hanru opbursr G B F.

6) Mycte e; € V; \ Vieq, i = 1,...,n. [Joxkasars, 910 €1,...,€, —
Gasuc V.
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B) B basuce ey, ..., e, HAUTH MATPUIEL OIEPATOPOB U3 CTALIXOHAPHON
noxrpynnet G .

57.6. Ilyere G IPYIIa BeeX HEBHIPOXKICHHBIX JHHENHBIX OIepa-
TOPOB B NM-MEPHOM BeKTOpHOM mnpoctpadcTse V' m X (coorBercrmeH-
HO Y') — MHOXKECTBO BCEX HEHYJEBBIX PA3JOKHUMBIX ¢-BeKTOpoB u3 A7V
(m3 S4(V)).

a) Hanru opburer gencreua G B X u Y.

6) Hanrn cranmonapuyo noarpynny (7, pasioxuMOro ¢-BeKTOPA a
(BekTopa u3 S7(V)).

57.7. llycre ¢ — rpynna BeexX HEBLIPOXKICHHBIX JUHENHBIX OIepa-
TOPOB B N-MEPHOM BEIIECTBEHHOM (KOMILIEKCHOM) IpocTpaHcTBe V' u
B — MHOXeCTBO BCEX CHUMMETPHYHBIX (3PMHUTOBHIX) OMIMHEHHBIX (DYHK-
unit 8 V. Ecn g € G u b € B, To nonoxum g(b)(z,y) = b(g~ 'z, g7 1y).

a) [lokasaTe, 9T0 3agano gencreue G B B.

6) Onucars opbuter G B B. Hantu nx uucio.

B) Onucars cTanuoOHAPHYIO NOArpynny (7) NOJ0KUTEILHO ONPEIeIEH-
HOU (pyHKIMHK b.

57.8. IlycTe G — rpynna Bcex HEBBIPOK ICHHBIX JHHENHBIX OIMEPATO-
POB B 71-MEPHOM KOMILIEKCHOM npoctpascTee V' u L(V) — MHOEKeCTBO
BCcex JUHEeHMHBIX omepatopoB B V. Ecm g € G u f € L(V), To nonoxnm
9(f) =gfg™".

a) [lokaszaTs, aTo 3agano geictsue G B L(V).

6) Omuacats opbuter G B L(V).

57.9. Hauru Bo muoxectse {1,2,...,10} Bce opGUTHL 1 BCe cTALMO-
HAPHBIE TOATPYIIEL 114 TPyl (7, MOPOXK AEHHON 110 1CTAHOBKOM:

_)_1234567891068_
49=\5 83 94106 21 7 105

12345678910
6)9_(74618329510>€Sm’

B) g=(169)(210)(34578) € Sio.

57.10. B mpAMOYTrOIBHOU cHCTEME KOODAMHAT 3aJaH POMO ¢ BEpIIn-
HAMU

A=(0,1), B=(2,0), C=(0,-1), D=/(-20).

a) HaiTu MaTpHUEL OPTOrOHATBHEIX Pe0OPA30BAHUN IIOCKOCTH, TIe-
pesoaamx pomb B ceds.
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0) JokasaTb, 9TO 3TH MATPULEL 00PA3YIOT OTHOCHTEABHO Y MHOKEHHS
rpynny G, uaomopduyo rpymmne V.

B) Hautu opOMTHL gercTBUA TPYINLL (7 Ha MHOKECTBE BEPIIUH POMOA
M WX CTAIMOHADHBIE ITOATDYIIIHL.

57.11. Hautu nopsagox rpynnsl gusapa D,,.

57.12. Hauru nopsgox:

a) Cpynnsl BpameHun Kyoa;

6) IPYIIBI BPALICHAN TETPAdAPA;

B) I'PYIIBEI BPAIICHUN J0ACKa3Ipa.

57.13. [doxasartw, 4To:

a) Ppynna BI)ZLIHEHI/IPUI HKOC&B_I[D& I/ISOMOP(I)HEL I‘pynne A‘31

0) rpynna ABMKeHUH TeTpanapa mioMmopdgua Sy.

57.14. HanTtu mopsAgoK CTAIMOHAPHOW MOATPYINEI BEPIIMHBL 1A
CPYIILI BPALICHUN:

a) OKTasapa; 6) uKocasapa; B) TeTpasipa;

r) kyba; 1) TEdIpAa.

57.15. Ilycts G~ rpynna adypuHHBIX TpeoOPA3OBAHUN B N-MEPHOM

adppuaHoM mpoctpaHeTse X . [Ipeamonoxum, 9To Y — MHOXKECTBO BCex
HAOOPOB u3 n+ 1 Toukn (Ag, ..., A,), HaxoAAUMXCA B OOIIEM IIOJOKEHNN.

a) Hauru opouter G B Y.

6) Hamtu craguonapsyio noarpynny G, madbopa a € Y.

57.16. Ilycts G — rpynna adpuHHELIX TpeoOpPa3OBAHUE B 1-MEPHOM
adypUHHOM BellecTBEHHOM (KOMILTeKCHOM ) nnpocTpascTse X . O60o3HauuM
yepea () — MHOXECTBO BeexX KpajJpaTuyabrx ¢pyeknuid 8 X. Ecm g € G,
heQuzxe X, ronomoxum g(h) = h(g~'x).

a) JokasaTk, 9T0 3agaHo gencreue G B ().

0) Ouucars opbutsl G B ().

B) Onucars cranuoHapHyio noarpynny (', HeBEIPOXK ACHHON (YHKIMI
h e Q.

57.17. Ilycte G — rpynna gpoOHO-IUHEHHBIX IpeoOpa3oBaHuil eu-
HUYHOTO Kpyra ¢ neatpom O us sagaqu 24.22. Hauru:

4) CTAIMOHAPHYIO MOACPYIIY TOYKH ()

0) opbuty Touku (;

B) NepecevdeHne CTAIMMOHAPHBIX NMOATPYII JBYX PAa3IHIHBIX TOYEK
€ANMHUIHOI'O prra.
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57.18. IlycTe rpynna (G geMcTBYeT Ha MHOXKecTBe X WM I, § — DJie-
MeHTHl ogHOM opbutel (G B X. /[lokasaTh, uTo Bce Takue g € G, uTO
g(x) = y, COCTABIAIOT JEBLI CMEXKHEIM Kaace (G 0 CTAIMOHAPHOU 1101~
rpynne (G, ¥ NPaBBIM CMEKHBIN KIACC IO CTAIMOHAPHOU mogrpymme Gy,

57.19. Ilycre komumyTaTuBHas rpynna (¢ ICHCTBYCT HA HEKOTOPOM
muoxkecTtBe M. [Joxaszars, 9T0 ecam mia HEKOTOpEIX g € G u mg € M
CHPABEIJINBO PABEHCTBO §Mo = Mg, TO ¢M = M LIA JI0O0N TOYKH 171,
JeXKaled B OJHON OpOuTe ¢ TOYKON M.

57.20. Ilycte H — noarpynna rpynnet G, a € G. lokasats, uTo:

a) orobpaxenue o,: gH — agH ecTh mepecTaHOBKA HA MHOKECTBE
M Beex MeBBIX CMENKHBIX KIaCCOB rpymnsl (¢ no noarpymmne H;

6) oTobpaxkenue f: a+— g, onpenenser gencTBue rpyansr G Ha M;

B) 0, ABIACTCA TOXKACCTBEHHON NEPECTAHOBKON TODAA M TOJBKO TOT-
Ia, KOrja a IPUHALICAKUT ePEecedeHnio BCeX MOArPYILI, CONPAKEHHBIX C
H B rpynne G.

57.21. IlepenyMepoBaB JeBBIC CMEXKHBIC KIACCH rpynnsl G 1o mnoj-
rpynne H, HauTe Bee nepecTaHoBKU o, (3agada 57.20), ecau:

a) G =24, H — exnuuvnas moArpymnma;

6) G = Dy, H — noarpymnmna, cocTOAMAA U3 TOKCCTBEHHOIO IPeos-
pPa3OBaAHMA M HEKOTOPOU OCEBOM CUMMETPHM KBaJpaTa.

57.22. [lokasaTh, 9TO 114 0001 rpynmsl G

a) CONPSKEHUE ONPEeIe/sIeT TeUCTBHEe

me g-m=gmg ', g,meG

rpyunet G Ha MHOXKecTBe ()
6) cTanMOHAPHAA IOArPYIIIA TOYKH M (HeHTPAIM3ATOD JIEMEHTA 1)
COBIAJAeT CO MHOKECTBOM IeMEHTOR IPyInE (7, MepecTaHOBOMHEIX C 171.
57.23. Hautu uenTpaamsarop:
a) nepecranosku (12)(34) B rpynne Sy;

6) nepecranosku (123...n) B rpynne S,,.

57.24. B rpynne GL2(R) maiTn neHTpammiaTtop MaTPUIHL:

a)((lJ _(1)); 6) (g g) B) (; 3) r)((l) })

57.25. B rpymme GL,(R) HaUTH UEHTPAIM3ATOD MATPHIIEL
diag(A1,...,An), ecam:

d.) BCe DJIeMEeHThI AMalrOHaau pPas3Jn'iHbI;
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) Mi=...= g =a, M1 =...=Ap=bua#h

57.26. Kakue u3 Tpex MATPHI CONPSKEHB MEXKIY COOOH B TPyIIe
GL,(C):

(11 (12 0 _ (1 0,
a=for) #=(0 ) A=)

57.27. llycte F — none. B rpynne SL,, (F) mantn:

a) nentpanusarop C;; aneMenTapHon Marpuusl F + Fi; npu 1 <@ #
#Fis<mn

6) nepecegsenne C;; npu Beex 4, j, rae 1 < i # j < n;

B) KJIACC CONPSKEHHBIX AIEMEHTOB, cotepxammx E + I;;.

JoxazaTe, 9T0 m00BIe IBe dIeMeHTapHBe MaTpumel F + aFj; m
E+BE,,, tnel <i#j,p#q<nua, e F* conpaxens.

57.28. B rpynne O5(R) opToroHAILHLIX ONEPATOPOB HAUTH:

a) UeHTPAIU3ATOD ONEPATOpPa HOBOPOTA HA YIoux g # k;

0) UEHTPATU3ATOP CHUMMETPHU OTHOCHTEIBHO ocH OX.

57.29. Jlokasars, uro B rpynne Os(R) mobse ase cummerpun co-
MPAKEHEL

57.30. Hautu xiaccsl cOMPKEHHBIX 2I€MEHTOB TPYIIIL

a) Ss; 6) Au; B) Dy.

57.31. Hautu BCe KOHEYHBIC TPYIIILL, THCI0 KIACCOB COMPAKCHHOCTH
KOTOPBIX PABHO: a) 1; 6) 2; B) 3.

57.32. B rpynne Sy HaUTH KJIACC CONPSKEHHOCTH:

a) nepecranosku (12)(34); 6) nepecranosku (124).

57.33. Ecte au B rpynmnax S;, S HeCONPAKEHHBIE DIEMEHTBI OTHHA-
KOBBIX HOPAIKOB?

57.34. [lokasaTh, 9TO IBe MEPECTAHOBKY CONPSKEHHI B rpymnme S,
TOr/Jja ¥ TOJLKO TOI'/Ia, KOI'Ja OHU UMEHT OJUHAKOBYIO HUKIOBYIO CTPYK-
TYPY, T.€. UX PA3JIOKCHUA B MPOU3BEICHIA HEBABHCUMBIX IUKJIOB JJIA JTI0-
6oro k cogepxaT OIMHAKOBOE YMCI0 UUKJIOB JIAHEL k.

57.35. Hanru umcio K1accoB CONPAKEHHOCTH B IPYIIAX:
a) Sy; 6) Ss; B) Sg; r) Dy.
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57.36. Kanonuuecxoi giopmoti marpuipr A € SO3(R) naswBaeTcs
conpsaxkénHaa ¢ A MaTpuna BuIa

1 0 0
0 cosp —sing
0 sing cos @

Joxaszare, uro maTpunsl Ay u As conpsukens: B SO3(R) Torga u
TOIBKO TOTZA, KOUOA UX KAHOHHYECKHE (POPMEL CBA3AHEL COOTHOIICHUEM
1 + o = 2nk mmm @ — o = 2wk 119 HEKOTOPOro meaoro k.

57.37. lokasaTs, ITO:

a) ecsiu H u K — conps:KEHHbIE MOAIPYIILI KOHEYHOU T'PYIILL U
KCH, oK =H,

6) TOATPYIIELL

0-{(0 ) een) w-{( %) wes)

compsixenn B rpymme GL»>(R), u K C H.

57.38. Hauru sopmamusatop N(H) noarpynnst H B rpynne G, ecin:
a) G = GLy(R), H — noarpynna juaroHaJlbHbIX MaTPHIL;
6) G = GL2(R), H — nmoarpynna MaTpuil BAIa

1 a
(O 1), a € R;

B) G = Sy, H = {(1234)).

57.39. Hautu rpynny aBroMOpdu3MOB:
a) rpynnsl Zs; 6) rpynust Zg.

57.40. [lokasaThb, 9T0:
a) Aut Sz ~ Sg, npuuém Bce aBTOMOP(U3MEL DPYIIILL S3 BHY TDEHHUE;

6) Aut V4 ~ S3, npuuém BHYTpEHHUM 1A V4 ABIAETCA JUIIL TOXK-
NEeCTBEHHBIA aBTOMOPQHU3M.

57.41. flpaserca U MUKINYECKON FPYNNA AaBTOMOP(UIMOB:

a) rpynnsl Zg; 6) rpyuner Zg?
57.42. Hawru nopsagok rpynnst Aut Aut Aut Zg.

57.43. B rpynne Sg HOCTPONTEL BHEIIHUN ABTOMOPGU3M.
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57.44. Jokasarb, 94T0 B rpymme S, (n # 6) Bce aBTOMOPQU3MEL BHY T-
peHHHe,

57.45. Jlokasats, 9T0 rpynma asToMopdusmoB Dy m3omopdua Dy.
HaiTu noarpymnmy BHYTPeHHUX aBTOMOPGU3MOB rpynnst Dy.

57.46. Hautu rpynny asromopduamos rpynnsl D, u nogrpynny eé
BHYTPEHHUX aBTOMOP(QUIMOB.

§ 58. l'omoMOppU3IMBEI ¥ HOPMAJLHBIE IMOATPYIIIILI.
@DakTOprpynnsl, eHTp

58.1. [okazaTb, uyTo noarpynna H rpynnel G HOpMaibHa, €CIn:

a) G — xoMMmyTaTuBHaA rpymma, H — modan eé moarpymnma;

0) G = GL,(R), H — mogrpynma MaTpHI] C ONPeIeTHTEIeM, PAB-
HBIM 1;

B)G=S,, H=A,;

r)G=S4, H=Vy

1) G — rpynmna HeBBEIPOXK I€HHBIX KOMILIEKCHBIX BEDXHETDEYTOMBHBIX
maTpui, H — rpynna MaTpui BuIa

E+ Y ayEj  a;€C

1€i<jign
i—izk

58.2. Byger sm nopmansunon noarpynmon B rpynmne GL,,(Z) muo-
JKECTBO BCEX MaTpHIL BIIa
a b
((: d) ’

e TUCTA @, d HeIETHEL, a THeaa b, ¢ TeTHR?

58.3. [dokasars, 410 1100as MO ArPYIINA HHIEKCA 2 ABIACTCA HOPMAaJlb-
HOML.

58.4. HauTu BCe HOPMAJIBLHLIC TIOATPYTIEL, OTINYHELIEC OT ¢IHHUTHOR
M OT BCEW TPYIIEl B TPYINAX:

El) Sq, 6) A4; B) S4.

58.5. Ha npumepe rpynnsr Ay mokasaTk, MT0O HOPpMaIbHAA MOATPYTI-
na K sopmanssou noxarpyunsl H rpynnet G He 06A3aTeNBHO ABISAETCHA
HOpMaJabHOU B G

58.6. Ilycts A u B — mopManbubie noarpynns rpymnsl G u ANB —
eauHNYHAA noarpynmna. Jokaszars, 4ro ry = yr g modsix @ € A, y € B.
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58.7. Ilycre H — moarpynna B G uugexca 2, C' — Kiacc CONpAXKEH-
oeix B G aaementor u C' C H. [lokasaTs, uro C apaserca aubo Kiac-
coM conpsukeéHubix B H aiaemenTos, aub0 0OBEIUHEHHEM IBYX KJIACCOB
CONpAKEHHLIX B H 51eMeHTOB, COCTOAMMX M3 OIMHAKOBOTO HHCIA DJIe-
MEHTOB.

58.8. [okasars, 4Tto (axToprpynna R*/Q* He sapigercs LuKIn-
HECKOH.

58.9. Hauty 4MciI0 KIACCOB CONPSKEHHOCTH B rpynne A; U 4ucio
3JEMEHTOB B KayKIOM U3 KJIACCOB.

58.10. [TokasaThk, 4To rpynna Ay ABIAETCA TPOCTOM.

58.11. a) /lokasaTs, 9To B Tpynne kpaTepHnoHoB Qg mobdasa 1moa-
IPYINA ABIAECTCH HOPMAILHOM.

6) Hantu uenTp u Bce KIACCH cOnpskéHHOoCcTH B rpynme Qg.

B) rJI[()I{i:l-?i:].’]:‘}:v, 9TO KOMILIEKCHBIC MaTpHILIbL

1 0 i 0
coms (] 9), cr=s(} ).

0 1 . (0 i
soma( 01), ak=a( )

OTHOCUTEIBHO YMHOMKEHUA MaTpull 0b6pasytor rpymny, ndoMopduyno Qs.
58.12. HauTu Bce HOpMAJIbHBIE MOATPYIIEL B Ipymne qusapa D,.
58.13. Ilycte F' — moae u G — noarpymna B GL,, (F), cogepxamasn

SL, (F). dokasars, uto G Hopmaasaa B GL, (F).

58.14. ComocTaBnM Kax oW MATPHIE (Z ;) € GL5(C) mpobGmo-

JMHEHHOE TpeobpasoBanmne
az+b

flz) = cz+d

Hawrm aapo aroro romovopduama.

58.15. [lokasaTk, 9T0 AApo aw0boro romomopduama rpymnet C* B
ag uTUBHYIO rpymny R saBasercs 6eCKOHEMHON I'PYIION.

58.16. Ilycte n, m > 2 — Harypambube unciaa u SL,(Z;mZ) —
noamaoxectro B SL, (Z), coctoamee na maTpun suga K+ Xm, rge X —
HeJOYMUCIeHHAA KBAAPATHAA MaTpuia pasMepa n. Jokasark, 4T0:

a) SL,(Z;mZ) — nopmanbhas noarpynna 8 SL,(Z);
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6) ecit m = p — OPOCTOE THCIO, TO
SLH(Z)/SLH(Z;]}Z) e SLH(ZP);

B) rpynna SL,(Z;mZ) He COIEPHUT MEMEHTOB KOHEYHOI'O MOPAIKA
npu m = 3;
r) ecim G — xonednan noarpymna B SL,(Z), To nopagok G xemnr

%(3" —1)(3" —3)...(3" — 3" ).

58.17. /lokasarsb, 9T0 s a060K rpyinsl (G MHOXKECTBO BCEX BHYT-
PEHHHX ABTOMOP(U3IMOB ABIACTCH HOPMAIBLHOU MOACPYIIOH B TPYIIIE
Aut ¢ Beex aBromopduamos rpynnet G.

58.18. [okasarb, 4T0 mobad MOACPYINa, COAEPKANIAT KOMMYTAHT
CPVIIILL, HOPMAJILHA.

58.19. Hautu nenrp rpynne:  a) S,; 6) A,; B) D,,.
58.20. IlycTs rpynna G mopox jeHa sJeMeHTaMu a, b, npudém
a® = b = (ab)* = 1.
NokazaThb, 910 saeMenT (ab)? JexuT B nenTpe rpynne G.

58.21. /lokasarhk, YTO UEHTP CPYINLL HOPAIKa P, e p — OPOCTOoe
qucio (n € N), cogepxuT 6oee 0JHOTO AIEMEHTA.

58.22. Ilycts (¢ — MHOKECTBO BEPXHUX YHUTPEYTOJbHBIX MATDPHI]
nopajka 3 ¢ aneMeHTaMu u3 nous Zy,.

a) llokazaTk, uro (G — HEKOMMYTaTHBHAA I'DYNIa MOpAIKa p° OTHO-
CHUTEIBHO VMHOKEHUA.

6) Hauru nentp rpynnet G,
B) Hauru Bce Kiaaccesl conpaxEHHBIX 21eMeHTOoB rpynnst G,

58.23. Hautu ueHTp rpynme:
a) GL,(R); 6) O2(R); ) SO (R); r) SO3(R);
1) SU,(C); e) SU,(C); ) BepXHETPEYTOJbHBIX MATPHUIL.

58.24. Hauru uenrtp:

4) DpYNOBl BeeX APOOHO-IMHEHHBEIX MPeoGpa3sOBaHUN KOMILIEKCHOH
IIOCKOCTH;

0) rpynnsl BCex npeodpa3soBaHuil € IMHUYHOIO Kpyra u3 3agaqu 24.25.
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58.25. [dokasathb, uTo rpynna H asasercs roMOMOPQHBIM 06pasoM
KOHEYHON MUKINYIeCKON Tpynnel (G TOrIa U TOJILKO Toraa, korga H Tak-
JKe MUKINIeCKas, W e NOPAJOK AeJuT NOpAIoK rpynmsl (.

58.26. [Joxasars, ecy rpynna G roMoMopdHO 0TOOpaXkKeHa Ha DPYII-
ny H, npuaém a — o', To:

a) MOPAJOK @ AEMUTCA Ha HOPAJOK a';

6) nopagok G genures na nopagox H.

58.27. Hantu Bce romoMmopgHabIe 0TOOpAKEHAA:
a) Zg — Zﬁ; 6) Z(j —F Zlg; B) Zlg -3 Z(;;
r) Zia = Zy5; 1) Ze = Zss.

58.28. [okaszarTh, 9TO AAAUTHBHYIO TPYINY PALUOHAILHBIX HHUCE
HeIb3A FOMOMOPGHO 0TOOPA3UTE HA AJJUTUBHYIO IPYIILY LEIbIX YUCel.

58.29. Hauru (pakToprpyIims:
a) Z[nZ; 0) Uy»/Ujg; B) AZ [127; r) R*/R,.
58.30. Ilycre F™ — agouTuBHAS DPYINA N-MEPHOI'O IHHEHHOTO [IPO-

cTpaHcTBa Hal noteM F'u H MOATPYIIA BEKTOPOB k-MEpPHOr'O MHOI-
npocrparcTsa. JlokasaTs, uTo (akToprpynna F™/H maomopdra F7 k.

58.31. [lycre H, — MHOXeCTBO 4uces ¢ apryMeHTaMu Buga 2wk /n
(k € Z). Mokasars, 4T0:

a) R/Z ~ U, 6) C*/R* ~ U; B) C* /U ~ Ry;

r) U/U, ~ U, ) C /U, = C*; e) C*/H, ~U;

x) Hp /Ry ~ Up; 3) H,/U, ~R;.

58.32. Ilycts

G = GL,(R), H = GL,(C), P = SL,(R), () = SL,,(C)

A={XeG||detX| =1}, B ={X e H| |det X| =1},
B={XeG| detX >1}, N ={X € H| detX > 0}.

HokazaTp, 9T0:

a) G/P ~ R*; 6) H/Q ~ C*; B) G/(NNG) =~ Zy;

r) H/N ~ U; o) G/A ~Ry; e) H/IB~R,.

58.33. Ilycte G — rpymna ad@uHHLIX Tpeodpa3OBAHUE N-MEPHOTO
npocrpancTsa, H — nogrpynna napamieasHelx nepexocos, K — nog-
rpymmna npeodpasoBAHUN, OCTABLTIONIAX HEIO BUKHON TaHHYI0 TOUKY (.
[oxasars, 4T0:
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a) H apnseTcsa HOPMAIBHOH moarpynmnon B G
6) G/H ~ K.

58.34. [okazarh, 4T0 (GaKTOPrpyina CPYHNbl S; [0 HOPMaJbHOH
noarpynme {e, (12)(34), (13)(24), (14)(23)} nzomopdra rpymnne S;.

58.35. Jlokasarb, uro ecoiw H — noarpynna maiexca k B rpymnme
G, o H coaepxuT HEKOTOPYIO HOPMAIbHYI B (G MOACDPYIILY, MHIEKC
koTopor B G geaut k!

58.36. /lokazaTh, 4TO MOATDPYININA, HHIEKC KOTOPOW ABIAETCA HAM-
MEHBIIUM MPOCTBIM JIEJUTEIeM HOPAIKA DPYIINLL, HOPMAIbLHA.

58.37. dokasats, uto daxroprpymna rpynmnst GLa(Z3) no eé nent-
py u3oMopdHA rpyme Sy.

58.38. [Jokasars, uro B rpynue (Q/Z:

a) KaK/LIM IeMEHT UMEeEeT KOHETHBIN HOPAL0K;

0) A8 KaK 100 HATYPAJIbHOIO 1t MMEeTCsl B TOYHOCTHU OJHA OArPYII-

na MmopaaIKa 1.

58.39. /[lokasaTs, YTO rpyHNa BHYTPEHHUX ABTOMOD(MU3MOB TDYIIIEI
G wsomopdHa dakToprpynne rpynnst G 1o €€ IeHTpy.

58.40. [Toka3aTh, 9T0 (paKTOPIPYIIa HEKOMMYTATUBHOR I'PYIIIEL 10
eé IEeHTPY He MOXKET OBITh HUKJIHICCKOU.

58.41. MokasaTk, 94TO TpPYNIa NOPAIKA p°, TAe p — OPOCTOE THCIO,
KOMMYTATHUBHA.

58.42. /lokasaThb, YTO IPyIIa BCEX aBTOMOP(PU3IMOB HEKOMMY TATHB-
HOM T'DYMNIBLI HE MOXKET OBITh HUKINIECKOM.

* * *

58.43. Haurtn 4mci0 K1acCOB CONPSRKEHHOCTH ¥ YHUCJIO IEMEHTOB B
KakJ0M KIacce I HeKOMMYTATUBHOM T'PYNNbLI mopsika p°, rae p
MPOCTOE THCIO.

58.44. Tlogrpynna H HaseBaeTca makcumasbroii B rpynne G ecan
H # G u mobas nogrpynna, cogepxaman H, copmagaer ¢ H wm G.
JoxkasaThk, 4TO:

a) mepeceveHne JIOOBIX ABYX PA3INTHEIX MAKCHMAILHEIX KOMMYTAa-
TUBHBIX TOJCPYII COAEPKUTCA B HEHTPE TPYIIIIEL;

0) BO BCAKON KOHEYHOU NMPOCTOM HEKOMMYTATHUBHON CPYIINE HAWAYT-
CA BE PATNIHEIC MAKCHMAILHEIC TOACPYIINLL, TEPECEeTeHNE KOTOPBIX CO-
AepxKUT DoJee OJHOIO DIEMEHTA;
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B) BO BCAKOM KOHEYHOH HMPOCTOH HEKOMMYTATHBHOM T'DYIIIE CYIIECT-
ByeT coOCTBEeHHAS HEKOMMYTATHBHAA IOATDYIIIA.

58.45. [okasars, 9ro daxroprpynna SLa(Z;) mo eé menTpy wuso-
MopgHa As.

58.46. /lokasarhb, 4T0 Besakas KoHeuHas noarpynma B SLo(Q) apia-
eTcAa MOArPYIION 0HOM 3 caeayomux rpynm: Dy, Dy, Dg.

58.47. llycte F — mome, n =2 3 u G — HOpMAJBLHAS MOATPYNNA B
GL,(F). Jokasare, ato m60o G O SL,(F), mbo G cOCTOUT B3 CKALAD-
HBIX MaTPHIIL.

58.48. [lycte ' — moze, cogepxamiee He MEHEE YETHIPEX DICMEH-
ToB u (& HopMansHan noarpynna B GLo(F). [doxazars, aro aubo
G 2 SLo(F), oo GG cOCTOUT U3 CKAIAPHBIX MaTPHIL.

58.49. TokazaTk, 9To SL2(2) >~ S;.
58.50. HanTu Bce HopMaabHbIe oArpynnsl B SLo(3).

58.51. Ilycte G — HOpMaJbHasg MOArPYIINA KOHEYHOIO UHIEKCA B
SL,.(Z), n > 3. Torga cymecTByeT TAKOE HATYPAIBHOE THCIO 771, ITO
G C SL,(Z,mZ).

58.52. Ilycte F' — mone, n 2 3 u ¢ — aBTOMOPQUIM TPYIIIBI
GL,(F). [TokazaTh, 9TO CYUIECTBYET TAKOM TOMOMOP(UIM [Py
7: GL,(F) = F* u asromopdusm 7 moas F, uro aubo

p(z) =7(z)gr(z) 97",
6o

p(z) = 7(z) ¢ 7(x) " g7,

rae g € GL,(F).

§ 59. CuoBckue noArpynnsl. I'pynnsl MaabIX MOPAAKOB

59.1. Hawru nopsgok rpynm:

a) GL,(F,); 6) SLy (I, );

B) PPYIIEL HEBLIPOXK JEHHBIX BEPXHETPEYTOIBHEIX MATPHII PA3MeEpPa 1
HAJl KOHEYHBIM TOJEM W3 ¢ DJeMEeHTOB.

59.2. Maomopdusl am: a) rpynna Qg u rpynna Dy;

6) rpymna S, u rpymma SLs(3)?

59.3. Hauru BCe CHIOBCKHE 2-TIOATPYIIIEL B 3-[I0ACPY LI B PPYIIIAX:
a) Sz; 6) Aj.
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59.4. YkasaTh CONpATaIIAe dIEeMEHTh 1IA CHIOBCKUX 2-IIOACPYIII
W CHJIOBCKHUX 3-TIOATPYII B DPYIIIAX:

a) Sg; 6) A4.
59.5. /lokasaTh, 9T0 M00ag CUIOBCKaAA 2-TMOATPYIINA TPYINEL Sy U30-
mopdua rpynne guaapa Dy.

59.6. B xaxux cHIOBCKUX 2-IOArPYNIIAX DPYIIBL Sy COAEPKATC 11e-
peCcTaHOBKH:

a) (1324); 6) (13); B) (12)(34)?

59.7. [JokasaTb, YTO CYWIECTBYIOT B TOYHOCTU [BE HEKOMMYTATUB-
HBIE HEM3OMOP(HLIE I'PYIILL MOPAAKA & — Tpynna KBaTepHUOHOB Qg u
rpynna amsapa Dy.

59.8. /lokasaTh, 4TO CHIOBCKasA 2-moarpymmna rpymusl SLo(Zs):

a) m3oMopdHA IpyIIe KBATEPHUOHOB;

0) nopmansna B SLo(Z3).

59.9. CkoabKO pasIMIHBIX CIIOBCKUX P-TIOATPYNI B rpynmne As, rie:

a)p=2; 6) p=3: B) p =257

59.10. Hantu mopagok CMIOBCKON p-IIOATPYINLL B pynmne S,,.

59.11. CKOJIbKO pa3qMYHBIX CHIOBCKMX P-TIOATPYNI B rpynme S,
riae p — IpPocToe HUCAO?

59.12. [lokasars, YTO CHIOBCKAs P-IOArpyHna B rpynmne (G eIuMHCT-
BCHHA TOrJa U TOJIBKO TOrjJa, KOIj1a OHa HOpMaJabHa B (.

59.13. Ilycrs
1 a
P= { (0 1) | a € Zp, p— mpocroe tilrIcno} ,

a) Mokasare, yro P — cunoBckas p-noarpynna B rpynne SLo(Z,).
6) Hantu mopmammaaTop moarpynnsr P 8 SLy(Z,).

B) Haitti wmcno pasamdserx cuaoseknx p-noarpynn B SLo(Z;,).

r) lokasare, uro P — cunoBckas p-noarpynna B rpynmne GL2(Z,).
1) Hairru mopmammaarop nogrpynnet P 8 GLa(Z,).

e) Hantu uucao pasmrasbix cuioBekux p-noarpynn B GLo(Z,,).

59.14. Toxasathb, 9T0 HOACPYIIIA BEPXHAX YHUTPEYTOIBHBIX MATPHII
Ap/gercsa cuiosckon p-noarpynnon B GL, (Z,).
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59.15. B rpynme guaapa D, 11a KaxIoro mpocToro IeIUTEIA p
qucaa 2n:

a) HANTH BCE CIIOBCKHE P-IIOATPYIIIEL;
0) YKa3aTh COMPATAIONIAE HJIEMEHTHL Il CHIOBCKIX P-TIOATPYIIIL.
59.16. [JokaszaTb, 4TO 00pa3 CHIOBCKOM pP-NOATCPYIIEl KOHEIHOH

rpyunst G npu romomopdguame rpynnsl G Ha rpynny H apaseTca cu-
JA0BCKOU noarpynnou B H.

59.17. [JokazaTb, 4T0 JK0OaA CHIOBCKAA P-TIOACPYIINA IPAMOLO IPO-
H3BeIeHNA KOHEe'THBIX prﬂl’[ A n B ABJIACTCA IIPOU3BEJeHueM CHIOBCKMX
p-unogrpynn coMmaoxkuTenen A u B,

59.18. [lycres P — cumiaoBckas p-noarpynna KoHedHOM rpyrnel G,
H — nopuanenas B G moarpymmna.

a) [lokasaTs, 4T0 nepecedenne PNH ABigeTca CHIOBCKON P-TIOATPYII-
nou B H.

6) [pusecTu npuMep, NOKABLIBAMIMK, 4TO 063 NPEANOJIOKEHUA O
HOPMAIBHOCTH MOATPYNIEL H yTBep# IeHNe NYHKTA 4) HEBEPHO.

59.19. [JokasaTb, 9TO BCE CHIOBCKHE MOAUPYINBL DPYIIBEL IOPALKA
100 KOMMyTATHBHEL.

59.20. [dokazaTs, 9T0 mobasg Crpynma mopsaIKa:
a) 15; 0) 35; B) 185; r) 255;

KOMMYTaTHBHA.

59.21. CKOJBKO PAa3IUYHLIX CHIOBCKUX 2-TIOATDPYII M CHJIOBCKUX
5-MOATPYII B HEKOMMYTATUBHOM Ipyine nopsika 207

59.22. MlokasarTb, YTO He CYLIECTBYET IPOCTHIX IPYII HOPAIKA:
a) 36; 6) 80; B) 56; r) 196; 1) 200.
59.23. [lycTe p u ¢ — npoctoie wucaa, p < g. Jokasars, 1To:

a) e ¢ — 1 He menwmTCa Ha p, TO M0OAsA CPYIIA HOPAIKA P KOMMY-
TaTHBHA;

0) ecin g—1 geauTesa Ha P, TO B TPYIINE HEBLIPOK JEHHEIX MATDHI] BHIA

l
(8 1)) (a,b € Z,) nmeeTcsa HEKOMMY TATUBHAA HOACPYINA HOPAIKA Py.

59.24. CKOIBKO BJIEMEHTOB NOPAAKA 7 B OPOCTOM TPYIINE MOPAI-
ka 1687
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59.25. [lycte A — "HOpMaabHad noarpynna B p-rpymme G. JokasaTs,
yro K N Z(G) # 1.

59.26. Ilycte V' — KOHEYHOMEpPHOE BEKTOPHOE MPOCTPAHCTBO HAT
nosxeM F' xapakTepucTuku p u (G — p-rpynna JMHEHHBIX HEBBIPOXK ICH-
HEIX onepaTopos B V. [JoKa3aTh, 9TO CYyMECTBYET TAKOM HEHY/JIEBOU BEK-
Top @ € V, uro gr = ¢ mias Beex g € G.

59.27. Ilycts P — cuioBcKas p-mOATPYINA B KOHedHOU rpynne (7
u H — noarpynna B (7, cogepxamas HopMaiamaaTop Ng (P). Jokasars,
aro Ng(H) = H.

§ 60. IlpaMblie NpOU3BEJEHNA U IPAMBIE CYyMMBbI.
AGeneBnl rpynnsl

60.1. [loxasars, uTo rpynnet Z u (Q He pazraraioTca B IpAMYIO CyM-
MY HEHYJEBBIX IIOITDYIIIL.

60.2. Pazaaraiorcs v B npsaMoe MPOU3BEJEHUE HEeJUHUYHBIX I10/1-
CPYIII CPY kL

a) Ss; 6) Ay; B) Sa; r) Qs?

60.3. [lokaszaTb, 4TO KOHEYHAA IUKINYECKAA DPYIIA ABIACTCH MIPs-

MOU CYMMOU MPUMAPHBIX HUKINIECKHUX [IOATPYIII.

60.4. oxazaThb, 1TO OpAMAfA CyMMa HUKIMYdeckunx rpymn Z,, & Z,
ABMACTCA MMKJIMYECKON PPYIINONA TOTIa U TOJIBKO TOr1a, KOrjla Hanbo/k-
Ui OOIIMK JeJUTeIb m U 1 paseH 1.

60.5. PaznoxuTh B IpAMYO CYMMY T'PYIIIIEL:

a) Zﬁ; 6) Z}z; B) Zﬁo.

60.6. [loxkaszaTb, 4YTO MYyJbTUILIMKATHUBHASA PYIIA KOMILIEKCHBIX
YUCENT  ABIACTCA TPAMBIM TPOU3BEJACHUEM T[PYNNBEL  MOJOKUTETLHBIX

BEMICCTBEHHBIX YHCET W IPYNNBL BCEX KOMILIEKCHBIX IMCET, MO0 MOJIYJIIO
paBHEIX 1.

60.7. [dokazaTn, 910 npu n > 3 MyJILTUILIMKATHBHASA DPYIINA KOJIb-
Ha BEIMETOB Zon ABIETCHA NPAMBIM NpOM3BegenueM noirpynnst {1} u
IMKIAIECKOR IPYINbI TopAiKa 27 2.

60.8. Yemy paBeH nopsaaoK:
a) IpAMOro MPOM3BEICHHA KOHEUHBIX TDVILI;

6) peMeHTa IPAMOrO MPOM3BEIeHUA KOHEUHBIX IPyI’

16 A.W. Kocrpukun
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60.9. [JokasaTb, 4T0 eciu B abeseBou rpynne noarpynner A, Ao, . ..
<., A MIMEIOT KOHEYHEIE TIONAPHO B3AUMHO IIPOCTHIE TOPAIKH, TO HX CYM-
Ma ABJAETCSA MPAMON.

60.10. IIycre D — noarpynna npamoro npoussegenus A x B rpynn
A u B BzauMHO npocThIX nopagkor. [JokazaTsk, 4To

D~ (DnA) x(DNB).

60.11. Ilycte k& — HAMOOILIIHME TIOPAJOK TEMEHTOB KOHETHOW ade-
aepon rpymmel (. JIokasaTs 9TO MOPALOK J060TO aaeMeHTa rpymmsr
peaut k. BepHo s 5T0 yrBepik denue 6e3 npeinoaoxenus 00 abeaeBocTu
rpymnsr’?

60.12. Hantu Bee IpsaMBbIe PA3TOKEHUS TPYIILL, COCTOAIICH 13 THCET
Buga +2".

60.13. IIycte A — komeunas abeaeBa rpynna. HalTu Bce mpsiMble
paanoKeHusa rpynnel Z b A, B KOTOPBIX OIHO M3 CIATAEMBIX ABIACTCA
OECKOHEYHON UUKINYeCKON [PYIIION.

60.14. HaynTu K1accsl CONpsazkEHHOCTH rpynnsl A X B, e n3BecTHB
KJIacchl conpsKeéHHocTn rpynn A u B.

60.15. a) [JokazaTk, YTO HEHTP NpAMOro npoussegcaus A x B pasen
NpAMOMY TPOM3BeAeHN0 neHTpoB A n B.

6) Ilycte N — nopmaabhas noarpynna B A x B, npuaém
NNA=NnNnB=1.
lokazaTe, 9o N mexut B nenrpe A x B.

60.16. Joxasars, 1ro ecan axroprpynna A/B adexeBou rpynmnsr A
no noarpynne B asasercs ceoboanon abeaeson rpymnmnou, o A = B & C,
rae C — ceobognas abereBa rpymma.

60.17. Jokasarse, uTo noarpynna A adereson rpynnsl G BeLACIACT-
CfA B G OpPAMBIM cjaraeMbpIM TOr'Ja M TOJBKO TOI'Ja, KOI'Ja C_YHIGCTByeT

CIOPBEKTUBHEIN roMoMopduam 7: G — A Takoi, uto 7° = 7.

60.18. Ilycte @1, @2 — romomopdusmer rpynn A;, As B aberesy
rpyuny B. [JokasaTh, 9TO CYMIECTBYET €IMHCTBEHHBIM TOMOMOP(hU3M
p: Ay x Ay = B, orpanmuenus xotoporo Ha A; u A, coBmajgaior co-
OTBETCTBEHHO € (01 U po. CyuiecTeenta jau 31eck aberesocTs rpynnst B7?

60.19. Ha muO)ecTBe roMoMOpgu3MoB abeaeson rpynnsl A B abene-
By rpynny B ompeennM OIeparuio CI0KEHUA 0 TPABIIY

(a+ B)(z) = a(z) + 3(x).
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Joxazats, uto romomopduamer A — B o6pa3yioT abeqeBy rpynmy
Hom(A, B).

60.20. Hautu rpynnsl roMOMOPgM3IMOB:

a) Hom(Z,»,Zg); 6) Hom(Z,2,Z5);

B) Hom(Zg, Z12); r) Hom(4; @& As, B);

1) Hom(A, By & Bs); e) Hom(Z,,, Z;);

x) Hom(Z,Z,); 3) Hom(Z,,Z);

n) Hom(Z, Z); k) Hom(Z, ¢ Z5, Zsg);

a) Hom(Zs @ Zs, Zs).

60.21. /okasarsb, uro Hom(Z, A) ~ A.

60.22. Tlyctes A — abenepa rpynna. [Joka3aTs, 94T0 Bee €€ 2HIOMOD-

¢usmbr 06pasyoT kKorbno End A ¢ equHunen OTHOCHTEIBHO CJIOKEHUA U
OOBIMHOIO YMHOKEHHSA OTOOPAKEHIH.

60.23. /lokaszaTb, YTO CpyIlila aBTOMOP(U3MOB abEIeBON T'DYIIILI
COBIAJAET C TPYNION 0OPATHMBIX 3JEMEHTOB €€ KOJbIA SHA0OMOP(UIMOB.

60.24. HauTu Koablia 5HIOMOP(HU3IMOB DPYIII:

a) Z; 6) Zn; B) Q.

60.25. /lokasaTs, 4T0 B abeneBon rpymnmne orodpaxkenue x — n (n €
€ 7)) apasercs sHaoMopduavoM. /LA Kakux Cpynn oHo Oy IerT:

4) MHBEKTUBHBIM; 6) CIODBEKTHBHBIM?

60.26. /lokazaTb, 9TO KOJIBIO BHAOMOPQUIMOB CBOOOIHON a0eIeBON
CPYHIEL paHra 1 #30MOpdHO Koasy M, (Z).

60.27. Hautu rpynnst aBTOMOPGUIMOB TPYIII:

a) Z; 6) @ B) Zon; r) cBoGOIHON abelTeBol paHra n.
60.28. [lokasaTb, 4TO:

a) Aut Zgo ~ Aut Zy5; 0) Aut(Z @ Zs) = Zo & Zs.

60.29. /lokazats, 9to kom0 End(Z @ Zs) GeckoHeYIHO 1 HEKOMMY-
TATUBHO.

60.30. /[lokazaTh, 4TO KOJILLUO 2HAOMOP(MUIMOB KOHETHON abereBon
CPYIIIBL ABJIAETCA NPAMON CYMMOR KOJIEL 5HI0MOP(U3MOB €8 IPUMapPHBIX
KOMIIOHEHT.

60.31. [lokasaTk, 9TO MOACPYNNA KOHETHO MOPOXKIEHHON A0EIeBOU
CPYIIBLL TAKXKe KOHEYHO [IOPOXK IEHA.

16*
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60.32. TokasaTh, YTO BCAKUN FOMOMOP(MHU3M KOHEYIHO MOPOMK IEHHOU
abeseBON TPYIINLL HA ce0f ABIACTCA ABTOMOP(UIMOM.

BepHro 1 aHaormYHOe yTBEPXK ACHUE 1A a1 IUTHBHON I'PYIIEL KOJb-
118 MHOT'O9ICHOB !

60.33. Tokasarb, 4T0 CBOOOAHBIC A0EIEBBI IPYIILI PAHCOB 111 U 1
H30MOP(QHBI TOTJa U TOIBKO TOTAa, KOUAa T = 1.

60.34. [Iycres A, B, C — KOHEYHONOPOXKAEHHBLIE aDeNeBLl I'PYIIILL,
npuiaém A ® C ~ B @& C. Jokasars, 410 A ~ B.

60.35. IIycTts mopsagok koHedHOM adeneBo rpynnsl G IeauTcesa Ha

TUCIO ™. ,ﬂOKaI‘saTb, 4T0o B (G €cTh NOoATrpyIna nopaika m.

60.36. Ilycte A m B — KOHeuHble A0EMeBBI TPYIIILL, TPUTEM 15
MOOOTO HATYPATBLHOTO wHcaa m B A w B <neao a1eMeHToB TopAIKa m
oaunaxoso. Jokasars, uro A ~ B.

60.37. Ilycte A u B — KOHEYHONOPOXJACHHEIC AOCICBHEI T'PYIIIHL,
OpuYéM Kaxkaas U3 HEX maoMopdHa moarpynme apyrou. Joxasars, 4To
A~B.

60.38. Jokasars, uro noarpynna B csoboanon abeneson rpymmnsr A
ABAACTCs CBOGOAHON, NPUIEM panr B He mpeBocxouT paHra A.

60.39. Toab3ysAch OCHOBHON TEOPEMON 0 KOHEYHO TIOPOK TEHHEIX abe-
JIEBBIX IPYIIIAX, HAUTH C TOYHOCTBIO 10 H30MOP()H3Ma Bee abeleBsl IpyIl-
IBI TTOPSIKA:

a) 2; 6) 6; B) & r) 12;

) 16; e) 24; x) 36; 3) 48.

60.40. I'oBopatT, uro aGenreBa rpymnna umeem mun (ng,ns,...,Ng),
€CIN OHA ABIAETCA TPAMON CYMMOW MUKJIMYECKUX TPYIN TOPATKOB T,
T2y 0 .0 Thks

Ectb au B adbeneson rpynmne tuna (2,16) noarpynnsl Tuna:

a) (2,8); 6) (44); B)(2,2,2)?

60.41. Hawru Tun rpymmst ((a)e & (b)27)/{3a + 9b).

60.42. M3oMopQHBI 11 TPYIIILL

a) ({a)2 @ (b)4)/(20) wm ({a)2 @ (b)a)/(a + 2b);
6) Ze ®Zzg m Zix @ Zs;

B) Zg ®Z3se m Zg D ZLay;

r)Ze @ ZioEZio u Zeo R Z1o?
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60.43. CKOIBKO IOACPYIII:
a) nopAakos 2 u 6 B HOIMKINICCKON abeIeBol rpynmne mopajika 12;
0) nopaakoe 3 1 6 B HEIMKIMIECKON abeJeBol Ipymne mopaika 18;

B) HOPAAKOB 5 U 15 B HOIEKIAICCKON A0JICBON TPy MOpPAIKa 757

60.44. Hautu Bce mpaMbIe PA3IOKEHHST TPYII:

a) (a)2 @ (b)2;

0) (a}p & (b)p;

B) {a)s & (b)s.

60.45. CKOJIBKO DIEMEHTOB:

a) nopsaaka 2, 4 u 6 B rpynne Zo & Zy & Zy;

0) mopanka 2, 4 u b B rpynne Zo & Zy & Zy & Z57

60.46. IToab3yach OCHOBHOM TEOPEMON 0 KOHETHBIX AOEIeBBIX TPYII-

nax, gokKas3aThb, YTO KOHE'YHas IIOArpyIa MyJII:THIU[HKaTHBHO}UI I'pyIIIbI
IMOJIA ABJIACTCH HHK.:TH"I(;E(lKOi{i.

60.47. Ilycts F noJe, y KOTOPOro MyJbTHILIMKATUBHAA TDYII-
na F* koneuno nopoxaena. [Jokasars, 9To note F KoHEqHO.

60.48. [JokasaTb, 9TO KOHEYHO MOPOXKIACHHAA MOACPYIINA MYJILTH-
ILTMKATUBHON TPYIIEL KOMILIEKCHBIX YHCET PA3JaraeTca B NPAMOE Ipo-
naBeeHne CBOGOIHON A0eIeBON MPYNIEL i KOHETHON HUK/JINYIeCKOMN.

60.49. Tlycte A — cBoOoaHasn abenesa rpynna ¢ 6a3ucoM ey, ..., e, u
r=mie; +...+mpe, € A\, rge m; € Z. JokasaTs, 94T0 UUKINIECKAA
rpynmna (x) ABRIAeTCA NPAMBIM IaraeMbeiM B A Torga m TOJIBKO TOr[a,
KOT' /18, HAMOOJIBIIMN OOIINHA JeJUTEIb TUCET 1My, . . ., My, PaBeH 1.

60.50. ITycte A — cBobOgHAA abeneBa rpyIna ¢ 6a3ucoM &y, ..., Ty.
JMokasaTk, 9TO 2JIeMEHTHL

n
yj=zaij$i, i=1...,n, a; € Z,

i=1
cocTaBaMoT Gasuc rpymnmsl A TOra u TOIBLKO Torga, korga det(a;;) = 1.

60.51. [Iycte A — cBoboguas abeneBa rpymnma ¢ 6a3mcoM &, . . . , L,
B — eé noArpynmna ¢ nopox IalUiMi 3JIeMeHTAMI

n
yj = E a;jTi, j=1,...,m, a;j € Z.
i=1

HokaszaTs, 110 Gaxroprpynna A/B KOHeIHA TOTAA W TOILKO TOTAA,
korga det(a;j) # 0, u npu srom |A/B| = | det(ai;)|.
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60.52. PaznoxuTh B OpAMYK CYMMY HUKIHYECKHX TPy (PaKTop-
rpyiny A/B, rge A — cBoGognas abenesa rpynma ¢ 0a3sucoM T, Ta, T3,
B — eé noarpynna, nopox J8HHAA Y1, Y2, Y3:

Y1 = Tx1 + 225 + 323,
a) ¢ ys = 21x; + 8x5 + 9x3,
ya = dwy — 4w + 3xg;
Y1 = dxy + dxo + 23,
B) ¢ ys = 11x; + 8x5 + b3,
ys = 17x1 4 5o + 8x3;
y1 = 4z + dxs + x3,
ﬂ) y2:8$1+9x2+$3,
ys = 4x) + 6xs + 2w3;
y1 = 6xy + Sxo + 4xa,

y1 = dxy + das + 3z,
6) ¢ y2 = 51 + 622 + Haa,
Yz = 8xry + Txs + 9x3;
y1 = 6x1 + Dxo + Txa,
r) Yo = 8xy + Txo + 1lx3,
y3 = 6z + dap + 11x3;
y1 = 2z + 6x2 — 2x3,
e) § y2 = 2x; + 8xo — 43,
y3 = 4y + 1229 — 2u3;
y1 =z + 229 + 373,

K) § Y2 = Ty + 622 + 973, 3) § y2 = 2y,
ys = 5y + dxp — 4x3; Yz = 3y1;
y1 = 4xy + Txo + 33, y1 = 2oy + 332 + 43,
1) { yo = 2y + 3xo + 23, K) § Y2 = Hxy + bao + Gug,
ys = 6y + 10xs + Swa; ys = 2y + 6xs + 3.

60.53. B ¢axroprpynne czobognon abereson rpynnsl A ¢ 6azucom
Ty, T2, T3 O MOATpyINe B, MOPOXACHHON 1 + o + 4xy u 227 — o + 213,
HAITHU HOPAIOK CMEKHOTO Kiaacca (r; + 2x3) + B.

60.54. B daxroprpynne csoboguou aberesou rpynnsl A ¢ 6azucom
Ty,To,T3 MO moarpynme B, nopoxaéunom 2r, + rs — 50r3 u 4z +
+522 + 6023 mauTH MopAIOK ateMeHTa 3211 + 3lzo + B.

60.55. [JokazaTb, 4TO KOJBLO DHIOMOPGHUIMOB KOHEYHON abeIeBOH
CPYIIILGL KOMMYTATHBHO TOMA W TOJBKO TOLA, KOIJa Kamkaad eé mpu-
MapHasgd KOMIIOHCHTA ABJIACTCHA HHKJIH‘ICCKOITI.

60.56. AnxguruHaa moarpynna H B n-MEpHOM BEIIECTBEHHOM TPO-
crpaucTee R" nuckpeTHa, eciau CyLIeCTBYET TaKasd OKPECTHOCTD Hyd U
aro U N H = 0. Joxazare, 9o auckperHas noarpyona B R" apisercs
cBOOOIHON abeIeBON IPYINON U €€ PAHT He MPEBOCXOINUT M.

60.57. HauTu Bce ieMeHTHl KOHEYHOro nopajgka B R” /Z".
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60.58. Ilycte H = Z[i] — noArpynma LeIblX CayCCOBBIX HHCET B
agAuTUBHON rpymne noas xkoMmmrekcHex wucen C. IlpegmonoxmM, gTo
z=xz+iy € C\ H, rae z,y € R*, npuuém xy~! uppamuonansuo. Mo-
Ka3aThb, 9To (z) + H Beroay maorso B C.

60.59. Ilycrs H — aganrusHas 3amkuyTas noarpynna B R". Jo-
Kaszatrb, uro H = L & Hy, rge L — nognpocrpancreo B R* u H
AucKpeTHad noarpymnmna B K.

60.60. [TokazaThb, 9TO €CJaN MOPAI0K IeMeHTa a abeaeBou Tpynmbl A
B3aMMHO [IPOCT C N, TO YPaBHEHUE n& = @ UMeeT B A pemenue.

60.61. AGeaesa rpynna A HasepiBaeTCA deaumotl, ecin ypaBHEHHE
nT = @ UMeeT B HeH pemenne npu arobom a € A n neaom n # 0.

JlokasaTs, 4TO Ipylna IeJuMa TOCJAa M TOJBKO TOrJa, KOrJa IPH
a000M a ¥ 1000M NPOCTOM P YPAaBHEHUE P = @ MMEeT PelleHue.

60.62. /lokasaThb, 9TO NpAMag CyMMa JeJIUMa TOTAa U TOJBKO TODIA,
KOT a4 JeINMBI BCE TMPAMEBIE CJIAraeMBIe.

60.63. Jokasats, uro rpynnsl Q u Uy (p — mpoctoe umcio) ae-
JTMMEL

60.64. /lokazaTk, 4TO B rpynme 6e3 KPy4YeHUs MOXKHO BBECTH CTPYK-
TYpPY JUMHEMHOro npocrpaHcTBa Hajg mnoaem () Torga m TOnbKO TOraa,
KOTIa OHA ABJIAETCS JEINMOH.

60.65. Ilycte A — gemmvan nogrpynna rpynnst (G, B — Makcuvaib-
Hasg noarpynna rpynnsl G rakas, uro ANB = {0} (Takas Bcerga cymect-
pyet). [lokasate, yro G = A @ B.

60.66. /lokasarb, 4TO B J060U abeIeBON IPYNIE CYMIECTBYET Ie/IH-
Maji MOArpynna, (paKkTOprpymnna Mo KOTOPOM HE MMEET AEIMMBIX IOI-
CpYIIIL.

60.67. IIycte A — xomeuno mopoxjaeHHas abeneBa rpymmna m B —
noarpynma B A. Ipeamonoxkm, wto A/ B — rpynmna Gea kpydennsa. Torga
A=B®C, rge C — croboguas abenepa rpymma.

60.68. Ilycts A, B — cBoGogubie abesnesbl rpynnst u ¢ 1 A — B —
romomopdusm rpynn. [loxasars, ato Ker p — npamoe craraemoe B A.

60.69. Tlycte A — cBobGoauas aberea rpynmna ¢ 6a30U €1,...,€,,
C LEJOYUCIeHHAA KBaApaTHas MaTpuua pasmepa n. O6ozmaunm ge-
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pe3 B MHOXkKeCTBO BCEX TAKUX BEKTOPOB x1€) + ...+ xpe, € A, aTo

i
C =0.

E?I

Hokasare, uro B — noarpynna B A, ABIAIOMIAACA IPAMBIM CIarae-
meim B A, O6parno, moboe npavoe craraemoe B A 3a1aeTcsa CHCTEMOH
JMHEWHBIX 0JHOPOAHBIX [EIOMHCICHHEIX YDABHEHHIL.

§ 61. ITopoxk garomue 3JeMEHTHI M ONpe JeJIAIonue
COOTHOIIEHUA

61.1. JokazaTb, 4TO:

a) rpynmna S, nopoxaaerca rpadcnosuinued (12) u muxaom (12...n);

6) rpynna A, TOPOXIATCA TPOMHBIMH LUKIAMA.

61.2. Tokazarh, 4uT0:

a) rpvoma GL,(K) vag norem K nopoxziaerca MaTpuUaMy BHAA
E+aEij,rnea € K,1<i# j<n,unvarpunamu E +bE,,, rre b€ K,
b#-1;

6) rpynna UT,,(K) nopoxaaerca marpunamu E + aFjj, rae a € K,
I1<i<j<n.

61.3. JoxasaTs, 9T0 cienuaabaaa suEenHAd Tpymna SL, (K) mag mo-
aem K HOpOXKAAETCA MPancsexyuimit, T.e. JIEMEHTAPHBIME MATPULAMH
Buta E + aFE;j (i # j).

61.4. [MokazaTsb, 4TO:

a) 00y LEIOYUCICHHYI) MATPHIY € €JUHHIHEIM OIPEIeTUTENeM
MOMKHO OPUBECTH K €IUHUMHOMY BUAY TOJIBKO 2JIEMEHTAPHBIMEA IpPeobpa-
30BAHUAMH, 3AKIOYAIIIAMUACH B TOM, 9TO K OJHOU CTPOKE NPUOABIACTCA
ApyTras CTPOKa, YMHOXKEHHAA Ha +1;

6) rpynna SL,,(Z) koHeYHO IOPOK AeHA.

¥ % %

61.5. Ilycte F, — mose u3 ¢ # 9 saeMeHTOB M @ — 0OPa3yOIMIL
mukmgeckon rpynnet Fy . lokasate, uro SLz(F,) nopoxaaerca asyms

MaTpULAMEA
1 i 1 0
0 1/° a 1)°
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61.6. a) [JokasaTe, 4T0 Aj; NOPOKIAETCA IABYMA MOACTAHOBKAMH,
(254) u (12345).

0) Joxasars, uro A, npu 9€THOM N > 4 NOPOKAAETCA ABYMS DIEMEH-
Tamu: a = (12)(n—1,n), b=(1,2,...,n—1).

B) loxazaTk, 4T0 A, TIpH HEYETHOM N = 5 NOPOKIAACTCA ABYMIA DIe-
merTamu: ¢ = (1,n)(2,n—1), b=(1,2,...,n—2).

61.7. Hautu BCe JIBYXDICMEHTHEIC MHOXKECTBA, TOPOXKIAIOIINE
CPYIIILL:

a) Zg; 6) Ss; B) Qs; r) Dy; a) (a)s & (b)a.

61.8. [lokasaTb, uTO ecan d — MHUHHMAJBHOE YHCIO HOPOK IAFOIIAX
KOHEeYHON abeneBonl rpynmsl A, To qua rpynnsl A @ A aHATOTHIHOE YHCI0
paBHO 2d.

61.9. [loxasars, uTo rpynma So X S3 mMOpOXKIAETCA ABYMs IIEMEH-
TaMu.

61.10. /lokasaTh, 4TO eCcIM TPYNNa UMeeT KOHEIHYH CHCTEMY IIO-
POK JAIONIHAX, TO U3 OO0 CHCTEMBI TTOPOK AIOMINX MOKHO BRIOPATH KO-
HE'HYIO [0JCHCTeMY, TOPOK IAIONIYI0 BCIO TPYIILY.

61.11. BygeTr sm KOHETHO MOPOXKIAEHHBIM HOPMAIBHOE 3AMBIKAHHAE

MaTpuIsl A = B rpynme (7, mopox aéHHoN MaTpunamMu A u B =

=(g ?)‘?

61.12. [okasarb, 4TO:

11
0 1

4) KaykJ0e CJIOBO B CBOOOIHOU I'PYIIE DKBHBAICHTHO € IMHCTBEHHOMY
HECOKPATHMOMY CJIOBY;

0) “crobogHas rpynmna’ IeMCTBUTEILHO ABIACTCS TPYIIION.

61.13. IIycte F' — ceobGogHas rpynmna o ¢BOOOJHBIMEH ITOPOKIAI0-

WUMHA Ty, . . ., Ty, G — npouasoasHas rpynna. Jokasars, 910 1 1006Ix
DIEMEHTOB  §1,...,gn € G CYMECTBYET E€IUHCTBEHHBIH TOMOMOp-
dmam ¢ 1 F — G Takon, 9to @(z1) = g1, - - ., ¢(xn) = gn. BeiBecTn otcio-

Ja, 970 Jdas KOHeYHO IIOPOK JIeHHad I'pynna uaomopdgHa pakToprpymnmne
MO AXOAAIIEN cBOGOIHON IPYIINLI KOHEYHOT'O PAHTA.

61.14. [loxkasarh, 9T0 B ¢cBOOOJHON IPYIIE HET HJIEMEHTOB KOHETHO-
ro MOPAIKA, OTJIMYIHBIX OT €IMHUIIBL.

61.15. /lokaszaTk, 9TO [ABA KOMMYTHPYIOIIAX 3JIEMEHTa CBOOOIHON
CPYIIIBL JEXKAT B OJHON UMKJINYECKOU MOArDYIIIE.
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61.16. TokasaTb, YTO CIOBO W JEKHT B KOMMYTaHTe CBOOOIHON
CPYINEL ¢ CACTEMOR CBOOOIHBIN TIOPOXK AAIONIMX T, . . . , £, TOCAA U TOJb-
KO TOrJa, KOrjaa I Kamaoro i = 1,...,n cyMMa MOKa3aTeled y BCex
BXOXKJICHMM I; B w pasHa (.

61.17. B cBoGogHON rpyIme ONHCATH BCE CIOBA, CONPIKEHHBIE CIO-
BY W.

61.18. [Tokasark, 4T0 (paKTOPrpyma cBOOOIHOM I'PYIIEL 110 €6 KOM-
MYTaHTy — cBOOOIHAA abeqeBa Tpymma.

61.19. [Toxkasarhb, 9T0 cBOOOAHLIE MPYIIILL PAHTOB 111 H 7 H30MOD(HEL
TOra ¥ TOJILKO TOr'JAa, KOrjaa m = n.

61.20. Cronpko noarpynm ueaiexca 2 B ceoOOgHON rpynne paura 27

61.21. a) JokasaTs, 4To B cBOOOIHON rpynne F panra k Bce cjiopa,
B KOTOPBIX CYMMa MOKA3aTeIel IPH Kaxk 101 MepeMeHHON JeJIuTCa Ha 1,
00pa3yoT HOPMAILHYIO noArpynmy N.
k pas

6) dokazaTh, uro F/N =Z, & ... &7,

61.22. /lokazaTs, ITO BCE CIOPBEKTUBHEIE TOMOMOP(pU3IMEL CBOOOI-
HOHM I'PyIsl panra 2 Ha rpyuny Z, @ Z, IMenT 0ZHO U TO ¥kKe AIPO.

61.23. CxoabKO CYMECTBYET TOMOMOP(U3IMOB CBOOOAHOU TPYIITHL
panra 2 B rpynmy:

d,) Zo &4y, 6) Sj?

61.24. [oxkazarb, yro B SLs(Z) MHOXKeCTBO MaTpHIL ((Cl Z), ruge

a=d=1 (mod4), b=c=0 (mod 2), oGpasyeT rpynmy ¢ IByMs HOPOXK-

JAIOTITIMHA
1 2 1 0
0o 1/’ 2 1)

61.25. [Joxasars, 9To ecau rpynna G ¢ DOPOXK JAIOMMIMHA SJIEMEHTAMEI
Z1,...,T, 321aHA ONPEICIAIIIAMA COOTHOWEHUAME R;(Z), ..., x,) = 1
(i € I) m B kakou-mbo rpynne H pns aaemenToB hy, ..., h, € H

Ri(hy,... hn) = 1,

TO CYLIECTBYET €JIMHCTBeHHEI romomopdusm ¢ : G — H rakoil, €ro
e(z1) = Ry .. 0(xn) = hp.
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61.26. [TokasaTb, 9TO €CIH MEKIY NEMEeHTAMK @ U b TPYIIIbL BBIIOJ-
HEHBLI COOTHOIICHUA

a®=0=1 b lab = a®,

?
TO 0= 1.

61.27. IlokasaThb, 9TO rpyIIa, MOPOXKAEHHAS DIEMEHTaMu a, b ¢ co-
orHomennavu a® = b =1, a " 'ba = b~!, koHeuHa.

61.28. [lokasarb, 9TO IPYIIIA, 3 JaHHAA IOPOXK IAKMIMMI HIEMEHTa-
MU 1, T2 C COOTHOIICHUAMU:
s =m8=mmnl=1
6) 2t =23 =1, z7'zex =23
usomopdHa S;.
61.29. [oxa3arhb, 9T0 IPYIIA, 33IAHHAS TOPOXK TAOMIIMI JIEMEHTa-

MU 1, T3 1 ONPEACIAIOMIME COOTHOMEHMAMM
i =al=1; 27 mE =t

u3oMmopdHa rpynme ausapa D,.

61.30. /lokasaTh, 9TO Ipynna, 3ajJaHHaA TOPOXK TAOIIMHI DIeMeHTa-
MU 21, T2 U ONPEISIAIIIMMA COOTHOMEHHAMI

i _ LI . T
=1, Ty = x5, T5 F1T2 =i,

M30MOP(HA TPYTIe KBATePHUOHOB Q5.

61.31. [Jokasarnh, 9TO rpymnma, 3a aHHAA TOPOK TAIOMMMEA JIeMeHTa-
MH T1, T2 ¥ ONPeJeIAIOMUMI COOTHOMEHUAME o7 = x5 = 1, maomopdHa

CpyImne MaTpHIl
+1 n ‘ ez
0 1 n :

61.32. /lokasaThb, 9TO Ipyma, 3ajagHas TOPOXK Ta0IMMI JIeMeHTa-
MU T1, To ¥ ONPEJEIAIUMA COOTHOUICHUAME T = 75 = (2122)" = 1,
n30MOpgHaA TPYINe MaTPHUIL

{5 4)] rez).

61.33. HauTu nopsA 10K TPYIILL, 3a1aHHOW 00pasyIOMIMME @, b u onpe-
JCJAIIMMA COOTHOINEHUAMM:

a) a® =¥ ={ab)¥ =1;



252 La. XIII. T'pynnw

8)at=0=1, o=, ba®=a%.
61.34. Ilycte ¢ — rpynmna, DOPOKACHHAA dIEMEHTAMH Tij, 1 < i <
< j £ n, C OHPEIENAMIME COOTHOIIEHIAMI
i =TEEE Ll gk <clebng g

71 71 - . 2
T Ty = Tl I<i<j<l<n.

MoxaszaTtp, 9T0:
4) KAz IbIH DJIeMEHT Tpynnsl (G IPeICTABIACTCA B BHIE

P12 M2 pMin o I23 pM2n Mn—-1,n
Tyg " Ty3” -+ - Ty Tog— -+ Tay - Tp_1n >

rae my; € Z;

6) G ~UT,(Z).

61.35. Joxasars, uro eciiw G/H = (gH) — 6eckoHedHas IHKIMHIEC-
kan rpynma, o G = (g)H, {(9) N H = {e}.

61.36. OnucaTe B TePMHHAX HTOPOXKIAIMUX DIEMEHTOB U OOpese-
JSIIOMIMX COOTHOIICHNH CPYIIEL, § KOTOPHEIX HMEeTCs OCCKOHETHAS IMK-
JAMYecKas HOPMaIbHaA NOACDPYIINA ¢ DeCKOHEYHON IHKINYeCKOn (hakTop-
CPYILION.

61.37. Ilycts rpynna G 3a1aHa NOPOXK JAIOMIMMEA ICMEHTAMM L1, T'o
M ONpEJeIIONAM COOTHOUEHUeM TZ2x; | = r3. Haiitu mamvensuryio
MOATPYINY, TOPOXKICHHYID B (7 DIEMEHTOM Z». fABageTcs am 3Ta TOI-
CPYIIA HOPMAJIBLHOU !

§ 62. PaspemmMbIie rpyIibl
62.1. Hanru koMmMmyTaTop:
4) HEeBBIPOK JCHHBIX MATPH 01 u (@ 0.
¢ POAE MATPIR A1 0 0 1)’
a b r y\.
2 (6 o) Y
B) ABYX TPAHCIO3NIMH B CUMMETPHYECKON Ipymme S, ;

r) (g ,391) 1 ([1) ';)

62.2. JokazaTh Caelylole CBOMCTBA kKommyTadTa G rpynn:
a) G' — nopMaabHas noarpynna s G;
6) daxroprpynna G /G’ kommyTaTuBHA;
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B) ectn N mHopmaissa B G u /N xommyrarusra, to G' C N.

62.3. JoxasaTh, 9T0 NpN CIOPBEEKTURBHOM romMoMopduame ¢ : G' — H
BBHINIOJHEHO pagercTBo ¢(G) = H'.

62.4. YcraHoBuTh OMEKTHBHOE COOTBETCTBHE MEKIY [OMOMODPQH3-
MaM{ IPYOIOBL B KOMMYTATHBHEE TPYINEL U TOMOMOpdu3MaMu eé dak-
TOPrPYINEL 10 KOMMYTAHTY.

62.5. Joxazare, uro xommyTanT rpynnel GL,(K) cogepxurca B
SL,(K).

62.6. /[okazaTk, 9YTO KOMMYTAHT NPAMOTO MPOU3BEACHUA €CThH MPs-
MO€ MpOoHu3BeJIeHUe KOMMYTaHTOB COMHO}I{HTCHCﬁ.

62.7. Hantu KOMMyTAaHTEL ¥ TOPAIKH (GAKTOPCPYIII 110 KOMMYTAaH-
TaMm A DPYII:

a) Sg; 6) Ay; B) S4; r) Qs.
62.8. Hautu koMMyTaHTHI I'pynm: — a) S,; o) D,.

62.9. /lokazaTh, YTO KOMMYTAHT HOPMAJBHOM MOATPYIIIE HOPMAJICH
BO BCEH I'pyIme.

62.10. Padom wommymanmos (wmm npouzeoduvtm padom) rpynner G

Ha3BIBACTCA PAI MOATPYIIL

_ _ G=G"D2G@>2G">...,
rae G = (GY)'.

HokazaTs, 1TO:
4) BCe WIeHBI PAAA KOMMYTAHTOB HOPMAIbHEL B (7;
0) aia BCAKOro roMoMopdguama ¢ rpynnel G Ha rpynmny H
»(GY) = H'.
62.11. [lokasars, 4TO:
a) BCAKaA MOACPYIIaA Pa3pelnMOi DPYIILL PA3peIInMa;
0) BCaKag GaKTOPCPYIIa PA3PemIMMON CPYIIIEL PA3PENInMa;
B) ecim A u B — paspemmMble DPyIIbL, TO rpynna A x B pazpemmMa;
r) ecin G/A~Bu A, B— paspemumele rpynnsi, 7o G paspeumma.

62.12. /lokasaTh pa3peimmMoCcTb IPYIIIL:
a)S3;  6) Ay; B)Ss; 1) Qs; a) Dy,.

62.13. IIycte UT,(K) — rpynma BepxHHX YHHTPEYTOJILHBIX
marpu. /lokasarsb, 4TO:
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a) UT,(K) (muoxecrso marpun u3 UT,(K) ¢ m — 1 HyneBbiMu
AMANOHAIAMHE BhINIe riuasHon) — noarpynma B UT, (K);

6) ectn A € UT!(K), B € UT.(K), 10 [A,B] € UTH)(K),
B) rpynmna UT,, (K) paspenma.

62.14. /lokazark, 4TO I'PYIIA HEBLIPOKACHHBIX BEPXHUX TPEYIOJlb-
HBIX MaTPHUI pas3permma.

62.15. TokazaTk, 4T0 KOHe4HAasA rpynna (G pazpemuMa Toraa u To/b-
KO TOTJA, KOTJAA B HEM UMEETC P TOACPYIIT
G=Hy2H;2...2 Hy = {e}
rakou, uTo H;i, Hopmanesa B H; n H;/H; 1, — (mukaudeckas) rpymnna
IPOCTOrO MOPAIKA.
62.16. TokazaTh, 9TO KOHEUHAA P-T'PYIIIA PA3PEIIUMA.

62.17. [JokasaTb paspelmMMOCTb IPYINBL HOPALKa pg, TAe P, ¢ -
PA3JIHYIHBIE IIPOCTHIE YNCIA.

62.18. /lokazaTh paspemuMOCTh TPYIIIE TOPAIKA:
a) 20; 6) 12;

B) p°q, TAe p, ¢ — Pa’TMYHBIC TPOCTHIC TUCJIA;

r) 42; o) 100; e) n < 60.

62.19. [Jokasate ausa Tpancsekuuin i;;(a) = E 4+ aF;; dopmyay
[tix (@), ti (B)] = tij (afB)

[pH Pa3JIWYHEIX i, j, k.
62.20. Ilycte F' — nmose u n 2 3. JokasaTrk, 4TO:
a) SL),(F) = GL,,(F) = SL,(F);
6) rpynnet SL, (F) u GL,,(F) He ABIAI0TCA pa3peIInMBIMA.

62.21. [Iycre F'— noge, cojep:kaliee He MEHee 4YeThIpex HJIeMEeHTOB.
JloxasaTs, 9TO:

EL) SL-’Z(F) = GL’z(F) = SLz(F);
6) rpynnst SLy (F) 1 GL2(F') He ABIAIOTCA PA3PEIIMMBIMH.

* * *

62.22. Tlycte p, g, r — pasaudsbie npocThe ducaa. JokasaTs, 1To
abas CPyHna HOPAIKa Pgr pa3permma.
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62.23. Ilycts p, ¢, ¥ — paaiddHble NPOCThIe Yuciaa. JokaszaTb, 4TO
HepaspermmMaa TPYTNa Topaka p°qr maoMopdua As.

62.24. Ecy nopaioKk KOHEYHOU TPYINEL ABIAETCA NPOM3BEIEHHEM
PA3IMYHEIX NPOCTHIX Yuced, To (¢ — paspemmyas rpynna, o0/a1anoma
TAKOU IMKJINYeCKON HOpMaabHOU noarpynmon N, aro G /N —— nukindec-
Kaf T'PYIa.

62.25. Ilycre G — xoneunas rpynna, npuuém G = G, uenrp G nme-
erT nopAnok 2 u daxkroprpynna o mnesTpy msomopdua As. lokasars,
910 (G >~ SLa(Z5).

62.26. Ilycts F noae, V' N-MEepPHOE BEKTOPHOE MPOCTPAHCT-
Bo Hag F u G PPYIA HEBLIPOXK JEHHBIX JTMHEMHBEIX OIEpaTopoB B V,
npuuénm, ecit g € G, To g =1+ h, rge h™ = 0. Jokasars, 4To:

a) B V cymecteyer Takon BekTop T # 0, uT0 gr = 114 BCex g € G

0) B V cymecrByer Takon 6a3ucC €q,...,€,, YTO MATPULLI BCEX OIe-
paTopoB g, g € G B 5TOM Gas’uce BepXHETPEYIOJbHBIE;

B) rpynna G paspemmMa.

62.27. IlycTs p, ¢ — npocrsle yucaa, npudem p neaut ¢ — 1. Joka-
3aThb, YTO:

a) cymectsyet neaoe r Z 1 (mod ¢) Taxoe, uro r? = 1 (mod g);

0) cymecTByeT (C TOMHOCTBIO J0 M30MOPQU3IMA) POBHO OIHA HEKOM-
MyTATHUBHAA TPYTINA MOPAIKA P(.

62.28. /loka3aTn, ITO:

4) eca B KOMMYTATHBHOM CPYIIIE DJIEMEHTH d, b CBA3AHEI COOTHOLIE-
auavu o’ = b° = (ab)" =e, 0o a =b=¢;

0) moarpynna, nopox iensas B Sy nepecranopkavu (123)u (14567),
HE SABIAETCA PA3PENInMON;

B) rpyimia ¢ mopoxIaarnimuMy dJeMeHTaMl Ty, T2 U OlpeleJTaArIInMu

COOTHOMmECHNAMN T} = 7§ = (T172)" = € He ABIACTCA PA3PEIUMOH.

62.29. Paspemmnma au cBob6ogHan rpymnna’?
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KOJIBITA

§ 63. Koabua u anre6pst

63.1. Kakue u3 creayommx UCIOBEIX MHOXKECTB 00pPa3yloT KOJIBIO
OTHOCHTEIBLHO OOBLIYHEIX ONEPAlINN CIOKEHHA U YMHOKCHUA:

a) MHOXeCTBO Z;

6) MHOKeCcTBO nZ (n > 1);

B) MHOXECTBO HEOTPUIATEIBHEIX MEIBIX THCET;
r) maoxecTso ()

) MHOMXKECTBO PAllMOHAJBHBIX YUCEI, B HECOKPATUMOM 3alucud KOTO-
PHIX 3HAMEHATEIN JIeJAT (PUKCUpoBaHHOE Yucao n € N;

e) MHOKeCTEO PAlMOHANBHBIX YUCET, B HECOKPATUMOU 3AIUCH KOTO-
PEIX 3HaMEHaTeIN He MeqATCA Ha (PUKCHPOBAHHOE IIPOCTOe U0 P;

) MHOXKECTBO PALMOHAIBHBIX THCEX, B HECOKPATHMOU 3AINCH KOTO-
PBIX BHAMEHATEeNN ABIAITCA CTENeHAMU (PUKCHPOBAHHOIO MIPOCTOr'O YUC-
Jaa p;

3) MHOXKECTBO BEIICCTBEHHBIX YMCE]I BUAA T + yv2, rae z,y € Q

H) MHOXKECTBO BeIIeCTBCHHBIX THCET BUIA T + y\s/i, rage z,y €

K) MHOKECTBO BEIIECTBCHHBIX “THCEJ BUIA T + 1;\:75 + z\%i, rge x,y,
z€

ﬂ) MHOKECTBO KOMILUIEKCHBIX YHCENT BUga T + yi, rge r,y € Z;

M) MHOXKECTBO KOMIUICKCHBIX 4ucea Buga ¥ + yi, rae z,y € ()

H) MHOXKECTBO BCEBO3MOMKHBIX CYMM BHAA @121 + (222 + ...+ QpZp,
rie a,ds,...,0, — PAIMOHAIBHBIC TUCIA, 21,22, ..., 2y — KOMILICKCHBIC
KOPHM CTeneHu n u3 1;

T+ y\/ﬁ

2
CUpPOBAaHHOE LeJa0e 1InCjI0, caobodnoe om WBdeﬂTﬂOG (H(—’ JdeJsiieecsa Ha

0) MHOMKECTBO KOMILUIEKCHBIX “MCEJ BHIA , rae D — ¢uk-
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KBaJpPAT IPOCTOrO UCIA), T, Y — LEJbe TUCIA OJUHAKOBON YETHOCTH !
63.2. Kakne u3 yKazsaHHBEIX MHOKECTB MATPHIL 00Pa3yiOT KOJIBIO OT-
HOCUTEJIBbHO MATPUYIHOI'O CJOMKEHUSA U YMHOXKEHW:
a) MHOXKeCTBO BeIIeCTBEHHBIX CHMMETPHYIeCKHX MaTpPHUL IIOPAIKa 711;
0) MHOMKECTBO BEIICCTBEHHBIX ODTOTOHAABHBIX MATPHIl HOPALKA 1;
B) MHOMKECTBO BEPXHUX TPEYIOMbHBIX MATPUIL IOPAIKA 1 = 2;

I') MHOXKECTBO MATPHIl NOPALKA N > 2, Y KOTOPHIX [Be MOCICIHUE
CTPOKH HYJIEBBIE;

A) MHOKECTBO MATPHIl BAAA ( 53; i’_), rae D — pukcMpoBaHHOE

HeJaoe Yucao, x,y € 7;

Ty B
€) MHOXKEeCTBO MATPHI BIJA Dy 2) rae D — (pUKCHPOBAHHEBIA

AIeMeHT HeKOTOporo xkoubna K, .,y € K;

1z y
) MHOXKECTBO MATPUIl BUJA — By , rae D — ¢uxcuposannoe

2 i
LeJI0€e THCI0, CBOOOHOE OT KBAAPATOR, T 1  — [IEJIbIe YMCIA O THHAKOBOK
H9ETHOCTH;

z w
3) MHOXKECTBO KOMILUIEKCHBEIX MATPHIl BH/A ( T E);
1) MHOXECTBO BEIIECTBEHHBIX MAaTPHUIL BHA
x —y —= -1
r -t z

y
z t T =y
t —z y T

63.3. Kakue ma ciieyommx MHOXeCTB (DYHKIMHA 00pa3yioT KOJbIO
OTHOCHTENBHO OOBIMHBIX ONEPAIN CJO0XKEHHA W YMHOKEHUA (QyHKINI:

a) MHO2KeCTBO (DYHKIHMI BEIIECTBEHHOIO IePEMEHHOT0, HEIIPEPBIBHBIX
Ha oTpe3ke [a, b];

0) MHOXKeCTBO (DYHKIMH, UMEIOUUX BTOPYIO IPOU3BOAHYIO HA HHTEP-
Baxe (a,b);

B) MHOKECTBO LEJIBIX PAIMOHAIBHBIX QYHKIAN BEMIECTBEHHOTO Iepe-
MEHHOI0;

I') MHOMKECTBO DPAIHOHAIBHEIX (DYHKIWH BEIIECTBEHHOI'O HEepPeMeH-
HOT'0;

1) MHOXECTBO (DYHKIMH BEIIECTBEHHOrO MIEPEMEHHOT0, 0OPAIIAIIIHX-
ca B 0 Ha HekoTopoMm noamuoxecrse D C [R;

17 A.HW. Kocrpukux
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e) MHOZXKECTBO TPUIOHOMETPHUIeCKHX MHOI'O'IEHOB

n
ag + Z(ak cos kx + by sin kx)
k=1
C BEIICCTBEHHBIMI KOX(DMUIMEHTaMH, TAe 1 — MPOU3BOJLHOE HATYPATb-
HOE “IHCJI0;
) MHOKECTBO TPUTOHOMETPUICCKMX MHOIO'LICHOB BH A

n

ap + Z cos kx
k=1

€ BEIIECTBEeHHBIMU KOX(D(DUIIMEHTAMHT, TJIe 1 — MPOU3BOIBHOE HATYPaIb-
HOE HUCI0;

3) MHOZKECTBO TPUIOHOMETPHUYIECKHMX MHOI'OYJICHOB BHIa

n
ap + z ay. sin kax
k=1
€ BeleCTBEHHBIME KO3 DULNEeHTAMHU, [le 1 — IPOU3BOIBHOE HATYPAlb-
HOE HHCJIO0;
M) MHOKECTBO (DYHKINH, ONPEACICHHBIX Ha HCKOTOPOM MHOXKecTBe D
M NPUHUMAKIINUX 3HAYTCHUE B HCKOTOPOM KOJbIIE R;

K) BCe CTeIlICHHbIC PpAIBI OT OJIHOfl NN HECKOJIBKUX TMePEMEHHBIX]

1) BCe JOPAHOBCKME CTEMeHHBIC PAIE OT OJHON TepeMeHHOH 7

63.4. Bo MHOXKeCTBE MHOTOWICHOB OT IIEPEMEHHOT0 T ¢ OOBIMHBIM CJI0-
JKEHUEM pPacCMATPUBACTCA ONEpalsd YMHOMKEHUA, 3aJaHHAA [PABUIOM

(fog)(t) = f(g(t)).

ABafeTcsa IU 3TO MHOXKECTBO KOJBIOM OTHOCHTETILHO 33JaHHOTO YMHO-
JKEHHA U OOBIMTHOTO CJIOKEHnA"

63.5. Ob6pasyeT M KOJIBLIO MHOXKECTBO BCEX MO IMHOXKECTE HEKOTOPO-
I'0 MHOXECTBA OTHOCHTEIBHO CUMMETDHYCCKON PA3HOCTH U MePeceveHu,
paccMaTPUBAEMBIX KaK CIOXKEHHE W YMHOMXKEHHE COOTBETCTBEHHO?

63.6. [lokazaTe naoMopduaM KoJIel U3 3a1ad:
a) 63.1, 0) u 63.2, x);
6) 63.2,3) u 63.2, u).

63.7. Kaxkue us wouen, ykazauaeix B 3agadax 63.1-63.5, cogepxkar
JeTUTenn Hyaa?
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63.8. HauTu obpaTuMble 51eMeHTHI B KOJABLAX C €IUHUIEH H3 3a-
na4a 63.1-63.5.

63.9. Mokasars, yTo ogHo u3 kKojen saga4d 63.3, 1) u 63.3, e) uso-
MOpGhHO, a APYroe He M30MOP(hHO KOIbIY MHOTOWIEHOB R [x].

63.10. [lokaszaThb, 9TO Bce 0OpaTUMBIE 3JIeMEHTHI KOJAbIA, ¢ eMHALICH
00pa3yIOT IPYNIY OTHOCUTEILHO YMHOKEHUS,

63.11. Hauru Bce oOpaTUMBbIe DJIEMEHTHI, BCE IEIUTENH HYJIA U BCE
HIIBIIOTEHTHLIE 3IEMEHTEL B KOJIbIAX:

a) Zy;

6) Zyn, TOe p — IPOCTOE HUCIO;

B) K[z]/(fK|[z]), rae K — noxe;

') BePXHHUX TPEYIOIBHBIX MATPHIL HAI TIOJCM;

1) Mz (R);

€) Bcex (pYHKIHN, ONpeIeTéHHBIX Ha HEKOTOPOM MHOXKECTBe S ¥ IpH-
HUMAIOLINX 3HAYEHUsA B noje K

) BCEX CTENEeHHBIX PAJOB OT OIHOW [epeMEeHHON;

3) Z;

u) Zli].

63.12. /lokasaTh, 9TO TPyNIa OGPATHMEIX 2deMeHToB Z[v/3]* Gecko-
HEYHA.

63.13. IIycte R — woreuHOe KOIBLO. [JOKa3aTh, YTO:

a) ecam R we COJICPKHNUT ,.I(’_J'IlfIT(‘JIOﬁ HYyJdA, TO OHO UMeeT eJUHUIY U
BCE ero HeHYJ/IeBble BJIeMEeHThI OﬁpaTHI\{hI;

0) ecan R mMeeT eIMHUILY, TO Ka# BN €ro BIEMEHT, HMEIOUMI O1HO-
CTOPOHHMM 00paTHLIN, 00paTHM;

B) ecin R mMeeT eIUHUILY, TO BCAKUN JEBBIM JeTUTENb HYJIA ABIACTCA
MpAaBbIM JEIATENEM HYJIA.

63.14. [lokasaTb, 4TO B KOJblle ¢ eIuHUIEd U 0e3 JeauTenen HyJs
KazK IBIA 2IEMEeHT, UMEIOIMI 0 THOCTOPOHHUA 00pATHEIA, ABIACTCA 0Opa-
THUMBIM.

63.15. llycte i — koasbuo ¢ eaununen, x,y € K. JlokazaTs, 9To:

4) eciy NPOU3BEICHUA TY U YT OOPATUMBL, TO BIEMEHTHL T U | TaKKe
obpaTUMBbI;

0) eciim R Ge3 genurenei HyJIsS ¥ OPOM3BEJIeHHE Ty 00pATHMO, TO T
u Yy oOpaTUMBbL;

17*
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B) Oe3 JOIIOMHATENbHBIX III)E!,[[I'IOJIO}KGHP]I:[ 0 Koable R u3 00paTUMOCTH
NpOU3BEeICHUA IY He CaeayeT OﬁpaTHMO(fTb JJIEMEeHTOB I H ¥,

r) ecau obpatum aaement 1+ ab, To o6parum u anement 1+ ba.

63.16. [Iycte B — mpamaa cymma xoment Ry, ..., Ry.

a) [Ipu kakux ycaoBuax R KOMMYTATUBHO; UMEET €IUHUILY; HE UMEET
JeauTenen vy’

6) Hantu B R BCe o6paTuMble 21€MEHTHI; BCE IEJMTEIM HyJd; BCE
HIWILIIOTEHTHBIC DIeMEeHTHL.

63.17. [JokazaTb, 4TO:

a) ecan wmcaa k u | B3auMHO OpocTel, TO Ly = Zy, & Zy;

6) ecim n = p’f“ ...p~. rpe pi,....p, — pasIMMHEIE TPOCTBIE HHC-
Ja, TO

Z2,=2Z 5, D...07Z ».;
n .'P]l 1/ @ pss’

B) ecam uucaa k u | B3aumuo npoctsl, To o(kl) = @(k)p(l), rae ¢ —
dyHKIMA Juaepa.

63.18. Hanru Bce gemurenn myas 8 C @ C

63.19. [Tokasats, 49TO:

a) JeIuTeNb Hyasd B MPOM3BOJBHON (ACCONMATHBHON) aaredpe He sB-
JAeTcA 00paTHMBIM;

6) B KOHEYHOMEpPHOH aiarefpe ¢ eIMHWIEHN BCAKHU BIEMEHT, He sB-
JAOMMICA AeTHTeNeM HyIsa, 0OpaTHA;

B) KOHeYHOMepHad aaredpa 0e3 geTuTeqed HYIA ABIACTCA MedoM
(anredpon ¢ gereHMEM).

63.20. [lokazars, 4TO:

a) KOHedHOMepHas aarebpa ¢ eINHANEN W (e3 JelnTelenl Hyas HaJ
noxem C msomopdua C;

6) maa norem C He cymecTByeT KOHEYHOMEDHBIX anredp ¢ AeJeHHeM,
orauanbx ot C.

63.21. IlepeuncauTs ¢ TOYHOCTBIO A0 M3OMOPGHU3MA BCE KOMMYTA-
THUBHBEIE IBYMepHBIe aiaredpsr Hag C:

a) ¢ CAMHUIEH;

6) He 00A3ATENBHO C €JUHHALEH.

63.22. [lepeuncauTs ¢ TOYHOCTBIO 10 M3OMOD(pHU3IMA BCEe KOMMYTa-
TUBHBIE TBYMepHBIe airedpsr nag R:

a) ¢ eJIMHUALEH;
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0) He 00A3ATENLHO C eIUHULEN.

63.23. Ilycte H — Teno xBaTepHHOHOB.

a) fepagerca amn H anredpon max noaem C, ecin yMHOXKeHNe HA CKALAD
a € C noHuMaTh Kak Jiepoe YMHOxKeHue Ha « € H 7

6) JlokasaTek, 9T0 0TOOPAKEHNA

Lo (1O (i 0 (0 L, (0
0 1) 0o —i) -1 0}’ i 0

apraoTes nzomopdmavavn H kak anredpst Hag nosem R Ha HeKOTOpYO
nogaarebpy B anredpe marpun My (C) nag R
z 0
B) JokasaTe, 1TO 0TOOpaKEHHE Z — (O E) ABMICTCA H30MOP(HBIM

BroxkenneM moas C B amreGpy H, peaamsoBamHyio B BuIe TogaIreOpsI
anrebper My (C) man R (cm. 6)).

r) Pemute B H ypasnenne 22 = —1.

63.24. Tenzopnoii aszedpoii T(V') BekTopHOTO MpocTpancTBa V HAT
nozeM K HasmBaercs (GECKOHEMHOMEPHOE) BEKTOPHOE HPOCTPAHCTBO

(> <]

T(V) = @ Tw(V),

k=0

rie To(V)=K, Tp(V)=V®...0V nprn k>0, ¢ ymMEONKEHHEM

k pas
f g = f ®g, rae f = Tk("’;% g€ Tm(l"')'

JokasaTs, ITO:
a) T(V) — acconmarusnas anredpa ¢ eguHuIen HAL noueMm K
6) B T(V) mer pemmrenen Hys.

63.25. Aueebpoii I'pacemana A(V') BekToproro npocrpancrea V Hag
noieM K HABHIBAETCA BEKTOPHOE IPOCTPAHCTBO

A(V) = é;\*(m,
k=0

rae A°(V) = K, ¢ yMHOXeHHeM

f-g=fng, rae feAX(V), geA™(V)



262 I'a. XIV. Koabya

s aobsrx k,m > 0.
Joxazarts, uTo:
a) A(V) aBaseTca accouuaTUBHON aareGpon ¢ e IMHULEH Haj moaeM K

0) xax et atement wa [ = @ A¥(V) apaserca muabmOTEHTHBIM;
E>1

B) xax b saemMent u3 A(V), e aexammi B I, oGpaTnm.

63.26. Cummempuueckoil aqzebpoii S(V) BEKTOPHOrO TPOCTPAHCT-
Ba V' mang nosem K HA3LIBAETCA BEKTOPHOE IIPOCTPAHCTBO

SV) = @ SH),
k=0

rae S°(V) = k, ¢ yMHOXeHMeM
f-g=Sym(f®g), rme feSKV), geS™V)

A arbsix k,m > 0.

HokazaTs, aTo:

a) S(V) aBaseTcsa accOUMaTUBHOM, KOMMYTaTHBHOK aarebpon Han K;

6) ecn Ty, ...,x, — Oazuc mpocTpancTea V', To S(V) mzomopdHO
anrebpe MHOIOYIEHOB OT T, ..., Tn-

63.27. Ilycte A u B — anrebpet Hag notem K. Tenzopnoe npousse-
denue anrebp C = A @ g B onpegensercsa Kak TEH30PHOE NPOU3BEICHHEC
BEKTOPHLIX npoctpancTs A u B nag K ¢ yMHOXKenuem

(af ® br) o (aH ® b”) — alau ® b’b”-

Noxasate naomopguam aaredp Hag moaem :

a)Ceog C~CahpC (K =R);

6) Mn(K) D Mm(I{) = an(K)§

B) M,,(K) ®x A ~ M,(A), raze A — npousBOIBbHAL ACCONUATHEHASL
anrebpa Hag K;

r) K[Xsy:q: ;: Xn) Or K[ Y0005 m) = KX o o X Yise: o Yl

x) Her C >~ M:(C);

e) S(V)@g A(V) = T(V) npu dimV = 2;

x) Q(/p) ®9 Av/q) = Q/P+/q), rae pu q — pazmuiHbe IPOC-

ThI€ “ThCJIa.

63.28. Tlycte K — noae xapakTepucTukn Hyab, R = K[zy,...,2,] —
KOJBIIO MHOTOMJICHOB U P;, ¢; — JUHEHHBIE ONEpaTOpLE Ha [ Kak BEKTOp-
HOM npocTpancTee Han K, npuaém qaa [ € R

3]

pi(f) = =if, Q‘i(f):a;—“ .
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Obosuaunm vepes A, (K) nogairedpy B aarefpe JHHEHMHBIX ONEPATO-
poB B R, MOpOXKAEHHYIO P1, ..., Dny(ls -« - Qn. OHA HasbIBaETCA aazebpoil
Betian wiun anreOpon gudGepeHnnaaIbHBIX OMepaTOPOB.

HoxazaTs, 9T0:
a) g;pi — Pig; = 645y  DiPj = DiPis Gl = Qs
6) 6asuc A, (K) KAk BeKTOPHOIO IPOCTPAHCTBA 06PA3yIOT OJHOWIEHB

plopleglt gl Lty > 0.

63.29. lycre f = f(p1s--- s Prs 1+ - - -5 qn) — 270enMeHT anredpsr Bewis
A, (K) (cm. 3agaay 63.28.) TokasaTb, 9410
af af
pif=fpi+5-  af=fa—-+-
dq dp

i i

63.30. [lokasarb, 4To anredpa BEePXHUX HUILTPEYIOJbBHBIX MATPUIL
HNOPAJKA 1 ABIACTCA HIWIBIOTEHTHOU AIreOpOR UHIEKCA 1.
63.31. /lokasaTs, 4TO:

a) B Kouable Beex (yHkuuin Ha orpeske [0, 1] aearurenamu Hyas AB/Li-
0TcA (YHKINH, TPUHUMAIOIIME HYJEBOE 3HAUEHWE, U TOJBKO OHM;

0) B KOJblle HenpephiBHLIX (yHKuni Ha orpeake [0,1] germrenavn
HYJIA ABJIAIOTCA HEHYJIEBbIE (DYHKIMM, NPUHUMAIOIINE HYJIEBOE 3HAYEHHe
Ha HEKOTOpOM orpeske [a,b], rae 0 < a <b < 1.

§ 64. U geansl, romomMopcduaMbl, PaKTOPKOIbIA

64.1. HauTu Bce maeaabl KOJbIA:
a) 7,
6) K[x], rae K — noue.
64.2. /TokasaTh, ¥YTO KOJIbIIA:
a) Z[z];
0) Klz,y], rne K — noe;
HE ABIAITCA KOJBIAMH MIABHEIX UICAI0B.

64.3. [JokasaTb, 4TO B KOJbIE MATPUI HAJ [0JEM BCAKUU JBYCTO-
POHHUY uIeat aubo HYJIeBOU, OO COBNALAET CO BCEM KOJIBLIIOM.

64.4. lokazars, yro B Kombue maTpun M, (R) ¢ siemenTamm u3
MPOU3BOILHOTO KOAblla R uiealaMu ABIAIOTCA B TOYHOCTH MHOXECT-
BA MATPWUII, JICMEHTHI KOTOPBIX TPAHALTCKAT (PUKCUPOBAHHOMY W ICATY
Koabla R.
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64.5. Haitu Bce uaeanbl KOIbLIA BEPXHUX TPEYTOIbHBIX MATPHIL HO-
PALKA 2 € HEeJBIMEA DJIeMEeHTAMH.

64.6. IIycre [ u J — MHOXKECTBA MATPHUL BUAIA

0 g h 0 I 2m
0 0 2k], 0 0 2n
0 0 0 00 0
¢ nereiMu Koadppunmentamu g, h, k, ... JokasaTte, uro [ apasercs uie-

aJoM B KOJbIe R BepXHNX TPeyTOJbHBIX MaTpun Hag Z, J ecTnh mpearn
koablia /, HO J He ABIgeTcA ueanoM Koabla H.

64.7. Hauru Bee aeseie ngeanst aareopst Mo (Zs).

64.8. Hantu Bce maeansl apymepHou aaredpsr L man nogem R ¢ da-
anmcom (1,e), rae 1 — eqmawnma B L, n:
2
a) e? = 0; 6).e? =1,
64.9. [JokazaTs, 9TO eCau UJeal KOIbLA COAEPKUT 0OPATUMEIN 271e-
MEHT, TO OH COBINAJAET CO BCEM KOJIBLIOM.

64.10. OGpasyioT am maean HeoOPATHMbIE IEMEHTHI KOJIell:
a) Z;  6) Clx; B) R[z]; r) Zy.
64.11. /lokasaTh, 9TO KOJBIO IEABIX YUCEI HE COACPHKUT MUHHMATb-

HBIX HICaJI0B.

64.12. HanTyn MaKCHMAaJIbHBIC HICAIEL B KOJIBIAX:

a)Z; 6)Clz]; B) Rz]; r)Z,.

64.13. TokasaTk, YTO MHOXKECTBO [g HeNnpepbIBHELX (pYHKIMH, 0Opa-
marpomuxcsa B 0 Ha dukcupopanHoM noamuoxkectse S C [a, b, aBusercs
MIEATOM B KOTbIE (DYHKINH, HEMPEPHIBHBIX HA [a, b).

Bepno sm, 4ro BeAKHE ugeas 3TOro KoIbUA uMeeT Bug I 1A HEKO-
toporo S C [a, b]?

64.14. Ilycte R — xoub1o HenpepeBHBIX (pyHKIUN Ha oTpeake [0, 1],
I. ={f(z) e R| f(c) =0} (0 € ¢ £ 1). lokaszaTs, 4T0:

a) I, — mMakcnMaabHBIN njaean R;

6) BCAKAE MakCUMAILHBIN uaean IR coBnagaer ¢ I, 411 HEKOTOPOro c.

64.15. [okasaTb, 9TO KOMMYTATUBHOE KOJBIO C eIMHULEN (OTaIn4-
HOU OT HYJis1), HE UMEIOIIEee HACATOB, OTJINIHLIX OT HYJA U BCErO KOJALIA,
ABJACTCA MOJEM. CyIIIE’.CTBeHHO JIA U1 9TOT0O yTBep)K,[[eHIfDI HaJau4Ine equ-

HULBIT
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64.16. [okasaTb, YTO KOJIbIO C HEHYJEBBIM VMHOXKEHHeM u 0e3
CcOOCTBEHHBIX OJHOCTOPOHHUX M ICAJOB ABIACTCA TEJIOM.

64.17. [lokasaTh, 9YTO KOJBIO C €IUHULEH U Oe3 NeJuTeNeld HY/, B
KOTOPOM BCAKas yOBIBAIOMIAA LETIOYKA JEBBLIX U1eAJI0B KOHEYHA, ABIAETC A
TEJIOM.

64.18. IlycTte K — KOMMYTATHBHOE KOJBIO 0€3 JACIUTEICH HYJIA U
orobpaxenue 6: K \ {0} = N ygosaersopser yCJIoBu: 1id J00bIX Hie-
MeHTOB a, b € K, rae b # 0, cymecTByoOT 3aeMeHTEL ¢, 7 € K Takue, 9T0
a=>bg+rud(r) <db) wmr=0

JokasaTts, 9To cymectsyer otobpaxenne d;: K\ {0} — N, yzosae-
TROPAIOLICE KAK DTOMY VCJIOBHIO, TAK M VCJIOBUIO! 11d JIOOLIX a,b € K,
rae ab # 0, §,(ab) = 4(b).

64.19. /loxasaTb, 4TO:
A) KOJBIO LEIBIX MayCCOBBIX “uce]l Buia & + iy (,y € Z) eBKINI0BO;
6) KOJBIIO KOMILIEKCHBIX YHcel BUAa T + iyv/3 (z,y € 7) ne apaserca
€BKJIU JOBLIM;
T +iyV3

B) KOJBIIO KOMINVICKCHBIX “IMCEJ BHIA 5

, Dje T U Y — LeIble
MHCIA OIMHAKOBOM METHOCTH, €BKIH0BO.

64.20. B xousne Z[i] pazgeauts a = 40 + i Ha b = 3 — i ¢ ocTaTKOM
oTHOCHTETBHO yuKIAn 8(7 + iy) = 2 + y? w3 sanaun 64.18.

64.21. B xomeue Z[i] HanTy HAROOIBIMMN OOMAH JeIMTETh HGHCET

20494 u 11 + 24.

64.22. [lokasarb, YTO BCAKYIO NPAMOYIOJLHYIO MATPUILY € BJIEMEH-
TAMM W3 BKJIMJ0BA KOJLIA ¢ TOMOUILIO DIEMEHTAPHEIX TPe0OpAz0BAHUN
€8 CTPOK M CTOJOIOB MOMXKHO NPUBECTH K BUIY

0 e» 0 0 0
0 0 er 0 0/,
0 0 0 0 0
0 0 0 0 0

rae ejles|...ler, €, #0 (i=1,2...,7).

64.23. [lokasath, 9uTto B 3agaqe 64.22 qua i = 1,...,7 npouseegenne
€1 ...€; COBOAIAET ¢ HAMDOIBIIMM OOIIIM AEJIATEICM BCEX MUHOPOB pas-
Mepa i MCXOAHOU MaTPULILL.
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64.24. TokasaThk, 9T0 M11060€ KOJIBIO, 3aKI0YEHHOE MEXKIY KOJbIOM
MIABHBIX MAealoB R M ero mojeMm 9acTHBIX (), caMo ABIACTCA KOJbIIOM
MIIABHBIX MI1EAJI0B.

64.25. [JokaszarTb, 9TO KOJBIO MHOIOYWIEHOB R[w] HAJI KOMMYTATHUB-
HBEIM KOJIBIOM R ¢ efuHHIed ¥ 0e3 JeJuTeled HYJd ABIATCA KOJbIOM
MIABHBIX MICAJIOB TOIA U TOJBKO TOrJa, Korja I — mode.

64.26. Hauu Bee uaeans: B aarebpe pagos C[z]] or ogron nepemen-
HOU .

64.27. Moxasate, aTo amrebpa Bemmn A, (K) (cm. sagazy 63.28)
npocTa, ecn K — mose HyJeBOU XapaKTepUCTHKH.

64.28. (Kumaickas meopema 06 ocmamxaz.) [lycts A — xoMmmyTa-
TUBHOE KOJBLO ¢ eaunHuined. [JokazaTs, 410!

a) e Iy m [ — mpeanst 8 A m I} + [r = A, 170 pna m00BIX 27e-
MEHTOB I1,%s € A cymecrByer Takou aiemeHT x € A, yro x —xy € Iy,
r—xy € I;

6) ecmm Iy,...,I, —uneanti B Au I; +I; = A pna Bcex i # j, To ana
JMIOOBIX DIEMEHTOB X1, - . ., £, € A CymecTByeT Takon aaeMedT = € A, 110
r—zp €l (k=1,...,n).

64.29. Ilycte R u S — xoabua ¢ eguHuen u ¢: R — S — romoMop-
huam.

a) Bepro mm, 9ro 06pas eguHUnbl Koabua R ABIAETCA eIUMHULICH
Koabna S7

6) BepHo au yTBepxaeHHE a), € FOMOMOPMU3M  CIOPBEKTHBEH?

64.30. Ilyctes K — nmoae u K[ry,...,x,| — amrebpa MHOMOUICHOB.
Mpegnonoxum, 910 fi, ..., f, € Klzy, ... 2]

Hoxazats, uTo:

a) 0TOOpaKEHuEe p, TPH KOTOPOM

plg(zr,...;zn)) = g(f1,.- -, fa),

ABIACTCA BHAOMOPdE3MoM K -anrebper K[z, ..., 2y];
6) ecam ¢ — apromoppusMm K[zi,...,&,], TO akoduan
af:
J = det (—i)
ij

He paBeH HYJIO;
B) ectu h = h(xs,...,x,), To oToOpaxenne ¥, Ipu KOTOPOM

‘I’{g(a:l,. "1'7"7!»)) = 9(171 T h,-’f‘z,.. . 1$7h)5
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ABaAeTCA aBTOMOphIaMOM K[z, ..., &y).
64.31. I[Iycts K — none u K{[z ...z,]] — airedpa cTeneHHBIX ps-
0B OT T1,...,Ty. lpeanoroxum, 910 fi,..., fn € K[[z1...2,]] uveor

HYJIeBbIE CBOﬁO,}IHHe “1JIE€HBI.
JlokazaTb, ITO:
a) oTobpaxeHue @, Npu KOTOPOM

o(g(z15---,%0)) = g(f15-- -5 fn)s

ABteTcA sugomopuavor K[z, ..., z,]):

0) oToOpaxKeHne @ ABIALTCA ABTOMOP(MUIMOM TOTAA U TOJBKO TOT/IA,

KOr1a AkoOuan
J = det (%)
a.‘I?j

NMEeT HEeHYJIeBOM CBOOOIHBIN “LIEH.

64.32. [Iycts K [oJie HyJIeBOU XapakTepucTuku u h = h(q) €
€ Ay (K). JoxkazaTh, 9T0 OTOOPAIKEHUE (£, IPU KOTOPOM

(p(f(pla" s Pns Q1. 7qn)) = .f(pl + h1p25 sy Pnsqls - aqn)a
asagerca apToMopduamonm K-amrebpsr A, (K).

64.33. Ilycte ¢ — asromopduam C-anredper M, (C). Hokazars, uTo:
a) mepsId AaHHYAATOP MaTpuisl @ E),,) umeeT pasmepHOCTE n(n — 1);
0) kopaanosa (opma matpuis (E,,) pasua Eiq;
B) CYLIECTBYET Takas obparuMas MaTpuua Y, 94To

1r_l‘;5’(Enn)}-f = Eyp;

r) oro6paxenne A — Y "1p(A)Y spaserca asTomopduamom M, (C),
nepesoaammy M, 1 (C) B cebs;

1) cymecTByer Takas obpatuman marpuna X, uto p(A) = XAX !
s modon Matpunsl A € M, (C).

64.34. [Iycts K — mose.
a) okasaTe, YTO JUHEHHOE OTOOpAKEHUE

w: Mu(K) &g M (K) = M, (K),
rie 1<i,j<n, 1<r,s<m un

©(Eij ® Ers) = Eifn(r—1),j4+n(s-1)»
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sABgeTca usoMopduaMom K -anirebp.
0) [JoxasaTs, YTO JMHEHHOE 0TOOpAKEHUE
T: M,(K)— M,(K)®r M,(K),
rae
¥(Eij) = Ei; ® Eyj,
asasercs romomopdusmom K -anre6p. Hanru Ker U.

64.35. JokazaTh, 4T0 06pa3 KOMMYTATHBHOI'O KOJIBIA IIPH TOMOMOP-
duaMe ABIATCS KOMMYTATHBHEIM KOJBIIOM.

64.36. Joxasars, ato oTodpaxenue ¢: f(z) — f(c) (¢ € R) asraerca
OMOMOP(HE3IMOM KOJIBLA BEIIECTBEHHBIX (DYHKUMH, ONpelenéHHEX Ha R,
Ha noae R.

64.37. Hantu Bce roMoOMOPMUIMEL KOJIEIL:

a) Z — 27Z; 6) 2Z — 27Z; B) 2Z — 3Z; r) Z — My(Zs).
64.38. HauTu Bce roMoMOpgU3MEL

a) rpynnsl Z B rpynmny @

6) koabua Z B noue Q.

64.39. /lokazaTh, 470 M1060 FOMOMOP(U3M TOJIA B KOIBLO ABIACTCHA
WA HYJICBBIM, WIN U30MOP(PHBIM 0TOOpaKeHNEeM Ha HEKOTOPOE IO TIONE.

64.40. Ilycte K — more u R = K[xy,...,T,] — amre6pa MHOrOw4wI1e-
HOB OT I7,...,T,; Hag noieMm K. IlocTpouTe GHEKIIMIO MEK Iy IPOCTPaH-
cTBOM CTPOK K™ M MHOXKECTBOM Bcex roMoMopguamos K -anredop R — K.

64.41. [okasaTs, 9TO:

a) Flz]/(x —a) ~ F (F — moxe);

6) Rlz]/(z* +1) ~ C;

B) Rjz]/(z? + 2 +1) ~ C.

64.42. Tlpu kaxux a u b pakropkonsua Zs[x]/{x* + ax + b) :
a) M30MODPGHEL MEKIY COOOU;

6) ABAAIOTCA TOIAMEAT

64.43. Wszomopdubr an hakTOPKOILIA
Ziz)/(a® +1),  Z[a])/(a® + 22> +z+1)?

64.44. WzomopdEb! 11 HaKTOPKOILIA,
Zz)/(z*-2),  Z[z]/(2® - 3)?
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64.45. Ilyctb @ u b — pasauunbie saemedTs! noaa F. JokasaTs, 4T0
Flx]-monym
Flz]/(x —a),  Flz]/{zx-b)=F
HE U30MOPQHEBI, HO COOTBETCTBYOINE (PaKTOPKOJIbIA M30MOPQHEL.

64.46. /lokasathb, 4TO ecam a # b u ¢ # d — saementsl noas F, 1o
(axkTopKOIbLA

Flz]/((z —a)(z —b)F,  Fla]/((z - c)(z - d))

M30MOP(HEIL.

64.47. Kakue us caeayommx anrebp mzomopdusr Hag C:

A =Clagl/iz —yay 1), A =Clal/((@ - 1)?),
A45=CoC,  As=Clz,yl, 45 = Clal/(e>)?

64.48. Nzomopgusr au anredpel A u B wag noaem C:

a) A=Cla,y]/(z" —y), B=Cla,y]/{@—-y™);

6) A=Clz,yl/{z* —y?), B=Cla,yl/{(z —y)*)?

64.49. Naomopdus au caeayiomme aaredpsl Hajg noaem R:

a) A=R[z]/(z® +z+1), B=R[z]/(22> — 3z + 3);

6) A=R[z]/(z® +2z+1), B=Rz]/{(2? —3z+2)?

64.50. /lokasaTsb, 7To azement f aareops K[z]/(z") (K — nome)
o0paTHM TOrJa U TOABKO Torga, xkorjga f(0) # 0.

64.51. Ilycre K — nose u f € K[z] umeer crenens n. Jokazats, 4T0
pasmeprocts K-anreoper K[x]/ fK|[z] pasua n.

64.52. [Iycre K — nose. Jokasars, 9To:
a) eco MHOrowiensl f, ¢ € K[x] BsaumHO IpoCTEL, TO

Kz]/ fgK|[z] ~ K[z]/ fK[z] & K[z]/gK[z];

0) ecin f = pi“ ...pk rme p1,...,ps — BRAMMHO NPOCTEIC HEMPHUBO-
AMMBIE MHOTOWIEHBL, TO

K(z)/fK[z) =~ K[z]/pY' K[z] ® ... ® K|[z]/p* K[z).

64.53. [Jokazats, 9T0 daxTopkoasno R/] KOMMyTATHBHOTO KOIBIA
¢ EIUHUNEH ABLICTCS TOJEM TODJA B TOJIBKO TOrAa, Korja I — Makcu-
MaJbHBII ujgeal B R.
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64.54. JokazaTk, 4T0 Hieaa I KOMMYyTATHBHOIO Koablia R npocton
TOPJIa W TOJBKO TOrJAa, Korjga I — aapo romomopduama R B HeKOTOpOe
noJe.

64.55. [JlokasaTn, 9T0:

a) paxropkoabio Z[i]/(2) He aBiseTCs monew;

6) daxropkoasuo Z[i]/(3) ABrseTca mogeM U3 AeBATH AIEMEHTOB;

B) Z[i]/(n) aBaserca moseM TOrga 1 TOABKO TOLAA, KOIAA N — IPOC-
TOE YHCI0, He PABHOE CYMME IBYX KBAIPATOB LEJbIX THCEL

64.56. IIpn kakux a € F; dakropkoasuo Fr[z]/{z? + a) apasercsa
nosaem?

64.57. Jokasare, uro npu JobdoMm nemoMm 7 > 1 (akToOpKOIbIO
Z[x]/{n) msomopduo Z,[z].

64.58. IIycte f(r) — HEIPHUBOIUMBIM MHOTOYWICH CTEIEHH 71 13 KOIb-
ua Zpy[z]. Jokasars, uro daxropkonsuo Zy(z|/{(f(x)) asisercs xoneu-
HBIM IIOJIEM, U Haﬁ[TH HYHUCJIO ero 3JeMeHTOB.

64.59. [TokazaTb, 4TO:

a) BCAKOE KOJABIO M30MOP(HO MOAKOIbIY HEKOTOPOT'O KOJBIA C €IH-
HUILEH;

6) n-mepHas anrebpa ¢ eguHUIed Hajg noaeM F uzomopdHa mom-
aare6pe aaredpHL ¢ eIUHUIEH PA3MEPHOCTH 1L + 1;

B) n-MepHas aaredpa ¢ eguHuLIen Hag notem K n30MopdHA HEKOTOPOu
noganrebpe anrebper M, (K);

r) n-mepHasa aaredpa Hag K wmsomoppHA moganrredpe aareOpsl
M, 41(K).

64.60. Ilycts [;,...,I; — wumearst B amrebpe ¢ emuHMnen A,
Ii +I; = A npu i # j. Jokasarb, 4o oTobpaxeHue

f: A/Dlir,c — AL ®...0 A/,

3agaBaeMoe (pOpMyIon
8
f(a+ ﬂ Ik) =(a+1,...,a+ 1),
k=1

ABIAETCA U30MOPhu3MOM aaredp.

64.61. Ycranosuts usomopduam Qz]/(z2 —1) ~ Qe Q.
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64.62. [TokasaTb, 4TO
Qlz)/(=* —2) ~ Q[V2).
64.63. [lycte I — makcuManeHem ugean B Z[rz]. JoxazaTe, 910
Z[z]/I — wouewnoe moue.

64.64. Ilycts V — BeKTOpHOE IPOCTPAHCTBO HAJ moaeM K HyJIeBOU
xapakTepucTuk. [Jokasars, 910

S(V)~T((V)/I,
rae I — upean B T(V), NOpox ASHHLIA BCEMU DIEMEHTAMM
rRQy—yRzx, vae z,yE€V.

64.65. Ilycts V -~ BeKTOpHOE IPOCTPAHCTBO HAJ moaeM K HyJIeBOH
xapaxrepuctuku. [Jlokasars, 9To

A(V) ~T(V)/I,
rae I — ugean B T(V), mopox 1EHHEIN BCEMU DIEMEHTAMMI

TRy+y®ex, rge z,yE€V.

64.66. [Iycte V' — BekTOpHOE NPOCTPAHCTBO Pa3MEPHOCTH 271 C
0a3uCOM Py ...Pnsq1 ---qp HAL momeM K HYJIeBOM XapaKTEePUCTHUKU.
JlokasaThk, 4TO

Ap(K) =~T(V)/I,

rae I — ngean B T(V), nOpoxK AEHHEIN BCEME DIEMEHTAME
Pi®q—qi®pi—0dij, Pi®P;—pi®pi, ¢G®G—q DG

64.67. Ilycrs (eq,...,e,) — Gasuc BeKTOPHOrO npocTpancTea V' Haj
norem K xapakrepuctnkw, ormmaaon ot 2, u A(V) — BremHas (mmm
FPACCMAHOBA ATreOpa) Hal BEeKTOPHBIM MPOCTPAHCTBOM V.

JokazaTs, 9TO:

a) dim A(V) = 2%

6) ecmt T1,...,Tn11 EAVV)B ... AMNV), TO Ty ...Tpe1 = 0;
B) dopmyra

n
ple;) = E aije; +wj, i=1,...,n,
j=1
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rae w; € AY(V) @ ... ® A"(V), nagaer apTOMOPGU3M TOrJa U TOJBKO
rorga, korga det(a;;) # 0.

64.68. Ilycte R — xoxeno ¢ exmaunnen. Jeevlm auHyaAmoposm IIoI-
muoxkecTBa M C R HasbIBaeTCH MHOKECTBO

{r€R|a2m =0 pguaseakoro m € M}.
MoxaszaTth, 4TO:
a) JeBBIM AHHY/ATOP MI0O0r0 MOAMHOXKECTBA ABAACTCA B R neBbim
HIeaJI0M;
6) JeBBIN AHHYJIATOP MNPABOIO KAeATA KOIbIA R, TOPOXK JEHHOTO HeM-
NOTEHTOM, TAKKE MOPOKAACTCA (KAK JEBBII NAEAT) HEKOTOPBIM K IEMIIO-
TEHTOM.

64.69. JokazaTk, 9TO CYMMa JEBBIX UICAI0B, IOPOXK IEHHEIX TOIAPHO
OPTOTOHAJBHBEIMH MACMIOTEHTAMH, TAKKE TOPOMK IACTCA MIEMIOTEHTOM.

64.70. Ilycts I, (k= 1,...,n) — MHOXKECTBO MATPHIl MOPAIKA N
Haj noaeM K, cocrosiee u3 MaTpull, Vv KOTOPHLIX BHe k-ro croabua Bce
areMeHTH paBHl ().

Hoxazatn, ¥ToO:

a) I — nepwmt ugean M, (K);

6) I} — MuHEMATLHEM mOoAMOYaB B M, (K'), paccMaTpuBaeMbIl Kak
JIEBBIN MOIY.JIBL HAaJ cOGO0M;

B) My, (K) =6 @ ...¢ Iy

r) Moayas My (K) obragaeT pasnokeHHEM B NPAMYIO CYMMY MUHH-
MAJIBHBIX TOAMOIYIEH, OTIMIHBIM OT PA3JIOKEHUS B);

J) MEKAY ABYMs DTHUMHI pasnoxeHuaMu moayas Mo, (K) cymecteyer
MOJIYJIBHBIN H30MOP(DUIM.

64.71. Ilycte R — aaredpa BCex IWHEHHEIX ONEPATOPOB B KOHETHO-
MEPHOM BEKTOPHOM npoctpascTse V u J;, — MHOKeCTBO BCeX OLeparTo-
poB 3 R, 06pa3 KOTOPBIX JeKUT B noanpocrpancTee L. [lokazaTs, 110
Ji, ABasiercsa npaBeiM ueaaom B R.

O6parso, nycrs J — aessit ugean B8 K. [lokazaTe, 9TO CYLIECTBYET,
U OPHTOM €IMHCTBeHHOE Takoe noanpocrpancteo L B V., uro J = .Jp.

64.72. Ilycte R — aare6Gpa Bcex JUHEHHBIX ONMEpPaTOPOB B KOHEYHO-
MEPHOM BEKTOPHOM mpocTpancTBe V' m [;, — MHOXKECTBO Beex omepa-
TOpPOB U3 R, A1p0 KOTOPBIX cOAepkUT noampocTpancTBo L. loka3aTs,
9gTO [}, ABIACTCA JeBBIM HaeantoM B K.

Ob6paruo, nycts I — meBeit ugean B R. [[okasaTs, 9TO CyMIECTBYET,
U IPUTOM eIMHCTBEHHOe Takoe nognpocrpancrso L B V., uro I = If.
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64.73. [lokasaTb, YTO MHOKECTBA MaTpHIL:

a)I:{(i gj) (m,yeK)}, J:{(; 8) (;,g,yEK)};
6)12{(:z g?) (a:,yeK)}’ J:{(g “;) (m,yeK)};

ABIAIOTCA TOAMOAYIAME Koabla Ms(K) Kak neBoro Moaymada HaJ coO0u
u M,y (K)/I ~J.

64.74. [lycte R = I & [, — pasioxkeHue Koablla ¢ €IHHALEN € B
NPAMYIO CYMMY ABYCTODOHHUX ugeandoB I, I» me = e; + es, Tae e; € Iq,
ey € Is. JlokasaTk, 4TO €] U €9 eauHuibl Koaen Iy u Is.

64.75. [lokazaThb, 4T0 KOablUa Zyn, U Zy, & Z, 130MOPQHBI TOMIA U
TOJBKO TOTJa, KODAA 17 M 7 B3aUMHO IPOCTEIL.

64.76. Koabuo HasniBaeTcsa 6noane nNpuéoduMbim c¢npasd, eCam OHO
ABAACTCA TPAMOHM CYMMOU MPABBIX HICATOB, ABIIIONIAXCA TPOCTHIME MO-
AVIAMEA HaJ 3THM KOJbHOM. IIpM Kakux n KOJBIO BHYETOB Z, BIOJTHE
MPUBOIUMO?

64.77. [JokasaTh, 9T0 aaredpa BCeX BEPXHHX TPEYTOJLHBIX MATPHII
MOPAIKA 12 2> 2 HAJ [IOJIEM HE ABJIACTCHA BIIOJHE IIPUBOIUMOU.

64.78. [loxa3aTh, ITO B KOMMYTATHBHOM BIIOJHE IIPUBOIUMOM KOJIb-
e ¢ eJUHUICH U0 UJISMIOTEHTOR W TUCI0 HACATOB KOHCTHEL.

64.79. /lokasaTh, 9TO BO BCAKOM BIIOJHE TPUBOIMMON aaredpe mepe-
ceYyeHue pcex MakKCHMaJbHBIX NIeal0B paBHO HYJ/IIO.

64.80. [lokasarb, 4TO BCAKOE KOMMYTATUBHOE BIIOJHE IPUBOIMMOE
KOJIBIO ¢ eIUHUIEH M30MOP(MHO MPAMOHR CYyMMe IOJEeH.

64.81. Moayas HA3BIBAETCA 8NOAKE NPUEOIUMBIM, €CIU €00 MOKHO
PA3IOKUTh B MPAMYIO CYMMY MUHEMATBHBIX TOAMOAYIen. Kakue nuk/m-
YeCKHe IPYNIbL BIOJIHE MPUBOAMMBL KAK MOAYJIM HAJ KOJAbLOM Z7

64.82. Koiblio HA3BIBACTCA 6N04HE NPUBOOUMBIM CACEG, €CIAH OHO
BIIOJIHE HPUBOAUMO KAK JEBHIM MOIYJIb Hal cobon. [JokazaTh, 9T0 ecan
KOJIbIO I BIOJHE IPUBOANMO caeBa U [ — ero Jeswin ngeatd, 1o R =1@.J
U1 HEKOTOPOrO JIeBOro uaeana J xomsna .

64.83. /lokasaThk, YTO BCAKUN JICBBIN U 1€aJ BIIOJHE MPUBOAUMOrO CJe-
Ba KoJbla R:

4) BIOJHE IPUBOANM KaK JEBBIM MOAYJIb Haj R;

0) NOPOKAAETCA MASMIOTEHTOM.

18 A.M. Kocrpukun
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64.84. Ilycte R — BHOJHEe OPUBOAMMOE CIEBA KOJBIO € eIUHUIIEH.
MokasaThb, 4TO:

a) e R He COEePEUT MAEMIOTEHTOB, OTIHYHbX 0T 0 u 1, To R —
TeNno;

6) ecam R He COAEPHKUT mequTegaen Hyas, To R — Teio.

Bepuer i 5T yTBEpXK ACHNUA 1A KOJEI, B KOTOPHIX CYIIECTBOBAHUE
CAUHULILI 3apaHee He MPeanoIoKeHo?

64.85. Tokazare, uTo ecan xry = (0 gua J0OBIX ABYX DJIEMEHTOB T,
y aeBoro maeasa | BHOMHE NPUBOAMMOIO CJaeBa Koabla [ ¢ eguHunen,
to I = {0}.

64.86. Tokazarb, 4ro ecaun I — uugean xoabla I ¢ eluHUIIel, TO
daxTopkoasno R/l Toxe umeeT eguHULYy.

64.87. MTokazare, 9T0 (HaKTOPKOJIBLO KOMMYTATHBHOI'O HETEpPOBA
KOJIBIIA TAKKE HETEPORO.

64.88. [okaszaTh, YTO KOJILLUO BBEIYCTOB Zy,  p ) TAC Piy...,Pm —
PA3IUYIHBIE TTPOCTHIE YHCIA, ABIASTCA TPAMON CYMMOUN TOJEH.

64.89. HauTu Bce moIMOIY/IH B BEKTOPHOM IIPOCTPAHCTBE € 0a3HCOM

(€1,-..,€,) KAK MOJYJIN HAJ KOJBIOM BCEX AMATOHAIBHBIX MATPHIL, ECJIH

diag(Ai,...,Ap) o (e + ... +ape,) = Maje; + ...+ Apagen.

64.90. IIycte R — KOMMYyTATHBHOE KOJIBIO C €IHHAICH B Oe3 Jeamn-
TeIeH HYyIfd, PACCMATPUBAEMOE KaK MOAY.Ib Hax cobon. [lokasars, €10
R uzomopduOo M060My cBOEMY HEHYJIEBOMY MOAMOAYJIK TOUAA W TOJIBKO
TOrja, Korjaa i — KOJbIO [IVIABHBIX 1/1€AJI0B.

64.91. Toxaszarh, 9TO NPABUIO
h(x)e f=h(z")f,
rae h(z) — PUKCHPOBAHHEIN MHOTO'WICH, TPEBPAIIACT KOJIBIIO MHOMOMIC-

HOB F[z] nag noaem F B cBOGOIHBI MOLY.Ib panra r zajg Flz].

64.92. Ilycte B xoasue R uer gemurenen nyas u M — cBoGogubIn
R-mogyas. Joxaszats, utoecam 7 € R\0 u me M \0, To rm # 0.

64.93. Ilycte R — KOABLIO € eIuHUIEH, Npu4YéM Bee [R-mMoayan
ceoboaubl. JokasaTk, 9T0 R ABIAETCA TEIOM.
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64.94. Tlycte K nose HyJeBoH XapakTepHCTHKH. JokaszaTk, 4TO aJ-
rebpa noamuHoMoB K (21, ..., 2,]| ABIAE€TCA IPOCTHIM MOIYIeM Ha1 aire6-
pou Bemns A, (K) (cm. 3azaay 63.28).

64.95. Ilycte K — noxe mynesou xapaxTepuctuku. JoxasaTs, 94T0
KA IbIM HeHVJICBOM MOAyab Hag anredopon Bemns A, (K) mmeer Hecko-
HETHYIO PasMepHOCTB Hag K.

64.96. [Iycte K — auarebpa BeLIECTBEHHBIX (DYHKIMH HA OTpE3Ke
[—7, 7], mpeaCcTABMMEIX MHOTOWIEHAME OT COST, SINT ¢ BEMIECTEBEHHEBI-
MH KOo3(puIneHTaMn.

JHokasaTs, ©ITO:

a) K aeaserca 064acTbIO;

6) K ~RX,Y]/(X?+Y? -1);

B) nose 4acTHeIX 411 K u30MOpGHO NOMH0 PALMOHAIBHBIX (DYHK-
i R(T").

§ 65. CnenmanbHbie KIaccel aarebp

65.1. [okaszaTh, IYTO KOJIBIO MHOTOWIEHOB OT OIHOT'O IIEPEMEHHOTO
HAJ KOMMYTATHBHBIM HOTEPOBBIM KOJBIOM € CAHHULEH ABIACTCA HETE-
POBBIM.

65.2. [lokazaThb, 9T0 aarebpa MHOTOWIEHOR OT KOHEYHOI'O YHCJIA TIe-
PEMEHHBIX HaJ IO0JeM HETEepOoRBa.

65.3. Aucebpa A(a, ) obobuennmz xeamepruonos Hag norem F' xa-
PaKTEePUCTUKHU, OTIMYHON OT 2, rae a, 3 € F*, onpeaensercsa Kak BeKTOp-
HOe TpocTpancTeo HALY F' ¢ dasucom (1,7, 7, k) u Tabmuuen yMHOKEHUS

1-1=1, 1-i=i-1=i
1-j=j-1=1j, 1-k=k-1=k,
i = —-a, §% = -5, ij =—ji=k.
JlokazaTs, 9TO:

a) A(a, ) — (acconmaTuBHAA) MeHTpadbHAA MpocTas arrebpa HAT
noxem F;

6) oTobpaxeHue
T=xzp+x1i+T2f + a3k = 30— 310 — X2 — 23k =T

apageTca unsoamoyues (T.e. pam modex x,y € A(a,3) BEMOIHAIOTCA
papeHcTBa & +y =T+ 7Y, TY = YT, T = );

18*
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B) mia moboro z € A, 3)
z? - (trz)r + N(z) =0,

rae trx =z +7 u N(x) = 2T — saemenTs noas F;

r) amrebpa A(w, ) ApaseTcs TEIOM TOrJa W TOIBKO TOTAA, KOUAA
HopMenHoe ypapuerue N(z) = ( uMmeer B HEH TOJBKO HYJIEBOE Pe-
IIEHUE;

1) amredpa A(q, 8) asageTcs ambo TenoM, b0 u30MOpdHa aaredbpe
vatpun Ms(F) — B COOTBETCTBHUHM ¢ CYMECTBOBAHNEM WIN OTCYTCTBUEM
B HEU JeJUTeJNed HYJI;

e) eciM HOPMEHHOe ypaBHeHuwe mmeeT B aaredpe A(q, ) memyzesoe
PEIIEHMe, TO OHO MMEET PELICHHEe M BO MHOKECTBE HEHYJIEBBIX YUCTBIX
KBATEPHUOHOB;

&) noganretpa F(a), nopoxaéanan anemenToM a aarebpul A(a, 3),
ABIACTCA KOMMYTATUBHON aarebpon pasmepHoctu < 2 Hag F, n ecm a
He ABIACTCA AequTeteM Hyas, To F(a) — none, naoMopdHOe Moa0 pas-
JoxeHus MHOrowiena r° — (tra)z + N(a);

3) (meopema Bumma) sopma N () sBasercs KBaJpaTHuIHON (HOPMOU
paHra 3 HA OPOCTPAHCTBE HMCTHIX KBATEPHUOHOB, M, OOPATHO,
KA 101 KBaAPATHIHON (POPMe PaHra 3 Ha TPEXMEPHOM BeKTOPHOM IIpO-
crpancree W wmag momem F coorBercTByer anarebpa oG0OMIEHHBIX
KBATEDHHUOHOB, ONpejeldeMas KaK BEeKTOpHOe npocrpanctso F & W
¢ TIPABMIAMHI YMHOKCHUA

l-w=w-1,

wy - we = —CQ(wy,wa) - 14 [wy, ws],

rae () — OowimHenHas dopma Ha W, accoMMpOBAHHAA C TAHHOU KBaI-
paTmaHON HOPMON, (W, ws| — BEKTOPHOE MPOM3BEICHUE JIEMEHTOB IPO-
crpancTBa W

M) NPUBEICHHAS KOHCTPYKIUA YCTAHABIMBAET OMEKTUBHOE COOTBET-
CTBHE MEXKIy KBATePHHOHHBEIMK anredpamu Hajg noxeM F (¢ TOYHOCTBIO
A0 M30MOPQM3IMA) M KJIACCAME 3KBHBAJICHTHOCTHM KBAAPATHYHEIX (POPM
paHra 3 Ha TPEXMEPHOM BEKTOPHOM npocTpancTee Hag F. (Popmbr
Q: WxW = FuQ: W xW o F HasHBaIOTCA IK6U6AACHTIHBLML
eI CymecTByoT usoMopduam a: W — W' u saemenTt A € F* Takue,
gro @' (a(z),a(y)) = AQ(z,y) mia mobeix z,y € W.)

65.4. Konegnovepras airedpa HA3BIBAETCA NOAYNPOCMOT, €CIH OHA
He (‘.O,[Lep}KHT HeHyJIEBbIX HWIBIIOTEHTHBIX MIeajJ0B.
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THMokasaTk, 9TO:

a) (axropanredpa Clz]/(f(r)) momynpocra Torga m TOJIBKO TODAA,
KOrjga MHOrO4wIeH f(x) He mMeeT KPATHEIX KOPHEH;

0) anre6pa, nopox aéaras noaeM C n marpunen A B aareépe M, (C),
MOJAYTIIPOCTA TOCAAa W TOJBKO TOrA, KOIJa MUHMMAJILHBIM MHOIOWICH
MaTpunbl A He UMeeT KPATHBIX KOPHEH;

B) KOHEYHOMEpPHasI aireOpa HA MOJEM MOJYIPOCTA TOTJA U TOJBKO
TOrga, KOT1a OHA BIOTHE MPHBOUMA CIEBA;

I') KOMMYTATHBHAA NOJIYIPOCTad airedpa ¢ eIMHULIEH H30MOpdHA
MPAMOM CYMMY IIOJIEH;

J1) €CIH BCE UAEMIIOTeHTHI IIOMYIPOCTON ANredphl IeKAT B ICHTPE, TO
anreOpa ABIAETCA IPAMON CYMMOK HECKOJIBKHIX TEIL.

65.5. Ilycte H = (h;;) — cuMMerpudeckas (n X n)-mMaTpuua Haj
moaem F. Aazeopoii Kaugopda mazpBaeTca 2"-MepHOE IPOCTPAHCTBO
C(F, H) sag F ¢ 6a3ucoM, COCTABICHHEIM U3 CUMBOJIOB

€iy..idy {1-§_i1<i2<...<ik\<\n) u e =1,
1 C YMHOXKEHHEM, OIlpeaeIaeMbIM IIpaBrIaMN

eie; = hy, €oei = €€y = €4, eie; +eje; = hyj,

€iy..ip = €iy ... (1\<_i1<...<ik gn)

Ecmm V' — n-MepHOe BEKTOPHOE POCTPAHCTBO ¢ basucoMm (e, ..., ey,)
M KBaapaTuaHon opmon (), To anrredpa Kimdpopaa Cg (F') kBagpaTn-
Hou dopmel () onpegenserca Kak aaredpa C(F, H), rae hi; = Q(ei, ;).

a) Jokasare, uro ectu H =0, To C(F, H) ~ A(V).

6) Témmnoii aazebpoii Kauggopda CH (F, H) (mm % (F)) maswBaeTcs
nogauarebpa aaredpst Kiuddop aa, nopox 1€HHas dIeMeHTaMu €;, . . . €,
(m=0,1,...,[n/2]). lokasaTs, ayro uéTHas aarebpa Kaudupopaa ksai-
PATUIHON (POPMEI

_ 2 2
Q(z1, 29, x3) = hi1x] + hioxy1 w2 + hoaxs,

He pacnajaiowanca B F' Ha JuHeMHBIe MHOKUTENH, ABAACTCS KBaAPaTHd-
HEIM paciiupesueM noas F', u3oMOpQHBEIM TOTI0 PABIOKEHHT

F(\,u'h%z = 4h11h22)

dbopmer Q.
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B) [Jokasarsk, 9o npu char F' # 2 gérnas aaredpa Kmuddopaa keai-
paTuIHON (QOPMEL () HA TPEXMEPHOM BEKTODHOM IPOCTpaHCTBEe V HM30-
MopdHa anrredbpe 000OMEHHEIX KBATEPHUOHOB (POPMEI Q(‘Z) HAa Tpexmep-
HOM BeKTOpHOM mpocTpancTee W = A%V (em. aagzaay 65.3).

r) B ycroBusx 3agaun B) 10KazaTh, 9TO KBAJPATHIHAA (GOpMa
N(z) =T
Ha HpOCTpaHCTBe YUCTHIX KBaTepHHOHOB JKBUBAJEHTHA (.i)OpMe

AQ (A € F*).

65.6. llycte A = Ay @ A — 2-rpagyupoBaHHAS ACCONUATUBHAA
anmrebpa Hag moaem K, t.e. A4;4; C A (cloxenue HHIEKCOB IO MOXY-
a0 2). OupegeanM B A HOBYIO ONEpanuio, moJaras

[z,y] = zy — (-1)"ya,
raex € A;, y € Aj.
a) /lokazarsk, 9T0 A1s MOOBIX OJHOPOIHBIX DAEMEHTOR = € A;, y € Aj,
z € A umeem

[377 y] = (_l)ij[yvm]u
[z, Iy, 2] + [y, [z, 2]] + (=1)7* [z, [z, y]] = 0.

Aarebpa ¢ 2-rpagyMpOBKOH, 1Jfd KOTOPOH OAHOPOIHBIC 3IEMEHTHI
YAOBIETBOPAKT JAHHEIM COOTHOIIEHUAM, HA3EIBACTCA cynepaazedpod Ju.

6) Ilycte V' — mn-mMepHOE BEKTOpDHOE IPOCTPAHCTBO € 0Oa3MCOM
(e1,-..,e,) Bag moaem K xapaxrepuctuku, He pasaon 2, u A(V) — puer-
Hsaa aaredpa Ha V, I — Toxaecrsenssm onepatop Ha V., Lo = K - I n
L) — /mHenHAs 000I0YKA OMEPATOPOBR @; U 1;, T1e

wi(w) =w Aey,

Gelew A Aew) = (-1 ke, AL AL AL N, ecm iy =1,
' 7 0, ecmip#immseexk=1...,p.

HokazaTb, uT0 L = Lo & L1 saengerca cynepaarebpou JIu oTHOCH-
TEIBHO ONEPAlNy, BBEICHHOH B a).

65.7. llycre K — pacumupenue nous () crenenu n.
MoxazaTth, 9T0:

a) paa aoboro muorownena f(x) € Q] crenenn n mangeTes MaTpuna
A nopaaxa n, aaa koropon f(A) = 0;
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0) arredbpa M, (Q) cozepxuT nogairedpy, naoMopduyo K
B) ecn L — noganre6pa B M, (Q), apasiomanca moaem, To

L:QI<n.

65.8. Nmeer i gemurenu uyaa C-anreGpa aHAIHTHICCKHX (DYHKINIL,
onpegenéuasx B obxactu U C C?

65.9. OyHKUMA KOMILIEKCHOTO IEPEMEHHOT0 HABBIBACTCA HeA01, €I
OHA AHAJMTHYHA Ha BCEH KOMILIEKCHOW ILIOCKOCTH. [oKasaTb, 4TO BCA-
KU KOHEYHO MOPOXKIEHHBIN HAea] aareOpbl HeabX (PYHKUUH ABLIETCHA
TIABHBIM.

65.10. Jupdepenyuposanuem xoapua R HazpBaeTcs oToOpaxkeHue
D : R — R, yIOBIETBOPAKIIEE VCIOBAAM

D(z +y) = D(z) + D(y),
D(xy) = D(z)y + xD(y), =,y € R.

Hawnrn Bee audwpepennnpoBanmus xouer:
a) Z; 0) Z[x); B)Z [y oy vaies Enls

65.11. MuOkecTBO L ¢ omepaunpen CI0MKeHHA, OTHOCUTEIBHO KOTO-
pont L apiaserca KOMMYTATHBHOM TPYIINON, W Olepaluedl YMHOXKEHUA o,
CBfI3AHHON CO CJIOXKEHHEM B3aKOHAMH IUCTPHOYTHBHOCTH, HA3BIBAETCA
Koabyom Ju, ecan s mw0OBIX .y, 2z € L BHIIOIHAETCA PABEHCTBA

rzoxr =20,

(zoy)oz+(yoz)ox+(z0x)oy=0 (momdecmso Axobu).

HokazaTk, ITO:

a) B Koabie JIu BEIMOTHAETCA TOXKAECTBO 0 Y = —Y O T

0) BEKTOPBI TPEXMEPHOTO MPOCTPAHCTBA 0OPA3yIoT KOAbLo JIn 0THO-
CUTEIBHO CJIOXKEHUA M BEKTOPHOI'O YMHOXKEHUA;

B) BCAKOE KOJBIO R ABIACTCA KOIBIOM JIM OTHOCHTEIBHO CJOKEHUS
¥ OMEPALUN T O Y = XY — YT;

') MHOXKeCTBO Beex AudpepeHuupoBaHui Kouabua I ABIAETCA KOJlb-
noMm JIn oTHOCHTEABHO caoKeHus u onepauun [y o Dy = DDy — Do Dy

65.12. [Iycte K — nmone u D — auddepenunposanne K -aaredpo
vatpun M, (K). [JoxkasaTts, ITO cymecTByeT Takas Mmarpuma A €
€ M, (K), uro D(X)=AX — XA nua Bcex X.
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65.13. Ilycte K — moJae HyJaeBou xapakTepucTuku u D — gude-
pertuposanne anre6per Bems A, (K). JokasaTs, 9T0 CyIIECTBYeT TAKON
anevent f € A,(K), uro D(g) = fg — gf ans moboro g € A, (K).

65.14. [JokaszaTe, 9TO NOIYTPYINoOBOe Kok R[S] ynopagodennon
HOIYTPYHOBEL S HE UMeeT AeJUTeJNed HyJIfI TOrJa U TOJILKO TOrJa, Korja
KOJBIO R He UMeeT NeJuTeael HyJId.

65.15. IlycTs p — npocToe Uncao u Z,, — KOJBbIO HEJbIX P-aJHYeCKIX
THCeJI, T.€. MHOMKECTBO BCeX (hOPMAJIbHEIX PAJOB Y .., @;p’, Tae a; € Z u
=
0 < a; < p. lpu arom

Z aip’ + Z bip' = ZCJ)",

i>0 i>0 i>0
( b az'pi) ( > bipi) =Y dip,
i>0 i>0 i>0

ecm ga mo6oro n = 0B Zp.

n—1 n—I1 n—1

z a;p’ + Z bip' = Z ep'
1=0

i=0 i=0
n—1 n—1 n—1

(S o) (T o) = S
=0 =0 i=0

HMoxazatb, 4TO0:
a) 7, — KonbIo 6e3 gemmTenen HyIsd, cojepxamee 7;
6) paeMeHT Z-i;n a;p' obpatum B Z, TOrAa M TOABKO TOTAa, KOUJAa

ap=1,2,....,p—1;

b}

B) €CTECTBEHHEIM TCOMOMODP(QH3M Trpynn OOpPATHMEIX JIE€MEHTOB
Ly, — Zy, CIOPBEKTUBEH 1pH JI0O0M n;

) KaxKIbli ujaean B Z, rmasuei 1 umeer sua (p"), n = 0;

1) HAUTH BCE IPOCTHIC DICMCHTHL B Z ),

65.16. a) lokasars, 9T0 Hoae p-aguaeckux qucer (,, T.e. noxe 1acT-
HbIX Zyp, COCTOUT U3 DIeMeHTOB Buia p™h, rae m € Z, h € Zp.

6) llokasare, uro @ cogepxurca B (§, B KavecTBe mOIIOMA.
B) [lokasarsk, 910 saemeHT p' ( Z‘>0 azp’) 3 Qp,rael<a; <p—1,
3/

mexuT B () Torma m TOABKO TOTAA, KOTAA, HAMHHAA C HEKOTOpoOro N,
DJIEMEHTHI @, i =2 N, 00pa3yiT NepuoInvecKy MOCIeI0BATEIbHOCTD.

r) Hautu B Q5 obpassr saementos 2/7 u 1/3.



§ 66. Hoaa 281

65.17. IIycte K — mouae, p — HEOPUBOIUMBIM MHODOWIEH OT OJHOM
nepemenaon X ¢ xoadgpummentamu B K. IloctpouTs nmo ananoruu c 3a-
gaden 65.15 xoabno K[X], u ero nonse gactubx K (X),. [lokasars, 1ro
ecan p umeer creness 1, To K[X], ~ K[[X]].

65.18. HauTu BCce MOAKO/BLA IOJNA paluoHAIBHEIX 4ucea (), coxep-
JKAIIUe eJHHHLY.

§ 66. ITons

66.1. Kakue us xomen B 3agadax 63.1-63.3 apaaiorcea moaamu?

66.2. Kakue ua ciie1yoImx MHOKECTB MaTpUIl 06pa3yroT 1M0Je OTHO-
CHTEIBHO OOBIYHBEIX MATPHYHBIX OMEPALIAH:

a) { (:y g) ; T,YE Q}, rae n — (GUKCUPOBAHHOE LET0E THCIO;

6) { ( & y) i T,y € R} , rmen — (pUKCHPOBAHHOE LEJ0e THCI0;

ny
A B o
B) {(ny I), .n,yEZp}, rae p=2,3,5,77

66.3. IIlycte K — mose u F' — nose apo6er aaredpsl GpoOpMATLHBIX
crenennux pagos K[[z]]. Joxasare, 9ro kamaem saement us F mopen-
crapaseTcsa B Buge x *h, rae s =0 u h e K|[[z]].

66.4. [loxkasaTb, 4TO NOPAJOK EIMHHMILL [OJA B €ro alinTHBHOM
rpynne Jaubo 6eckKoHeeH, b0 ABMACTCA MPOCTHIM THCIOM.

66.5. [Ina xakux wmcenr n = 2,3,4,5,6,7 cymecTByer moie w3 n
2J1eMeHTOB7

66.6. [TokasaTk, 4TO MOJE U3 P* DAEMEHTOB, Te P — NPOCTOE TUCIO,
HMeeT eIMHCTBEHHOe COOCTBEHHOE IIOIIoe.

66.7. lokasath, uTo noasa ( u R we nmetor aBTOMOppU3MOB, OTIHH-
HBIX OT TOXKIECTBEHHOTO.

66.8. HauTu Bce aromopduamel noas C, mpu KOTOPBIX Kaxkgoe Be-
MECTBEHHOE HCI0 MePEXOIUT B ceds.

66.9. Nyeet m moze Q(v/2) aBTOMOPGUIMBL, OTIHTHBIE OT TOXK ECT-
BEHHOr 07

66.10. [loxkasark, 4T0o B noje I xapakTepucTuku p:



282 I'a. XIV. Koabya

a) CIpaBelIHBO TOX IeCTBO
(z+y)? =2 +y?  (m — HaTypaibHOE YHCIO);
6) ecim F' xomeuHo, TO oToGpaxenue 1 — zP ABIAETCA aBTOMOp-

puamMoM.

66.11. /lokaszaTh, 9TO €CIM KOMILIEKCHOE YUCJIO 2 He ABIACTCA Be-
MECTBEHHBM, TO Koabno R[z] cosnazaer ¢ noaem C.

66.12. Ilpu xaxux m,n € Z\ {0} nom Q(/m) u Q(\/n) msomopduet?

66.13. Tokazarb, uT0o aua Ja0boro asromopduama ¢ noaa K mHO-
JKECTBO 2JIEMEHTOB, HEMOABUKHEIX OTHOCUTEILHO (¢, ABIACTCA MOANOIEM.

66.14. Jokaszarh, 9T0 M00LIE IBA MOIA U3 YETHIPEX DIEMEHTOB M30-
MODP(pHBL.

66.15. CymiecTByeT J1 10OJIE, CTPOTO COACPAKAIICE MOJIe KOMILTEKCHBIX
qucena’

66.16. TokazaTe, 9T0 JH060€ KOHETHOE MOJE UMEET MOJOKATETBEHY IO
XAPAKTEPUCTHKY .

66.17. Cywecreyer a1 OGECKOHEUHOE 10J1e ION0KUTEIBHOU XapaKTe-

pUCTHKH?!

66.18. Pemms B nose Q(v/2) ypasuenus:
a) 22+ (4—2v2)z + 3 - 22 = 0;

6) 2> —xz—3=0;

B) 2zl +2—-T+6y2=0;

r) 2 —2z+1—+v2=0.

66.19. PemuTe cucTeMy ypaBHeHIH

r+2z=1, y+2z:=2, 2r+z2=1:

a) B nose Zg; 0) B oae Zs.
66.20. Pemures cucreMy ypaBHEHHH
3r+y+2z=1, r+2y+3z=1, dr+3y+2z=1

B TIOJIE BEIMETOB TI0 MOAYJIIO & U 110 MOAYJIIO 7.

66.21. Hautn Taxon muorowien f(x) crenenn e Bime 3 ¢ Koahgu-
nuentamu u3 Zs, 4TO

fO=3  f1)=3  f@)=5  [f4)=4
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66.22. Hautu Bce mHOrowienst f(x) ¢ koaddunuentamu us Zs, 910
fO=f1)=f4)=1  f2)=f@) =3

66.23. Kakue u3 ypaBHeHu:

a) x® =5, 62" =T, B) 2% = a,
uMerT pemenus B noue Zyq 7

66.24. B mose BeraeToB no moayiao 11 pemmTs ypaBHeHW:

a) 22+ 3z + 7= 0;

6) 2 +5r+1 = 0;

B) 22 4+ 2z + 3 = 0;

r) 22 +3r+5=0.

66.25. [lokasarn, 9TO B [10JIE U3 7 SJIEMEHTOB BBIMOJIHACTCA TOXK I8CT-
Bo z" ==x.

66.26. B nose Z, penmmth ypaBHenue x¥ = a.

66.27. [lokasars, 4To ecau " = T 415 BCEX BJIEMEHTOB & 1tons I, To
K KOHe4HO, U ero XapakTepUCTHKA IeIUT 7.

66.28. Hautu Bce HOPOXKAAIONINE DIEMEHTEL B MYJIbTHILIHKATHBHON
Cpynme moJs:

a) Zy; 6) Zi1; B) Zy7.
66.29. Ilycte a, b smementrr noas nopagka 2", rae n megérno. Jo-

KazaTh, 9To ecan a +ab+b> =0, 1o a=b= 0.

66.30. [Iycre ' — mose, npuaénm rpymma F* nuxkmmdeckasn. Joka-
3aTh, 4T0 I’ KOHEYHO.

66.31. B none parMoHATBEHBIX (DYHKIIMH € BEIIECTBEHHBIME KO3(DQu-
UMEHTAaMHU PEMIUTL YPaBHeHUI:

a) f'=1 6 f2-f-z=0
66.32. Jlokasath, 4TO B noJe Z, BHIIOJHAIOTCA PABCHCTBA!

p—1 (p—1)/2
a) 3 Kl=0 (p>2) 6) Y k=0 (p>3)
k=1 k=1
66.33. Ilycte n 2 2 n (j,...,(n — BCe KOPHHU n-# cTeneHn u3 1 B
none K. [lokazars, uro:
a) {¢1,---,Cn} — rDynNma 0O YMHOXEHUIO;
6) {(1,---,Cn} — xopHnU cTenenn m u3 1;

B) M JEJHT 1;
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r) ecam k € Z, TO

" k 0, ecam m e gemur k,
Cl +...t Cm =
m, ecam m geaat k.

66.34. Ilycre mpmp—y ... M9 U NgNg—_1 ...No — BAMUCH HATYPAIbL-
HBIX YKCEI 77 U 71 B CUCTEME CHUCJACHUS ¢ OCHOBAHUEM §, T/Ie § — IIPOCTOoe
TUCTO.

HNoxazaThb, 1TO:

m mo Ty my
a) quCaa n - IIpH IeJeHNN Ha § JaT OJu-
n g T My

HAKOBBIC OCTATKM]

m
6) ) JeTUTCA Ha 8 TOTa ¥ TOJIBKO TOT1a, KOTIa IIPH HEKOTOPOM i
n
BBIIOJIHACTCS HEPABEHCTBO 1M; < T;.
66.35. Hopmuposanuem noas K waswiaerca ¢pyuxuua ||z]|, = € K,
NPHHAMAONIAA BEIICCTBEHHBIC HEOTPHIATEIBHBIC 3HAUCHHMA, TPHIEM:
||z]| = 0 Toraa u Toabko Toraa, korga & = 0;
llzyll = [llllxl;
lz + yll < [l + [lyll-
Joxasats, 910 caeayiomme Gynkmun B Q ABIAOTCA HOPMUPOBAHMA-
M

1, z#0,
a) [|lz|| = iy
0, #=10U;
6) ||z|| = |z|?, rae s — Puxcuposannoe uucao, 0 < s < 1;
B) ||z = |z[5, p [POCTOE YHUCIO, § (PMKCHPOBAHHOE TTOJIOKHU-

TETLHOE YMCI0, MeHbuee 1, mpuuém ecan z = p'mn~', rae m, n
Hesble IMCIA, He Jeldammecd Ha p, To x|, =p~".

¥ ok ok

66.36. Ilycts ||z|| — mOopMuposarume (), mpuém cymecTByeT Takoe
y, aro ||y|| # 0, 1. Torga ||z|| mmeer mmbGo Bug 6), ubO BUA B) U3 3a1a-
Tu 66.35.

66.37. Ilycte K — moae u K (x) [OJIe PALMOHANBHEIX (DYHKIMN
or ogmon nepemennon x. [Jokaszars, ¥ro crexyomme Gyaknmun B K(x)
ABJIOTCA HOPMUPOBAHMAMU:

1, ec 0,
W= o e ST
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6) ||hg~Y|| = cde8h—dee9 rpe h,ge K[z] u 0<c< 1,

B) ecam p(x) — HempuBOAMMEI MHOTOWIeH, h = p(z) u(x)v(z), rae
u(z), v(r) — MHOrOWIeHH, He newmmmecs HA p(x), TO |h| = ", rOe
0<e<l.

66.38. /[lokasaTh, 4TO:

a) nonoauenune () orHOCHTENLHO HOpMupoBaHuA U3 3agaqn 66.37, 6)
pasuo R;

0) nononHerwre ) OTHOCWTEIBHO HOPMUPOBAaHUA 13 3aga4m 66.37, B)
passO Q)3

B) monojHeHue 7 OTHOCHTENIBHO HOPMUpOBaHMA u3 3ajgaqu 66.37, 0)
PaBHO Zp;

r) nonoarerue Clz] 0THOCHTENBRHO HOPMHpOBaHUA M3 3ajgadu 66.37,
B) ¢ p = & paBHO aredpe creneHnsx pagos C[[z]].

66.39. IlocregoBaTenbHOCT &y, 7 2 1, saementoB u3 (), cxogurcs
oTHOCHTEIRHO MeTpuk || f|| u3 sagaum 66.37, B) Torga u TOABKO TOTAA,
KOT' 18

lim lzn — znsalp = 0.

66.40. Ilpn xkakux t € @, cxoaATCA PAIBI:
t'ﬂ.
£
a)e' = —
)& Z !
il
6 1 1 — —(_1y4n.
) In(1+2) =Y ~(-1)"t";
nzl
B) Z z"?
n=0
66.41. llycte a € Q, u x, = a?” . Cymecreyer an limy,_, o0 &7

66.42. [ycts f(z) € Zyz], ap € Zyp, npuaéum || f(ao)/ f'(a0)?|p < 1.
Monomxum
flan)

Gnt1 = Qp — f'(a )
n

Jokasars, 4To cymecTeyeT a = lim a,,, npuiém f(a) =0 u ||a —agl[, < 1.
66.43. /lokasarhk, 4To Mmooo# aBToMOpQuU3M B (), TOXKIeCTBEH.

66.44. Ilycts f(z) € Z,[z] nMeeT cTemeHb 1 U CTAPIIME KO3(QUITHE-
ent f(z) pasen 1. Ilycte o6pas f(z) muorowrena f(r) B Z /pZ{x] pasmo-
xuM, f(z) = g(x)h(x), rge g(x), h(x) B3anMHO IPOCTHI, UMEIOT CTAPIINHT
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Koappurment 1, npuaém
degg(z) =, degh(x) =n—r.

Torga f(z) = u(x)v(z), rae degu(z) = r, degh(r) = n — r, crapmne
koapuienThl u(x), v(z) paBrel 1, mpuuéM obpassl u(z), v(z) B Z [pZ[z]
PABHEI COOTBETCTBeHHO g(z) u h(z).

66.45. Ilycrs f(x) € Zyz] u a € Zp, upuyén B Z,,
fla)=0,  f'(a) #0.
Torga cymecTByeT Takon ajaeMeHT b € Zy, aro f(b) = 0 u obpas b B Z,,
paBeH d.

66.46. Ilycte m — HaTypaabHOE 4UCIO, HE geAUleecs HA P, a €
€ 1+ pZ,. Torga cymecTByeT Taxoe b € Z,, 910 b™ = a.

66.47. IIycts moma Q, u Q) m3omopdusr. Jokasars, uTo p = p'.

66.48. Kounbo Z, komnakTro B (J), OTHOCHTEIBHO p-aJu4ecKOn To-
TIOJIOT' M H.

§ 67. Paciuupenus noneu. Teopusa Ianya
B srom maparpade Bce kKoablia B aareSpsl IPEANIONaraioTea KOMMY-
TATUBHLEIMI ¥ 00JaJAOMIMMHA € IHHAICH.
67.1. [lycto A — aarebpa nag noaem K n
K=KycK cK c...cK,
— OGamHa noanoaen B A.

HMokazaTb, 9TO

(A:K)=(A: K\)(Kg: Kg_q)...(Ky: Ky).

67.2. llycte A — anrebpa vag norem K ua € A.
Hoxaszartb, 4TO:

4) ecJaM BIEMEeHT a He sABIAeTCA adredpamdeckuM Hax K, To mogai-
rebpa K[a] nmaomopdra koabiy MEOrouwieHos Kz

6) ecin a — anrebpamyueckuu saeMeHT Hag I To

Kla] = Kfz]/(pa(2)),

rae fi,(r) — HEKOTOPHIA OJHO3HAYHO ONPEJeJeHHBI YHUTAPHEIA MHOIO-
wWieH (MUHUMATBHBI MHOTOWICH BJaeMeHTa a) Hajg K;
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B) eciin A — noae, To 1A BeAKOro arrebpandeckoro Han K osaemenTa
a € A MHOTOWIEH fiq(2) BenpusoguM B K [z];

r) ecin Bee oaeMeHTH 13 A anrebpawans Hag K u ams Beskoro a € A
MHOTO'LIeH [, () nempusoauM, To A — mose.

67.3. Hauru MMHUMAIBHBIE MHOTIOWIEHB! /151 3JEMEHTOB:

a) V2 mag Q; 6) v/5 nag Q; B) 'V9 man Q;

r) 2 —3i mag R; n) 2—3i man C; e) V2 + 3 mag Q;

%) 1+ 2 max Q(vV2 +V3).

67.4. JokasaTb, ITO:

a) ecm A — KomHeuHoMmepHas aiareOpa Hajg K, TO BCAKUN DIeMEHT
u3 A anredopanyen mag K

0) ecan aq, . ..,as € A — arredpanveckue dIeMeHTH Hag K, TO mo1-
amredpa Klay,...,as] xomeanomepna mag K.

67.5. [lokasarb, yro ecim A — mnoae u ap,...,as € A — anred-
pamtdeckue saeMeHTs Han K, To pacumpenne K(ap,...,as) coBmagaet
¢ aareopon Klai, ..., a4

67.6. [JokaszaTn, YTO MHOXKECTBO Bcex siaemMeHTOB K -aaredper A,
anredpamvdecknx Hag K, ssagserca mogaaredopon B A, a ecaim A — mo-
Je, TO TOTIONEeM.

67.7. Jokasark, 4TO ecau B OallHe MMOJIeH
K=K¢yCKi CKyC..CK,=1L

Kax e atax K; 1 C K; (i = 1,...,s) apagerca armreOpandecKuM pac-
mmpenueM, 10 L/ K — aaredpantieckoe pacimpesue.

67.8. [lokaszaTh, 9TO BCAKUU MHOTOWIEH ¢ KOX(DPUIMEHTAMHA U3 II0-
s K umeer xopensb B HekoTopom pacumpennn L/ K.

* * *

67.9. [Iycte K — nome. Jokasars, 9To:

a) 1A IPOM3BOJBHOTO MHOrOWIeHa 3 K [x] cymecTByeT noje pasio-
JKEHUA DTOr0 MHOTOWIeHa Hajy K ;

6) s mo60oro KOHEYHOr0 MHOKECTBA MHOIOWIeHOB u3 K [z] cymect-
ByeT IoJe pasaoxennsa Hag K.

67.10. Tlycrs K — mone, g(x) € Kz], h(z) € K[z], f(x) = g(h(z)),
u  — KOpeHb MHOro<wieHa g(x) B Hekoropom pacmmpenun L/K. Toka-
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3aTh, YTO MHOTOWIEH f HEMPUBOAMM Hal /X TOrJa M TOALKO TOrAa, KOrAa
g(x) venpusogum Hax K u h(z) — a senpueoaum Hag K[al.

67.11. Ilycte K — noxe, a € K. Jokasare, 4T0:

a) ecam p — OPOCTOE YUCJIO, TO MHOIOWIeH rF — @ b0 HEIPUBO M,
aub0 UMeeT KOpeHb B I

6) ecain MHOrOuneH " — 1 pasaaraerca s K [z] Ha iuHeNHBIE MHOKATE-
mu, TO MEOTOWIeH 2" —a € K [x] mubo menpusoauM, aubo 111 HEKOTOPOTO
nemrens d # 1 uucna n MEOrO4YIeH % — @ UMeeT KopeHb B K

B) MPEINOI0KEHIE 0 PABIOKHIMOCTH ' — 1 HA JIHHEHHBIE MHOXKUATEIN
(:yI_lIe(fTBeHHO JJLA (?HpaBe,ZIJIHB()(ZTH yTBep)K,E[eHHH 6).

67.12. /lokasaTh, 9T0 Hajg mogeM K XapakTepucTHku p # 0 MHOro-
wien f(z) = 2P — xr — a b0 wenpuBoauM, JUOO0 PAIATAETCA B IPOU3-
BEJEHNE JHHENHLIX MHOKHTEICH, ¥ YKA3aTh 2TO pasjiokenne, ecan f(x)
HMeeT KOPeHb Xg.

67.13. Hantu crenedsb nofda pasiokenus Hajg Q 1is MHOOWICHOB:

a)ar+b (a,be @ a#0);

6) 2 — 2; B) 23 — 1; r) 3 - 2; n) =t —2;

e) P —1 (p — mpocToe 1nCI0);

x)a" -1 (neN);

a) 2” —a (a € Q u ne apasgerca p-u crenennio B (), p — npocroe
UCI0);

u) (22 —ay)...(z* —a,) (ai,...,a, npunagtexxur Q% u Bce pas-
JIMHEL).

67.14. Joxasare, 9To KoHeuHOe pacumpenue L/K asisercsa mpoc-
TEIM TOIJa U TOJLKO TOTIA, KOTAA MHOMKECTBO MPOMEXYTOIHLIX MOJIEN
Mexay K um L KOHEYHO, ¥ IPUBECTH IPHMEP KOHEYHOI'O PACIIMPEHHA, He
SABJIAIOLIErOCS IIPOCTHIM.

67.15. Ilycre L/K — anreGpanvieckoe pacumpenue. JokasaTs, 110
pacumpenue L(x)/K(z) Takxe amrebpantdeckoe u

(L(z) : K(z)) = (L : K).

67.16. IIycte L/K — pacmmpenue. DJEMEHTH Ay, . ..,0s; € L Ha3bI-
BaOTCA aszebpauvecky nedasucumvimu nad K, ecmm f(ay,...,as) # 0 g
BCAKOTO HEHYJIeBOro MHorowneHa f(ry,...,xs) € K[zy,. .., x;).

[lokazaTs, 9TO BJIEMEHTH a1, .. .,0s € L arredpandeckn HE3aBUCUMBI
vag K Torga w Toreko Torga, korjga pacmupenue K(aqj,...,ay)
K-m3omopduo nomo paunoHatbHex Gyaximun K (zy, ..., x,).
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67.17. llycre L/ K — paciumpenue u ay, . . ., as; by, ..., by, — aBe max-
CUMATBHEIE AITeOpANIecKH He3aBUCHMEBIE HaL K CHCTeMBI 2IeMeHTOB
u3 L. Jokazare, uro m = n (cmenens mpancyendenmuocmy L nag K).

67.18. [loxkasarh, 4To:

a) B KOHEUYHOMEPHOH KOMMyTaTHBHOW K-aarebpe A mmeerca aummmb
KOHETHOE THCI0 MAKCUMAIBHBIX MACAJN0B, U UX [E€PEceveHne COBIaIaeT ¢
muozxkecTBoM N(A) BCeX HWIBNOTEHTHEIX IeMeHTOB aarebpel A (Huab-
paduxaa anredper A);

6) A = A/N(A) — pedyyuposannas arredpa (He COACPKAT OTIN-
HBIX 0T () HUIBIOTEHTHBIX HJIEMEHTOB);

B) aarebpa A/N(A) umzomopdHA OPAMOMY NPOU3BEIEHUIO IIOJEH
Kq,..., K, ABISIOMAXCA PACIIAPEHUAMY 1o I

r)s<(4: K);

a) maGop pacmmpenmi K; onpegenén mgaa anre6pel A 0JHO3HATHO ¢
TOYHOCTBIO 10 M3oMopduamal;

e) eciu B — mopjanredpa B A, TO Beakas koMmMmoHeHTa B aBasercs
pacII¥peHneM B OJHOM WM HECKOABKHMX KOMIOHeHTax A;

x) ecin I — upean B A, o komnonentr anredper A/ cogepxarcs
cpean KOMIOHEHT aaredper A.

67.19. llycts K — moxe, f(z) € K[z], pi(z)* ...ps(x)F — pasmro-
xkenue f(r) B NPOM3BEJCHUE CTENEHEH PA3IMYHBIX HENPUBOIMMBIX MHO-
rowienos Hag K, A = K[z]/(f(z)). Jokaszars, 410

Ared = A/N(A) ~ H k[z])/(pi(z)).

67.20. IIycte A — K-amrebpan L — pacmupenme noa K.
HokazaTse, 9To0:

a) eciu fi,... [, — pasmmunsie K-romomoppusmer A = L, o fi,...
<+, fn MHEMHO HE3ABHUCHMEI KAK HJIEMEHTHI BEKTOPHOIO IPOCTPAHCTBA
Haa L neex K-nmuaennsrx otodopaxenun A — L;

6) unciao pasmmuHbix  K-romomopdmamor A — L me npesocxo-
out (A: L).
Haiit Bee apromopdmamsr moner Q(v'2), Q(v2 + v3), Q(v2).

67.21. ITycte A — xomeunomepnasn K-aarebpa u L — pacummpenue
nowst K. Momoxum Ap, = L @g A. lycrs (eq,...,e,) — 6asuc A vag K.

1Pacimpenna Ki,...,Ks BMecTe ¢ KaHOHHYeCKAME roMomopdmamamu A — K
HA3LIBAIOTCH KOMNOHENTNGMU aa2ebpbr A

19 AWM. Kocrpukux
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MokasaThb, 49TO:

a) (l®ey,...,1®e,) — Gasuc A vag L;

6) mpu ecrectBennoM Baoxkenun A B Ay obpas A smumerca K-moa-
aaredpon B Aj,.

67.22. Ilycte A — xoueunomepnas K -aarebpa, L. — pacumpenue
noas K. [lokasaTsk, aTo:

a) eciu B — noganredpa 8 A, to By — nozanre6pa s Ap;

6) ecim I — wugean anrebpus A m I — COOTBETCTBYOIINI MAea]
B AL, TO (_'-‘l/I)L = AL/IL;
s

B) ecm A = HA.,-, To Ap ﬁ(fh)h;

i=1 i=1
r) ecmm Ky, ..., Ky — MHOXKeCTBO KOMIOHEHT anre6psl A, To MHO-
JKEeCTBO KOMIOHEHT aaredbp Ay coBnagaer ¢ 0OBEIMHEHMEM MHOMKECTB
KoMIOHeHT aaredp (Kq)p, ..., (Ks)r;

1) ecam F'— pacmmpenue nos L, To (Ap)p = Ap.

67.23. Ilycte A KOHeYHOMepHaa K -aareopa, L pacimpesue
noas K, B — mexkoropaa L-anrebpa. [JokazaTs, 4ro:

a) kax et K-romomopdusm A — B 0qHO3HAYTHO NPOIOLKAETCA 10
L-romomopduama A; — By ;

6) muOXkecTBO K-romMomopdmamor A — L HaxoauTca B OMEKTHBHOM
COOTBETCTBUM CO MHOXKECTBOM KOMIIOHEHT aareOps! Ay, maoMopgubx L;

B) 4HMCI0 pasandHbX K-romomopduamor A — L He NpeBOCXOIHT
(A: K) (cp. ¢ 3agauen 67.20, 6)).

67.24. llycrs F' u L — pacumpenus noas K u F' koneunoe. Joka-
3aTh, 9TO cymecTByeT pacmmpenne F/K, 111 KOTOPOro MMEITCA BJIO-
xkenua F' B E u L B E, ocTaBrdmonme Ha MecTe Bee a1eMeHTH n3 K.

67.25. Ilycte A — xoneunomepran K-amredpan A = Kay,...,a,).
JokasaTk, 9TO ClIeyoume cBoicTsa pacimpennsa L/ K paBHOCHIBHBL

a) Bee KOMIOHEHTH A m3omopdusr L;

6) L — noae pacuenaenus 118 MEHEMAILHOTO MHOTOWIEHA JHOOOC0

anemenTa a € A (pacienasiommee mone K-anreGpsr A).

67.26. Joxkaszars, uro ecsin L — pacmenmomee noae K-amre6psr A
u B — moganrebpa B A, To modon K-romomopduam B — L npogomxa-
eTca 10 K-romomopgmama A — L.

67.27. Paciwenmomee noae L aaa xkonednomepuoun K-anre6per A
HA3BIBACTCA NOAEM PA3A0NCENUA NIA A, eclu HHKAKoe ero coOCTBEHHOE
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NOANoe, cogepKamee K, He ABIATCA PACIIEILTAIOmMIM 1ot A.
JokazaTs, 4T0:

a) ecmn A = Klaq,...,as], To L — mone paznoxennsa g A Toraa n
TOJBKO TOT'Ja, Korjga L nmoJie pal3JoXKeHUA 114 MAHUMaJIbHBIX MHOI'O-
WICHOB DJICMEHTOB (1, . . . , A}

0) mo0Be aBa moas pasaoxkenus K-anreopor A maomopdusr Hag K
B) a4 moas pasnoxkenus K-anrebper A cymectsyer K-Bloxenue B
m0b0e pacueruonee moae i A.

67.28. Ilycte A — womeunomepnas K-amrebpa, L — moae pacoien-
aernsa gia A. JJokasars, 9T0 Tucao KoMnonesT L-aareOper Ay, 0gHO U TO

e JUIA BCeX PACIIEIUIAIOMUX 1nojgel aarebpst A (cenapabessbnas cmeneny
(A: K)s amrebpsr A).

67.29. Ilycte A K-amre6pa u L — pacmmpenne nois K. /Toka-
3aTh, 9TO:

a) auceao KoMnoHeHT aaredper Ay He npesocxoaut (A 1 K)g;

0) =mcno pasznamaHex K -romomopdmamo A — L me mpeBocxoguT
(A : K); m paBEeHCTBO HMEET MECTO TOrJAA W TOJBKO TOrAa, Korga L —
paclensionee noasa gus A.

67.30. [lokasarh, 9TO CJAEAYIOMKME CBOMCTBA KOHETHOIO PaCIIMpe-
una L /K paBHOCHILHBL

a) BCe KOMIIOHEHTEL aaredpsr Ly, m3oMopdHEL L;

6) L mveer (L : K) K-asromMophusmos;

B) aas mobbx K-piaowenun ¢;: L — L' (i = 1,2) noas L B moboe
pacumpenne L' /K umeem @1 (L) = @a(L);

') BCAKAM HENPHBOANMBIL MHOrOWIeH u3 K [r], nveomun kopess B L,
pasmaraercsa Hal [ B IpOM3BeIeHNe JMHENHBIX MHOKHATEIEH;

1) L — mone paanoxeHus HeKOTOporo Muoro<wiena ma Kz). (Pacmm-
perue L/K, yI0BIETBOPAIOWIEE HTUM YCIOBHAM, HABBIBACTCH HOPMAIL-
HbLM. )

67.31. llycte K C L C F — GaurHa KOHeYHBIX pacimpennn mons K.

JHokazaTb, 9TO:

a) ecau pacmmpenne F'/K HopmaasHOe, TO pacumpenne F'/L Taxxe
HOPMAJIBHOE;

0) ecam pacumpenus L/K n F/L sopmanerbie, To pacmupenue F/K
He 00A3aTeIbHO HOPMATBHOE;

B) BCAKOE PACHIMPEHHe CTEIeHN 2 HOPMAaJIbHO.

19*



292 I'a. XIV. Koabya

67.32. Ilycte A — xoneunomepraa K-anrrebpau a € A. Xapakrepuc-
TUYECKUN MHOTOWIEH, ONPEIeIUTeIb U CJIe] JUHeHHOTO onepaTopa t — at
Ha A 0603HAYAIOTCA COOTBETCTBEHHO Yepes

Xa/k(a, ), Na/k(a), tra/k(a)

¥ HA3BIBAIOTCA COOTBETCTBEHHO TapaKmMePpucmuieckum MHOZ0UACHOM,
Hopmotl 1 caedom saemerTa a arreopsr A Hag K.

Joxasars, aro ecim K C L C F — Gammsa KOHEYHBIX PACHIADEHUN
noren u a € F, To:

a) XF/K(!LI'«') = NL(.r]/K(:c)(XF/L(avT'))a rae XF/L(% T) paccMaTpu-
BAETCs KAK DJIEMEHT MO/ PAlMOHAIBHBIX (yHKunn K (x);

6) Nr/k(a) = Np/k(Nrsr(a));

B) tre/k(a) = trp/k(tre/n(a)).

67.33. Ilycre L/K — koneunoe pacumpenue u a € L.

JokazaTs, 4TO:

a) MMHMMAJIBHBIN MHOPOWICH DIEMEHTa a paBeH £X i (q)/K (@, T);

6) Xr/k(a,r) AngeTca (¢ TOYHOCTHIO 1O 3HAKA) CTENCHBIO MUHU-
MaJIBHOT'O MHOIOYICHA HIEeMEHTA «.

67.34. Ilycre L/K — xoneunoe pacumpenue. [Jokasats, uro K-6u-
auHenHas gpopma Ha L

(z,y) = trp x(zy)

60 HeBRIPOXK IeHHAdA, MO0 trp k(r) =0 14 Beex z € L.

67.35. Joxasarb, 9TO CIEAYIOIIME CBOMCTBA KOHEMHOMEpHOU K -ai-
re6pel A paBHOCUIBLHEL

a) s Beaxoro pacmmpenus L/K anrebpa Ay penyumposanHas (3a-
na4ga 67.18);

6) (A: K)s = (A: K) (3agaga 67.28);

B) miaa HexoToporo pacmupenns L/K cymecrsyer (A @ K) romomop-
¢uamos K-amrebp A — L;

r) OmmmHennas Qopma (r,y) — tra g(ry) ma A HeBEIpOXKACHA.
(Anredpa A, yJIOBIeTBODAIOIIAA 3TUM YCJIOBHAM, HABHIBACTCA CENapa-
feavnoti.)

67.36. Ilycre L — pacumpenne noaa K. [lokazarb, 9T0 KOHEYHO-
MepHas K-anrebpa A cemapabenbHa TOMAA M TOJBKO TOTIa, KODJa Cena-
pabersHa L-aarebpa Af.

67.37. JokazaTs, 9T0 BeAkas noganarebpa u Beakaa paxkTopaarebpa
cenapabensHou J{-anrebpel ABIAIOTCA cenapabensHeIMu K -aareOpaMu.
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67.38. Ilycte A — cenapabensras K-aare6pa, (4 : K) =n, ¢1,...
-, @ — pasmurusble K -romomopduamer anreGpel A B HeKoTOpOE eé pac-
weruomee noste L. Jlokazars, 94To m14 BCAKOro arementa g € A

tra/k(a) = Z wi(a),  Na/k(a) = H‘Pi(a):

i=1
n

Xa/x(a,z) = [[(wila) - 2).

=1
67.39. Koneunoe pacumpenne L/ K nasesaeTca cenapabeabuoim, ec-
an L — cemapabenpran K-aaredpa.
a) [okasare, 4To cenapabebHOE PACIIMPEHUE MOJeH ABIACTCA NPOC-
THIM.

6) flBraroTca m ducaa

a=—-§-+i§, b=v2+i

NPUMUTHBHEIMY daemenTamu pacimapenns Q(v/2,i)/Q?

67.40. /lokasars, 4TO KOHeuHOMepHas K-anrebpa cenapabeabHa
TOrJA M TOJBLKO TOTJA, KOTAA OHA ABIACTCSA MPAMBIM IPOU3BEICHUEM Ce-
napabeJbLHBIX pACIInpeHu moasa K.

67.41. [lycte K = Ko C K1 C ... C Ky = L. — 0amHa KOHEIHBIX
pacimmpenn# noxen. JlokazaTs, ©To pacmmpenne L/K cemapabensHo Tor-
14 M TOJBKO TOTJAA, KOrjga kaxgoe pacumpenue K;/K; 1 (i =1,...,s)
cenapabesbHO.

67.42. Tlycrs K — noae. Muorownen f(x) € K[z] nassiBaercs cena-
pabeabrbim, eCau HE B KAKOM PacIiuperud no/si K OH He mMeeT KPaTHBIX
KOpPHEH.

HoxaszaTs, 4T0:

a) ecmm K umeer xapaktepuctuky (0, TO BCAKME HENIPUBOIUMBIM MHO-
rowned u3 K [z] cemapabenen;

0) ecim K mMeeT xapakTepucTuky p # (), TO BCAKUE HENMPHUBOAUMEIN
muorower f(z) € K[z] cemapabenen Torga m TOIBKO TOrAa, KOCAa €ro
Hesb3s npejacTasuTh B Buge g(a?), rae g(x) € K|z).

[IpuBecTH npuMep HecenapadeIbHOIO HEIPHBOAMMOIO MHOIOWICHA
HaJ KaKUM-JIu00 ITOJeM.

67.43. llycte A — koueunomepuan K-arrebpa. daement a € A Ha-
apBaeTca cenapabeaviuimn Hag norem K, econ Ka cernapadebHad
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K-anre6pa. JJokazaThk, 9T0 daeMeHT cenapabeneH TOrIa i TOABKO TOr1a,
KOrja cenapabeieH ero MEHIMAJBHEIN MHOMOWICH.

67.44. Ilycte K C L C F — Gamnsa KOHEYHBIX PACIIUPEHUH TOJEH.

[okazaTn, 1T0:

a) ecau aneMeHT a € F' cenapabenen vag K, To a cenapabenen Han L;

6) yTBepKAeHue, 00pATHOE K a), BEPHO, ecau pacumpenne L/ K cena-
padenrsHo.

67.45. [Iycte A — cenapabeasnan K-anrebpa, f(x) € K|z] — cena-
pabeIbHBII MHOTOMIEH.

Joxasate, uto anrebpa B = Alz]/(f(z)) cenapabenbha.

67.46. Ilycte A = Klay,...,as] — koHeunomepras K-arretpa. [lo-
KA34Th, 9TO CJICAYIOIINE YCJIOBASA VTBEDPK ICHAA PABHOCHILHEL

a) A — cenapabensuas K-anre6pa;

6) Beaxui aneMeHT a € A cenapabesen;

B) DJIEMEHTEL (1, . . . ,0; CeIAPAOEILHEL.

67.47. /lokaraTts, 4TO:

a) koneuHoe pacumpenne K/F noms F' cenapabebHO TODAa B TOABKO
Torga, korga au6o K mmeer xapaxrepucTuky (, ambo XapakTepucTH-
ka K pasaap>0u KP = K;

0) BCAKOE KOHEIHOE PACLIMPEHNe KOHEYHOr'O HOI CenapadenbHo.

67.48. Koneunoe pacmmpenne nonen L/K xapaxtepuctuku p > ()
HA3BIBACTCA wuUCmMo wecenapabeavrvim, ecain B L\ K mer cenapabeabHBIX
anemenToB Han K. [Jokasars, yro L/K sABIgeTCAa 9UCTO Hecemapabeib-
HBEIM pPACHIMpPEHNe TODAA U TOJBKO TOT 14, KOTIa 7 C K pas HeKOTOpPOro
k=1

67.49. lycte K C Ky C K ... C Ky = L — Hamns KOHeYHBIX PACIIu-
pernu nogen. Jokasars, uro pacmmpenne L/K aucto HecenapabenbHO
TODa U TOJBKO TOT 14, KOr'ja Kax 1oe pacmuperne K; /K, | (i=1,...,5)
THCTO HecenapabeabHO.

67.50. [lokazaTh, ITO CTENEHB THCTO HECEMapadeTbHOTO PACITHIpE-
HUA [IOJIA XapaKTepUCTUKN p > () ABIAETCA CTENEHBIO YUCIA P, & ero ce-
napabeabHas cTeleHb paBHa 1.

67.51. IIycte L/K — xoHeuHOE pACHIMpPEHHE TOICH.

HoxazaTs, 1T0:

a) MHOkecTBO K, Beex cemapabenbHbix Hag K naeMenToB u3 L aBia-
erca nogaeM, cernapabenbaeiM Ha L K
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0) L/K,; — uucro HecenmapabelibHOe PACIINDEHNe;

B) (Ks: K)=(L:K)s;

r)(L:K)=(L:K)s(L:K);,vae (L: K); =(L: K) secenapaGeabHas
crenens pacumpenusd L/ K.

67.52. Illyers K C L C F — GamHsa KOHEYHBIX PACHIMPEHUH TIOJEH.
Jlokasars, 9T0:

a) (F:K)s=(F:L);-(L: K)g;

67.53. llycrs L/K — xoneunoe pacmupenune notei, n = (L : K); u

Ply. -y Pp — MHOKECTBO BCex [-BioxeHu# nojs L B Kakoe-1mbo pac-
meruiomee nose pacimpesns L/ K.

HoxazaTs, 1T0 npu JawboMm a € L:
)trL/h (1 (L I{ Z(,DJ

L:K);

6) Nk (a) = (H %(a)) ;

s (L:K);
8) xe/x(a,2) = ([[(wi@) -2)
I=l1
67.54. HopmaabHOe KOHe4HOe cemapa0OelbHOe pACIIHpeHHe [o-
aen L/ K vaseipaetcs pacwupenuem 'aaya, a rpynna K-aBroMopduaMon

TAKOrO PACIIMPEHNA Ha3bIBaeTCA ero 2pynnot ['aaya u obo3nadaeTcs qe-
pes G(L/K).

JokazaTk, 4T0:

a) G(L/K) TpaH3aWUTHBHO IEHUCTBYET HA MHOXKECTBE KOPHEH U3 I0-
M1 L MUHUMAIBLHOTO MHOTOWICHA JTI000T0 2IeMeHTa noat L;

6) mopaaok rpynnet G(L/K) pasen crenenu pacumpenusn L/ K.

67.55. Haurtu rpynny Lanya pacmmpenus:

a) C/R;  6) QV2)/Q

B) L/K, rpe (L: K)=2;

QV2+v3)/Q
67.56. I'pynnoi 'aaya wang nomem K cemapabelbHOTO MHOTOWIEHA

f(z) € K[z] massBaerca rpynmna lamya mois pasiokeHHA 3TOCO MHO-
rowrena Hag K (Kak HeKOTopas IPYIIa MepecTaHOBOK HA MHOMKECTBe
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xopued f(z)). Haurn rpynne Faaya vag nogem () MHOTOWIeHOB U3 3a1a-
qu 67.13.

67.57. Ilycte G — xomeunas rpynna aBromMopdusmoB mois L m
K = LY — none HenoIBumKHBIX H1eMeHTOB. Jl0Ka3aTh, 9TO L/K — pac-
mwupenue lanva n G(L/K) =

67.58. /lokazaTh, 9TO €CJAU DACMEHTBL @1, . . . , i, AIreOpanvIecKyn He-
3aBucuMBl Hag noaem K, To rpynma [anya MHOrow€wieHa

" a2+ .. +a,
HAJ[ TIOJEM palMOHANBHEX (pyHKIMA K (a,...,a,) ecTs S,,.

67.59. JokazaTb, 4TO BCAKAA KOHEYHAA DPYINA ABIACTCA DPYIION
lanya HEKOTOpPOro paciimpeHus M0JIeH.

67.60. (Ocnosnas meopema meopun INaaya.) Hycre L/K — pacmm-
penne [anya nu G — ero rpymna laaya. [loxasars, 1ro conocrapienune
seskon noarpynne H C G noanoas LY wenoapmxnex anemenTos omnpee-
JgeT OMEKTHBHOE COOTBETCTBHE MEXKAY BCEMH HOATpynnaMu rpynnsl G
¥ BCEMH IPOMEKYTOYHBIMY TIOANOIAME pacumpenns L/ K, npu koTopom
npomexkyTounoe nognosae F coorsercreyer noarpynne H = G(L/F); npu
aToM pacmmpenue F/K HOpMAaXLHO TOra M TOJIBKO TOrJA, KOLA I01-
rpynna H sopMaapHa B G, M B DTOM CIyYae KAHOHUIECKOe 0TOOpaXKeHune
G — G(F/K) oupenenser nzomopduam G(F/K) ~G/H.

67.61. Ucnoasaysa ocHoBHYO Teopemy Teopun [anya u cymecTsoBa-
HUE BEIIECTBEHHOI'O KOPHA YV BCAKOIO MHOPOWIEHA HEYETHOHM CTENeHH C
BCILICCTBEHHBIME KOX(DPUIHUCHTAME, J0KA3aTh alredpandecKy 3aMKHY-
TOCTE HOJA KOMILIEKCHBIX IHCE.

67.62. Joxasats, uTo rpynna [anya BeAKOrO KOHEYHOTO pPACIIEpe-
uua L/F, nukmrdeckas u nopoxgaerca aBToMopdusmom  — zP (x € L).
67.63. Joxkasars, yro rpynna anya nan nosem K cenapabeiabHOro
muorowieda f(z) € K[z], paccmarpuBaemasn kak noarpynma B S,,, cogep-
JKUTCA B TPYNINE Y8THBIX MEPEeCTAHOBOK TOTJA M TOJBKO TOTAA, KOIIa

JAUCKPUMHMHAaHT
D= H xTr; — CL‘J

1>
muorowiesa f(x), rge xy,...,x, — KOpHU f(x) B €ro Hoie pasioKeHus,
ABIACTCA KBAJPATOM B mose K.

67.64. [Iycte L/K — pacumpenne [agya ¢ QUKIMIeCKON TPYIIION
Taaya (©),. JoKazaTs, 9TO CYyMECTBYET TAKOW 2aeMeHT a € L, 1ro ame-
MeHTHI a, ¢(a),...,¢" ! (a) obpasytor Gasuc L nan K.
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67.65. llycte L/K — cemapaGenbHOe DACHIMDEHHE CTEIeHH 11 U
P1y---, ¢ — pasamuasle K-proxenua L B HEKOTOpPOE pacCIICILIAIONICE
mas L none. Jokaszars, 4To aneMeHT a € L ABAAeTCA IPUMUTUBHBIM DJI6-
venToMm B L/K Torga m TOIbKO TOTAa, KOrga obpasst ¢1(a),...,¢o.(a)
PAa3IHHEL

67.66. Hautn rpynny asroMopdmamoB K-aareGpel, ABIAIOMIEHCH
NPAMEIM IPOU3BEIEHUEM 71 MOJeH, H3oMopdHbX [

67.67. Ilycte L/K — pacmupernne Lanya ¢ rpynmou Fanya G, L =
=[IL,, rae L, — xommnoHeHTa aaredpsl Ly, TpOeKInA Ha KOTOPYO WH-
aynupyet Ha L aBToMOpGU3M 0, 1 e, — eIMHNIA KOMIOHeHTH L. Joka-
3aTh, 9TO A TPOAOIKEeHHE aBTOMOpduaMoB u3 (¢ 10 L-aBTOMOPGOU3IMOB
anrebper Ly, cupaBesiuBLI PABEHCTBA

T(eﬂ‘) = €gr—1; o, T E G.

67.68. Ilycre L — pacmenmaomee nose i cenapabenson K-ai-
rebpet A u p1,...,p, — MHOKecTBO Beex K -romomopdmamor A — L.
Jlokasark, 9TO ANEMEHTH U1, . .., Y, € A obpasywor dasuc A vag K Torga
M TOIBKO TOrja, korga det(y;(y;)) # 0.

67.69. (Teopema o nopmasvrom Gazuce.) JJokazaTk, 9TO B pacimpe-
aun Nanya L/K ¢ rpynnon Danya G cymecrByer Takon avieMedT a € L,
aT0 MEOKECTBO {0(a) | 0 € G} apanerca Gazucom non L mag K.

67.70. Haittn mone musapuantos K (x1,...,2,)"" 11a rpynmer A,
MEMCTBYIONIEN Ha TOJe PAITMOHATLHEX (DYHKIMH TOCPEICTBOM TepecTa-
HOBOK NepeMeHHBIX.

67.71. Ilycre € nepBooOpa3HbIN KOMILICKCHBIM KOPEeHb CTENeHu 1
uz 1 u rpyma G = {o), neucreyer Ha more C(zy,...,x,) no npasmry

gl@d)=Edy G =155
Haittn mose nasapuanTo C(xy, ..., x,)°.
67.72. Hauru nose maBapuanToB add rpynnsl G, AeNCTBYIOLIEH HA
nmone C(zy,...,2,) DOCPEICTBOM IMKIMYMECKOH IEPECTAHOBKH TEPeMeH-
HBIX.

67.73. Ilycre none K cogepxur Bce KOpHU cremenu 1 u3 1 u die-
MeHT a € K He ABIAeTCA CTENeHbio ¢ nokasareaeMm d > 1 HU 11a Kakoro
pemurens d uaucaa n. Hawtn rpynny Danya vag K uuorowiena z'™* — a.

67.74. Ilyctes none K cozepxut Bee KopHu crenern nua 1 u L/ K —
pacmmpenune [anya ¢ mukandeckon rpynmon [anya nopsaka n. JJokazars,
aro L = K( ¥/a) nun sekoToporo saementa a € K.
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67.75. Ilycte mone K comep:xuT Bece KOpHH creneHud n us 1. Toka-
34Th, 9TO KOHeqHoe pacmmpenue L/K apasercs pacumpennem Danya ¢
abexeson rpynnon [asya nepuoga n Torga U TOJBKO TOT1a, KODAaA

L:K(911"'!95')7

rie
0 =ape K ([I=lyy8)

(T.e. L aprsercs noaeM pasioxkenus Hag K MHOrowiena 1—[;] (zF —a;)®).

67.76. Ilycts none K couep:xutT Bce KOpHU creneHu n u3 1 u L =
= K(#,...,65), rue

0 =a; e K (1=1,...,8).

MokasaTe, 9TO
G(L/K) ~ ((K")", ay,...,as)/(K")".

67.77. llycTs mone K comep:kHUT BCe KOpHH cTenenn n w3 1. Yerano-
BHTE OMEKTUBHOE COOTBETCTBIE MEXKIY MHOKECTBOM BCEX (€ TOUHOCTHIO
10 K-momopdmama) pacumpenun Fanya ¢ abereson rpymmon [atya me-
puoja 7 M MHOXKECTBOM BCEX KOHEYHBIX IOJATPYON  DPYIIILI

K*/(K*)".

67.78. Joxazark, 4ro Beakoe pacmupenue Laaya L/ K crenenu p nmo-
as K xapaxrtepuctuku p > 0 mmeer sug L = K(6), rae # — kopenn
muOrowieHa ©f — @ — a (a € K), u, 06paTHO, BCAKOE TAKOE PACIINPeHHre
ABAgeTCA pacmmpenneM [anya crenenu 1 win p.

67.79. [lycte K — noae xapakTepuctuxku p > (. JokaszaTk, 1T0 KO-
HeqHoe pacumpenue L/ K aeasercs pacumpennem [anya mepnoga p toraa
1 TOTbKO Toraa, korga L = K(fy,...,0,), rae #; — xoperb MHOrO<€IeHA
2’ —zx—a; (q; € K;i=1,...,8).

67.80. Ilycts K — nose xapakrepuctuxu p > 0u L = K(0,...,0,),
rae #; — xopenb mHorowreHa rf —x —a; (a; € K, i=1,...,s). [loxa-
3aTh, UTO

G(L/K) = (p(K),a1,...,a:)/K,
rae p: K = K — agauTHBHEIN roMOMOpPQUaM & — xP — .

67.81. [lycte K — none xapaktepucTuku p > (. YeTaHoBUTH OMeK-
TUBHOE COOTBETCTBME MEXKJY MHOKECTBOM BCEX (€ TOYHOCTELIO [0
K-maomopdmama) pacumpenun Faaya L/K ¢ abereson rpymmon Tamya
Nepuoa p U MHOMKECTBOM BCEX KOHEYHBIX noarpymn rpynnst K /p(K).



§ 68. Koneunste noas 299

§ 68. Koneunsie nmoJis

68.1. JoxazaTh, YTO BCAKOE KOHEYHOE PACIIMPEHNEe KOHEYHOT'O TOJIA
SIBIAETCSA MPOCTHIM.

68.2. okasaTb, 4TO:

a) KOHeYHOEe PACIINPEeHNe KOHETHOTO MO/ HOPMAIBHO;

0) a00Be IBA KOHEYHBIX PACIHIMPEHNA KOHETHOTO moaa F' ogHon cre-
neHn F-u3oMOpgHHL.

68.3. JoxazaTb, 4TO:

a) A 100ro Yuciaa ¢, ABIAIOIIErOCsS CTEleHbI IPOCTOro 4ucia,
CymecTsyeT eIuHCTBCHHOe (C TOYHOCTBIO [0 HBOMOp(pHBMa) noJjge 3 ¢
DJEMEHTOB,

0) Baoxenue nous [y, B noxe Fy cymecTByer Torja u TOIBKO TOIJA,
KOTJa ¢ ecTh CTeneHs q;

B) ecim K m L — KOHEYHLIE pACIIUpPeHus KOHedHoro moas F. To
F-prnoxenne noas K B L cymecTByeT TOrga M TOJABKO TOTJAA, KOTJa
(K : L)|(L : F);

r) ecan MEOTOWICH f(7) HAZ KOHedIHBIM TodeM F paazaraeTca B Ipo-
HU3BE/IEHUE HEIPUBOJUMBIX MHOKUTEJIEN CTENeHEN 1y, . .., T, TO CTENEHb
noJsA pasaoxenus MHorowiena f(x) Hag F' papHa HamMeHbIIEMY 00meMy
KPATHOMY THCET N, ..., M.

68.4. [Iycte F' — KoHevIHOE MOJE M3 HEYETHOTO THCJIA, ¢ DIACMEHTOB.
3.JI€‘MCHT a € F* Ha3rIBaeTCA KA IPAUUHBIM 8binemom B F, eciin ABY9IeH
r? — a umeeT KopeHs B F.

HoxaszaTsk, 4T0:

4) YHCI0 KBAIPATHYHBIX BEMETOR paBHO (¢ — 1)/2;

0) a ABIACTCA KBAAPATHIHBIM BEMETOM TOT/A U TOIBKO TOTAA, KOTAA
a'%"1/2 = 1, u we aBaseTca KBagpaTHUHBIM BErdeToM npu alf~V/2 = 1,

68.5. PasnokuTk Ha HEIPUBOIMMEIE MHOKUTEIH:

a)z+2*+22+1 B Fola];

6) z° + 22 +4r +1 B Fs[z];

B)zt+2+2+2 B Fz);

r) 245+ 323 + 22 + z +4 B Fs[z].

* * *
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a
68.6. [L1a srementa a € F™ momoxmm (f) paBHBIM 1, ecam @ —
KBaIPATHYHEIA BeIMET B F', 1 —1 B IPOTUBHOM cIyyae.
Jokasarsb, 4T0:
a
a) orobpaxenme F* — {—1,1}, npr xoTopom a — (F)’ ABJIACTCA
rOMOMOPQU3IMOM I'PYIIII;

a
0) | =) =sgno,, rae o,: &+ ar — TEepecTaHOBKA Ha MHOXKECTBE
F

BAEMEHTOB momst F.
68.7. IIycTe @ m b — B3auMHO NPOCTHIE YACIA U 0 T — AT — Hepe-
CTAHOBKA HA MHOMKECTBE KIaCCOB BBIUYETOB IO MOJYJIO b.
Joxazartk, ¥To:
a) ecam b uérHo, TO
1 opub=2 (mod 4),

sgno = (=)@ D2 ppub=0 (mod 4);

6) ecam b meuérro, b= [[;_, pi (p1,...,ps — mpocTHIE UMCAA), TO
T (n
sgno = — 1,
-I:[ (Ps)
i=1
a a .
riae (—) = (Z_) (cumsoa Jexcandpa) (B a3TOM caydae sgno 0603HA-
i Ppi
a

4aeTcsa 9epe3 | — | U HABBIBAETCA cumeoaom Akobu);

b

o (5 (2) (2)(28)- () (3):
<) (_71) = (-,

68.8. [lycte ¢ — agauTHBHO 3anMcaHHAA KOHeYHad abeaeBa IpyIl-

.. o
na HeYETHOrO MopsAika, ¢ — aBToMopduaM rpymmnel G, (—) = sgno,

G

rae ¢ paccMATPUBACTCA KAaK TEepPeCcTaHOBKa Ha muoxkectBe (. [loka-
3aTh, 9TO ecau (G MpEACTABIACTCA B BUAe obbeanHenna {0} U SU {-S}
HENIEPEeCEKAOUMXCA 10 IMHOMKECTB, TO

(%) = (~1)leEN=9)1,

68.9. llycte ¢ — asroMopduam rpynnsl (G HEUETHOTO MOPSIIKA,
G, — noarpyunna B (f, MHBapMaHTHAA OTHOCUTEIbHO 0, Gy = G /Gy n
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a1, g2 — aBromopduamel (G u (o, uHAYIUpOBaHHEE ¢. JoKa3aThb, 4TO

a . ay a9
G) \G: Gy)’
U MOJIYYUTH OTCIOLA yTBep:k teHue 3ataqdn 68.7, 6)).

68.10. (Jemma Iaycca.) JokazaTk, 4To ecan N — KOIUYECTBO TH-
cen o ma mpomexyTka 1 <z < (b—1)/2, aaa koropeix ax = r (mod b),

—b-1)/2<r<1, 10
-

2 2
68.11. [lokasarb, 4TO (3) = (—1)("-1)/8,

68.12. (Ksadpamuunsii 2ax0m 62aumnocmu.) [loKkasaTs, 9To 1014 JI10-
OBbIX B3AMMHO NPOCTHIX HEYETHBIX YUCET @ U b

a b ; :
_ = = =1 ((171)/.2-((%1)/2.
() (2) =

68.13. IlycTs VV — KOHe4YHOMEpHOe IPOCTPAHCTBO HA | KOHEYHBIM HO-
aeMm F' mewérroro mopagka, A - HEBEIPOXKICHHBLIN JMHEMHEIA OMEPATOD

na V. /[lokaszars, 4T0
é _ fdet A
v) \ F )’

68.14. Ilycte ' — xoreunoe pacmmpenue noia Fy cremenu n. Joka-
3aTh, 4TO B F' Kak BekTOpHOM npocrtpancTse Hag F, cymecrsyeT Gasuc

m—1
1% 01 6 00 O SR I HeKoToporo « € F.

68.15. /lokasaTk, 9TO BJIEMEHTHI I1,...,T, € Fyn obpasyor Gaszuc
san F, Torza m TombKO TOrIa, Korja

Ty Ta ... &y
d Nl o
2 L R -
det 1 2 n ?1__ 0.
n—1 n—1 n—1
wd L wl
n—1
68.16. Ilycte a € Fyn. Daementor a,a’,...,a¢ obpasyior Oa-

auc Fyn Kax BEKTOPHOro mpocTpaHcTBa Hag F, Torja u TOIbKO TOrJa,
korga B Fy« [z] Muorowrens: z" — 1 u

- . n—2 n—1
az™ ' +alz" 2+ .. . +a? x+al

B3aMMHO IIPOCTHIL.



I'masa XV
IDJIEMEHTHI TEOPUM HPE,E[CTABJIEHI/Iﬁ

§ 69. Ilpeacrapnenns rpynmn. OCHOBHBIE NOHATHA

69.1. Joxazate, uTo orobpaxenne p: Z — GL2(C), npr xoTopom

p(n) = ((1] 71?) i ne€z,

ABAACTCA TIPUBOJUMEIM JIBYMEPHBIM KOMILICKCHEIM TPEICTABICHUCM
CpYInLl Z W He SKBHBAJICHTHO MPAMOM CYMME JIBYX OJHOMEDPHBIX Mpe-
CTABJCHIH.

69.2. lokasars, 4To oTodpaxenue p: {a), — GLa(F,) (p — npocroe

YHCI0), TIPH KOTOPOM
o (1 k-1
p(a‘ ) - (0 1 ’

ABJACTCH MPUBOIUMBIM JBYMEPHBIM IIPEACTABICHUEM IHKINIECKOR TPYII-
nbl (@), ¥ He SKBUBAJEHTHO NIPAMOU CYMMe JBYX OJHOMEDHBIX HPEICTaB-
JEHUH.

69.3. Ilycts 4 € GL,(C). doxasats, uTo oTobpaxkenue py: 7 —
— GL,(C), upu xotopoum pa(n) = A", ApaseTcsa NpeicTABICHUEM TPYII-
N6l 7 ¥ NPeJCTABJICHUA P4 U pp SKBUBAJCHTHHI TODJA W TOJLKO TOTJA,
KODJa JKOPAAHOBBL HOpMaabHble (opMbl MaTpun A u B cosnagaor (c
TOYHOCTBIO J0 MOPAIKA KICTOK).

69.4. Byer a1 JauHeHHBIM HpejicTaBieHueM rpynnsl R B npocTpas-
cree C'(R) HenpephIBHBIX (DYHKIMI HA BEIICCTBEHHOM IPAMON 0TOOpaxKe-
uue L, onpezxersemoe no hpopMyIaM:

a) (L(t)f)(z) = fz —1);
6) (L(t)f)(z) = f(tz);
B) (L(t)f)(x) = f(e'x);
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r) (L) f)(z) = e' f(2);

n) (L) f)(x) = f(=z) +t;

e) (L) f)(z) =e'f(z +1)?

69.5. Kakue m3 nognpocrpancts B C(R) mHBAPMAHTHEI OTHOCHATETE-
HO JIMHENHOTo npegcerasienns L ua sagaqaun 69.4, a):

a) NOANPOCTPAHCTBO OECKOHEYHO AudipepeHInpyeMbrx (pyHKINH;

0) DOANPOCTPAHCTBO MHOIOWIEHOB;

B) TOAMPOCTPAHCTBO MHOTOLIEHOB CTEICHE < 1

I') DOAIPOCTPAHCTBO YETHLIX (DYHKIIMN;

1) TOANPOCTPAHCTBO HEYETHBIX (PYHKIMN;

) JuHenHas 060J09Ka (PYHKIMA Sin T U COS ;

) MOANPOCTPAHCTEO MHOTOWIEHOB OT COS T ¥ Sin ;

3) JAuHenHAA 060J09Ka (PYHKIHUN COS T, COS 21, . . . , COS NT;

M) JuHeHHas obogouka (gyHkmmn et et . et

., Cp — PABIMYHEBIC (PUKCUPOBAHHEIC BOLICCTBCHHLIC YUCIAT

rae €1,Ca2,...

69.6. HauTu nmoanpocTpaHcTBa NPOCTPAHCTBA MHOIO'WICHOB, MHBA-
PHAHTHBIE OTHOCUTEIBHO mpeacTtasieHna L u3 3amgaqdn 69.4a.

69.7. 3anucare MaTpunamu (B KakOM-au00 Dasnce) orpaHnIeHue Jm-
HeHHOro npexcrapienns L ua 3agaqan 69.5 Ha nOAOPOCTPAHCTBO MHOIO-
“WICHOB CTemeHn < 2.

69.8. 3anucars MaTpunamu (B KAKOM-IHOO0 0a3uce) OrpaHUtICHHE JIH-
HelHOro npejgcTasieHnsa L ua sagaqu 69.5 zHa muHennyio 0601049Ky pyHK-
uui sin @ u cos .

69.9. JoxazaThb, 9TO KaxJag U3 CIeJVIOMUX (pOPMYTI ONpeIerdeT JIu-
HenHoe npeacrasaenne rpynnsl GL, (F') B npoctpanctse M, (F):

a) A(A)- X = AX;

6) Ad(4)- X = AXAY,

B) ®(A) - X = AX A

69.10. /lokasaTb, 9ro amHenHOe mnpeacrapieHme A (cM. 3aga-

ay 69.9, a)) BHOMHE NPHBOANMO H €r0 MHBAPHAHTHBIE MOAMPOCTPAHCT-
Ba COBIAJAIOT C JeBBIME HaeanaMu aaredpsr M, (K).

69.11. /lokasathb, 9yTo ecam char F' He geanT n, TO JUHEHHOE Ipel-
crapreare Ad (cm. sagaay 69.9, 6)) BnoaHe IPHBOAUMO U €0 HETPH-
BHAJIBLHBLIC HHBAPHAHTHBIC TIOAMPOCTPAHCTBA — MPOCTPAHCTBO MATPHIL €
HYJEBBIM CJIEI0M U NPOCTPAHCTBO CKAMLIPHBIX MATPHIL.
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69.12. Jokasarb, uTto ecam char F' # 2, TO JIMHEHHOe IpeIcTaBiIe-
aue ¢ (cm. sagaay 69.9, B)) BIOIHE IPUBOJMMO M €r0 HETPHBHAILHBIE
MHBAPUAHTHLIE TOAIPOCTPAHCTBA — HPOCTPAHCTBA CUMMETPUIECKUX U
KOCOCHMMMETPHIeCKIX MATPHIL.

69.13. Ilycte V' — aeymepHoe npoctpascTBo Hag noaem F. IToka-
3aTh, YTO CYMIECCTBYIOT HNPEICTABICHHA p| M po pynnsl Sz Ha V., aas
KOTOPEIX B HEKOTOPOM Gasuce TpocTpancTBa V' OyAyT BEIIOIHEHEL COOT-

o m((12) = (? é)’ (1 23))::(? —i)?

pa2=(] o). maza=(] ).

JoxazaThb, 9TO 2TH TpeACTABICHUA U30MOPQHEI TOTJa U TOJILKO TOT-
na, korga char F # 3.

69.14. Ilycte V' — aByMepHOE BeKTOpPHOe NPOCTPAHCTBO Hal MO-
aem F. Iloka3aThk, 9TO CYMIECTBYIOT IBa NPEICTABICHUA pi, P2 TPYIIILL

Dy = {(a,b] a' = b* = (ab)? = 1)

Ha V', 11 KOTOPEIX B HEKOTOpOM Oaauce mpocTpanceTea V' 6vayT BBITOI-
HEHBI COOTHOIICHUA

n@=(_5) no=(7 o).

p@=( 5 5) no=(y )

ByayT mm aTu npejcTaBIeHNs SKBABAJICHTHEI!

69.15. Ilycte p1 1 po npeacrapaeHua rpynn Sy m Dy u3 sa-
na4q 69.13 u 69.14. ByayT au 5Tu npeacTaBieHUsa HEIPHUBOIAMBI!

69.16. Ilycte V — BekTOpHOE IpOCTpaHCTBO HaJ noteM F' ¢ 6asncom
(e1,...,en). 3amagum orobpaxenue 17: S, — GL(V), noraras
Yo l(e:) = exs,

rnedg€S,, i=1,...,n.
MokaszaThb, 4TO:
a) 1 — mpeacTaBIeHHe TPYIIIEL S,,;
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0) noanpocTpancTBo W BEKTOPOB, CyMMa KOOPAMHAT KOTOPBIX OTHO-
cuTensHo Oasuca (e, ..., e,) paBHA HYJIIO, B noAnpocTpancTso U BekTo-
POB ¢ PABHBIMH KOODIMHATAMY UHBAPUAHTHLL OTHOCHTEILHO IPEICTAB-
JIeHUA 1]

B) ecaim char F' He et n, TO orpaHnYeHue npeacTaBieHns ¢ Ha W
HenpuBoguMoe (n — 1)-MepHOe TIpeIcTaBICHHe TPYIIEL S,.

69.17. Ilycrs P, ,, — NoAnpocTpaHCTBO OJHOPOJHBIX MHOI'O'IEHOB
cremern m B aaredpe Flz,...,x,] u char F = 0. Onpegeanv otobpa-
xerne O: GL,(F) = GL(P, ), nonaraa aaa f € P, 1 A = (a;5) €
€ GL,(F):

((_)Af)(ml:- - -ymn) = f (Z Ty, .- - 721'1'0'5”) -
i=1 i=1

lokasare, uro © — Henpusoaumoe npeiacrasienne rpynnsl GL, (F) Ha
npocTpasceTse £, .

69.18. [lycrs 3agano n-meproe npocrpascTeo V' oHajg noaem F aye-
Bon xapakrepuctukn. Onpegerny orobpaxenue #: GL(V) - GL(A™V),
noJIaras

6(f)(£1A-“Amm}:(fwl)/\"'/\(f-’rm)a

rae Ty,...,o,m € V u f € GL(V). dokasats, uT0 6 HEIPUBO IUMOE
npexacrasienue rpynnst GL(V).

69.19. [Jokasarh, 4TO:

a) A1 mob0ro npecTaBIeHud p rpynnsl (¢ CyIIeCTBYeT NpeicTaBie-
aue p®" rpynner G Ha TPOCTPAHCTBE

VO — LV ®...0V
TN — e’

m pa3 KOHTpaBapHMaHTHBIX TEH30POB Ha IIPOCTPaHCTBE V' rmakoe, 410

PP (@) (01 ® ... @ vm) = (p(g)11) ® ... ® (p(g)vm)

IpH J06BIX V1, ..., U, €V, g € G,

6) mOANPOCTPAHCTBA CUMMETPHYECKIX H KOCOCUMMETPUYIECKHX TEH-
30POB ABIAITCA HHBAPHAHTHBIMU IOANPOCTPAHCTBAMHK A [IPEICTABIIE-
Hua p®™. HailTu pasMepHOCTH STHX MOANPOCTPAHCTR, ecau dim V = n.

69.20. Ilycts sagano npeacrasaeune ¢ : G — GL(V) nag norem F' u
romomopduam £ : G — F*. Pacemorpum orobpazxkenne &, : G — GL(V),
sagannoe no npasuay P¢(g) = {(g)®(g), g € G. dokasare, uro P¢

20 AWM. Kocrpukun
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npeacrapjaeHUue 'PYIIIIbL G. Ono HEeIIpuBOIUMO TOr'ja M TOJBKO TOrI1a,
KOT'Ia HEIPHUBOAUMO IpeacTaBIcHUe P.

69.21. IIycte ® — KOMILIEKCHOE NOpPEICTABIEHNE KOHETHOH [PYI-
net . Jokasare, 4To kax e oneparop ®,, g € G, anarosamaupyem.

69.22. Ilycts p:G — GL(V) - KoHeYHOMEPHOE NpeICTABICHHE I'PYTI-
nel G Hag mogem F. [lokasaTk, uTo B V' cymecTByer 0aszuc, B KOTOPOM
s moboro g € G Marpuna p(g) UMeeT KIeTOTHO-BEPXHETPEeyTOIbHBIN
BUJ

1 (9) *
p(g) = - y
0 pm(9)

rae p; — HEeNpUBOJUMEIE MPEeACTaBIeHus rpynnst G.

69.23. Ilycte p: G — GL(V) — KoOHeYHOMEpHOE NpeACTABJICHAE
rpyvinsl G m B V' cymecTteyer Oasuc (e1,...,€,), B KOTOPOM [UIf JIHO-
6oro g € G marpuna p(g) uMeeT KJIeTOYHO-BEPXHETPEYTOJALHBIM BHJ
u3 3agaam 69.22, rge pasvep d; KkBagpaTHOM MATPHUEL p;(g) He 3aBUCHT
ot g. [lokazarse, 4TO:

a) auHenHAS 060J09Ka V; BEKTOPOB €q, 4. +di_ +1s---:Cdi+.. +d; AB-
agerca G-MHBapMAHTHBIM TognpocTpancTBoM (1 < i < m);

6) oTobpaxkenue g +— p;(g) ABIAETCA MATPUYHBIM IPEICTABICHUEM
rpymns G;

B) JMHEHHOe npeicrapieHue rpynnel (7, COOTBETCTBYIOUIEE HTOMY
MATPUYHOMY MPEICTABJICHUIO, H30MOPQHO NPEeICTABICHHUIO, BO3HHKAO-
memy Ha (pakTopnpoctparcTse Vi/Vi—y (mo onpeaerenuio Vy = 0).

69.24. Ilycts p : G — GL(V) — npegcrasrenue rpynnst G.

Moxaszarthb, 4T0:

a) aaa moboro v € V smmennan obonouxa (p(g)v| g € G) asaserca
MHBAPUAHTHBIM TIOATPOCTPAHCTBOM [IJIA TIPEACTABICHUS f;

6) awb0M BeKkTOp M3 V' JIeXKMT B HEKOTOPOM HHBADHAHTHOM IIOJ-
npocTpaHcTee pasmepHocTH < |G|

B) MHHMMAJILHOE HHBAPHAHTHOE OANPOCTPAHCTBO, COAEPIKALIEE BEK-
Top v € V, coBnagaer ¢ {p(g)v| g € G).

69.25. Ilycts p: G — GL(V) — npeacrapaenue rpymnet G u H —
nogrpymna B G, [G: H] = k < co. /lokasaTs, 9TO €cIn MOANPOCTPAH-
cTtBO U MHBAPMAHTHO OTHOCHTCIBHO OUDAHMMCHHUA NPEACTABICHUA ) HA
noarpynny H, TO pasMepHOCTb MHHMMAJILHOIO MOANPOCTPAHCTBA, CO-
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aepxamero U, MHBAPUAHTHOI'O OTHOCHTEABHO IPEICTABICHUA P, HE Ipe-
pocxoauT k- dim U,

69.26. IIyctes V' — BexTOpHOE npocrpancTeo Hag noaeMm C ¢ Hasm-
coM (e1,...,€e,). Onpenemmm B V npeacrapnenne ¢ mukImyeckon DPyINLL
(@), monaras ®(a)(e;) = ej41 npu i < n u ®(a)(e,) = e;. lpu n = 2m
HAUTH PA3MEPHOCTh MHHMMAJIBHOIO WHBAPHAHTHOIO MOANPOCTPAHCTBEA,
COJEPIKAIIErO BEKTOPBL:

a) €1 + em+1;

6) ex+es+...+eam—1;

B) e —ez 4 €3 — ... — €ap;

r)e +e+...+en.

69.27. [lokasarb, 4TO y 0000 MHOXKECTBA I[ONAPHO KOMMYTH-
PYIOIINX OIepaToOPOB Ha KOHEYHOMEDPHOM KOMILIEKCHOM BEKTOPHOM IIPO-
crpancTBe V' ecThb 00IMI COOCTBEHHBIN BEKTOD.

69.28. /lokaszaTk, 4TO BCAKOE HENPUBOAMMOE IpeJcTaBacHue adese-
BOU I'PYIIBLI HA KOHEYHOMEPHOM BEKTOPHOM NpocTpaHcTee Haj nojtem C
OHOMEPHO.

69.29. Ilycts G = (a), x (b)p, rae p — mpocroe uucao 1 K — mo-
ae xapakrtepuctuku p. lIpegnonoxum, aro V' — BexTopHOE mpocTpan-
cTBO Hag K ¢ DasucoM T, 1, ..., Tn Y1y -« Yn. SAAATIM 0TOOpAKEHHE
p: G = GL(V), monaras

pla)z; = p(b)zi =z, 0<i<n,

plalyi=zi+y, 1<i<n

pD)yi = yi +xi1, 1<ig<n

Jokazars, 4T0 p npojo/Kaercsa a0 npejcrasiesus rpynnst G. [po-
BEPUTH, YTO 3TO IPEICTABJICHAE HEPABIOKUAMO.

69.30. [lokazaTh, 9TO HENPUBOIMMBIC KOMILICKCHEIC [IPEICTABICHUA
rpynnel Uy~ B3aMMHO 0OJIHO3HAMHO COOTBETCTBYIOT IOCIEIOBATEILHOC-
TaM (G, ) HATYPAIBHBEIX THCET TAKUM, ITO

0 L ap € pn - 15 an = Ap41 (mOd pn)
opu BCEX 7.

69.31. [okasaTh, YTO HEIPUBOAUMEIE KOMILICKCHEIC MPEICTABICHUA
rpynnel /7 B3aMMHO OJHO3ZHAYMHO COOTBETCTBYIOT MOCJEI0BATEILHOC-
TAM HATYPAJBHBIX YHCEN ((,) TAKUM, 9TO

0<a, <n—1, n = ay,  (mod n),

eCJU 1 JeJUT 77,

20%*
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§ 70. IIpeacTraBieHnss KOHEYHBLIX I'PyNN

70.1. Ilycte A v B — 1Ba mepecTaHOBOYHEIX ONEPATOPA HA KOHEY-
HOMEpPHOM BeKTOpHOM npoctpadcTse V max C u A™ = B" = £ s ue-
KOTOPHIX HaTYPaJbHBIX 4ucel m U n. /[JokasaTb, 9TO mpocTpancTBo V'
pacrnajtaeTcs B NPAMYI CYMMY OJHOMECDHBIX HMHBAPDHAHTHBIX OTHOCH-
TeabHO A 1 B moanpocTpancTs.

70.2. IlepeuncanTs Bee HEIPUBOAUMEIE KOMILIEKCHEIE TIPEICTABICHUA
rpynn'
a) (a)2;  0) (a)a;  B) (a)2 X (b);
) (a)g; @) (ads; ) (a)a X (b)2;
x) (a)s x (b)2 x {e)a; 3) (a)s % (b)s; u) {a)y x (b)ar.
70.3. Ilycte V' — BekTopHoe mpocTpaHcTBO Hag moaem F, A €
EGL(V)u A" =¢.
a) Jlokasate, uto coorsercreue a* — A* ompegenser mpexcrasme-
HUE [UKINIeCKON TPYNOsl {(a), Ha npocTpaHcTee V.

6) Haurn Bce nHBApUAHTHEIE IOAIPOCTPAHCTEA 3TOC0 MPEICTABICHH
B CIydagx:

. _ 0 113, _ (0 -1
n =4, A—(_l 0), n =6, A—(l _1).

B) llycte £ =C u B V mmeerca Taxonm 0asmc eg,€p,...,e,_1, ITO

€; ecn i <n-—1
.A((’.j) - i+1s 3

€o, ecam i =n—1.

Pasnoxurs 510 npeacTaB/JIeHNe B IIPAMYIO CYMMY HEIIPUBOIMMbIX.

r) /JokasaTh, U4TO NPEACTABICHHE U3 B) M3O0MOD(HO PEryIapHOMY
NPeJICTABICHUIO TPYIIIEL (@), .

70.4. PasznoxuTe B OPAMYIO CYMMY OJHOMEDHEIX IPEICTABISHHN Pe-
ryJApHOe IpejcTaBleHne IPYIIIbL:

a) (a)2 x (b)2; 6) (a)2 x (b)s; B) (a)2 % (b)4.

70.5. lycte H = (a)3 — muxautieckaa noarpynna rpymnst G, ¢ —
peryjspHoe npejacraejaesue rpynnsl G u W — ero orpanuyenuve Ha H.
Hante xpaTHOCTE KaXKI0r0 HEIPHBOIMMOIOQ IPEICTABISHUA PYIIEL [
B Pa3/IOXKEHUN npeacTasieHud U B CyMMy HEIPHUBOAMMEIX:

G = (b)s, a="b% 6) G =83, a=(1,2,3).
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70.6. HauTu BCe HemaOMOpPQHLIE OIHOMEDHEIE BEIIECTBEHHEIE IIPe.-
CTABICHUSA TPYIILL (@) ),.

70.7. ,..":[OKaZ}H.TL, ITO HENPUBOAMMOE BEIIECTBEHHOE NPEICTAaBICHUE
MUKIAIECKON rpynmnel mMeeT pa3dMEpPHOCTBE HE bomee ABYX.

70.8. IlycTs pp: {a), = GLo(R) — mpeagcTapienue, 411 KOTOPOTO

2k . 2wk
0§ ——  — §in ——
n n
’ = k ).
pr(a) . 27k 2k |’ S
sin — cos —
n n

JHoka3aTk, 9TO:

4) TpeJCTABICHUE p) HEIPUBOIUMO, ecau k # n/2;

0) TPeACTABICHUA pj W pj DKBUBAICHTHBI TOTAA W TOJILKO TOT/A,
korga k= k' wm k+ k' = n;

B) m060€e IByMEPHOE BEIIeCTBEeHHOe HENPUBOIMMOE IpeICcTABICHUe
rpynnel {a), SKBUBAJICHTHO MPEJCTABICHUIO p) 1A HEKOTOPoro k.

70.9. HauTu 9ncio HeaKBUBAICH THLIX HENIPUBO IMMBIX BEIIECTBEHHBIX
NpeacTaBICHIN:

a) rpynnst Zy;

0) Beex abesieBBIX TPYIINT OPAIKa 8.

70.10. Hauto 9mcI0 HEIKBHBATEHTHBIX JBYMEDHBIX KOMILIEKCHBIX
[pPeJCTABICHAN TPYIIIL:

rl) Zo, 6) Zy, B) Zo ©Zs.

70.11. Ilycts G abenesa rpynna nopsaika n. Jlokaszars, 4To unc-

JI0 HEDKBUBAJICHTHBIX k-MEPHBIX KOMILIEKCHBIX IPeACTaBIeHun rpynnsl G
pasro KoadhunmenTy npu t* paga (1 —t)~". Haitu sToT KOddhduImenT.

70.12. [JokasaThb, 9TO AAPO OJHOMEDPHOI'O MpeicTaBIeHus rpynnbl G
COAEPKUT KOMMYTAHT 3TON TPYIIIIEL.

70.13. Ilycts p — npeacrapiaenue rpynnsl G B npoctpascTse V u
B V cymecTsyeT 6asnc, B KoTopoM Bee onepaTtops p(g) (g € G) amaro-
HaabHBL [JokasaTs, yTo Kerp O G,

70.14. [lokasarb, 4YTO BCE HEIPUBOIMMBIC KOMILIEKCHBIE IIPEICTAB-
JeHUA KOHEYHOU TI'PYIIEI OJHOMEPHBI TOTAA M TOJLKO TOTJA, KOIJa OHA
KOMMYTAaTHUBHA.

70.15. Hauru Bce Hem3oMOpP(HBIC OJHOMEDHBIE KOMILICKCHLIC IIPe-
crapieHns rpymn Sz u Ay,
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70.16. Hautu BCce 0JHOMEPHBIE KOMILIEKCHBIE TIPEJCTABICHUA TDYIII
S, uD,.

70.17. llocTpouTk HEOPHUBOAMMOE IBYMEPHOE KOMILIEKCHOE TIpeI-
CTABJEHUE TPYIIILT Sg.

70.18. Ucnoabaysa romoMopduam rpynmsl Sy Ha rpynmy Sz, MOCTpo-
HUTB HGHPHBOH‘]HMDQ rQB}"]\JC‘IJHOQ KOMILIEKCHOe HPCI[CT&BJIGHHC“ pynibl S,;.

70.19. Ucnoassys m3oMOp(hUaM DPYIII HEPECTAHOBOK ¥ COOTBETCTBY-
IOIMX CPYIN ABHAKEeHUH Kyba u Terpasapa (cM. 57.13), mocTpouTs:

a) IBA HENPHUBOAMMEIX TPEXMEPHBIX MATPHYIHBIX KOMILIEKCHBIX IIPEI-
CTABJCHUA TPYIILL Sy;

6) HEIPUBOAMMOE TPEXMEPHOE IPEICTABICHUE IPYIIEL A 4.

70.20. [TokasaTsb, 9TO €CIM € — KOPEHb CTeneHu 71 u3 1, T0 oTodpa-

KeHue
a 5 0 b= b 1
! 0 1) 1 0

NPOAOILKAETCA 10 npejcrasienus p. rpynnst D,,. flsigsercs au ono ue-
TIPUBOIMMBIM TIpH £ # +17

70.21. Ilycte p. 1 por — HEOPUBOAMMEBIE IBYMEDHBIE KOMILIEKCHBIE
rpynnel npegerasierna Dy, w3 sagaqm 70.20. [JokasaTs, 94T0 p. W per
M30MOP(MHB TOTAa ¥ TOTBKO TOrAA, Koraa & = e+1,

70.22. TlycTs p — HENPUBOAMMOE KOMILIEKCHOE IPEICTABICHAE TPYII-
net D,,. Jlokasars, 970 p M30MOPGHO p. LA HEKOTOPOL'O &.

70.23. [lycte p — ecTeCTBEHHOE ABYMEPHOE BEIIeCTBEHHOE Mpem-
crapieare D, B Bue mpeoOPA3OBAHUN, COCTABIAIOMINX NPABMILHLIN
n-yroapauk. HauTu Takoe £, 470 p M30MOPQHO p-.

70.24. Hcnonpaysa peaan3aliio KBATEPHHOHOB B BHIE KOMILIEKCHBIX
MaTpull nopaaka 2 (eM. aagady 58.11, B)), MOCTPOUTE ABYMEPHOE KOMII-
JEKCHOE npejacTaBieHue rpynmnsl Qg.

70.25. ITycre rpynna (G uMeeT TOMHOE IPHBOIUMOE IBYMEDPHOE [Ipe-
CTaBJIeHHE.

Hoxasath, 4TO:

a) komMmyTaHT rpynnsl (' — abereBa rpymma;

6) ecin G KOHEMHA M OCHOBHOE TI0J€e uMeeT xapakrepuctuky 0, To G
KOMMYTATHBHA.

70.26. [TokasaTh, 9TO TOYHOE IBYMEDHOE KOMILIEKCHOE MpeICTaBIe-
HUE KOHEYHOM HEeKOMMYTATHUBHOM I'PYIIILL HEIIPUBOIUMO.
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70.27. Ilycts G — KOHeuYHasA TPyNa, p — e KOHeYHOMEPHOe KOMII-
JEKCHOE TPEeJCTARICHAE U B HEKOTOPOM Dasuce MaTPHUIBI BCEX OMepaTo-
poe p(g) (g € G) Bepxuerpeyroasuwie. Jokazars, yro Ker(p) O G'.

70.28. [lokasark, uro ecau B 3agadax 69.22, 69.23 ocumoBHoe nose
ABAACTCA TIOJEM KOMILICKCHBIX Yucel u rpynna (G KoHedHa, TO IpeacTaB-
JEHHE [ DKBHBAJCHTHO NPAMOU CYMME MPEACTABICHUHR 01, .. ., P+

70.29. loxkasarb, uTo ecau B 3agade 69.22 ocHOBHOE 1OJE SBISAETCSH
IIoJIeM KOMILIEKCHBIX YUACEe]TI U I‘pyHHa. G KOHe'1Ha, TO Cyl]lecTByeT TaxKasa
HEeBBIPOXKAeHHasA MaTpuna C, 9T0 111 Beex g € G

pi(g) 0
C™'p(g)C =

0 . pm(9)

70.30. Ilycts G — xoHe4HAs CpyNna MoOpAgKa n, p — eé peryaapHoe
npegcrasaenne. Jokasarts, 1To

0, g#1,
trp(g) =
n, g=1.
70.31. [Jokasars, 9TO Add JH0O0T0 HECIUHUTHOO HJIEMEHTa KOHeY-
HOM T'PYHIBL CYLIECTBYET HEINPUBOIUMOE KOMILIEKCHOE IPEICTaBICHUE,
TePeROIAIIEe er0 B HeeUHIIHEIH OIepaTop.

70.32. Ilycts A, B — aunenHbIe 0MepaTopsl B KOHETHOMEPHOM BEK-
TopHOM nmpocTpancTse V nag nosem F xapakrepuctuku 0 u A® = B2 = £,
AB = BA2.

JokazaTe, 9TO 14 BCAKOTO TOATPocTpancTea U, MHBAPHAHTHOTO OT-
HocurensHo A u B, cymectsyer nognpocrpancTeo W, uusapuanTHOe 0T-
HocurensHo A, B u takoe, ato V =U & W.

70.33. Hautu BCe HeOKBHBAJICHTHLIC JIBYMCPHEBIC KOMILICKCHBIC TIPEJ-
CTABJCHUA TPYIII:

a) A4; 6) Ss.

70.34. Hautu 9mcao M pasMepHOCTH HENPUBOIMMBIX KOMILIEKCHBIX
NpeJCTABICHUN TPYII:

a) Sz; 6) Ay; B) S4; r) Qs; a) Dy; e) As.

70.35. CKOIBKO NMPAMBIX CAAraeMBIX B Da3JIOXKEHHH HA HENPUBOIH-
MBI€ KOMIIOHEHTHI PErYJIAPHOrO IPeICTABICHUA CIeIVIOMINX TPYIIL:

a) Zs; 6) Sa; B) Qs; r) Ay?
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70.36. C noMOmEBId TEOPHH NPEeJCTABICHUN NOKa3aTh, 9TO IPYIIa
nopAaka 24 He MOKeT COBIAIATE CO CBOMM KOMMYTAHTOM.

70.37. MoryT Jm HEOpHBOAMMBIE KOMILICEKCHBIE IPEACTABJICHUA KO-
HEYHOM T'DYIIIEL NCYEPIBIBATHCA:

a) Tpems OJHOMEPHBIMHU U YeThIPbMSA [BYMEPHBIMM;
6) ABYMA OTHOMEDHBIMH U JBYMS IATHMEDHBIMU;

B) MATHIO OJHOMEPHEIMY U OTHHM IATHMEDHBIM !

70.38. /lokasare, uto B rpynmne GL2(C) mer moarpymnmst, naomMopd-
HOU Sy.

70.39. [TokazaTh CYMECTBOBAHUE IBYMEPHOIO WHBAPMAHTHOIO I10-
NPOCTPAHCTBA B JIOOOM BOCBMMMEDHOM KOMILIEKCHOM MPEACTABICHUN
CPYIIEL Sy.

70.40. [JokasaTk CyMECTBOBAHME OJHOMEPHOIO HHBAPHAHTHOI'O 10 1-
HPOCTPAHCTBA B JIOOOM NATHMEPHOM IPEJCTABJICHUN PPYIILL Ay.

70.41. [JokaszaTh, Y4TO HUCJAO HEIPUBOAMMBIX I[PEJCTABICHUN T'DYII-
nel G cTporo H0JbIIE HUCIa HEIPUBOAMMEBIX MpEACTABICHUH JH0OO0U eé
(GaKTOPrPyINE 0 HETPUBHAILHON HOPMAILHOHN MOATPYIIIE.

70.42. [lna KaknX KOHEYHBLIX IPYIII PEryJApHOe IpejcTaBleHne Hal
noem C cogepxuT aump KOHEHUHOE YUCIO TOANPEICTABICHNA !

70.43. [Jokasarek, 9T0 1000€ HEIPUBOIUMOE [IPEACTABICHHE KOHEY-
HOU P-T'PYIILL HAJ HOJEM XAPAKTEPUCTUKU P €IMHUIHO.

70.44. [lycre ¢ — KOHeuHas p-rpynna u g — €6 NpeacTABICHHE B
KOHEYHOMEpPHOM TIpPOCTpancTsBe V' Hag moaem xapaxTepuctuxu p. Joxa-
3aThb, YTO B V CYOIECTBYET TAKOHM 0a3mc, 4TO I J000ro g € (¢ MaTpHia
onepaTopa p(g) BepXHAA YHUTPEYTOIbHAA.

70.45. [Ilycte H — nopMmanbHas moArpynna B KoHedHou rpymme G.
[okasaTe, YTO PasMEPHOCTH JIOOOTO HEIPHBOAUMOLO MPEICTABICHHUA
rpynnet G Hag noaem F we npesocxomut (G : H|m, rae m — namGonbmas
PAa3sMEepPHOCTEL HENPUBOAMMOrO Hpeacrasienus rpynnsl H man nomem F.

70.46. Jokazare, 910 B GL,(C) cymecTeyeT ML KOHEYHOE HC-
JIO TOTIAPHO HECOMPIKEHHBIX TOATPYIN (PUKCUPOBAHHOTO KOHETHOT'O TO-
pAgKa.

70.47. Ilycts p : G — GL3(R) — HempmBoammoe TpexmepHOe Be-
IIECTBEHHOE MPEICTABICHHE KOHEeYHOW rpynnbsl (¢ M IPEICTABICHHE
p: G = GL3(C) nmonyuaercs kax KOMIO3UIMA OTOOPAXKEHHA ) CO CTAH-
paprabiM Baoxkenuem GL3(R) = GL3(C). Hokasars, uTo npeacrasie-
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HHNe ,5 HENMpuBOIAMMO.

70.48. /lokasaTh, 9TO BCAKOE HENPHUBOAUMOE HEOJTHOMEDPHOE KOMII-
JEeKCHOe IIpeIcTaBIeHNe IPYIIILL HIOPAIKA p% ABJIACTCA TOYHBIM.

70.49. Hauty 9nca0 HEOPUBOIMMEIX KOMILIEKCHBIX IIPEICTABICHIN
HEeKOMMYTATUBHOM TPYTIILL MOPAAKA P° U X Pa3MEpPHOCTH.

70.50. Bemecrrennoe npegcrasiesue ¢ nukiamdeckon rpynmnsl (a)
nopagka 4, npu KoTopoMm

Pa3JIOKHUTh B IPAMYK CYMMY HENPUBOIUMBIX.

70.51. PaccmoTpuM  BelleCTBEHHOE TPEXMEPHOEe MpelcTaBlIeHne
rpymnsl G = (a)s x (b)s, rae

5 -4 0
da)=| 6 -5 0 |, b)) =-E.
0 01

Paznoxure ¢ B npamMyno cyMMy HEOPHBOAUMEBIX HPEICTABICHUN.

70.52. Paccmorpum  aByMepHOe KOMILIEKCHOe mpejgcrasieHue ¢
rpynnel G = {a)y x (b)2, rae

ww:@ 3, @@:(*?é)

Pasnoxkures ¢ B npamMyno cyMMy HEMPHBOAUMBIX TPEICTABJICHUN.

§ T1. I'pyunosbie anre6psl ¥ MOAY/IM HAJ HUMU

71.1. flpasercs mu aaredpa KBATEPHHOHOB BEIIECTBEHHON IPYIIIOBON
anaredpou:

4) IPYIIB KBATEPHHOHOB;

6) Kakou-1mbd0o rpynner ?

71.2. Illycre V' — BekTOpHOE NPOCTPAHCTBO HAI nojeM F' ¢ 6azncom
(e1,e2,e3), ¢ : F[S3] = EndV — romomopduam, rae p(a)(e;) = ey
s Beex 0 € Sz (i = 1,2, 3). Hauru pasMepHOCTE AIpa U PA3MEPHOCTH
obpasa roMmoMoppusMa @.
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71.3. Hauru Gazuc aapa romomopdusma ¢: C({(a), ) = C, npu xoro-
pom p(a) =&, rae € — KOpeHb cTeneHn n u3 1.

71.4. llyers rpynma H wsomopdua paxroprpynne rpynnst G. [lo-
KaaaTh, 9T0 F[H] maomopdua daxTopanredpe aaredpsr F[G].

71.5. llyere G = G x Gs. JokazaTe, 4T0 B
F[G] = F[G,] ® F|Gs].

71.6. IIyvcre G — KoHe4Had rpynmna, R — MHOXKECTBO 0TOOpaKeHUN
uz GG B noae F. Onpeneaum Ha R onepaummu, noaarad aag fi, fo € R

(afi +Bf2)(g) = afi(g) + Bf(9),
(fif2)(g) = > Filh)f2(h7g).

heG

Hokazars, uro R — anredbpa mag noaem F' u oTobpaxkenue

fe> flog

9eG

3 R B F[G] — usomopdusm airedp.

71.7. [dokazars, uTo ecau rpynna (¢ COIEPAKUT IEMEHTHI KOHEIHOT0O
nopafka, To rpynnosas aaredpa F[G] umeer gemurenu vy

71.8. [lokasark, 9T0 BCAKME HenpueoanMem F[G]-mMoxyas maoMop-
den daxropmoay.1o peryaaproro F[G]-voaymns.

71.9. Haitu BCe KOMMYTATUBHBIE IBYCTOPOHHHUE UIEAIBI DPYIHOBON
anreopsr C[G] qua:

a) G = Ss; 6) G = Qs; B) G =Ds.

71.10. Hauru Bee snemeHTH & rpynnoeon amrebpst F[G], yaosrerso-
psfoLIne YCJAOBHIO Tg = & TpH aboM g € G.

71.11. HauTu 6a3uc neHTpa CpyNInoBon airedpsl IPYyII:
EL) Sg; 6) Qg; B) A4.

71.12. [JokazaTk, 4TO B IpynnoBon aaredpe A ceobogHon abereBon
CPYINELL padra r HeT geanTene Hy . [Toge gacTHeX aaa A msoMopdHO
OO PALMOHAIBHEIX APOOEN 0T 7 MepeMeHHELX.

71.13. llycts A — woabuo, V' — A-mogyme u V = U & W, mpuaém
U — menpuBoauMerii Moayas u 8 W HeT moamoayien, maomopduex U.
Jokazarsk, 4To ecau a — asromopdusm mogyas V., ro a(U) =U.
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71.14. Tlycts A — xoabno, A-Moayab V' pas/okeH B OPAMYIO CYMMY
noamoayaen V =U@W, p: U — W — romomopduam A-monyaen. Joka-
3ath, uTo Uy = {x+¢p(z)| z € U} ects A-mogmogyas B V, usomopdHB
UnV=U;aW.

71.15. Ilycte A — moaynpocras koHeunoMmepHas aiaredopa Hag C u
A-mogyap V pasiaraerca B OPAMYIO CYMMY [ONAPHO HEM30MOP(HBIX He-
npuBoauMbx A-monyaen: V = V) &...& V. Hautu rpynny asromMopgus-
MOB Moayaa V.

71.16. ITycte A — noaynpocras koreanomepras aareopa vag C u A-
Moayab Vo oecrh npsmas cyMMa JABYX H30MOP(HBIX HENPUBOIMMBIX
A-mopyaen. Joxkaszars, yro rpynna asromopduamos A-moayas Vouso-
mopgua GL»(C).

71.17. llycts A — nmoaynpocTtas korednomepHas amredpa Hax C u
V — A-mopyab, xoneunomepusn mag C. [Jokasarb, yro V umeer Ko-
HEeYHOE YuCI0 A-moaMoayen Torja u TOAbKO TOra, KOrja OH ABIAETCA
MPAMON CYMMOM TOTAPHO HEM3OMOD(MHBIX HENPUBOANMBIX A-Mogyaen.

71.18. Ilycts (¢ — koHewHas rpynma, F — mote xapaktepuctakn ()
u rpynnosas arredpa A = F[G] paccMaTpUBaeTCa KAK JEBBIE MOIYIb HAJ
cobon. [lokazars, 9ro 1 aw000ro ero moamoryias U n romomMopdusma
A-mopyaen ¢ : U — A cymectyer Takon aneMedT a € A, 14ro ¢(u) = ua
s Beex u € U

71.19. /lna KakuX KOHEYHBIX IPYIII KOMILIEKCHAA IPYIIIOBas aaredpa
SABJIACTCA MPOCTOR?

71.20. Ilycts A = F[G] (F — noae), G — KOHEMHAA DPYIIIA TOPAIKA
n>1,u quan-1# 0 noroxum
el =(n‘1)_IZg, es=1—e;.
geG
Jokasars, yro Ae; u Aes — cOOCTBEHHBIE ABYCTOPOHHUE M IEAJLI U
A= A(‘Yl [3F) :’1(,’2.
71.21. /lokasaTk, 9TO PABEHCTRO

Iy:f(‘rsy)l'i_ Z g - g, CICQEF
geG\{1}
B rpynnoson axredpe F[G] sagaer va npocrpancrse F[G] cumveTpudec-
Ky10 OMIMHENHY0 (DYHKIMIO ¥ AAPO TOH GyHKIMH f — ABYCTOPOHHMH
ugean B F[G].
71.22. Tlycts G — komewnas rpynmna, [ — OmmmHenHAA OYHKIHA HA
R[G], onpezenennas B 3agate 71.21. Jokasars, 94T0 f HEBHIPOXKIEHA, U
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HAUTH CUCHATYDPY (PYHKUMH f 17 DPYIIL
EL) ZQ; 6) Zg.‘, B) Zq; I") Z-g (S5} Zg.

71.23. Mycte H — noarpynna rpynnet G u w(H) — neBsit ujgean B
F[G], MuERMATBHBI CPeAn JeBBIX HIEAI0B, conepxamux {h—1| h € H}.
HoxazaTs, uTo ecimm H — HOpMaibHas noArpynna, To ugeat w(H) asy-
CTOPOHHUIL.

71.24. PasnoxuTh B NPAMYI0 CYMMY MOJEH TPYINOBBIE AIreOphI
CPYINEL (@)3 HAQ DOJAMH BEIIECTBEHHBIX U KOMILIEKCHEIX IHCEL.

71.25. Jokasare, uro Q[{(a),] (p — mpocroe umcI0) ecTh mpAMas
CyMMa ABYX ABYCTOPOHHHX HIEAJIOB, OAHH U3 KOTOPHIX nzoMopden (), a
apyvron Q(g), rae e — nepBooOPA3HBEIN KOPEHL CTeneHu p u3 1.

71.26. IIycte G — xoneunaa rpynna, char F we gemnt |G|, I — ugean
8 F[G)]. Jokasats, uro I* = I.

71.27. HallTy MAeMIOTEHTH M MAHUMAJBHEIE HICATH B KOJbIAX:
a) F3[(a)a]; 6) F2[(a)2]; B) C[(a)2]; r) R[(a)s3].

71.28. Ilycte G KoHeuHas rpynna. [Jokasarb, 4To mpu JawdoM
a € C[G] ypaBuenue a = ara pazpemnmo B C[G].

71.29. CKOJIBKO PA3INYHEIX IBYCTOPOHHHX MICAJIOB B aaredpe:
a) C[Ss]; 6) C[Qs]?

71.30. [Jna xakmx koHeunwrx rpymn G rpymnosas amreOpa C[G]
ABIACTCA TPAMON cymMmon n = 1,2, 3 MAaTPUYHBIX anredp?

71.31. Ilycts G — rpynma, A — aare6pa Hag noaem F ¢ eguaunen,
@ — romomopduam G — A*. JoxkazaThb, 94TO CYIIECTBYET €IMHCTBEHHBIN
romomopduam FG] — A, orpanudenne koToporo Ha (G cOBHagaeT ¢ ¢.

71.32. [loxkasarb, uyTo ecau char F' ve geauT mopsagka KOHETHON IPyII-
nbt G, TO M0GON ABYCTOPOHHMH Haeaa rpynnosou aaredpsl F[G] asaser-
¢Al KOJBIOM ¢ equHuned. BepHo m 5TO yTBepXKACHNUE 1714 TPOM3ROJLHEIX
aaredp ¢ eguHuUen?

71.33. llycts F' — nose xapakrepuctuku p > 0, p 0eguT HOPALOK
KOHEeYHOU rpymrel G u

u= Z g € F|G].
9EG
Hokazare, 110 F[Gu — m0aM01y1b JEBOTO PEryIAPHOTO MOTY/IA, HE
BbI,lIeJIHIOmelCH IIPAMBIM CJIala€MbIM.
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71.34. Ilycts G = (a)p, F — none xapakrepuctuku p, ¢: G —
— GLo(F), rae
sy (1 s-1
Blal)= (0 1 )

- mpegeTasaenue rpynnsl G. Yiasats Takon F[G] mogmogyas U pe-
ryaapHoro npejacrapiedus V. = F[G], aro npeacrasienne G ma V/U
uzomopduo ®. Ilpn kakux p npeacrapreHue ¢ mzomopdHO peryiaapHo-
My IPEeACTABICHUIO !

71.35. [lokasars, 1o aaredpa Fa [{(a)2] ne asasercs npamon cymmon
MHUHHMAJIBHBIX JEBBIX 1EaI0B.

71.36. Ilycte H — p-rpynna, ABIAIOMAACT HOPMATLHOU O AT PYIION
B KoHe4dHOu rpymne G, F — noJje XxapakTepUcTUK p.

a) [lokasare, ayro naean w(H) w3 sagasn 71.23 muibnorenTen.

6) Haurm ungexc muabnorentHocTH uieata w(H) npu G = (a)s,
H = (Ct,)g, F = ]F‘g.

71.37. [okasaTh, 9TO BCe UACAILI TPYIIIOBON Alredpsl 6ECKOHETHON

IUKIAYIECKON TpPylIisl IIaBHBIE.

71.38. JokasaTk, 9TO OUKINIECKHN MOAYJIb Haj amreOpon F[{a)o]
aubo koHeunomepedn Hajg F, nubo m3oMopdeH JeBOMY PperyIapHOMY
Fl{a)~]-moxy.o.

71.39. Ilycrs A = C[{g) oo |, P = A1 & Azs — cBOGOAHBIN A-MOLYIE C
dasucom (xy,r2), H — nogMOIyIb, MOPOXKIEHHBIM B P 2jeMeHTa-
mu hy, ho. Paznoxure P/H B IpaMyo cyMMy OUKIMHECKHX A-MOIyIen u
HAITH WX Pa3MepHOCTH, eCIn:

a) hy =gz +x2, ha=x1 — (g+ 1)z2;

6) hn = g*z1 + g %x2,  ha = g*m1 + (1 — g)aa;

B) h1 = go1 + 297 wa, ha = (1+g)x1 +2(g7> + g ")aa.

71.40. Iycts A, B — ausennsie onepatopsl Ha V = Fz], A(f(z)) =
= f'(x), B(f(z)) = xf(x). JlokasaTs, 9yTo oTobpaxenue ¢ : g — AB npo-
pomxaerca 10 romoMopdusma F[(g)sc] = End V', u nantu Ker .

71.41. llycte M — makcnmanbHbl uaean anrebpsr A = F(a)x] u
r=dimp(A/M).

HokazaTk, 4T0:

a)ecmm F=C, Tor =1;

O)ecm F=R tor=1mwmr =2;

B) ecsin ' = Fy, 10 1 MOKeT OBITH HEOIDAHUYEHHO BEJIUKO.
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71.42. JokasaTk, 9TO rpynnosas aaretpa cBo60 00N abereBou Mpy -
Bl KOHEYHOT'O PAaHra ABIAETCA HETEpOBOM.

71.43. [Jokas3aTe, 9TO0 B IPYNINOBOH aarebpe CBOOOIHON abeIeBOH
IPYINLL KOHEYHOI'O PAHra CIPABELINBA TEOPEMa O CYLIeCTBOBAHHH M
€IMHCTBCHHOCTH PA3JIOKEHUA Ha MPOCTHIE MHOKHUTEIN.

71.44. PasaoxuTe B MPOMIBEICHHUE MPOCTHIX MHOKHUTEICH DICMEHT
rpynmnoson anredpsl A = C[G] cBobognon adereson rpymner G ¢ Ha3n-

coMm (g1, g2):

a) g192 + 95 ' 95

6) 1447 92— 195" — 9195

71.45. Ilycte G cBoboaHAA abejeBa Tpymma ¢ 6asucoMm (g, g2)-
Hauru daxroparrebpy rpynnoeon atrebper A = F[G] no ngeary I, no-
pO}K,ﬂeHHO]\‘Iy AJeMEeHTAMM:

a) 9195 '3

6) g1 — g2;

B) g1 —lumgs —2.

71.46. Jokasarsb, 4ro ecau rpynna G koneuna u airetpa C[G] ne

uMeeT HWIBIIOTEeHTHBIX JJIeMeHTOB, TO G KOMMYTaTHUBHA.

71.47. [lycres H — vopMmanbHas nogrpynna B rpynne G, V' — #eko-
ropein F[G]-mogyae u (H — 1)V — nuseitHas 060104MKa DIEMEHTOB BU-
ga (h—1)v, rne he H, ve V.

Joxasats, ¥To:

a) (H — 1)V apaserca F[Gl-noagmonynem B V3

6) ecim H — cumoBekas (HopMaabHan) p-noarpynma B G, char F = p
n(H-1)V=V, 0V =0.

71.48. JokaszaTb, 9T0 KOMILIEKCHBIe TPYNNOBLIE aarebpsl rpymnn Dy
n Qg M30MOpPQpHEL

71.49. HanTu 1uciao nonapHo HEM30MOPQHEIX KOMILUIEKCHEIX [PYIIIO-
BRIX aarebp paamepHocTn 12.

71.50. [JokaszaTh, 4TO 4YUCJAO CIATAEMBIX B PA3JIOKEHUH CPYIIOBOM
anreOpsl cHMMeTpHYIeckon rpymnel S, Hag nozem C B mpavyio cymmy
MATPUYIHBIX AlreOp PaBHO THCITY TPEICTABICHUN TUCIA 1L B BAC

n=mni;+ns+...+ng,
raeny =2 ng = ... 2 ng > 0.
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§ 72. XapakTepsl npeacTaBICHUAN

72.1. IlycTb snemenT g rpynnsl (G uMeeT NOPALOK k U Y — N-MEpPHBIR
xapaxrep rpyuns G. Jokasars, 4T0 X(g) ectb cymma n (He 0043aTeABHO
PA3IMIHBIX) KOPHeH cTenenn k u3 1.

72.2. lyers & - TpexMepHOe KOMILIEKCHOE IIPeICTABIeHHe MDY
(a)3 u x3(g) = 0 x1a mexkoroporo g € Zz. Jokazats, 410 ¢ 3KBUBATEHTHO
PEryIApHOMY MPEICTABICHUIO.

72.3. IlycTs ¥ — OBYMEPHBIN KOMILIEKCHBEIN XapakTep rpymnst G =
= (a)3 x (b)s. Jokasars, uto x(g) # 0 gas Beakoro g € G.

72.4. IlycTe ¥ — ABYMEPHEIN KOMILIEKCHEIN XapakTep T'PYINNLL He-
géTHOoro nopaaka. Jokasate, aTo x(g) # 0 aa moboro g € G.

72.5. Ilycte & — n-MepHOE KOMILIEKCHOE HPEICTABICHHE KOHETHOH
rpynnel G. [JokazaTh, 9T0 Y¢(g) = n TOrga m TOJIBKO TODJAA, KOTJAa g
MPUHAICKAT APy npegcrasierus P.

72.6. IIycts A — agauTUBHAsA TPYINA N-MEPHOTO BEKTOPHOTO MPO-
crpancTsa V' Hax nonem F, u x — HENPUBOIMMBIN HETPUBHATLHEIN KOMII-
JMEeKCHBIA XapaxTep rpynnel A. JJokasaTs, 9T0 IOIMHOKECTBO

{a € A| x(a) =1}
ectsb (n — 1)-meproe nognpocrpancTeo B V.

72.7. llycre ¥ KOMIUIEKCHBIM XapakTep KoHedHOM rpyrnsl G u
m = max{|x(g)| | ¢ € G}. Jokasars, uTo

H={geG|x(g)=m}, K={geG]||x(g)l=m}
HOpMasbHBIE oarpynns B G

72.8. JlokasaThb, 4TO ABYMEPHBIN KOMILIEKCHBEIN XapaKTep X TPYIIIb]
S3 HENPUBOAMM TODA U TOABKO TOraa, korjga x((123)) = —1.

72.9. llycte ¥ — ABYMEpPHBLIM KOMIUICKCHBIN XAPAKTED KOHETHOH
rpyunsl G u g € G'. Joxasats, uro ecan x(g) # 2, TO Y HEIPHUBOIUM.

72.10. Yemy paruo “cpexnee 3navenue”

IFII > x(g)

geG
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HEIPUBOIMMOr0 XapakKTepa HeeJUHHIHOU KOHeYHOH rpynnsl G7

72.11. [okasarThb, 4TO A JIOOGOTO DIEMEHTA ¢ HeeIUHUIHON KOHeY-
HOU rpynnsl (G CYMIECTBYET TAKON HETPUBUAILHBLIN HEMTPUBO TUMBIA KOMII-
JeKCHBIN XapakTep X rpymmusl G, aro x(g) # 0.

72.12. [okasarb, ¥ro orobpaxenue rpymnnsl G B C apasercs oi-
HOMEPHBIM XapakTepoM rpynnbsl G TOrIa ¥ TOJBKO TOTJAA, KOTAa 3TO
0TOOpAXKEHNE ABIACTCA TOMOMOPQU3MOM Tpynnsl G B rpymmy C*.

72.13. [JokasaTk, 9TO HEHTPAJIbHAA (QYHKIINA, PABHAA IPOU3BEIEHIIO
JBYX OJHOMEPHBIX XapAKTEPOR pynisl (7, ABIACTCA OJHOMEPHBIM XapaK-
TepoM rpynmnst G.

72.14. [okazaTe, 4TO onepamusa YMHOXKCHHA (DYHKINH ONpeIeaseT
BO MHOXKECTBe OJHOMEPHBIX XapakTepos rpynnsl G cTpykTypy abereson
rpynnetl (G, IBOUCTBeHHOHN K rpymnme (.

72.15. [Joxa3aTs, 9TO WA KOHEYHOU NUKINYECKOU rpynnsl A rpyn-
na A — KOHeYHas UMKJIMYECKas CPYIIIA TOTO JKe MOPSIKA.

72.16. IlycTh koHeunas abeneBa rpynma_A pasiaraeTcs B mpAMOe
npomssegenne A = Ay x Ay, ay € Ay, as € Ay, JokasaTs, 4T0 0TOOpA-
wenue A — C*, nepesoaamee saemenT (ay,as) B vy (ay) - as(as), apraercs
OJIHOMEPHBIM XapaKTepoM Ipynnel A u A~ A x A,

72.17. Illycte B — moarpymnmna KoHe4Ho! abeesoil rpynnsl A u
B ={a€ A| a(b) =1 g seakoro b € B}.
Hoxazarts, 4ro:

—~

a) B — nmogrpymna 8 A u Beaxas moarpymna B A cosmagaer ¢ BY
I HEKOTOPOW HOATpyNnsr B

6) B ~ A/BY%;

B) B; C B, Toraa n Toabko Toraa, korga B D BY;

r) (B1 N B2)° = BY - BY;

x) (B1B2)° = BY N BY.

72.18. Ilycte ¢ — romomopduam rpynnst G 8 GL,, (C).
Hoxaszath, 1TO:!

a) orobpaxenue ®*: g (®(g™'))! Takxe ABALETCA MPEICTABICHIEM
rpynnet G
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6) Xxa(9) = Xg-(g) 117 BesKOTO g € G

B) npeacrapienua ¢ u $* HKBUBANEHTHBI TOrAA U TONBKO TOrAA,
KOra 3HAYCHUA XapaKTepa X BEILIECTBEHHEL.

72.19. llycre ¢ — HenpusBoguMO€ KOMILIEKCHOE IPEICTABICHHE
rpyunsu S, u ®'(0) = ®(g)sgno (o € S,,).

Nokazars, uto P’ npeIcTaBJIeHne TPYINLL S, U CAeIyIonme yT-
BEPIK JCHIA DKBUBAJICH THEL:

a) ¢ ~ ',

0) orpaudenne npeacTasiteHns ® va A, IPHBOIEMO;

B) xo(0) = 0 gua mo6on HeMETHON NOACTAHOBKU 0 € S,,.

72.20. B zagaqe 58.11 sagana rpynna matpun u3 Ma(C), uzomopd-

Had rpynme kaTepHnoHoB Qg. JokaszaTs HEMPUBOAMMOCTE ATOTO ABY-
MEPHOIO IpeAcTABICHUA Ipynnel Qg U HAMTH €ro XapakTep.

72.21. Haitu xapakrep OpeicTapiIeHus DPYIIbLL S, B IPOCTPAHCTBE
¢ GasucoM (eq, ..., ey), 3a1aBaeMOT0 (GOPMYION

b(o)ei =ep;) mma o €8,

72.22, Hautn xapakrep ABYMEPHOrO IpencrapieHusa rpynnsl D,
ompefengomerocs u3oMopdusmom rpymnel D, ¢ rpynmon cHMMeTpHI
(DUKCHMPOBAHHOTO TPABHILHOTO N-YTOJBHAKA.

72.23. Hautu xapaxkTep TpPeXMEpHOrO MOPEICTABICHUs TPYMNLL Sy,
OIPeJeIAIOMerocs H30MOPMUIMOM TPYNNsl Sy ¢ TPYNION CUMMETPHR
(pUKCHPOBAHHOIO MPABUIBHOIO TETPAa3Ipa.

72.24. Hautu xapaxTep TpeACTABICHHAA TPYINLL Sy, ONpeIenaoe-
roca u3oMOpQpU3MOM TPYIILL S4 ¢ PPYNNON BPALIEHHN KyOa.

72.25. CocTaBuTh TaOIUIY HENPHBOAMMEIX XaPAKTEPOB CPYIIN:
a) (a)2;  0) (a)s;  B) (a)s;
].") (&)2 X (b)g; ,El) ((1,)2 X <b>_) X ((.')2.

72.26. CocTaBuTh TaOMUIYy XapakTepoB OJAHOMEDHBIX IpeacTaB/Ie-
HUU ¥ BEIYUCIATEL TPYIINY OJHOMEPHLIX XapakTepor (3agaqa 72.14) gaa
CPYVIIIL:

a)Sz;  6)Asy;  B)Qs; r)Sp; a) Da

21 AWM. Kocrpukux
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72.27. Hautu MOAV/IL ONpPENeTUTENd MaTPHIBL, CTPOKH KOTOPOH
COBIAJAIOT CO CTPOKAMM TaOIUIIEI HEIIPUBO IUMEIX XapakTepos abeJeBon
CPYILILL TOPAAKA 7.

72.28. CocTaBuTh TabMUIy HEIPHUBOIMMEIX XapAKTEPOB CPYIIL:
a) Ss; 0) Sa; B) Qs; r) Dy; a) Ds; e) Ay

72.29. MoxeT Ju xapakTep NPeICTABICHU HEKOTOPOU I'PYIIEL IO~
pAgka 8 npuHuMaTh 3Hadenus (1,—1,2,0,0,-2,0,0)7

72.30. PaznoxuTs HeHTPATBHYIO (DYHKIINIO
(lv _15 i, _irja _js k! _k) = (55 _31 05 05 _]-v _11 01 0)

Ha Qg Mo Da3MCy HEMPUBOIUMMBIX XapakTepoB. fBaseTcsa au oHA xapak-
TepPOM Kakoro-iubo npeiacrasieHusn’

72.31. OnpegennTs, Kakad U3 NEeHTPAIBHBIX (DYHKITHNA Ha Sg

fi: (e,(12),(13), (23), (123), (132)) — (6, —4, —4, —4,0,0),
Far (e, (12), (13), (23), (123), (132)) = (6, —4, —4,—4, 3,3)

ABJAECTCA XapaKTepoM, H YKa3aTh 3TO IpeafcTaBJIeHHe.

72.32. llycts A — agauTUBHAS DPYINA KOHETHOMEPHOI'O BEKTOPHO-
ro npocrparcrsa V mag nosem Fy, u ¥ — serpupuaibHbI HEONPUBO IUMbLH
(KOMIIEKCHBIN) XapaKTep alldTHRHON rpynnsl moss [ .

a) [lokasarThb, 4TO BCAKUUA HENPUBOAMMBIN XapakTep Y rpymnsr A
AMEeT BU]

x(a) = ¥(i(a))

UL HeKOTOPOU JuHenHod dhyukuuu [ € V™,

6) YcTaHOBUTEL M30MOP(QUAM ABOUCTBEHHON rpynmbl A (eM. aagaqay
72.14) 1 aIINTHBHOH TPYIIIEL IPOCTpPaHCTBa V™.

8) IlocTponTs maomopduam A u A.

72.33. Ilycrs B yeaosusx npegsrayien sagaiu [ — KOMILIEKCHO3HA'-
nas Qpyuxuusa Ha A. Oupegeaum ¢yuxnuio [ wa A, nomarasn g y € A

Fo0 = 1o 3 Fl@)x(@) = (04

acA
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a) JokasaTk, 9T0O

F=3 700 x

XEA
6) JokazaTk, 9TO

fax) =D Fl@)ale™ - x).
weA
e) Cpapauth Gyukuuu f Ha A u f Ha A\, UCIIONB3YA U30MOPpU3M U3

sagaym 72.32, B).

72.34. Ilycre A — agautupnas rpynna noas Fy. Pacemorpum ¢yni-
o f Ha A, mosarasn

0, ecm a=0,
fla) = 1, ecm a=z® gaa mekoToporo z € F3,
—1, B OCTATBHBIX CIyYAAX

ﬂOKaaa.Tb, qTTO ecian x HerHBO,ﬂHMHﬁ KOMHJIeKCHbII‘:I XapaxkTep
. — —1/2
rpymmst A, To |(f,x)a| =p~ /2.

72.35. Ilycts G —— KoHeuHas rpynna, H — eé noarpynna. JlokaszaTs,
4TO HeHTpatbHas pyHKuma Ha H, nomdygaomasca orpaautdenuen "Ha H
xapakTepa rpynnsl (7, ABIAETCA XapakTepoM rpymnst H.

72.36. [lycte & — MaTpUYHOE n-MepHOE NpeacTasieHne rpynnsl G.
[loctponm npeacrasaenne ¥ rpynnel G Ha TPOCTPAHCTBE KBAIPATHBIX
MATPUIL mopAaka n, notaras aas A € M, (K)

T,(4) =0,A'9,.
Breipasuts Yy 1epes xa.
72.37. Hautu HenpuBOAMMBIE CiaaraeMble npeicrapieHna ¥ saga-
an 72.36 ¥ MX KpaTHOCTH, eCan:
a) ¢ — aByMepHOe HeIpUBOIUMOE MpeJCTABICHHE TPYIILL S;3;
6) ¢ — npeacrapieHne U3 3agadn 12.23;

B) ¢ — aBymepHOoe npegcrasaenue rpynnsl Qg u3 3agaum 72.20.

72.38. [Iycte ¢ — maTputiHOe n-MepHOe npejcrasieHue rpymms (.
TTocrpoum npeacraprenne ¥ rpynner G HA OPOCTPAHCTBE KBAIPATHBIX
maTpui M, (K), noaaras

V,(A) =B, - A.

21*
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Bripasuth Yy 4epes x¢.

72.39. Ilycte p: G — GL(V) — peryaapHOe KOMILIEKCHOE IPEACTAB-
JeHue rpynusl (a),,. HaiTa KpaTHOCTh € IMHUYHOrO IPEICTaBIeHIA DPYII-
nel Z,, B pasaoxenun npeactapieana p=™ (cm. sagady 69.19) Ha Hempm-
BO/MMBIE TIPEICTABICHHUA.

72.40. [Iycte p — aBYMEpHOE HENPUBOANMOE KOMILICKCHOE TIpe-
CTABACHUE TPYNNBI S3. PasmokuTh Ha HEMPUBOIUMBIEC TPEICTABICHUA
p®2 u p®3.

72.41. Ilycrs p: (a),, — GL(V) — koMILIeKCHOE peryaapHoe mpei-
crapienue rpynnst (a),. Hamu kpaTHOCTE €IMHIMHOTO NPEICTABICHUA
CPYIIIBEL B PA3JI0KEHIM HA HEIPUBOAMMBIC KOMIIOHEHTHI [PeICTaBJICHUA,
BO3HHKAIOIIETI'O Ha IPOCTPAHCTBE KOCOCHMMETPHUYIECKHX M-KOHTpaBapu-
AHTHBIX TeH30pos Ha V' (. 3agaty 69.19).

¥ ok ok

72.42. [lycrs ¥ — xapaxrtep rpynnst G, f — nenrpaisHas GyHKIUA
Ha G,

£(9) = 5(x(0)* = x(6?))

HMokazaTs, 9To f — xapaxTep rpynns! G.

72.43. [lycre & — npencrasienue rpynnsl G = S; B IPpOCTPAHCTBE
C(G) Beex koMILIEKCHO3HAYHEIX GyHKIMI HA G

(@, f)(z) = f(o™ ), feCld), zed, oed,

fo € C(G) u Vy — nuHenHas 060J109KA MHOKECTBA daeMeHToB Buaa P, fo,
rae o € (.

UTH XapakTep orpanmidenua ® ma 1V gaa:
Ha apakTep orpa e P ma 1

a) fo(o) = sgno;

6) folo) = { 1, ecm o€ {e (12)},

0 B DpOTHMBHOM Cay4ae;

1, ecm o € {e (123),(132)},

0 B OpPOTHBHOM CaIy4vae;

B) folo) = {

ectn o € {e,(13),(23)},

1,
r) folo) = { -1, ecm o € {(12),(123),(132)}.
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72.44. Ilycte ¢ — KOMILIEKCHOE MIPeACTABIeHNe KOHeYHOU Ipynnsl
Ha mpoctpancTee V, ¥ — npeacrasienune rpynnsl (G Ha npocTpancTse W,
O6o3nayum gepes T'(P®, U) npocTpaHCTBO TAKUX JHHENHEIX OTOOPAKEHUH
Sm Ve W,aro So®, =¥, 0S5 n1a seex g € G. [JokazaTs, 9TO

dimT(®, ) = (xo, Xv)a-

§ 73. IlepBoHAYANBHBIE CBEJCHUA
O IpeACTaBJICHUAX HENPEPBIBHBIX I'PYIIN

Ecnu He ykasweBaeTCA MPOTHBHOE, TO BCE PACCMATPHUBAEMEIC B DTOM
) p ) p I
naparpade npeacTapIeHus IPeanoIaraloTel KOHeYHOMEDHBIMU.

73.1. Ilycrs F ecte noae R wnu C.
JokasaTe, 1TO:

a) ans moboi Mmarpuusl A € M, (F) orobpaxenne Py: t et (t € F)
ABACTCA AUBPEPeHIMPYEeMBIM MATPUYHEIM IPEICTABICHUEM A1 THTHE-
HOU Cpymnnst noas F;

0) Beakoe audrpepeHIMpyeMoe MATPUYHOe NpeiacTapieHune P ajgnu-
THBHOW rpynnel noas F umeer sug Py, rae A = P'(0);

B) mpeactaBienua Py u Pp SKBUBAJEHTHBI TOTJA M TOJLKO TOTAA,
korjga MaTpuusl A m B noao6HEL

73.2. [okaszarh, 4T0 P ABIAETCA MATPHYHBIM IPEICTABICHHEM a1~
JUTUBHOM Tpynnsl moas R, m manTn Takyio marpuuy A, uro P = Py,
ecIu:

?

cost —sint cht sht
a) P(t) = ( sin t cost ) ! 6) P(t) = (sht ch t)

9ro=(5 1) nro=(5 %)

aro=(p 1) ore=(; 2.

73.3. Kakne w3 MaTPUYHBIX OpPEJCTABJICHHU rpynnsl R m3 3ama-
4y 73.2 DKBUBAJEHTHLI?
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73.4. B kakoMm cay4ae npeictaBieHus Py, um P_ ) DKBHUBAJeHTHBI
nia F =C?

73.5. Hantu Bce gudrpepeHnmpyeMble KOMILIEKCHBIE MATDHYIHEE
npeacTapIcHuA TPYII:

)Ry  OR; B C

r) U (mpegnonaraercs puddepeHnnpyeMocTs IpeIcTABISHU 110 ap-
TYMEHTY KOMILIEKCHOTO THCIA Z).

73.6. Beakoe i KOMILIEKCHOE JIMHEMHOE NPEICTABICHHe IPYIILL Z
HOIYYAETCA OrPAHMIeHneM Ha Z HeKoToporo npeacrasiaenna rpyomnsr C 7

73.7. Hantu B npocrpanctee C" Bee MOANPOCTPAHCTERA, MHBAPUAHT-
HBEIE OTHOCHTEJIBHO MATPUYHOrO mpexacTasteHnsa Py (cm. sazagy 73.1) B
caytdae, KOrja XapaKTEePUCTHIeCKUH MHOrOWIeH MaTtpunsl A me nmeer
KPATHBIX KOPHEH.

73.8. [okasars, 9ro MaTpudHOEe mupexcrasienue P4, (cMm. 3ana-
4y 73.1) BOOJHE NPUBOAMMO TOCAA U TOJLKO TOAa, KOrja Martpuna A
IMArOHAJTM3UDPYEMA.

73.9. IlycTs R, — npocTpascTBO OMHOPOAHBIX MHOIOWICHOB CTEIe-
HHU 7t OT ¥, Y C KOMILIEKCHBIME KOdddunumenramu. [l

A= (‘j 3) € SL,(C)

u f € R, noroxum

(@0 (A)f)(x,y) = flaz + cy, bz + dy).

[MokazaTs, «T0 oOrpaHuveHue mnpejgcrapieHus <P, HA HOArpyI-
ny SU;(C) renpueoxmvo.

73.10. Ilycte G = GL3(C). KommrekcHyto gyHKIMo Ha G HAZOBEM
NOAUNOMUAALHOT, CITT OHA €CTh MHOPOWICH OT MATPUYHBIX ICMEHTOB.

a) [Iycre t(A) =tr A, d(A) = det A. Jokazare, 9To t u d — HeHTpAIL-
HEIE IOIMHOMMAILHBE QyHKnuyu Ha G.

6) JokasaTk, 9T0 M00AsA NEHTPATLHAS TOIMHOMUATLHAA (yHKILA HA
G ABAAETCS MHOTOYIEHOM OT ¢ u d.
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B) Ilycte A = (a;;) € G u R = Clz,y]. O6o3naunm gepea ¥(A) romo-
mopduam R — R, ams koToporo
U(A): x> anx+ anay,
T(A): y > anx + assy.
loxasars, yro ¥ — npexgcrasiaenue rpynnel G B npocrpasctee R u

NOANIPOCTPaHCTBA OOHOPOIHBIX MHOTIOYIEHOB CTEIIeHHW 71 MHBApPMAHTHBL
OTHOCHTEIBHO MpeacTaBICHUA v,

r) Joxaszars, uyro mamn A € SLo(C) orpanmaenme W(A) mHa mog-
npocTpacTeo R, coemagzaer ¢ omepatopom P, (A) ua sazaam 73.9.

1) lyers x,, — xapaxtep orpannvenus ¥|g . Jloxasars, uro

Xn = tXn-1 — dXn-2.

73.11. IlycTs H — npocTpaHCTBO KOMIUIEKCHBIX MaTPHIL BHIa

X:( L “i)
—w 2

CO CTPYKTYPOH YeThIPEXMEPHOrO eBKJAngoBa mnpocrpaHcTsa (X, X) =
=detX nuHy ={X € Htr X =0}.

HoxaszaTs, IT0:

a) orobpaxenune P: SU; — GL(Hp), onpenenennoe dopmyaon
P(A): X —» AXA™,

ABIACTCA (BEMIECTBEHHBIM) JMHEMHBIM nupeicTasienuem rpynnst SUs,
Ker P=+F, aIm P cocTtouT U3 Bcex cOOCTBEHHBIX OPTOrOHATBHBIX IPe-
obpasoBaHui npocTparcTBa Hy;

0) orobpaxenune R : SU, x SUs — GL(H), onpeaenentoe gpopmy.on
R(A,B): X+ AXB™! apasercs (BellecTBeHHBIM ) TMHEHHBIM [IPe1CTaB-
aernem rpynnst SUs x SUs, Ker R = {(E, E), (- E,—E)}, alm R cocto-
UT U3 BCEX COOCTBEHHBIX OPTOrOHAILHEIX NPeoOPa3sOBaHUil IPOCTPAHCT-

Ba Hy;

B) KOMILVIEKCH(DMKAIMA JUHENHOTO mnpeicrapienus P msoMopdHa
orpanuternio npeacrasiaenus ®o rpymmet SLy w3 3agaun 73.9 wa noj-
rpynny SUs.
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73.12. Ilycre ¢ — Tonosoruyeckas CBA3HAA paspelIuMas TPyIa
M ) — HeNpepbIBHBI roMOMOpQH3M (G B TPVIINY HEBHIPOXK ICHHBIX JIH-
HEMHBIX ONEPATOPOB B KOHEMHOMEPHOM KOMILIEKCHOM TNpocTpaHcTse V.

HokazaTs, 4T0:

a) B V cymecTByeT HEHYJIEBOH BEKTOD, ABIAIOMINACA COOCTBEHHBIM
s Beex onepatopos p(g), g € G

6) B V' cymecTByeT Takou Dasuc ej,...,€,, ITO BCe MATPHIELL p(g),
g € G, B 3TOM Ha3HCe BEPXHETPEYTOJIbHEIE.

73.13. Ilycte F — anreOpanveckn 3aMKHYTOe Toqie u (G — paapemnm-
Mas DPYINa HEBLIPOXK JEHHBLIX JHHENHBLIX ONEPATOPOB B KOHEYHOMEPHOM
BeKTOpHOM npocrpancTee V Han F. [lokasars, 4TO CYLIECTBYIOT TaKue
6asuc ey, ...,e, B V u HopMaubHasa noarpynna N B G KOHEIHOIO WHIEK-
ca (3aBHCAmEro TOILKO OT n), 9T0 N COCTOMT M3 BEPXHETPEYTOJBHBIX
MaTpHIIL.



OTBETBI 1 YKASAHWUSA

.

1.3. HcnoaeszopaTs MHIAYKUMIO 10 | U A4:l

i=1
1.4. IlposecTH MHAYKIMIO IO 7t.
n

1.5. 22", Hyers X1,..., X, naHHBIe TOAMHOXKecTBa U X ob6ozHaua-
er X; mm X;. Torga Bcakoe ob6pasosannoe u3 {X;} IOAMHOKECTBO MOXKET
OBITH 3aIIMCAaHO B BHJE

U &inxeEn...nxir),

(e1,..06n)€E
rjae € — HeKOTOPOe MOAMHOXKEeCTBO BO MHOKECTBE BCEX MOCIe10BATEeIbHOCTeN
(£1,...,€n). Bo MHOxecTBe X BCEX NOAMHOXKECTB U3 N DIEMEHTOB IOCTPO-

UTH N HOAMHOXeCTB X; TAKHX, 4TO Ji060M daeMeHT u3 X MOXKHO 3aIUCATH
B BHJE
X0 n...nXe

2.2, IIpeacrasure X B Buge (Y U A)U (X \ (Y UA)), rage A cuérHo n
ANY =@, X\Y BBuae AU(X \ (YU A)) 1 ucnons30BaTh CYIECTBOBAHIE
omexkmmn Y U A — A.

2.4, 2",

2.5, a) [Y¥|=n". 6)n(n—1)...(n—m+1).

B) n! mpu m =n, 0 npum # n.

r) " —n(n—1)" +...+ (1) (?)(n — ) L (=1) (nil).

UcnoaszoBaTts 3agady 1.3.

2.6. nin—1)...(n—m+1)/ml.
5 A

2.9. n!/(m!...my!).

2.11. 3), u), k) Maaykuusa oo n.
2.12. Huaykuma mo m.
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n+k-—1 .
2.13. - . YeTaHOBUTE OMEKIMIO MEXAYy MHOXKEeCTBOM VKa3aH-

HEIX Pa30HeHnI ¥ MHOXKeCTBOM 0 IMHOXKeCTB U3 k— 1 31eMeHTOB BO MHOXKECTBE
u3 n + k — 1 azemenTos. Ucnoas3osate 3azauy 1.3.

g1 oyl 23 400 1 2 3 4 5
e ¥l2 13 45/%1 25 4 3)

6) 1 2 3 4 5 6 1 2 3 4 5 6
6 5 3 2 1 4/%"\1 3 5 6 4 2/
1 2 3 4 5 1 2 3 45 6
Bls 431 2)%4 16 5 3 2)
3.2. a) (1563)(247).  6) (1362)(47).  B) (1362745).  r) (1472365).

) (12)(34)...(2n —1,2n). e) (1n+1}(2n+2)...(n2n).

1 2 3 4 5 6 7 1 2 3 4 5 6 7

3'3°d)(3467512)' 6)(6372452)'
) 1 2 3 4 ... 2n—-1 2n
®\3 456 .. 1 2)
3.4. a) (1642573).  6) (26537).
3.5. a)5. 6)8. ®)13 1)l4 g —"(”2_ L —"("2“).
x®) (n—k+1)(k—-1). a) {k—l)(n—k)-l—wz(k_z)-.
3.6. a) Heuérnas. 6) Yérnmas. B) Yérnan. r) Heuérnas.
x) (_1)[(n+2)/2]‘ e) (_1){(n+1)/4]_ ) (_1)[n/2].
3) (_1)[n/2][(n+1)/2]_
3.7. a), 6) Yérnaa npu k HeUETHOM. B) YérHan.
r) Yéruan upu k gérnom. ) Yéruas nupu p + g+ r + s yérHOM.
n

3.8, (2) %

1 2 L..on
3.9. a) (n s m 1). 6) k—1. B) n — k.

3.10. Ecuam nmapa umcen oramusa ot nap (g,q+ 1) u (¢ + 1,q9), To oHa
06pasyeT MHBEPCUIO B 000X IOCIEJ0BATEILHOCTAX OJHOBPEMEHHO.

3.11. BocnoassosaTtsca sagaqen 3.10.

3.12. Tlokasatp, 4To ecant 0 = (i1,...,1k), TO
7Gx~ = (n(i1), ..., w(ix))-

3.13. Ecam i, j BXOAAT B pa3’Hble UMKJBL, TO 3TH HUKJILI CIMBAIOTCA B O1HH;
eCan 4, j BXOAAT B OAMH IUKJI, TO OH PACTaJaeTCA HA ABA IHKIA, OCTATbLHBIE
IUKIBL HE M3MEHAIOTCA; ACKPEMEHT YBeIMUHBACTCA HIM yMeHbIIaeTca Ha 1.



Omsemyl U YyKa3aHUA 331

3.17. Ecam g — Apyrom MHOTOWIEH TOTO ke TUNa (Ipu Apyrom BeIGOpE
ABYWIEHOB), TO 0 f /oy = f/g; 3aTem ucnoas3osarthb H«‘)j (x; — ;).
3.18. a) Ecom rpad cBA3HBIN, TO B BUAe YKa3aHHBIX MPOM3BEJICHUN TPeI-

crapaaoTes Tpancnosummu (12), ... (1n), a ecau HECBA3HBINA, TO TOIBKO LHKIIHL,
KOTODBIE COAEPKATCA B OJHOM M3 KOMIIOHEHT CBA3HOCTH.

6) BocnoassoBareca yTBepx eHAeM A).

3.19. PaccmoTpum pajg mocaeI0BaTeIbHOCTEH, HaduHaommuct ¢ 1,2,. ..
...,N, TOIYICHHBIN CACAYVIOmNmMM 00pa3oM: cHaksana 1 mepeBoguM mocaeaoBa-

TeabHO Ha l-e, 2-e, ..., n-e MecTo; 3aTeM 2 MePeBOaNM TOCIeI0BATEIBHO Ha BCE
smecTa 10 (n — 1)-ro u T.1. Ha xax oM mare 9ucio MHBEPCUH YBEIMYUBAETCHA

n
Ha 1 um JOoCTUTaeT “THCIa (

2) B NOCJEAHEN mocaejoBaTeasHocTd n,n—1,...,1.

2

3.21. a) sgné& = (sgno)"(sgn7)™. JexkcukorpapuHeckn yHOpAIOTHTD
X x Y u nogcuuTaTh YUCI0 MHBEDCHN.

]
3.20. % (n)‘ Bocnoassoparsca sagaden 3.8,

6) Mmaner umkaos pasasi HOK(k;, 1), xaxzaem sxoaur HO/(k;,l;) pas
(i=1,...,8 j=1,...,1); paccMoTpeTh CHaYalIa CIy4Yad, KOUJa CAaMWA o, T
ABIAIOTCA UHAKJIAMH. 3aMETHTh, YTO B 3TOM CIydYae 48THOCTH £ COBIAJAeT C
uérnocTeio | X| + |V

3.22. B) BocmoanszosaThea sagaden 3.12.

3.23. PasnoxwuTh ¢ B NpOM3BeJEeHHE HE3ABUCHMBIX IMKJI0B. MHTepmpern-
PyA KaxkABIM LMK [JIMHBl HE MEHBIIE TpPeX KakK I[OBOPOT MPABHIBHOTO
N-YTOJNBHUKA, IPEJCTABATE MOBOPOT KAK NPOH3BEICHAE IBYX CHMMETDHMA.

4.2, a)u(n)=3-2" —5. 0) u(n) = (=1)"(2n—1).

4.3. Wuaaykuma no n.

4n+l _ 1

4.4, a)T—n—l. 6) —n*+1. B) 2" (n—2)+6.

4.6 —-4.10. Wngykuus 1mo n.

4.11. a)-a) Ungykmus no n. e) Burrekaer us a).
%) BrirekaeT u3 1), e) m amropurma Esximaa.
4.12. Waaykuwma mo n.

4.13. Ecm m Takoe meaoe uucao, 910 rm € Z, 1o Uy (2cosrm) =0
no 4.12, 6). To 4.12, 6) u 28.1 umcao 2cosrm nenoe. Tak kak |cosrm| < 1, To
2cosrm = 0,41, £2.

n(n+1)
2

4.14.

Ten Ha n.

+ 1. [JobaBrerne n-u TPAMON YBEIWIMBAET YHCIO 0OIaC-
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5.1. a) n(n+ 1)(2n + 1)/6; paccmorpers cymmy
O+1*+1+1)°+...+((n-1)+1)%

6) n*(n+1)2/4.
5.2. Cwm. ykasaume kx 5.1.
5.3. Ilycrs T — mMuoxecTBO, cocTomuee us nap (o,i), rae o € S o(i) = i;

TOraa
n
S N@E)y*t'= Y No)=> Y (N +1).
€S, (o, )ET i=10'€S,_,

5.4. Wcnomssosars 3ajady 2.7 u 2,12, a).

5.5. HcnoaesoBars 3agaqy 5.4, npeJBapuTeIbHO NPEACTABHB B BHJE CYM-
MBI BBIP@KEHUE 0JHOU GQYHKIUHU YePe3 APYTVIO.

5.6. Hcnoassosars 3agaqdy 5.5.

6.1. (1,4,-7,7).

6.2. a)(0,1,2,-2).  6)(1,2,3,4).

6.3. a) la. 6) Her. B) la. r) Her. 1) Her. e) la.

6.7. a) Her. 6) Her. B) Her. r) Her. a) da npu wéTroMm k.

e) Ja.

6.8. Her.

6.9. a) A = 15. 6) A — moboe Tuco. B) A — mo6oe 1ucIo.

r) A#12. 1) Taxoro A mHe cymecTByer.

6.10. a) (ai,az2), (a2, as). 6) (a1,as), (az,a4), (a1, as), (az,as).

B) Jliobbie aBa BeKkTOpa 06pa3ywT Gasuc. r) (ai,a2,a4), (a2,as,a4).

) (a1,az,a4), (a1,a2,as), (az,as,as), (az2,as,as).

6.11. Ecim cucrema IMHERHO HE3aBUCUMA WIH TOJYYIACTCA W3 JTUHEMHO
HE3aBHCHMOU J00ABICHUEM HYJIEBBIX BEKTODOB.

6.12. a) (a1,a2,a4,as), az = a1 — as.

6) (a1,a2,a3), as = 17a; + 12a2 — 26as.

B) (a1,a2,a3), as = day + 2a2 — 2a3, as = —ay + a2 + as.
r) (a1,a2), as = a1 + 3az2, a4 = 2a; — as.

a) (a1, az2,az3).

e) (a1,az2), az = 2a1 — as.

x) (a1,a2), ag = —ay + az, ay = —dHa; + 4as.

3) (a1,a2,a3), as = a1 + az — aa.

u) (a1,a2,a4), az = 2a; — as.

k) (ai1,a2), as = 3a1 — az, as = a1 — as.

1) (a1,a2,a3), a4 = a1 — az — as.
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6.13. JlwbOwie k — 1 pasam4HBIX BEKTOPOB 00pasyoT HGasuc.

6.18. a),6) p=3.

7.1. a) 2. 6), B), 1) 3. r), e), k) 4. x), 3), 1) 5.

) N OpY HEYETHOM 7; n — 1 npu 98THOM 7.

7.2, a)lupu A=1,2npn A= —1n 3 noprm A # £1.

6)2npu A=1,3npu A =2wu A =3, 4 B OCTAILHBEIX CIyIaAX.

B) 2mpu A =0, 3 mpu A # 0.

r)2nopu A=3,3 npu A # 3.

o) 3upu A ==1 wm £2, 4 npu A # £1 wm +2.

e) 3, ecm A =0,—2,—4 u 4 B OCTATHHBIX CIyTaAX.

x)nupu A=1,2,...,n, u n+ 1 IpU OCTAIBHBIX 3HAYCHHUAX A.

3a)nuopu A=1/2un+1nopu A #1/2.

7.4. Cucrema CTPOK NPOM3BEIEHUA MATPUL JMHENHO BEIPAKAETCA depes
CHUCTeMY CTPOK BTOPOH MATPHIIEL

7.6. Cucrema cTPOK CyMMBI MATPUIL JUHEHHO BEIpakaeTcs depes oibeiu-
HEeHHe CUCTeM CTpOK DTHUX I\-IanHu.

7.7. Ecam, manpumep, cucrtema CTpPOK MaTpuibl panra 2 ects (a,b,
aa+ b, ya+db), To A ects cymma MaTpun co crpokamu (a, 0, aa,ya) u (0,b,0,
b, b); panee ucmoab3oBaTh 7.6.

79. Ompur<n—2; loppur=n—1; nopnr =n.

7.10. Bocnoas3oBaThca 3MeMEHTAPHBIME NPeobpa30oBaHUAMH.

7.15. Vcnoas30BaTh NPUBEJCHUE K CTYINEHYATOMY BHAY € TOMOLIBIO DJe-
MeHTapHbIX npeobpasosannu 11 Tuna co cTpokammy.

7.16. Muaykousa mo 9ucay cToabuos.

7.19. Muayknusa no gucty cTpok. J1a 10KazaTeascTBa eJuHCTBEHHOCTH
paccMoTperh 6a3uc CHMCTEeMbI CTOMOILOB C HAMMEHBIIMMH BO3MOXKHBIMHM HOME-
pamm.

8.1. a) z3 = (z1 — 9z2 — 2)/11, x4 = (=5x1 + 22 + 10)/11; (0,1, —1,0).

11 2 1 1 1
()} I3 = —g.’{fd, €T = §T2+ ﬂ.’!f({ — 5; (— 5,0,0,0).

B) Cucrema HECOBMECTHA.

I‘} r3=1-— 4.’1’:1 S 3$2, ry = 1, (1, —1,0, 1)

1) 3 = 6+ 1021 — 15x2; 24 = —7 — 1221 + 1829, (1,1,1,-1).
e)x1 =3, 22=0, 23 =5, 24 = 11.

K)o =3, x2=2,23=1.

3) v3 =13, &5 = —34, 4 = 19 — 3z, — 2z>.

8.2. a) IIpm A = 0 cucTema mecoBmecTHa; mpu A # 0

_9A-16 8 _4<) 3
3= "5 5rh T4= THyT TR

1
wE_Aa
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6) IIpu A # 0 cucTema HecoBMecTHa; mpu A = ()
1 1
r = **2-(7+19I3+71I4), To = 75(3+135L'] + 5z4).

B) IIpu A = 1 cuctema necoBmecTHa, mpu A # 1

L4389 5 s 5
1T —8a 8y T

r) Opu A=8 x» =442z, —2x4, x5 = 3—2x4; npu A # 8 pemenne xo =4—2x4,
T3 =3 —22,4.

M puA=8x3=—1,24 =2—a:1—-;:a:g; npu A #8xa=4-2/3x,, x3 = -1,
xq = 0.

e)pu A#1,-2z1=za=23=1/(A+2);mpu A=1121 =1 — x5 — x3;
npu A = —2 cucTeMa HeCOBMECTHA.

) [Ipu A # 1, -3z =z =z3=z4=1/(A+3);mpui=1z1=1—u2 —
— &3 — I4; OIpA A = —3 CHCTEMA HECOBMECTHA.

3) lpm A # 0,-3

= 2— N T A3 A1

YO TR L YO W ) D YO W N
npu A = 0 u A = —3 cucrema HECOBMECTHA.
m) Ipu A£0, -3 21 =2-2A% 22 =2A—1, 23 = A3+ 227 = A= L;mpu A =0
Ti=—I2— T3 Opu A= —3 11 = T2 = T3.

8.3. a) f(2,3,1)%.

6) MuoxecrBo mekTopor Buaa '(0,0,2,—1) + a'(13,0,9,—-1) + £Y(0,
13,-27,3).

B) MuoxkecTso BekTopoB Buia (2,1,—1,0,1) + «'(1,0,4,0,-1) +
+ 3%(0,1,—8,0,2).

r) MuoxecTBo BekTOpoB Buaa '(2,—2,3, —1)+a'(—13,8, -6, 7).

a) @.

e) MmuoxecTso mexTopor muaa (1,2,22/5,8/5) + o'(5,0,—17,—8) +
+ B%(0, 5,34, 16).

%) Muoxecteo BekTopos Buaa '(—3,1,3/2, —1/2, -5/2) + o’(1,0, -2,
—4,—4) + (0,1, -1, -2,-2).

a) (3,0, -5,11).

8.4. a) ) = 8z — T4, T2 = —6x3 + 5z4; (*(8,—6,1,0), *(-7,5,0,1)).

6) CucTeMa MMEeT TOIBKO HyJICBOE DEIICHHE.

1B orserax cumpoa fu oGosmataer BeKTOpP-CTOXOEH, OMYICHHEIA TPAHCIOHUPOBa-
HUEM CTPOKHU U.
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B).’L‘l=1:4=:tf5,.’1’:2=.7:4—.’.!:5,.,5—.1‘4,((1 1 1 1 00 ( 100010),
1(0’_11010’0,1))_

r) Ecm n =3k wam n = 3k+1, To cucTeMa mMeeT TOIBKO HYJIEBOE PEIICHHUE;
ect n = 3k + 2, To obwee pemenue

x3i =0, X3i41 = —Tn, T3it2 =Ty (= 1,...:E)

(t(-1,1,0,-1,1,0,...,0,-1,1)).

8.5. a) (/(7,-5,0,2), '(=7,5,1,0)).

6) (1(—9,3,4,0,0), 1(=3,1,0,2,0), (=2,1,0,0,1)).

B) fAapo cocTouT M3 Hy.IEBOrO BEKTOpA.

r) ((-9,-3,11,0,0), ¥(3,1,0,11,0), *(-10,4,0,0,11)).

x) (1(0,1,3,0,0), £(0,0,2,0,1)).

e) (1(—3,2,1,0,0), (=5,3,0,0,1)).

8.6. a)zy =x2=1. 6) z3 =3, z2 = —1.

B) x1 = cos(a + ), x2 = sin(a + 5). (Z— g- %)
3 z1=3,22=2, 25 =1. o):r'lf3:r2:—2 T3 = 2.

8.7. z24 3z +4.

8.8. x4 3z" +4a + 5.

8.9. —z'—x+1.

8.10. a) '(2,4,2). 6) £(15,2,4).

8.11. Tloayuurs dopmyast Kpavepa Az; = A; u 06e 4acTH YMHOXKHTE Ha
quca0 u Takoe, ¥To Aw 4+ mv = 1.

8.12. Ecm d = ayj n aj = dgq+r (0 < r < |d|), To anemenrapusiy mpe-
00pa30OBAHMEM MOMXKHO ICPEHTH K MaTpuie ¢ dIeMeHToM r < |d|; nosTomy BCe
DIEMEHTEI CTPOKH i M CTOXOUA j AeaaTcs HA d, U MATPHUIY MOXKHO IPHABECTH K
suay B, rae byy =d, bi; = b1 = 0; ecmt by = dg + s (0 < s < |d|), To, priura
W3 MEepBOM CTPOKM BTOPYIO, a 3aTeM NPHOABUB KO BTOPOMY CTOI0LY MEePBHIN,
VMHOXCHHBIM Ha ¢, IOJYYUM MATPHLY € 3JIeMEeHTOM —s, T.e. s = (.

8.13. HcnoaszoBars 3aga4y 8.12 u eé pereHue.

8.14. Hcnoaszopars Teopemy Kpamepa. O6paTHoe yTBepXK ICHHE HEBEPHO:
CHCTEeMa M3 OJHOT'O YDABHEHMA 21 = 2 ABIAETCA ONPeJeIeHHON HAJ KOJBIOM
LEJBIX IUCeI M HeOIPeIeJ6HHOU 10 MOAYIIO 2.

8.15. Hesepno: cucTemMa u3 OAHOTO ypaBHeHUA 4r = 2 He MMeeT leTbIX
PELICHNH, HO COBMECTHA 10 MOAYJIIO JI000r0 IMPOCTOro YUCIa .

8.16. a) Ejpuucrsennoe pemwenue mo Moayao p # 3; 1 = —1+ a2+ x5 upn
p=3.

6) ExmucTBeHHOE pemenne mo MOAYII0 P # 35 M0 MOAYIIO 3 CHCTeMa HeCOB-
MeCcTHA.
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B) EaunHcTBeHHOE pemenue mo MOAYIIO p # 2; M0 MOAYIIO p = 2 cHcTeMa
HECOBMECTHA.

8.19. Vcnorb30BaTh pe3yabTaT NPeAbIIYINCH 3a1a4u.

8.23. Bocnoassosarsca pesyapraravum 3agag 8.20-8.22.

8.24. a) {'(1 —3k —20,2k,1)| k,l € Z}.

6) {*(k,0,11(2k — 1), —=8(2k — 1)) | k € Z}.

8.25. HWcnoasaosats 3agaty 8.19.

8.26. [uaa croxbua X «gepes || X|| ofo3mauuM MAKCHMyM MOAYJIEH KOOP-
muraT. [lokasaTe, 4TO 114 MO0BIX HATYPATBHBIX THCET 71, 11} CIIPaBeIINBO He-
paserctBo || X, — X < gl|X-1 — Xn—i1]| rge 0 < ¢ < 1. Otcioga creayer
CXOJUMOCTD MOCIeJ0BATEILHOCTH X, K pelrenuio ypasuenua AX = b,

9.1. a) —16. 6) 0. B) 1. r) sin(a — 3).

) 0. e) 0. x) a® +b* + % + d°.

9.2. a)-8. 6)—50. 8)16. r)0.

1) 3abe —a® = b® = 2. e) 0. x) sin(B — ) +sin(y — a) + sin(a — 3).

3) —2. u) 0. K) 3iV3.

10.1. a) BxogmT co smakom mmoc. 6) Bxoamr co smakom mmmyc. B) He
BXO,IHT.

10.2. i=2,j=3,k=2.
10.3. 22" — 5z + ...

10.4. a) 11422 ...0nn- 6) (—1)?1('171)/2011102,,1_1 e Bnl-
B) abed. r) abed. a) 0.
10.6. 1.

11.1. Yuuoxurca na (—1)".
6) He manenuTea.

B) He mamennTcs; mpeofpa3oBaHue MOXKHO 3aMEHUTH ABYMA CHMMETPHAMA
OTHOCHTEIHHO TOPH30HTATLHON M BePTHKATLHOH CPeTHIX THHIH U CAMMeTDHER
OTHOCHUTEJIBHO I‘J'.[a.BHOI‘/JI AUArOHAJIHA.

r) He manvennres.

1) Yuuomures ma (—1)"n—1/2,

11.2. a) Yuuomures ma (—1)" 1. 6) Yuuoxurcs ma (—1)""1/2,

11.3. a), 6) He msmenwuTca. B) O6paTrTca B HyTB. r) Onpegemn-
TeJb Y€THOrO NopAjka obparuTca B (; HEIETHOTO MOPAAKA Y ABOWTCA.

11.4. TpanCHOHMPOBATDH ONPEIEIUTETb U U3 KaXKA0W CTPOKA BRIHECTH — 1
3a 3HAK ONpeJeIuTeN.

11.5. McnoasaosaTs, uro, nampmvep, 20604 = 2-10* + 6 - 10% + 4.
11.6. 0, Tak Kakx OJHA CTPOKa PaBHA MOIYCYMMe IBYX TDVIHX.
11.7. 0.
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11.10. a) ajaz...an + (alaz vvi@pn—1+aG1...0n-28p+ ...+ az2as.. .an):r:;
PA3NOKATE ONPEJICIATEIs HA CYMMY ABYX CAATAeMBIX, HOAB3YACH IOCIeJHEN
CTPOKOH.
6) " + (a1 + ... +a,) x 2" L
B} Dn =10 upu n > 2, Di=1+ Ty, Dy = (.’El - EQ)(yl - yz).
r) 0 mpu n > 1; pasioKUTh Ha CYyMMY ONPeIeTUTEIeN, UCIOAb3YA KAk I
U3 CTOJOIOB.
a) 1+ 300 (@i +bi) + 320, cicpen (@i — ax) X (bx — bi); mpeacrasurs B BUAE
CYMMBI JABYX ONPEJeTUTeIeN, N0Ib3YACh TePBON CTPOKOH;
e)l4+zih+...+ Zayn.
12.1. 8a + 15b + 12¢ — 19d.
12.2. 2a —8b+ ¢+ 5d.
12.3. a) z" + (—1)"*'y"; pastoxuTs MO MEpBOMY CTOIOLY.
6) A0XT1T2X3 . .. T +AIY1L2T3 ... Tn+A2Y1 Y203 ... T+ ...+ AnY1Y2Y3 . . . Yn;
PA3IOKATEH IO IEPBOM CTPOKE U MCIOIBIOBATE TEOpeMy 006 onpejeiuTene ¢ yr-
JIOM HYJIEH WM PA3JI0KUTh 10 NOCJAeIHEMY CTOI0IY M COCTABATH PEKYPPEHTHOE
COOTHOIICHNE,
B) aox™ + arz™ ™t 4+ + Gy} PA3JIOKUTE IO NEPBOMY CTOJOLY.
r) nl(aoz™ +arz™ ' ... +an).
) "t -1 n+1
(z—1)2 =z-1
na” #"* —1

8) —————
r—1 (z-1)

K) A1A2...0, — Q102 ... An—1+A1A2 ... Ap_2—. . .+(—1)"_1a1 +(-=1)"; pas-
JOKUTH 10 MEPBOMY CTOJOIY WIH PA3IOKUATE M0 NOCAeAHeMY cToabiy, B mep-
BOM CJATAEMOM MEPEHECTH MOCACTHION CTPOKY Ha IEePBOE MECTO M COCTABUTH
PEKYPPEHTHOE COOTHOLICHHUE.

3) [T (aiaony1—i — bibani1—i).

( 1 1 1)
u) aiaz...ap|ag— — — — — v —— .

@ az n
12.4. [oxasatn, uro D, = Dy + Dy _».
13.1. a) 301. 6) —153. B) 1932. r) —336.
a) —7497; monyuUTh YrOa M3 HyJIeH. e) 10. x) —18016.

3) 1. u) —2639. K) g x) 1. M)—21. H) 60.
o) 78. o) —924. p) 800. c¢) 301.

13.2. a) nl. 6) (—1)" " 'n!; nocaeanion cTpouKy (WM HoCAeqHUI cTOIGE)
BBIMECTH M3 BCEX OCTAJIbHBIX.

B) (—1)**=1/2p:by .. . by.

22 AWM. Kocrpukun
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r) x1(z2 —ai2) (za—a2)...(Tn — @n—1,n); U3 KAKAOM CTPOKH, HAMHHAA C
MOCJAEJHEH, BEIYECTh MPeAbIIYIIYIO.

1) (=1)™""Y2p: m3 kamgoro croadua, HAMMHAA C IOCICIHErO, BHIMECTH
IpeaBIIYIIH.

e) H;Zl(l — Gkkl')-

x) (=1)" D2 4 1)1 rpubaBuTh Bee CTOIGHEBI K TIEPBOMY.

3) [(a + (n— 1)b)(a —b)" 1.

u) bi...by.

(n—

1 i 3 5
13.3. (—nh)"* [a + T)h]; M3 KaxkJoU cTpoku or 1-u go (n — 1)-n

BBIYECTDL CICAYIOLIYIO M MOIYYCHHBIE 72 — 1 CTPOKU CAOKUTE.
14.1. a)n+1. 6)2"t -1, B) 9—2ntL,
r)5-2"1 4.3, oy 2ntt -1

al’t-l—l _ﬂn+1
e)
a-—/3
n 1 i

x), 3) T[T, k! u) Hn;i‘;vk;l(l‘ Tk ).

) [T cichgnir (@ibe — axdi).

1) (X TarTas - Tan_, [1nsisss1 (@i — k), Tae cymma Geperca mo seem
COYeTAHUAM T — § YHCeT (],...,0n_s U3 Yucea 1,2, ..., n; IpunucaTe CTPOKY
1,z,2%,. .., 257 2%, 2 L 2" meronGen f(2°, x5, .., x5, nOTyYeHHEI onpe-
JEIUTeNb BEIYUCIUTD ABYMA CHOCOOAMU: PA3IOKEHHUEM 110 IPUIUCAHHOU CTPOKEe
M KaK onpejernTens BaHiepMoHAa U CPAaBHUTE KO(DOUIUEHTH! Ipy 2°.

upu a # B; 1 (n+ 1)a” npu a = f3;

M) [2z122 ... &n— (21 —1)(z2—1) ... (Zn—1) Hn2i>k21(mi — I} ); IPUIUCATE
nepsyio crpoky 1,0,0,...,0 u mepsbm cTOI0EN U3 €IWHHUI], TEPBBI CTOI0EI
BLIYECTL U3 OCTAJBHLIX, €IMHULY B JEBOM BEpPXHEM VIV MPEICTABUTEL B BHIE
2 — 1 u npeAcTABUTH ONpPEAEIUTeNs B BUJAE PA3HOCTH ABYX ONpeJeIuTelen,
MOAB3YACH MEPBOU CTPOKOM.

u) (-1)" " (n - 1)z

- n o i n

o) Za=y)" —yla—a)"

r—y

15.1. (a® + 0> + & + d*)% VMHOXKUTH JAHHYI) MATPUIY HA TPaHCIOHU-
popaunyio. Hairtn kosdduument mpu o' B paspepHyTOM BLIpAKEHMH IAHHOTO
OIpe eI TELA.

15.2. a) 0, ecam n > 2, sin(a — a2) sin(f — F2) npun = 2.

6) Hn}i)k?f(ﬂ‘i —. ak)(bl— = b;c)

B) (1)(5) - () Ilzisksolar — ai)(bi — by).

i 2

r) Hn>i>k;1{1i — k).

15.3. YMHOXKUTH Ha OmpeieanTens BangepMonaa.

15.4. a) (a+b+c+d)(a—b+c—d)(a+bi—c—di)(a—bi—c+di)=
=a' — b+ —d' — 2a%C + 20%d® — 4a’bd + 4b%ac — 4¢°bd + 4d*ac; e, aga-
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ay 15.3.

6) (1—a™)"'; em. nanauy 15.3 u pasencreo (1—ac)(l—asa)...(1—az,) =
o 1 — CE?L

16.1. a) 2; nmoka3aTh, 4YTO BCE TPH WIEHA ONPEeNeINTeNd, BXOJAIMe B Pa-
3BEPHYTO€ BRIPAYKEHHEe CO 3HAKOM IIIOC, HE MOTYT PABHATHCA 1, M paccMoTpeTs
OﬂpeACJIHTCJII: C H)’JICM Ha I‘.“IHBHUI:'[ AVArOHAJIM U OCTAJBbHBIMM € JMHUIIAMM.

6) 4; B pa3sBepHYTOM BBIPAXKCHUH ONPEACIUTELI PACCMOTPETH NPOU3BEAC-
HHUE "JIEHOB €O 3HAKOM ILTIOC W "LIEHOB CO 3HAKOM MHUHYC M BEIMHCINATL ONpeje-
IUTEIEL ¢ DIEMEHTAMY [VIABHOU AMATrOHAIM —1 M OCTAILHBEIMH €IHHUITAMH.

16.2. Bocnoas30BaThCA PasBePHYTBHIM BBIDAKCHUECM.

16.4. Ilpumenuts Teopemy 06 yMHOXCHHM ONPEICTUTEICH K IPOM3BEJe-
Huio AA.

16.5. Pasaoxuts det C B cymmy n'™ omnpeaemmTenen, MOIb3yACh CTOI0-
mavm. B xaxagom craraemom m3 j-ro ctordma BemecT: by, . Ilokasats, wTo
detC =320 4 _ibiky oo bk, Aky.ky, - 3aMETHTB, wTO TPU M > M Cpean
wcex ki,...,kn Bcerga ects pasuble u Ay, 1, = 0. Bropon cmoco6: npm
m > n Marpuusl A u B JonoIHUTE 40 KBAaAPATHLIX IPHU IOMOLM 11 — 1 CTOXG-
oB, cocroanmx u3 (), ¥ TPAMEHNTE TeopeMy 00 YMHOKEHHH OIIDEIeTATeIeH.

16.6, 16.7. McnoaszoBaTts 3agady 16.5.

16.8. Pa3moxuTh 1m0 mocCIeJHEN CTPOKE.

16.9. Crauaira gokasaTb, ITO

3aTeM B JeBOM YACTH DABEHCTBA U B IEPBOM CJIAraeMOM IPABOM YACTH BBIYECTH
MEPBYIO CTPOKY M3 BCEX OCTAJBHBIX M HOJOXKUTH T = 1.

16.11. BemoannThs Haj KamkJ0d m3 k IPpynnm mo n CTPOK OIpeaeraTe-
as D npeoGpasosanus, NpuBoAAmIKe ONPEIeIUTeIb A K TPEYrOALHOMY BUAY, U
PA3IOXUTE HOJTYYEHHBIH ONPEeJeTATeNs 0 CTPOKAM ¢ HOMepaMu 1, 2n, ..., kn
no teopeme Jlamraca.

16.12. a) CymMMa BCEBO3MOMXKHBIX NPOM3BEICHUN a1, . . ., &y, OJHO U3 KOTO-
PBIX COAEPKUT BCE BACMEHTHI, & APYTHUe MOAYIAITCA U3 HEro BhIOPACEIBAHIEM
OJHOU MY HeCKOJBKUX COMHOKHUTEICH ¢ COCETHHMM HOMEepPaMu (ecau BeOpoLte-
HBI BCE COMHOXMTEIH, CIMTAEM 9IEH DABHBIM 1); HCIOIB30BATE PEKYPPEHTHOE
COOTHOIEHUE (ay...0,) = ap(ay...an-1)+ (a1...an—2).

6) (ar1az...a,) =

= (ma-;, airis (.U.~)((l|’.-+[(l.};+2 . .a.;) + (a[ag s .(Lk71)(ak+gak+3 e .(I,L).

B) IIpuMeHnTH METOA MATEMATUIECKON WHIYKINUW.

16.13. B cayuae aumennou 3apucuMocTH cTpok Marpuusl (C|D) sremen-
TAPHBIMHA NPe0OPA3OBAHMAME CTPOK IEPEBECTH €6 K MATPHUIE ¢ HYJIeBOH CTPO-
KOU M DTH Xe dIeMeHTapHbIe NPeoOpas’soBaHMA NPUMEHUTH K CTOI0IAM MaT-

20
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pun ‘D u 'C; sro gact marpuuy, ormraomyioca or A'D — B'C HeBwpox-
JICHHBIM MHOXKMTEJNeM; B Cay4dae, KOrjaa

€14y e1i,  diy dj,
................................. #0, k+l=mn, is # j,
Cniy Cniy  dnjy dnjy
pacemorpe pounseeHue (A £ ‘D K e
MOTPETh IIPOU3BEJICHUe . ' P i o
¢ D -'C 'L
) / i’ !
0 C1iy Clig 0. 1j1 0 Lz 0
(KIL) = [ oo ,
’ ! ! '
0 Cniy Chiy, 0 dnjl 0 . dnj; -0
/ / in
Cliy Cniy Cliy dl_”
............... — MaTpaua, obpaTHag K | ...............
4 u
i - nj Cnis;  wew g

-1
16.14. PaccmorpeTs nmpousBejgeHue (A B) . (C D) WI COOT-

cC D
A B ) D 0
BeTCTBEHHO | ~ ¢ p')

16.15.

[(c—a)" - (RII){c—a)"_z + (”;2)@—@)"—“ +] "
x [(c+a)" - (nIl)(c+a)”_2+ (”;2)(c+a)“—4-...] .

BocnoabzoBaTeca TEM, YTO

cE A

1 oepl= |c*E — A?| = |cE — A||cE + A|.

16.16. B onpegemurene D, o MATPUUEL, [TOJYIEHHON U3 HCX0IHOU IPUIIH-
cemmanmeM cumdy crpokn 1z, ..., "M BeraecTs my kamgoro croxbua mpenbr-
AYIIMR, NOKa3aTh, 4T0 Dy 40 = (2 —1)D, -1, n pasaoxuts D, 2 no nocieguen
CTPOKe.

16.17. Pasnoxus Dspy) mo mocaegHeMy CTOIONY, MOKA3aTb, ITO IUC-
aa —Dy, Dy, —D3, Dy, ... yIOBIETBOPAIOT TOU XK€ CUCTEME YPABHEHUH, 4TO U
KOXPPHUIHEHTHl Pa3IOKeHAA

T
|

=1+bix+boz? +bsz®+ ...

(HCI‘IO.?I}:BOB&TB TOX JeCTBO

1=(1+b1x+bw2+b3m3+...)(1+£+I—+i+...));
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z 1 ..
prym 1+ §a" — 1érTHaA QYyHKINA.

16.18. Kax e u3 onpeieauTensel BO3BECTH B KBapar.

1
3aMeTHUTh, ITO I)] = —E H YTO

16.19. a), 6) P, = Q,. = 1; nokasats, uro Q, = PZ.

16.20. Iloaeayace gopmynon aycca n = Ed\n (d), nokasaTs, uTo

dij =Y privrip(k),

k=1
rae p;; = 1, ecim @ genut j, u p; = 0, eca ¢ He JeJuT j; Pas’JoXKHTL OIpese-
JATENb HA CYMMY 1" CJaraeMbIx.

16.21. IIposepurs, uTo
1 n
A = det (—) 1 —z;y;
1—z;y; §i=d H ( i)

el g =1
ABIAETCA TEJOYUCIEHHBIM MHOTOWICHOM OT L1, -..,Tn, Y1, - -, Yn, KOCOCUMMET-
PHYHBIM IIO T1,..., Ty | IO Yi,..., Y. llo3TOMY

A=bA(z1,...,20)AW1,---,Yn),
rae b — MHOTOWIEH OT IT1,...,Y,. CpaBHMBaA cTenens A u
A(ZL’[,---,wn)A(ylw--':yﬂ)r

nmokasars, 4ro b = 1.
17.1.

. 1 0
L ki cos(a+ ) —sin(a+ )
? (0 1 ) 6)(5iﬂ(a+ﬁ) cos(a+ ) ) 2) _(1) [1)
6 8 6 7 5 0
a8 82 afnd o4
6 8 6 14 10 0
) 3 0 0 3) 3 7 0 0
loo —2 2 S 6 B v
00 2 =2 0 0 -2 3
EEIRN R
17.2. a) 2 9 —7 5)
13 -9 15 0 0 12
? -1 2 1 3
A EEE
17.3. a) [0 9 0]. 6)
0 0 9 00 0 0
00 0 0
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oo O
oo o

B)

r)

oo o e
(=R =T~ ]
[ S e i e
ocoocoo
cSoo N
(=R =1 = o]

4

=

cosna  sinno S
17.4. a) : , IPHUMEHHTL MEeTOI MaTeMaTHICCKON
—sinno  cosnoe

MH VKA.

An. n/\nfl
6) (0 A" )

(3n +1 —n
B)

) 1 3aMEeTHTE, YTO MePBad A TPETHhA MaTPHIBI B3aUMHO

In —3n+1
00OpaTHBIC, U 3ANMCATL CTENEHH B BHJAE N COMHOKNTEICH.
1 4 0 18 18 18
17.5. a) [0 1 0]. 6) |18 18 18
1 40 18 18 18
k 0 E .
17.7. H* = (O 0) , vae F/ — eamnmunas marpuna pasmepa n — k, ec-

mk<n—-1,u H =0 npu k >
17.8. Ilpegcrasuth f(x) B BEHOE

(k)

ul sBuge I = AE+ H, rae H w3 sagauum 17.7. Bocnoassosarsea sagaden 17.7.

_ 11 5
17.10. a) ( o ) 6|0 1 6
00 1

17.11. a) ( _i _; )

01 —1/2 1/3 -1/4 ... (=1)"/(n—1)
00 1 -1/2  1/3 ... (-1)"/(n-2)
6 0 0 0 1 -1/2 (-1)"/(n—3)
)
0 0 0 0 0 1
0 0 0 0 0 0

17.14. Zk angi;,..

17.15. ¥, awiEx;.

17.16, 17.17. Bocnoas3oBarsca 3agadamm 17.14 m 17.15.

17.18. Iloxasare, 4To mepecTanoBouHoCThL MaTpuusl A ¢ E + Ejj, i # j,
SKBUBAJICHTHA nepecTanosounocTy A ¢ E;;. Bocnoassosarsea sagaten 17.16.

17.19. A =0; mocre ymuaoxenus A na Mmarpuanyio equaniy E;; noayaaTcsa
MaTpHIla, ¥ KOTOPOM HA NIABHOM JUANOHAIN CTOHT DJIEMEHT @;j, a OCTAIbHBIE
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DIEMEHTBI — HYJIH.
17.21. HcnoassoBatk 3agaqy 17.20.
17.22. IIpu A = 0; ucnoas3zosars 3agaqdy 17.20.

17.24. tr[A, B] = (. BeramcanTe KBAJpaT MATPHIOBL ¢ HYJCBBIM CICIOM.

AA +BC, AB, +BD1)

1725 (0_41+Dcl CB + DD,

17.26. Ha#Tw 5IeMeRTHI NMABHOH gmaroamn marpum A'A u fAA.

17.27. IIycre B = (bij), vae byj = 0 upu ¢ > j. Ilo ycaoBuio bi; = 0
npu i > j, by # 0 nna Beex @ m byibyy + ...+ biibij =0 npu j = i + k. Un-

AYKIHEH 110 i MOKa3aTh, 4To bjj = 0.

17.28. 3Bamerurs, uro Eij = [Ey;, E;j;] nupn i # j, a marpuna diag(aq,...
...,Qn) € HyJeBeIM caegom pasHa » ., ai(Eii — Eu) =3 ", ai[Ei, Ful.

17.29. A =diag(hi,...,hn),

0 0 0 0 0
hy 0 0 0 0
0 hy+ho 0 0 0
B = 0 0 hy + ha + h3 0 0
0 0 0 0 0
0 0 0 Siihe 0

rae hy = (n—2k+1)/2.

s 2 N o -1 2
wawx=(2 o= ( 2

6) Y =2X + (O _1), rage X — NOpPOM3BOABHAA MATPHUIA INOPALKA 2.

10
18.3. a) ((1] (1)) 6) ( BV )

B) (2@{1—1 2bb—3) abeER). re g ( _(11 g )
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" 1 7 -5 1 1 =2
Wl 75 1) o 4 -2 4 ).
-5 1 7 -6 2 3

18.4. Bocnoassosarnca Teopemon Kponekepa-Kanemwmm.

18.5. DaemeHTAPHBIMEA NPe0oGPA3OBAHUAMM CTPOK PACIIMPEHHOUM MaTpPH-
uet (A|B) npusectun A x cTynmeHIaTOMY BHIY.

18.6. Ykasare maTpuny B, cuuras A crynemyaTomn.

wio (33 0( e ) o( )

2
1
- s 1/5 0 0 1 00
r‘)(_2 1). Nl o 13 0o |. e 01 0 |.
0 0 -1/2 -3 0 1
1
0
0

16 0 0 7 -3 0 -1 0
x) 0 -5 2).3 -2 1 0 |. m 1 0
0 3 -1 0 0 1/7 =1 18
/2 0 0 _ ;
) _3/2 1 _1/2 JI) COS ¥ SII ¥
. 0 0 1/2 ’ —sina  cosa )’
1 000 010 0 /2 0 0 0
o 0 01 00 0 1 0 0 1/2 0
189 a) [5 1 g o' D11 000" Plo o 0o 1
00 1 0 00 1 0 0 1 0 0
1 -1 0 0 0
@ 81 r A 0 1 -1 0 0
) 0 0 0 1/3 2
_(IJ 162 g 3 0 0 0 i |
0 0 0 0
1 0 0 0 0 0 0
1 1 0 0 0 0 0
- 1 0 0 0 0
=1 <t 94 0 0 0
e)
1 00
-1 1 0
1 -1 1

L, 1 -8 29 -11
x) [ —-38 41 -34 |. a3)|-5 18 -7].
27 —29 24 i =& 1
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22 -6 -—26 17
-17 5 20 -13

) -1 0 2 -1
4 -1 =5 3
=1 A=Y —A'BC!
18.10. d) (70_13‘4_] C_-[). 6) ( 0 C_] ).
-3 2 0 0 -1 3 -8 3
2 -1 0 0 1 -2 4 -1
18.11. a) s —92 1 -32 | © 0 0 2 -1
-1 1/2 0 1/2 0 0 1 -1
18.13. a), 6) £1.
18.14. +1.

18.15. Ucnoas3oeaTh DPUCOEIUHEHHYVIO MATPUILY A
-1+t 0 1-—t
t* -1—t :
a}(_l_t2 1—r)' 6) 0 2t 2t
) 14+t -2t 1+t

18.16. 6) 3ameruTh, uto ecam det A = 0, TO cucTemMa ypaBHEHHU
37—, aijz; = 0 mMeeT HeHyIeBoe peruerue.

18.17. Ioxoxus C = (E+AB) ', roxasats, uto (E—BCA)(E+BA)=E.

18.18. Cpasuurs panrm matpun AB u BA ¢ pasravm matpug A u B.

18.19. Hcnoassosats 18.4.

18.20. Mcnoap30BaTh CBA3B MEXKIY VMHOXKEHHEM Ha DJIEMEHTApPHBIE MaT-
PHLEL 1 3IEMEHTAPHBIMEA TPE0OPA3OBAHMAMA.

18.22. IIycts A = (aij), B = (bij) — maTpuus nopagka n ¢ xoddgguum-
eHTAMN — MHOTOWICHAMH OT 2n° HeM3BeCTHBIX aij, bij, 1 <i,7 € n. Torga
AN = (det. A)A™!. Bocnomssosareea sagauen 18.21 aa A0KA3aTeIbCTBA MEp-
BOrO paBeHcTBa. BMecTo HEeM3BeCTHRIX a;j, bij MOXHO NOACTABUTE M0OLIe 3HA-
“eHuA. AHATOTHIHO JOKA3BIBATE OCTATBHEIE DABEHCTBA.

18.23. Bocnoassosatsca sagaden 11.10, e).

18.24. Ilycre B; — cTpoka anmuusl n— 1, noayuaomanca u3 B BeiGpaceiBa-

HueM i-koopamuatel. Joxanars, uro Cy' B; # —1 aan mexoroporo i. Ilomaysacs
sajgaden 18.22 ykaszaThk MUHOP MOPALKA 1 — 1, OTIMYHOR OT HYJIA.

wa o (3 D)-(5 )G 0

6) (E—E12)(E+ Exn)(E—2E»)(E+En2)(E+ Es)(E+ Es)(FE—3Es3) x
x (E + F13)(E + 2FE»3); ucnomaosars sagaqy 17.13.

1 4 9 16 1 2 3 4
6 15 28 2 6 10 14

193. a) | | 4 12 32 )1 3 6 12 24
1 2 3 4 4 4 4 4
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-5 2 3 4 1 2 3 4

-10 3 5 7 2 5 8§ 11

B)| 15 2 4 8 r) 3 6 10 16
01 1 1 -9 —§ —B 11

19.6. BocnoassoBarsca 3agaden 19.4.
19.8. Ecim mMaTpuus! nepecTaHOBOTHEL

19.9. [lna mocrpoenua MaTpuusl Y mcnoab3zopaTh MaTpuuel U, V' Takne,
yro UXV =En +...+ E,,.

19.12. Bepno npu n = 3.

19.14. {aE; 1| a € K}.

19.15. Bocnoasszosarbea Qopmyaon 6uHoma u3 3agatul7.6; HesepHo.
19.17. Ecmua A" = 0, To det A = (; ganee ucnorszosaTk 3anaay 18.2.

19.19. Bocnoas3oBaTbea (GOPMYIOH CyMMBI GECKOHEYHOH TeoMeTpHUdec-
KOH IIPOTPECCHN.

19.20. HcnoawszoBars 3agaty 19.19.
19.22. Cwm. sagaum 19.17 u 19.19.
19.23. Heeepuo.

19.27. Hcnoap3oBaTh BEITHCIEHHE 00PATHOM MATPHIIEI C MOMOIIBIO DIe-
MEHTAPHBIX TPeoGpa30BaAHUM.

19.28. Ecm det(CD) # 0, To
A B D 0 AD BC
det (C D) det (U c) = det (CD DC) =

AD BC AD - BC BC
= det (CD CD) = det ( 0 CD) = det(AD — BC) det(CD).

B cBasu c aTon sagaden cm.: T.H. Lehagan [/ Commun. Algebra. — 1981, —
V.9, Ne 3. — P. 267-269.

20.1. a)1+18. 6)4i. ) 7+17i. 1) 10—11i. 1) 14— 5i.
13 1, 11 27,

e) 5+ 1. x) T a) T~ 5
u) 4. K) 52i. a) 2. M) 1. H) —1.
20.2. i"=1nmpun=4k,i" =inmpun=4k+1,i" = —1 npu n = 4k + 2,

i"=—i mpu n =4k + 3, rae k — meroe umero; i0 =4; 1% = —1, {77 = —i.
20.4. a) zi =1, zo= 114 6) znn=2,z2=1—1. B) .
2 4 D)ao — i
r)m:(—ﬂ}zz—'. Nr=3-11i,y=-3-9i, z=1—Ti.

2
20.5. a)r=2,y=-3. 6) x=3,y=—bh
20.8. a) 0,1, —% ﬂ:i?. 6) 0, £1, +i.

20.9. IIpuMeHHTH MHAVKIMUIO IO YUCIY ONePAIIU.
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20.10. IIpumeHHATH OPEeABIAVIILYIO 3aJa9TY.

20.11. a):l:g(1+i). 6) £(2—i). B) +(3—2i).

r) z1 =1-2i, 2 = 3i. ) z1 =5—2i, zo = 2i. e) z1 =5—3i, zo = 2+i.

21.1. a) 5(cos0 +isin0).  6) (:osg+ising.

B) 2(cosm + isinm). r)3 (cns (—g) + isin (—%))
1) \/E(cosgdrisin%). e) \/5((:05 (—%) +1isin (—g))

}K)Z(cosgAFisin%). 3)2(C052§+isin2§).
n)?(cos (72%)+isin( )) k)2(co ( g)+z’sin (fg))
1}2(C05ﬁ+esm%). M)Q(COS—-FESIH%

F e

: 6 5 T
H) 2 (cos (—%T) + i sin (—%) s 0) 2 (cos (—%) + isin (—%))
™

p)?\/2+\/§x(cosl +2511112) I (\/—+\/_)(cos +2511112)

AJA IIOJAYYCHAA BTOPOIO BBIPAMKEHUA IA MOAYJIA IPUMEHUTDH (pO])MYJ'ly

Jazvie \/w«zmi\/a-\/zm'
2(m)x (cos (— %) + isin (—%)) 1) cos(—a)+isin(—a).

y) cos (g —a) + isin (g —ac). &) cos 2a + isin 2a.

x) 2cos & (cos L +sin (g) 1) cos(p — ) +isin(p — ).

21.2. a) 0Bl &yigtel, B) —239, r) (2 +v3)'1%
—212(2 - /3)%. e) —2%.  x) 2%  a3)—64

21.3. a)3+4i.  6)5— 12

21.5. HcmoawpsoBath 3agaty 21.4.

21.6. PasencTBo moayumrces, ecam aubo arg z; = arg zs, JubO XO0TA OB
OJHO M3 JAHHBIX TUCEI PABHO HYJIO; BRIACHUTEH I'eOMECTPHICCKUI CMBICT THCIA
min (|z1], |z2])| arg z1 — arg z1].

21.7. CeecT: 3342491 K TeopeMe O CyMMe KBaJPaTOB JIHH AUArOHAIEH
TapaLIeToTPaMMa.

21.10. [lokasarse, 4TO 2 = €OS( % isin .
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21.11. a) 4cos® zsinz — 4 cos x sin® z; BeramenTs (cos z +isinz)* mo gop-
myaam Myaspa u 6unoma Heiorona.

6) cos® z — 6cos® wsin® x + sin’ .

B) 5cos® rsinz — 10 cos? zsin® z + sin® 2.
r) cos® z — 10cos® wsin® z + Hcos zsin’ 2.

z—2"!

2

21.13. a) %(cos dx—4cos2x+3); ecan z = cos r+isinz, To sinx =
2¥ + 27% = 2cos kz.

6) é(cos 4z + 4 cos 2z + 3). B) — (sinbx — 5sin 3z + 10sinx).

L
16
r) —l-lé-(r:os 5r + 5cos 3z + 10 cos x).

21.14. a) IIpumennts ykasanue x 3agaqe 21.13.

22.6. HeBGpHO: OTH MHOXeCTBa COCTOAT M3 PA3HOr'0 YHCIa 2JAeMEeHTOB.

22.7. a) cos Mk:;”” P ok (0 <k <5).
6k — 1 . (6k—1
6) 2 [cos(—g[—)—ﬁ +zsm(—3-0i] (0<k<K9).

B) v2 [cos (8k3—21)7r + isin (8k3—21)7r] (0<kELT).

1, V3 1+iv3 | 1-4V3
r) {1,—5127}. a) {£1,£1}. e {:i:l,:l: g }
" {§+%z~3@+%zﬂ} ) 1 B,

u) 24/1. k) {£Vv2, £V2i, £(1+14), £(1-i)}.
a) {ii\/?-.,:t—\g—g(\/g+i),:t\/7§(\/§—i)}}.

M) {VB+i,—-1+iv3,—v3—i,1—iV3}.
n) {3+iv3, V3 —3i, =3 —iV3, —V/3+3i}.

0) {%%(i—l), ?(1—\/5—5(\/5“)), ST‘/Z(1+-\/§—?:(\/§—1))}.

) {%ﬁ(\/z 4 /3 -2 ﬁ),—%ﬁ(\h — V3= iv2+v3),1— z}

oG+« (F-2)
g + i?}. ) {4+2i,—V3—i,V3—i}.

y) V2 (Cos x “ngk'” +igin T *‘12’”) k=0,1,2,3.

c) {£
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V10 4 2/5.

}; {£1, +i};
1 , 1 )

{:l:l, (1 + iv3) gll— n/??)};

{:l:]., :l:?,, IIZT(1+'E), :hT(l —E)},

22.8. a) é(\/ﬁ ~1).6) %

o[

1
22.10. {+1}; {1, 5 i

{:l:i, :l:%(l +iV3) £ %(\/EH), :l:%(\/ﬁ— i)}.

22.11. (—1)""'; Bce commommrean, oTmranbe 0T 1 1 —1, pan6buTs Ha TADEI
B3aMMHO 0ODATHBIX.

22.13. Hawboapumu o6uUMUl JeIUTEdb YUCET ' U § MOKET ObITh NPEICTAB-
JeH B BAJe ru + Sv.

B) Ecn a € U,, f € U, 10 (af)™ =1, Te. af € U,y u U, U, C U,y
ecam oy # oo anementol U,, 31 # (2 amemenTsl Uy, To o181 # a2, B
MPOTUBHOM CIyHae C"l(—“-z_] =B €U, NU,, xora ma;' #1,U,NnU, ={1}
(em. 6)); nosromy |U,U,| = rs = |U,|, rax uro U,, = U, Us,.

22.15. £ ¥ £ ¥UMEIOT OMHAKOBLBIC IOPAIKH.

22.16. Cwm. sagauy 22.12.

22.17. a) —n(l —2)7" ecm 2z # 1, u n(n+1)/2, ecn 2z = 1.

6) 2(1 —2)~ .

B) Yucao z aasercs xopHem 6-u cremenw u3 1, m mapa (n,m) coBmajga-
et ¢ ogmon m3 map (2 + 6N,1+ 6M), (1+6M,2+6N), (5+6N,4+6M),
(4+6M,54+6M), (2+6N,4+6M), (44+6M,2+6N), (1 +6N,5+ 6M),
(54+6M,1+6N), rae N, M — mobble HEOTPUIATEILHIE TETBIE THCIA.

22.18. a) Cwm. sagaay 22.14. 6) Cu. sagaay 22.16.
22.19. Cwm. zagagy 22.16.

22.20. 0) Kax i KOpeHs ABIACTCA MePBOOOPA3HBIM POBHO A4A OIHOHN
CTENeHN, M MOATOMY JaHHadA CYMMa €CTh CYMMa BCEX KODHEH CTEIeHH 7.

B), T) caeayer u3 ). a) Cum. sagaqy 22.16.

e) Paccmorpers pasnoxenue n Ha HIPOCTHIE MHOXKHTEIN.

22.22. IIpeacTaBUTh 2 B TPUTOHOMETPHYECKOH (opMe.

22.23. a)z—1. 6) z+1. B) 2l 4x+1. r) z2+1. ) z?—z+1.

e) xt —z? 4+ 1. ®) eP P 1 3) (I”kwl}/(ﬂrpk_l -1).

22.24. a) Cwm. yxasanwe x 3ajgaue 22.20, 6).

6) Cm. zanaay 22.19, a), 6); € — nepBoOOPA3HBIN KOPEHb CTETCHU T TOTAA
U TOJIBKO TOTAa, KOTJa —& — HepPBOOOPA3HBEIN KOPEHb CTeneHu 2n (n He4éTHO).

B) Brirekaer u3 a) u ¢opmyast obpautenus 5.5, 6).
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r) Ecim {z;} — Bce nepsoo6pasneie kopun crenenn d m3 1, m {e; | 1 <k <
< d} — Bce snauenun kopuen crenenn d us g, o {eq |i=1,...,¢(k); k=1,...
.,d} — mepBoOGpa3HBIC KOPHU CTENEHW 7.

1) Cu. 3azaay 22.19; aaa moboro zemtens d wucia m = n/p meem

n(G) =n(Gr) =n(3) 0 == (7).

M BCE OEJUTEJIHN 71 TOAYYIal0TCA, €CAU KO BCeM ICJTATETAM 11 ,E[UGHBHTB UX Ipo-
M3BEEHUA Ha P; MOITOMY

&,, (:c) e H(l.d pln/d) _ H(‘t 1)u(n/d) H(xpd _ 1)ﬂ(m/d) —

d|n din dln

_ d —u(m/d) pd pim/d) _ P (2”)
= ' —1)7 @ =-1) =

22.25. a) @10(3;)* =.( —z)=z'—-2d+2’ -z +1
6) ®14(z) =2® — 2%+ 2% —2® —0—:r —x+1.

Lo x® 04+ 25+41
B) ®15(x) = q’a((x)) = 24+r+1
r) ®z0(x) = P15(—z) =2 +a" -2’ -zt —2® -z + 1.
1) Bae(z) = Pe(a®) = 212 — 2% + 1.
e) ®io0(x) = P1o(2'") =2 — 23 + 2 — 210 + L.
x®) Poie(x) = fbs(msﬁ) =z - 2% +1.
3) Pass(z) = Po(2*®) = 2% — 2 4 1.
%) ®1000(x) = B10(2'%) = 2400 — 300 4 200 _ 5100 4 g

22.26. a), 6) Caegyer ua sagaum 22.24, B); 8 $,(0) ects npoussegenue
BCEX MEPBOOOPAIHBIX KOPHEH CTEIeH:u n Ha —1.

=2~ 42—t -+ 1.

22.27. ®:(1) =0, ®,(1) = p, p— npocroe wmcno, P, (1) =1 a1a ocrars-
HBIX N; 10 3aja4e 22.24, r), 1)

_ _ Py (1)
‘I)p’lﬁl .phe (1) = q’m--—m(l) = ‘I)pg...p,(l) =1
gazee cM. 3agady 22.23, 3).

23.1. a) 2*/%cos % Beraucauts (1 +4)" mo gopmyae 6unoma Heorona
u no ¢opmyae Myaspa.
6) 2"/2 sin ”4—”.

B) 1{2“71 + 2™ cos Til—w); ncrnomb30BaTh a) U pasencrsa y., o (1) =27
Yizo(=D*(}) =0.

r) %(2“*1 + 272 gin 2—“).
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n ~n(n+1)
A~y mpMe# L —

cymMmy Ha 1 —&.

npu £ = 1. IIpu £ # 1 yMHOXUTEL JaHHYIO

23.2. Jlesas u mpasas 9acTH PABEHCTE a) U ) PABHBI BELIECTBEHHOM U
n

g z _—
MHHEMOH TaCTAM CYMMEL Z2 + ...+ 2" = z ,Tae z =cosx + isinz.
z

-1

B), I') AHaJorm4aHO a) u 6).

€) PasIoEKMTh JCBYIO 4acTh B npomsseaeHne (x —e1)...(r — ga2,) u o6bean-
HUTE MHOXKUTCIA & — £; U & — En—i = & — Ei.

3) PasencTra B 3a1a49ax €), %) COKPATHTE COOTBETCTBEHHO Ha T~ — | 1 Ha
T — 1 ¥ B NOAYYEHHBIX PABEHCTBAX MOMOXKUTHL & = 1.

. (2k+ D7 —20] [ (2k+ 1)1 —2p —2na] ™"

23.3. xp = — Slll( tl)w—2p sm( tlr—2p— 2na olei= 10,
2n 2n

1l,...,n—1. Ecom z = cos p + isiny, { = cosa + isinq, TO 2cosgo=z+z_1;

2cos(p + ka) = 2t* + 27 1t7F u mosTomy t(1 4 zx)" +t7 (1 + 27 t2)" = 0.
23.4. r) Ucnoassosars 3agady 4.12.

23.5. a) 2" cos” %cos = ;_ &

n+2
2

Z.

6) 2" cos™ % sin z.
n

®) 2 4sin2z’

) (n+1)sinnz —ncos(n+ 1)z —1

4sin® (x/2)
(n+1)sinne — nsin(m + 1)z

) 4sin®(x/2)

23.7. Kak Bsagagax 4.12 u 23.4, r)

sin 4nx

sinmaz m—1
— MHOI'OLJI€H CTelneHun

sin x
ot sin® z co crapumy koagpummenTonm (—4)m 172
m—1
2
1,1, 1, V3
24.2. a) £z 36 6) -1, 5 Ei.
B) 4+ V3, 3+ 2iv3, 1 +2iV3, V3, 1, 3.

24.3. Paccroanume MexIy TOUKAMH, COOTBETCTBYIOIIEe TAHHBIM “IHCIAM.

, KOPHAMH KOTOPOT'O ABJA-

forea sin® (27j/m), rae j = 1,2,...,

24.4. a) BepumHe! IpaBMIBHOrO TPEVIOIBHUKA ¢ HeHTpoM (.
6) Bepumusr pomba ¢ uenrpom 0.
24.6. a) OxpyxuocTs paguyca 1 ¢ HEHTPOM B HAaYade KOODJUHAT.

6) JIy4, BEIXOJAUMMN U3 HAYAIa KOOPAUHAT U 00Pa3yiommi yroa m/3 ¢ mo-
JOKHUTEILHON BEIECTBEHHON MOIYOChI0.

B) Kpyr paamyca 2 ¢ HeHTpOM B Havale KOOPAWHAT, BKIKOYAA TDAHUILY.

r) BuyrpennocTs Kpyra pajuyca 1 ¢ meHTpoM B To4ke 1 + 4.
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1) Kpyr paguyca 5 ¢ uenToMm B ToUke —3 — 47, BKIIOYaA TPAHMILY.

e) BEHyTpeHHOCTL KOJbIa, B3AKIIOMEHHOTO MEXKAY OKPYKHOCTAMM pauy-
coB 2 1 3 ¥ C HIEHTPOM B Ha4aje KOOPJAUHAT.

#) Koasio, 3akI09eHHOE MEK Y OKPYKHOCTAME pagamycos 1 u 2 ¢ menT-
POM B TOYKE 2i, IPAIEM OKPYKHOCTE pagmyca 1 BKaIoTaeTcsa, a pajgmyca 2 He
BKJAKYIACTCA.

3) BHYTPeHHOCTE yIia, COAEPKALEro MOIOKUTEILHYI0 BEIIECTBEHHYIO 10-
JYOCh ¥ 06PA30BAHHOTO JIYYaMy, BRIXOAIIMMY U3 HAYAIA KOO ANHAT T0J yIaa-
vu —7/6 1 /6 K 5ToH moxayocH.

n) Ilonoca, sakmodennas Mex Ay NpAMbIMA & = £1, BKII0OYaA 3TH TPAMBIC.

K) BHYTpeHHOCTH MOJOCHI, 3AKMIOMEHHOM MeXAY ¥ = 1 ¥ BelecTBEeHHOM
OCBIO.

a) Iee npamerx y = +1.
M) BHyTpeHHOCTE MOJ0CH, 3aKIIOIEHHOM MeX Ay OpAMBIMEU T + y = 1.

4y

5 =1.

H) DJummnc % +

47 4y

o) Munepbora — — —I

9 7

) [lapa6ora y* = 8z.

p) BHyTpeHHOCTL yria ¢ BEPLIMHOM Zg, CTOPOHBI KOTOPOTO 06pa3yioT ¢
HOJ0KUTEIBHEIM HAIPABICHUCM BELICCTBEHHOM OCH YIUIBL (v U [3.

24.7. CyumMa KBaJpaTOB [AMATOHAJIEH MapPALICTOrPAMMa PaBHA CyMMe
KBaApaToB ero ctopoH. [lomoxuts 21 = x1 + yii, 22 = T2 + Y21 HWIH HCTOIKO-
BATH KBAAPAT MOIAYIA KOMILICKCHOTO IHCIA KAK CKATADHBIM KBAAPAT BEKTODA,
COOTBETCTBYIOLIET0 HTOMY YHCIY.

24.8. z4 = 2z — z2 + 23.

249, 2F® ii#

2k
24.10. zp =c+ (20 —c) (cos == + isin
n

ﬁ) (k=0,1,2,...,n—1), rae

c= %(zu +z1)% %ictg I(z, — Zg) — HeHTpP MHOIOYTOJIBHUKA.
n

24.11. OxpyxHoCTh paguyca 1 ¢ HEHTPOM B HaYale KOOPANHAT, NCKIIOYaA
TOYKY z = —1; momoxuts ¢ = tg(p/2), —m < p < 7.

24.12. a) IIpu goxazaTeILCTBE HEOOXOIMMOCTH YHEIUTHCA, ITO BEKTOPEL
23 — Z M Z3 — Zp KOJUIMHEAPHBI, JJIA A0Ka3aTelbCTBA JOCTATOYHOCTH M3 JaH-
HOTO PABEHCTBA BBIMECTH paBeHCTBO (A1 + A2 + Asz)z1 = 0. 6) HcnoassosaTs
NpEeABIAVIIYVIO 33 1a4dy.

z1 + Az
24.13. Ilpu A # 1 — OKpYyXKHOCTH € KOHILAMH AMAMETPA B TOYKAX %
21 — )\Zg
M ———; upu A = 1 — npaMag, NPOXOAALAA YePe3 CEPCAMHY OTPEe3Ka ¢

1-A
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KOHIIAMH 2z, 22 M DePHeHINKYIAPHAA DTOMY OTPE3KY.
24.14. /13 — 1.
24.15. 1+ 3/5.

24.16. Mcxomas KpUBasg COCTOMNT U3 TOYEK, A KAk IOM W3 KOTOPBIX MPO-
HM3BEICHHE DACCTOAHMM DTOM TOYKH OT TOYeK z = £1 paBHO A. DTH KpUBBIE
HA3BIBAOTCA ACMHUCKATNAMIL. Hp]’l A=1 NOJAYYIUM AEMHUCKATILY Bepuy.m.mu, nMe-
OIIYIO B MOIAPHBIX KOOPIMHATAX YpaBHeHwe 1 = 2 cos 2¢; npu A < 1 mokasaTs,
qTO KPHBB.H He uMeeT TOYeK Ha MHHMOﬁ OCH.

24.24, 24.25. Kapman A. DaeMeHTapHas TEOPUA aHATMTHIECKAX (PYyHK-
IUH OJHOIO ¥ HECKOABLKUX KOMILICKCHEIX mepemenueix. — M.: WJI, 1961, —
I'm. VI, § 3, m. 51 6.

24.26. a = 0. Pacemorpum o6pas U npu orobpaxkennu z — 1 + az.

25.1. a) 2z® +3z 411,25z —5.  6) (3z — 7)/9, —(26z + 2)/9.

25.2. a)r+1. 6)z®—z+1. B 2®+2’+2. 1)l p)+1

e) 2® + 1. x) £ —2x 4 2. 3) T+ 3. mzt+r+1.

K) 22 = 22z - 1. a) 1.

25.3. a)d=2>-2=—(z+1)f + (z + 2)g.

6)d=1=xf—-(32>+z—1)g.

25.4. a) Tepexons ot f u g x fd~' u gd~', moxuo cuaurars, aro d = 1.
ITIycte 1 = fw + gh, B xka1ecTBe u B3ATHL OCTATOK OT JEJICHHUA W HA §.

6) CpasauTh crenenn gv u d — fu.

B) Mcnons30BaTh B3AMMHYIO HIPOCTOTY % H V.

25.5. a) u(x) = (=162 + 37z + 26)/3, v(z) = (162> — 532 — 37x +23)/3.

6) u(x) =4 — 3z, v(z) = 1 + 2z + 322

B) u(z) = 35 — 84x + 70z° — 202°, v(x) = 1 + 4z + 102? + 2027,

25.6. Iycts P,.(z) = 1+%E+MI- ™ .+7'(1‘ +1). .;'(7' +5— 1)1_s_
Torga u(z) = Ppno1(1 — ), v(z) = Pym_1(z). '

25.7. a)z’ +z+1=(z+1)f +2%g. 6) z+1==af + (z®+ 1)g.

B) 1= (z+ 1)f +a%g. r)l=@E+z)f+ (@' +z+1)g.

25.8. a) (z—1)*(x+3)*(x=3).6) (z —2)(z” - 22+ 2)% 8) (z+1)*(z - 4).

r) (z+ 1)z -2)% n (2 —2® —z—-2)%

e) @+ 1)z —-1)3 ) (e*+2P+20% +x+1)2

26.1. a) f(z) = (x —1)(a® —a® + 3z —3) + 5, f(zo) = 5.

6) f(z) = (z + 3)(22* — 62* + 1322 — 39z + 109) — 327, f(zo) = —327.

B) f(z) = (z = 2)(3z" + 72* + 142® + 9z + 5), f(x0) = 0.

r) f(z) = (z+2)(z® —52° + 2) + 1, f(zo) = 1, f(z0) = 1.

o) flz) =(x—-1°+5(x-1*+10(x —1)°> +10(x — 1)> + 5(z — 1) + 1,
f(zo) = 1.

23 AWM. Kocrpukux
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e) f(z) =(z+1)"'=2(x+1)* =3(z+1)* - 3(z+1)* +4(z +1)+1, f(zo) = 1.

x) f(x) = (z —2)* = 18(x — 2) + 38, f(xo) = 38.

3) f(z) = (z+i)* = 2i(z+i)* — (1 +i)(z+1i)? = 5(x+i) + 7+5i, f(zo) =T+ 5i.

m flz)=(x+1-20)" — (2 +1-20)° +2(x+1—2i) +1, f(zo) = 1.

26.2. a) f(2) =18, f'(2) =48, f'(2) =124, f"(2) =216, fV(2) = 240,
Y(2) = 120.

6) F(1+2i)=-12—2i, F(14+2i)=-16+8i, f'(1+2i)=-8+ 30i,
FU(1+2i) =24 +30i, fV(Q+2i) =24.

) f(-2)=8, f'(-2)=2, ['(-2)=12, ["(-2)=-24, fV(-2)=24.

26.3. a) 3. 6) 4. B) 2. r) 3.

26.4. —5.

26.5. a=n, b=—(n+1).

26.6. 31250 +108a° =0, a #0.

26.8. BrramcanTe NpoH3BOIHYIO.

26.9. Unaykuus no k.

26.10. Ecmu k — xparsocts a kxax xopus f''(z), To xpaTHOCTE paBHA
k+3.

26.11. Wuayxinua mo CTeNeHH MHOIOYWICHA.

26.12. IlokasaTb, 4TO ecam To — KopeHb kpaTHocTH k, To f(ro) #0 n
ro — xopens kparuoctu k + 1 momanoma f(x)f'(xo) — f(xo)f'(z) crencun ue
BBIILIE T1.

26.13. Unayxunsa o r. Pacemorpers muorowiex z f (z).
26.14. a) Ucnoassosats 26.13.

6) [doxasars, 4T axa mo6bx uncen bg, ..., by—1 CYNIECTBYIOT Takme MHO-
rowiens g;(n) crenenn He BRIIE §; — 1, 9TO

m
bn =Zgi(n)a?, n=0,...,k—1
i=1

27.1. a) (z —1)(z — 2)7(1‘ -3).
6)(z—1—i)(z—14+d(z+1—-i)(z+1+1).

B) (z — iV3)(z +iv3)x
(235 (- 24 80 (04 3-80) (o4 3450

i
2
3n-1
r) [I (r—cos?—f —z'sing?)ir:c).

k=1
(k,3)=1

n—1 11 (2k — l)ﬂ-
o) 2 kl;[l (r — €08 T)
27.2. a) (z° +3)(2® + = + 3)(2® — 3z + 3).
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6) (x2+2r+1+\/§+‘2(1+1) ‘/§2+1)><

x(w?+2z+1+\/_—2(z+1) 5
B) (z° —xva+ 2+ 1)(z* +xva + 2 +1).

i 3k +1)27
r}ﬂké.r—%: (T+1)

\/§+1)_

m) (z* — 2z cos% +1)(z® + 2z cos 2?7? +1)(z® 4 2z cos ‘%T +1).

e) (2 +2vV2+1)(2? —2v2+ D(z® + 22+ V2 + 1) x
x(z? — 224+ V2 4+ 1) (2 +2vV2 - V2 + D)(2? — 22 - V2 +1).

27.3. a) (z—1)*(z —2)(z - 3)(z — 1 —1).

6) (x — i) (x+1414).

27.4. a) (z—1)%(z —2)(z — 3)(z® — 2z + 2).

6) (22 +1)*(z® + 2z + 2).

27.5. Kopuu smuorowiena 2 + &+ 1, T.e. kopuu u3 1 crenenu 3, OTIMIHbIe
ot 1, ABIAIOTCA KOPHAMMA MHOTOwIeHa o> + #2437+,

27.6. Ymcra m, n, p JOMKHBI UMETH OJAWHAKOBYIO Y6THOCTE.

27.7. IIpu m = 6k + 1; 3anucaTh yCIOBHE TOrO, 4TOOBI KOPHH MHOI'O-
aeHa 0+ T + 1 6pum He MeHee YeM ABYKPATHBIMHM KOPHAMM MHOTOWICHA
(z+1)" —2™ —1.

27.8. a) (z—-1%*z+2). 6)(z+1)%(x2+1). B) ™™ -1

r) 2™ 41, ecm
cayHae.

27.9. [okasars, aro f(1) = 0.

M —— — HEeYETHHIE YMCTa, 1 1 — B IPOTUBHOM
(m,n) ~ (m,n)

27.10. Muaykuwa no crenenn f(x). Pacemorpers C;—iﬁ.-_)°(.1:").

27.11. Pasgemuts fi(z*) u fo(z') ¢ ocraTkom ma z° + z + 1.

27.12. 3amerurs, uro f(z) = g(z)>h(z), rae h(x) He mMeeT BeneCTBEHHBIX
xopueit. [lokasars, aro [u(z)? +v(x)*]|(x? + pr +q) — cymva kBagpaTos, ecan
z® + pr + ¢ He UMeeT BEIICCTBEHHBIX KOPHCH.

27.13, 27.14. Cwm. Lang S. // Bull. Amer. Math. Soc. — 1990. — V. 23,
Ne 1. — C. 38-39.

28.1. B) Caenas 3aMeny T = iy — n, CBECTH K yTBEPKIACHUIO 0).

28.2. a)2. 6)—3. B) -3 1/2. r)5/2 —3/4.

n) 1/2, —2/3, 3/4. e) PanmoHaIbHBIX KOPDHEH HeT.

&) —1/2 xparnocrn aBa. 3) 1/2.

28.3. Ilycts m — nexsmt xopess f(x). Toraa f(z) = (z—m)g(z). Orcoga
f(0) = —mg(0), T.e. m meuérno. Amarormano f(1) = (1 —m)g(1l), T.e. 1 —m
HEETHO, ITO HEBEPHO.

23*
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28.4. Ecu muorowren f € Q[z] wenpusoaum nag Q ro (f, f') = 1.

28.7. 3amernm, 9ro MHoro4iaed f(x) npummurusen. Ecau f(r) mveer pa-
MOHATBHBIN KOPEHD T, TO 10 3agade 28.6 B Z[z] noayuaem f(x) = (az —b)g(x),
raea,b€Z,(a,b) =1, r=a"'b, u g(z) € Z[z]. Tlo yeaommo axy —b, azs—b= %1
u a(x, — x2) = £2. CaegoBatersro, mbo a = +2, r; — x2 = +1 mbo a = +1,
r1 — 1y = £2. Bo Beex cayusx r; —a ‘b= za L.

28.8. llpeanonoxms, 9T0 KOMPOUIHEHTH TPOU3BEJCHUA AeIATCA HA MPOC-
TOEe MUCIO P, CAENATH PEIYKIHIO 10 MOIYIIO p.

28.9. a), 6) BocnoassoBarbea 3agagen 28.8.
) Iycre ©'% —9 = f(z)g(x), rae f(z),g(x) € Qz] u a= "%¥/9; Torma

f@) = (@-aa)...(c—ara) (@P=1), [f(0)=a"|ai...ax| =a* €Q;

upu k < n moaydaeMm IpOTUBOPETHE.

r) Cuoenars saveny y =z — 1.

n) Ecm f = gh, rae g, h € Z[z], To npu mobom i = 1,...,n umeem
glai)h(a;) = —1; orciona g(a;) + h(a;) = 0, n ecm CTENEHW MHOTOYICHOB g
u h menpie n, To g+ h =0, Tak uro f = —gg.

e) ycrs f(z) = g(z)h(z), rae g(z),h(x) € Z[z]. Moxkno cuuraTh, 4TO
g(z), h(z) npunumaior nosoxureasusie snadenus. Torga g(a;) = h(a;) = 1
ana Beex . [losroMy MoxHO npeanorarars, 4To crenesu g(z) u h(z) pas-
ool 1, T.e. g(z) =1+ bz —a1)...(z —an), h(z) =1+ c(x —a1)...(z — an),
rae b =c¢ = £1. Ho Torga g(z)h(z) # f(x).

28.10, 28.11. Cwm.: Selmer E.S. // Math. Scand. — 1956. — V. 4. —
P. 287-302.

28.12. Cwm.: Twverberg H. // Math. Scand. — 1960. — V. 8. — P. 121-126.
28.13. Cwm.: Ljunggren W. // Math. Scand. — 1960. — V. 8. — P. 65-70.

28.14. Eciu MHOXKeCTBO TAaKMX 1HMCEI P KOHEYHO, TO ag # 0, U mycThb
¢ — 9HUCI0, AEIAINeecA Ha BCe »TH npocTeie umcaa. Torma f(aoc) = aor, rae
r =1 (mod ¢) u (npm magrexamenm BreiGOpe ¢) T # +1; mosromy f(z) mmeer
KOPeHB B [OJe BEIYETOB 110 MOAY/IIO JI000r0 IPOCTOro AETATENA T, ITO IPOTH-
BOPEYUT BEIOOPY C.

28.15. 3aMeTHTL, UTO BCE DACMEHTEI M0AA F ABIAIOTCA KOPHAMH MHOTO-
wrena r? — x.

28.16. PaccmoTperh cHavaga caydad oToOpaxkeHus h, TPUHUMAIOLIErO
anadenna 1 B ognon Touke ma ") a B ocTanrbHBIX ToOYkax — sHadenne (.

28.17. Cwm. crarem u3 3aga4d 28.12 m 28.13.
28.18 - 28.20. Cwm. craToio m3 3agaqm 28.10.

28.21. Cwm.: Perron O.L. // . reine angew Math. — 1907, — V. 132, —
P. 288-307.
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28.22. a)r,z+1, 2®+z+1, 2 +2°+1, 2+ +1, ' + 22 +1, 2+ 2+ 1,
sttt +2t o+ 1

6) 2 +1, 2 + 2+ 2, 2> + 22 + 2. MHOrowIen creneny 4 HEMPHBOINM TOTIA
¥ TOJBKO TOTA4, KOTJd OH HE UMEET KODHEH B MAHHOM TOJEe W HE ABIACTCH
MPOM3BEICHUEM ABYX HEMPUBOIUMBIX MHOTOWICHOB BTOPOH CTENeHH.

B) 6. r) 8 u 18.

-1 —-1)(g—2
2g.23. 1a—1 ala-1@-2)
q 3

28.24. I'pynma Z, apaserca nukamieckon nopajka p — 1. Ilosromy B Zj
UMeeTCHa NoArpyIna nopaika d. Bee 00pasyonme 3T0M IPYyIIb ABIAKTCA KOP-
uavum Dy(x).

28.25. Ilycrs f(x) = f(x + k) ana mexoroporo 1 < k £ p — 1. Toraa
f(z) = f(z + kl) aaa seex | € Z. Ho anementsr kl npoberator Bee noxe Z,.

28.26. Ilycre H(z) = 2P — 2z —a = f(z)g(x), rae f(x) € Zy[z] nHenpuso-
anm. 3amerus, uyro H(x) = H(z + k) axa seex k € Z,. Hosromy f(z)g(z) =
= f(z+k)g(z+k). Bocnoassosarsea 3agaden 28.25 1 GpakTOPHAIBHOCTHIO KOIb-
ua Z,[z].

28.27. Cwm.: Jlene C. Amre6pa. — M.: Mup, 1965. — C. 245.

28.28. z=bla—1)"".

28.29, 28.30. Cwm.: Jluda P., Hudeppatiimep I'. Koneunsie moma. T. 1.
M.: Mup, 1988. — T'x. 3, § 5.

28.31. a =0 u 36. Pa3moxuTh 10 CTENEHAM T — Q.

28.32-28.34. Cwm.: Bepaexamn I. Arrebpamteckas Teopua KOAMPOBA-
HUA. M.: Mup, 1971. Im 3, m. 3.

1 1 9
W B T T WG T AR
6}—l( 1+4i 1k A —1+i).
6\z—1-¢ o—-1+i o+1—-i z+1+i
1 1
B iw-17 1@+
3 4 | 1 2 1
1-)(.’1':—1)3‘_(:L'—1)2+;|:'—1_{:1:—+—I)2_.'Jz—f—1+:c—2'
1 1 1 1
N te-D 3@-2 2w-3) t@_a
2 —24+i 24
OG-0 TIE-0 e+
S S SN SR S
Az —1) Ax+1) 4(x—i) 4(z+1i)
1 1 € g* 1  iv3
3)5(_(I—1)+x—s+x—82)’ =Tyt
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)3 UG

k=—n z —k
& 1 B 1 + 1 + 1
dz+1) 4zx—1) 4(z—1)2  Az+1)*
n—1
a) lz ta ,5k=c05%+isinﬂ.
n £ — e n n
29.2. a) ! ! !

T8z —2) 8(x+2) * 2(z2 +4)°

6)1 _ T+ 2 _ r—2
8 224+2z+2 22-220+2)°

RO S T z+1
s I T

) .8 1 . 8 1 i

16(x —1)2 16(x —1) 16(x+1)> 16(x+1) 4(z2+1) 4(xz241)%"

N . 2k-1

)lZ(—l)’“‘l sin = ——m

Y %1
k=1 & —cos ——m

K ; m (#1,..., 20 — xopuu f()).

1 B T+ 2
3(z—1) 3(z2+z+1)

x)

oL S S
18 \ 224+ 3¢ +3 22-3z+3 2243/
1 % 3 6z + 2 3r+2
l'I)ﬁE"{ha:-}-l"{"(.7:-1-1)2ﬁ:ﬁ-}-;ﬂ-{-lﬁ(ac'2+;:;-4~1)"’*'
oLt 3 8 1 .1 . 1
16(x—1)2 16(x—1) 16(z+1) 4(x2+1) 4(x2+1)2  16(x +1)2°

(2k —1)mm _— (2k —1)(2m + l)ﬂ_

n_cos

1) — n 2n
it x? — 2x cos (2.’62——1)7r +1
n
p—1 1
29.3. — .
9.3 ;mia

29.5. Wcnoabsosats 3agady 29.4.

30.1. a) —z'+42® —22 -T2z +5.  6) x® —92% 4+ 21z - 8.
1

30.5. f(0) = ;(yl +.. 4 ).

30.6. IlyTem saMeHBI mepeMeHHOR CBECTH 3aJaty K (IytTaio, KOTAa T, ...
.., Ty — KOPHU cTeneHu n u3 1, a ro = 0; 3aTeM Bocnoas3oBaTsesa 3agaden 30.5.
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30.7. a) Ceecrm k 3agade 30.5 maa mEorowiena z°1'.
ut

6) Ceectu x sagade 30.5 axa muorowrena " — f(x).

_ 4 2z 2z(2x-2) 22(22-2)...(2z—4n+2) .,
30.8. f(x)=1 T+ B L 2n)! (—I)*.

30.9. f(z)=a""%

30.11, 30.12. Juda P., Hudeppaimep I'. Koneunwie moxa. T. 2 — M.:
Mup, 1988. — I'1. 7, § 3.

31.1. a) z' +42® — T2 — 222 + 24.

6) 2t + (3 — i)z + (3 — 3i)2? + (1 — 3i)z —i.

B) z' — 32 + 227 + 22 — 4.

r) z* — 1922 — 6z + T72.

31.2. a)2/3u—-2/3.  6)a’u(—1)"b.

31.3. a)0. 6) —1.

31.4. o, =0mpui<nug, =(—1)",

31.5. A= =£6.

31.6. A= -3.

31.7. ¢ +pg+qg=0.

31.8. Beruucauts 1o gopmyne Buera npouspeieHne KOPHEH MHODOWIE-

Ha z"~' — 1 HaJ MOJeM BEIMETOB IO MOLYIIO P.
31.9. a) o102 — 30s. 6) ot —doics + 8103,
B) oioa + 03 — 40204, r) of — 4102 + 803.
g) o1os— o3+ 0l +aa+201+1. e) o +oios — 20203+ 03 — 20,03+ 03.
%) 307 — 90102 + 2703, 3) o10203 — 0j04 — O3,
u) ovos — 20103 — 30103 + 60i0203 + 30303 — To105.
K) o} — 40102 + 803. 1) of — 200,
M) o} — 30102 + 303, H) o103 — 404.
o) o2 — 20103 + 204. m) oios — 20003 — 0104 + 50s.

P) Ulo’% - 20%03 — 0903 + Ho104 — Dos.
31.10. a) —35. 6) 16. B) aja} —4a} — 4a3 + 18a1a2a3 — 27al.
r) 25/27.  n) 35/27.  e) —1679/625.

31.12. Bocmoab3oBaTbCa TeM, UTO Ok = Ok — Li0k—1,i-

d i ;

31.14. a{]ﬂx\g) — Zi T;zt = E?(l 7$1t+Ift2 + ...) =81 — 82 +...
d Al o1+ 200t + ...+ no,t" !

31.15. d_t(]n At) = Tl T Foit.. Tods OTcioga no 3aja-

Te 31.14
(I+oit+...+out")(s1— 82t +...) =01+ 202t + ...+ not™ .

CpaBHuTh KOd(pPUIMEHTH IPH OIMHAKOBLIX CTEIeHAX f.
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31.16. BO( MOAL30BATHCA 3agaden 31.15.

31.18. ( ) rae d = (m,n).
( )
31.19. s = —1 S2 = = gy =
31.20. s1=...=8,1 = 0, Sp =M.
31.21. a)z1 =2, z2=—-1+ i\/g, 3 = —1 — iv/3 ¢ TouHOCTBIO IO mepe-
CTAHOBKH.
6) x1 =1, 22 =1, 23 = —2 ¢ TOYHOCTHIO 4O IEPECTAHOBKU.

31.24. Ilpeacrasutek f(x) B BHAE NPOM3BEIEHUA JMHEMHBIX MHOKHUTEIEH

¥ BOCIIOJIB30BATHLCA 3agaden 31.23.
31.25. z° -3z +2x 1.
31.26. z' —4x® 41022 — x4+ 9.

31.27. a) IIposeputs, dTo f(x1,...

1<i<j<n

6) BeITEKaeT U3 a)

31.28. 6) Paccmorpers npouasejenue

,Tn) AEANTCA HA T — & JJIA BCEX

[th ](1+z1t) (1 +z,t)

r20
¥ UCIOJIB30BATE a).

B) Ucnoaraosars 6).

31.31. Cwm.: Maxdonaavd H. Cuvmerpudeckue (GyHKIMU A MHOTOYICHBI

Xomra. — M.: Mup, 1985. — I'm. I, § 3.

31.32. Tam xe, ru. I, § 4.
31.33. Tam xe, rn. I § 5.
32.1. a) -T. 6) 243. B) 0.

32.2. a)3u—1.  6) +iv2 u £2i/3.

r) —59.

32.3. a)y® -4yt +3° — 12y +12=0.
6) 5y® — Tyt + 6> =2 —y—1=0.
B)m1=1,m2=2,x3=0,.’c4=—2;y1=2,y2=3,y3=—1,y4=1.

1) 4854.
B) 1 u 42

l"):t:]=[},;1:-_)=3,:,r:3=2’3;4=2;y]=1‘y2=0‘y3=2,y4=_1_

mri=za=1Lz3=—-1,z4=2;y1 =y2 =

—1l,y3=1,ys=2.

32.4. Ecmu f =ao(z —x1)...(r —xn) 1 g1, g2 vMeroT cTCNEHM M U K, TO

R(f, g192) = aan_kgl(u)gz(w] ) -

gi(zn)g2(za) =

R(f, g1)R(f, g2).

32.5. Paccmorpers caydan n > 2 u m He geaurca Ha n. Toraa

R(®,,z™ —1) = pw(nJ/sﬂ(m )’

ecmt ny = n/d = p*. B 0CTAIRHBIX CIyYasx pesyIbTarT paseH 1.
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32.6. R(®,,,®,) =0 upu m = n; R(®,,®,) = p*™ npu m = np* u
R(®,,,®,) = 1 B 0OCTAIBLHBIX CayHanx, eCIu m = n.
32.7. a) b® — 4ac. 6) —27¢° — 4p>.
B) —27a2 + 18a1a2a3 — 4ataz — 4a + alal.
r) 2777.  x) 725.
32.8. a) +2.  ©) {3,3 (—% i:?)}
B) A =0, A = —3, A3 = 125.
3 7.9,

1"} Al = —1, /\2 = —E, /\3‘4 = 5 i 51\/33-
32.9. BocnoaszoBaThea pasiomenunem f = ao(x —x1)...(x —x,).
32.10. (—1)(n~Vn=2y2

¢(n)/2_¢(n) @(n)/(1-p)
32.11. (—1)*™/2y [len_p p ]

n(n —1)
32.12. (-1) 2 (n)~".
32.13. BocnoasaoBaTbea sagaden 32.9.
32.14. BocnoaszoBaTtbea 3agadamu 32.1, 32.4 w 31.23.

32.15. Cwm.: Bepaexamun 3. Anrebpandeckas Teopus Kogupopasusa. — M.:
Mup, 1971. — C. 143,

32.16. (—1)"(n— 1/ Zpngnt,

32.17. a)1-22.3%.....(n—1)""'n".
6)1-23.3%.....2%"1,
B) 2" 'n™.

33.1. a) Tpu BewecTBeHHbIx KOpHA B mETepBatax (—2, —1), (—1,0), (1,2).

6) Tpu BemecTBEHHBIX KOPHA B mHTepBatax (—2,—1), (—1,0), (1,2).

B) Tpu BemecTBennbx KopHa B mHTepBatax (—4, —3), (1,3/2), (3/2,2).

r) OauH BeuleCTBEHHBIN KOPEHbL B uHTepBate (—2, —1).

a) OauH BellecTBEHHBIH KOpeHbL B mHTepsate (1,2).

e) YeTnipe BeleCTBEHHBIX KOpHA B uaTepratax (—3, —2), (-2, 1), (—1,0),
(4,5).

%) /lBa BemecTBeHHBIX KOPHA B MHTepBatax (—1,0), (1,2).

3) Yerwipe BemecTBeRHBIX KOpHA B mETepBaaax (—1,0), (0,1), (1,2), (2,3).

u) [IBa BemecTBeHHBIX KopHA B nHTepBatax (—1,0), (0,1).

K) BemecTBeHHBIX KOpHEH HeT.

33.2. Ecmm a® —b? > 0, To Bee xopHnm Bemectrennsl. Eem a® — b% < 0, To
MOIMHOM HMEET OJHH BEIIeCTBeHHBIN KODEHb.

33.3. Ecm n weuétHo m d > 0, TO UMEIOTCA TPH BENIECTBEHHBIX KOPHA.
Eciu n weuérno u d < 0, TO 0AMH BelleCTBEeHHBLIN KOpeHb. Ecau n wérno u d > 0,
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TO ABA BELIECTBEHHBIX KOpHA. Eciu n 4érHo u d < (), TO BelIeCTBEHHBIX KOPHEN
HET.

33.4. Ecam n gérTno, To E,(r) He mMeeT BemECTBEHHBIX KOpHen. Ecmm n
He4éTHO, T0 E, MMeeT 0JHMH BElleCTBEHHBIH KODEHb.

33.5. IlpoeepuTs, 9TO NPOU3BOAHAA HE MOKET UMETh KOPHEH B MHTEPBa-
ze (0,1).

33.6. a) YIucra ay,...,an ssumorces kopuavum f(x) kparnocren ky —1, . ..

. km — 1. Kpome Toro, B xaxaom unTepsate (a;,a;+1) npomssognaa f ()
UMeeT KOpDEeHB.

6) Berrexaer us a).

B) Ecm ¢ = ¢p+1, TO0 & = 0 AaBaseTca KpaTHBIM KOpHeM k- NpOM3BOI-
woit f*)(z), T.e. mo 6) * = 0 ABIACTCA KOPHEM KPATHOCTH He MeHpme K + 1
muOrowiena f(z).

33.7. Bmirekaer ma 3agauu 33.6, B).

33.8. [JoMHOXMTEL Ha ¥ — 1 ¥ BOCHOJIL3OBATLCA 3ajaded 33.7.
33.9. YmuoxuTh Ha ",

33.10. [oxasars, aro f(x) > 0 mpu x > 1/n!.

33.12. Ilo ogHOMY KOpHIO B mepBOM M 4YeTBEépTOoM KBajapanrTe. llo asa
KOpHA BO BTOPOM YW TPETHBEM KBaJDaHTAX.

1—
33.14. IlokasaTh, 9TO KOPEHbL 2z VAOBICTBOPAET YCJIOBHIO z' = il
a6—z
IIpoBepUTH, YTO A1 BEMIECTBEHHOTO Yncta a |1 — az| = |a — z|.
1 1
33.15. Ilokasatn, uto 1 — a1z + ... +anz"| > npu |z| < ——
2 1> e Tl < gy

33.16. Ilo sazaue 29.5 f'/f = (x —a1) ' +...+ (x —an)”', roe a; —
xopuu f. [lyere @ = a — bi, rae b > 0. Toraa

f'(a — bi) b+Ima
Im(f(a—bz’}) Z |a—bz—ajj|’ =0,

Mosromy f'(a — bi) # 0.
33.17. Jlwbaa Beinykaad 00JacTh ABIACTCA NEPECCICHHUEM IOMYIIOCKOC-
renn. BocnoapaosaTnea sagaten 33.16.

33.18. Bocnoabzosareca Teopemon Irypma (Jewe €. Amrebpa. — M.:
Mup, 1965. — I'n. IX, § 2).

33.19. BocnoabzoBaThea 3ajgaden 33.18.

33.20. z2®+2?—z—-1,2°+2 -1, 211

34.2. a)A=+1.  6) A#(—-1)".

34.3. B cayuasx B), r), 1) npoauddepeHuupoBaTs ABA PA3a U NIPUMEHUTH
MHAVKIAL. B cayaanx e), k) MCIOIB30BaTh ONpeseanTers Barmgepyonga.

34.4. a), 6) UcnoaszosaTek onpegerntens BanaepMoHja.
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B) [IpoauddepeHIUpPOBATL U UCIOIL3OBATE ONpeACIATE s Banaepmonaa.
34.5. Ecam f1,..., f, IMHEUHO HE3ABUCHMEL, TO HAMJETCA TOYKA @ TAKasd,

fifa1)
1(611)

HE3aBUCHUMad M 3aBePIIUTE J0KA3aTeIBECTBO IrlHrq“VKIIKEI!:I mo n.

aro fi(a1) # 0; nposepurs, 4To cuctema f; — fi,i=2,...,n, mHEAHO

34.7. a) Ecm char P # 2, To 1 +1 = 2 — obGpatuvbm saemeHT B P.
IMosromy ana mo6oro BekTopHOro npocrpancrsa L mag P u moGoro z € L
cymecrsyeT sekrop y € L rakou, uro y = x/2. Torga y +y = . Ecan xe
xapakTepuctuka nona P paeea 2, To £+ = 22 = (0 111 moboro BeKTopa
2 € L, Ho B agauTUBHOM rpynne mensix ducer 1+ 1 # 0 u 2y # 1 aas moboro
eJ0TO IuCIa Y.

6) B BEeKTOPHOM NPOCTPAHCTBE HA NOJE XAPAKTEPUCTHKH P IIA TH000r0
BEKTOPA & CIPaBeJINBO paseHcTBO pr = (.

B) Jlnia gokasarerscTBa HEOOXOAMMOCTH CM. yKasaHue K sagade 34.7, 6);
JOCTATOYHOCTE IIPOBEPUTE, MIOJ0XKUB [k]a =a+a+...+a.

k pas

r) Jas J0KasaTelbCTBa AOCTATOYHOCTH A J000rN0 PAUMOHAILHOTO YHC-
xa p/q (p,q € Z) noaoxuts (p/q)a =b, rae b — pemenne ypaBHeHU ¢ = pa, U
NPOBEPHTEL, YTO pPEIIEHWA YPABHEHWM (T = pa W NT = mMa COBHAJAIOT,
ecau plq = m/n.

34.8. 1), e) Uuaykums no n.

34.9. a) Basucom saBisercs, HAIPHMEP, CHCTEMA BCEX OJHOIIEMEHTHBIX
nojgMHOkecTB MHOXecTBa M. PasmeprocTs paBHa n.

6) Mcnons30BaTh MHAYKIMIO IO k.

34.10. a)(1,2,3). 6)(1,1,1). 8) (0,2, 1,2).

34.11. a) 1 = —272) — Tlwh — 41z, x2 = 92} + 2025 + 9z,

T3 = 4z} + 1275 + 8x}.

6) r1 = 2z} + 25 — 2y, T2 = =32\ + 25 + 7}, T3 = ) — 225 + 2% — ),

! ! ! !
T4 =27 — %o+ T3 — T4

1" (ﬂ.)
3412, ag,a,...,a; @), Fle), 2., L0,

1—a a? -t ... (=)™
0 1-2a 3¢* ... (-D)" 'pa™!
0 0 0 1

34.13. a) [lomensoTca MecTaMi ABE CTPOKH.

6} ITomenaroTca MmecTamMmm aBa cTOaAOIA.

B) [IpomsoueT cMMMETPHA MATDPHUIIB OTHOCUTEABHO €€ TeHTpA.
35.1. 6) Ecom npamas npoxoaut yepes 0.

e), k), 3), u), x) lIpu a = 0.
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a) Ecm f — Hy’aesas mocaegoBaTeIbHOCTb. H), 0).
35.2. a) ((1,0,0,...,0,1),(0,1,0,...,O,G),(0,0,1,...,0,0),...,(010,0,...
., L,0));n—1.

6) ((1,0,0,0,0,...,0),(0,0,1,0,0,...,0),(0,0,0,0,1,...,0),...); [

n+1
5 |-

1
B) K Bexropam u3 nyukra 6) gobasurse sexrop (1,1,1,...,1,1); 1+ [-n—-}—]

npu n > 1.

r) ((1,0,1,0,1,...),(0,1,0,1,0,...)); 2 (mpm n > 1).

1) Basuc — dyugamenTartbHan cucTeMA PELICHUH.

35.3. a) {Ei; |i,j=1,2,...,n}; n?.

6) Basuc obpasyior, nanpusmep, matpuust {E;; + E;; | 1 <1< j € n};
n(n+1)
——

B) Ecm char K # 2, to {E;; —Eji | 1<i< j<n};
OTBET, KaK U B IyHKTE 0).

e) {Fu—Eii | i=2,3,...,n}U{E;j |i,j =1,2,...,m; i #j}; n® — 1.

x®) {Fi|1=12,...,n}; n.

35.4. a)mu6) [Ipma =0, 8) Ecu |S| =1; 1).

35.5. a), 06), ).

35.7. a) {f(z)(z — ) | f(z) € R[z]n-1}.

6) {f(z)(z — a)(z —@) | f(z) € Rlz]n-2}.

B) PasmeprocTs paBra n — k + 1.

m+k—1
m—=1

n(n —1)

2 ; mpu char K =2

35.9. a) PaamepuocTs ( ) ; B KauecTBe 0a31ca B3ATH OJHOICHBI

M MCTOAB30BaTh 3a4a4y 35.1.

k+m Yi
6) ; TOMOKUTH T = M CBECTH K a).
m Ym+1

35.10. a)g". 6),8) (¢"—1(¢" —q)...(¢" —¢"").
r) ¢ =(¢" - 1)(¢" = 9)...(¢" —q"" V).
A)m"—nm“—mu.m"—w—“w_

(=" —q)...(¢* —g*~1) ’
HEIX 0A3UCOB B k-MEpPHOM HOJINPOCTPAHCTEE.

e) q
35.11. a) (ai,as,a4); 3. 6) (ai,az,as); 3.
35.12. 6), ) Ucnoaszosats dopmyry

JHaMCHaTeJIb paBCH THCIY pPal3jnti-

n—r

35.13. a) Her; paccvorpers U = (a+b), V = (a), W = (b), rae am b —
JMHEHHO He3aBUCHMBIE BEKTOPBI.
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6) EcmxeUN(V+W), tox=v+w, w=xr—v €U (rak kax v,z € U), T.e.
w€e€UNW, unosromy z € (UNV) 4+ (UNW). Obparunoe BKIOMEHNE CaegyeT
m3 Toro, 9o UNV u UNW cogepxarcans U, ue V + W.

35.14. a) 3, 1. 6) 3, 2. B) 4, 2.

35.15. a) ((11,(1,2,61); (3,5,1).

6) (a1, az2,a3,b1); (1,1,1,1,1), (0,2,3,1,-1).

B) (ai,as,,as,b); (1,1,1,1,0), (1,0,0,1,—1).

r) (ai,a2,b1); (5,—2, -3, —4).

1) (a1,az2,as,b); 6asuc nepecevenns — bs.

35.16. a) Ty —x3—xs =0, 20 +73 —74 = 0.

6) 1 —x2— 203 =0, 21 —22+ 224 =0, 221y + 22 — 25 = 0.

35.17. 6) Paccmorpers (z), (y), (z), rie BEKTOpPHI NOMAPHO JHMHEHHO He-
3ABUCHMBL.

35.18. Ilpoekuus BekTopa e; Ha L) mapamteasno Lo uMmeeT i-10 KOOpAuHA-
n—1

1
TY , & OCTAJbHEBEIC PABHBI (—— ; TPpOeKIHuA Ha Ly nmapaLieJIbHO L mveer
mn

1

BCE KOODAMHATHI, PABHEIE —.

35.19. (—1,-3,1,3).

35.21. A= %(A +A) + %(‘4 _t4).

35.22. 6)0m E;jnpuni < j, By — E;im Ej; npui > j.

35.23. 6) 0u E;j,ecm i < j; By u 0, ecm i = j; Eij + Ej; u —Ej;, ecm
i> .

35.24. (¢" —¢")¢" —¢""")...(¢" =" )/(@" = 1)...(¢" —¢"").

36.1. IIpuveHHTH MHAVKIMIO IO 7.

36.2. a) ¢"*.6) (¢ —1)(¢" —¢q)...(¢" = ¢" "), npumaénm n < k.

-3 -6 -9
36.3.( 3 712 )

1 a

0 b

36.4. 0 e

1 d
36.5. Bmi6pars B V rakon 6asuc ei,...,e,, yro A(ei),..., A(ey) — 6Ga-
3uc Im A u ex41,...,en € Ker A. 3agars geuctsue C u D Ha ef41,...,€n B

Ale1), ..., Alex).
36.6. Briopare Oazuc ej,...,e, kak u B 3agade 36.5. 3agars C Ha

Aler),..., Alex).
36.7. HMcnoas3osarts 3agaqdy 36.5.

36.8. Bruibpars 6asuc eq,..., e, Kak u B 3agaie 36.5.
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36.9. a) Ucnomsaosars MHOrOwIeHs Jlarpamxa f; taxue, aro f;(i) = 1,
i) =0(,5=0,...,n54 # j).

6) Paccmorpers muorownensr 1, z, ..., x".

B) Paccmorpers marpuny (v (7)) (i,7=1,...,n+1).

36.10. a) Boiopas B V' mpoM3BOIBHYIO CUCTEMY KOOPIHHAT, 3AIIHCATE YCJI0-
BUE 33Ja9M B BH/JAE CHCTEM YPABHEHHM.

6) fi — mmorouaen Jlarpaunxa:

(z=0)@=1).. (@—i+D@=i=1)...(c=n)

fi(z) = i(i—-1)...1-(-1)...(i—n)

B) fi(z) = “'“_: (t=0,1,...,n).

1

36.11. Haurtu Gasuc (e1,es,...,ex), au xoroporo f(e1) =1, fe2) = ...
MO — 5 i =)
36.12. Hcnons30BaTe CHCTEMBI IMHEUHBIX YPDABHEHUH.
36.13. Jlokasars, 9TOo y = ¥ — f(ﬂ:)a el.
f(a)

36.14. HWcnoassosarts 3agaquy 36.13, 6).
36.15. B mexoropom 6asuce 3a1aTh mepecederue Agep (0IHOPOIHOR CHC-
TeMOH JMHEHHBIX YpaBHeHHH 3aa4n 36.12).

36.16. Ecam cucreMa €y, ..., € JMHEHHO HE3ABUCHMA, TO JOIOIHHTD €8 10
fasuca 1 pacCMOTPETh CONPAKEHHBIN Oasuc B V7.

36.17. a) Basuc (e1,...,e;) nognpocrpascrea U AonoaHuTs A0 Gazuca
(e1,...,e,) mpocrpancrea V. Ecmm (el,...,e") — conpaxéumeni Gasuc, TO
foxasare, ato UL = (eFT1, ... ™).

6) UcnoanzoBaTs a).

B) Mcnoas3oBats 6).

36.18. [oxasars, uro Qx| — cudruoe mmoxecTso, u ykaszatbh B Qz]”

HECYETHOE MHOXKECTBO PA3JIUYHBIX JUHEHHBIX (pyHKuun. Hampumep, nada Kak-
JA0r0 MOAMHOXKecTBa | HaTypaabHBIX YUCeI OnpefeauTs GyHKIuO f; GopMyaon

fi(w) =3, vi,rreu= Zj iz,
36.19. HMcnonszosats 3agaay 35.26, rae U = Kerl;, W = Kerl,.
36.20. HWcmoassoBats 3aga4dy 35.25.
36.21. Cwm.: Jlewe C. Anredpa. — M.: Mup, 1965. — I'n. VIII, § 4-6.
37.1. a), 6), B), ), %), 3), ), K), M), H), 0), p), €), T), ¥).
37.2. a) E B crangapTHOM Oasuce.

B) B 6azuce n3 MaTpuuHBIX equHul E;; MATPUYHBIE DICMEHTH @;j ki (PYHK-
umrn [ uMmeroT Bujg aij j; = 1, a B ocTaneHex caydaax (.

r) 0.

X) aij,ij = 1, B ocransuex cayyaax 0 (cm. B)).
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3) B Gasuce (1,4) maTpuua ( (1} _llJ )

u) E (cum. x)).

A}(_(l) 3)

M), 1), 1) [IpocTpancTBo HecKkOHETHOMEDPHO.

¢) 2F B cranaapTHOM Hasuce.

0 1 =1
T) ( — 0 1 ) B OPTOHOPMHPOBAHHOM Gasuce npocTpancTea R
1 =1 0

37.5. a), 6), ), e), x).

0 —6 —9 11 8 15

37.6. a) [ -2 20 30 |. )| 6 5 12]).
-3 30 45 11 10 29

14d Td 4-2 —2-i

37.7. a) (_:m- _1_f:)- 5) (m- » )

37.8. a) —43.  6) 1—19i.
37.9. a) —3+7i.  ©6) 22+ 40i.

2 5 -1 -2 3 0
37.10. a) —4 6 8 . 6) -5 =10 15 |.
=10 =23 —4 29 =26 3

STLL: ) (?igi Py 4i)' 9 (134 ' —5:)‘

37.12. a) ((—1,-1,1)), ((10,7,1)). 6) {((—1,-5,3)), {(1,-2,1)).

37.14. a) ((=1,1,1)), ((=17,-13,7)).  6) {(2, =3, 1)), {(=4, —5,1)).

37.16. a) ((1,-2,1)), ((—1,-5,3)). 6) {((—1,1,1)}, ((4,0,-9)).

37.18. B) BocnoabzoBarsca 3agaden 36.21 u mokazaTh, 4TO I€BOE H IIPABOE
AAPO ABIAIOTCA MaearaMu B K.

r) (a—a‘ a€ K).
37.19. B) ((1] g) r) Caeayer u3 B). 1) FV2.

37.21. a) opm A = %1. B).
37.22. F="'AGB.

37.23. Ecmm ¢ynkuusa f cummerpudeckas, 70 K Buay alFyy, ecan He aBia-
eTCA CUMMETPHYECKOH, TO K Buay Fia.

37.24. F' ='CFC, F=FC='C 'F'.

: . 1
37.26. Ilpumep necosmagenms: dyuxmua na R® ¢ maTpumei (g 0) B

HEKOTOpOM Oasuce.
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37.28. 6) pumep: pyuxmua na R? ¢ marpuuei ( .

B HCKOTOpPOM
0 -1 ) 2

basuce.

37.29. r) B cayuae £ = 1 marpunsl gaa f1 1 fo B nogxogammx Gasmcax

0 A 0 B
uMeioT BUA (¢4 ) tg ¢ ) A€ A, B — HeBBIPOX IeHHBIE MATPHUIIBL.
OcTaeTca HemoCPeACTBEHHO MoA00pATh MATPUIY HePexoia.

37.30. HUcnoawzosars 3agady 37.29.

37.31. 6) AHanorMYHO TeopeMe 0 TPUBeIeHHH CHMMETPIIeCKON OMIIHeN-
HOH (pOPMBEI K HOPMATLHOMY BHAY; MOKHO HMCIOIB30BATDL M MPHUEM, AHATOIMT-
HBIM aaropuTMmy JlarpaHika U CCPYNOUPOBATH CHAYALA LWICHBI ¢ MHOKUTELA-
MH Y1 M I, & 3aTeM NPUMEHUTH TIPEeATON0KEHAe NHITYKIIAH.

37.32. a) Her. 6) Her.

37.33. a) ziyb — xhyl, rae i = x1 — 2x3, Th = T2 — T3, T = T3.

6) T."ly’z - Iayi, rae .'L"l =TI — %IS, 1,'22 = 2.’1:2 + r3, 1"3 =TI3.

B) xhys — xhy) + zhyh — Thyh, Tae o) = 1y — 2x3, Th = x> — x4, TR = T3,
Th = x4,

r) zhys — Thyl, rae T =z + x5, TH = w2 + T3 + T4, TH = T3, Th = T4,

37.35. 60t(1 —1), *(1 —t), (1 —t)(t* =t = 1).

37.36. Ucnoassosarte 3agauy 37.31, 6).

37.37. Onpegemrens KOCOCMMMETPAIECKON MATPHUILI HEIETHOTO MOPAI-
Ka PABCH HY.IIO.

37.45. a)l, 2.
6) 2, 3, 4. MakcnmvaTbHAA BO3MOKHAA Pa3MePHOCTE PABHA (g)

38.1. a), 6), r), e), k), K), H), p), €), T).

38.3. Her.

38.4. [a= f.

38.6. a) ((2,1,0)). 6) ((—21,13,0)), ((—79,0,13)).

38.8. a) 2z)y| — %.r';y'z + 3ahys. 6) xiy) — xhys + 16255,
38.9. a) Jla. 6) Her.

38.10. a), B), u), M), 0), p).

38.11. a) A>2. @) | < +/5/3.

B) —0,8 <A <. r) Hu npu xakux A.

38.13. Paccmorpers dyHkmmo r; + 4 x2 + 3.

38.14. a) A< —-20. 6) A< —0,6.

38.15. a) z1y1 +a1y2 +royr + 222y — 3x1ys — 3xayn +2w2ys +223y2 — T3Ys-

1
6) 5(I1y2 + xay1 + x1y3 + w3y1 + T2y3 + waya).
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D 5}
38.16. a) 2z1y1 — x1y2 — x2y1 — 23y — 2x1Y3 — E:r.'gya - Emayz + xays.

3 3 1 1

6) —2ways + %293 + 5T3Y2 — 5T1Ys — 5Ty + 2z3Y3.

38.17. a) Her. 6) Jla.

38.18. a) yi +y3 —yi.

6) yi+yi—yi. B yi—wi.  r)yi—ui -yl i

38.19. a) Her. 6) la.

38.22. n(n+1)/2, n(n—1)/2.

38.23. B cayuae U = (e1,e2) u f(e1,e2) = f(ea,e2) Buibpars B UL Bek-
TOp e3 Tako#, 910 f(eaz,es) # 0.

38.26. IIpusecTu K HOPMATBHOMY BHAY, IPUMEHUTE PACCYXK JeHHE, AHAIO-
FHTHOE 10Ka3aTeIbCTBY 3aKOHA MHEPIIHH.

38.27. n,n.
38.29. PaccMoTpers COOTBETCTBYIOULYIO KBAAPATHIHYIO (DYHKIUIO.
38.31. ﬂ"QLll

38.32. PaccMorpers 3HaYeHMAa B TOYKaxX BHAa Ar + 1y, rae A € F.

39.1. a) Ilpma=0. 6) IIpu a = 0.

B), r), a) lIpua = 0. e), k), 3), 1).

39.5. a) {0}, V. 6) V, {0}. B) V, {0} upu o # 0; V mpu o = 0.
r) (b), {a)* mpua,b# 0; {0}, V npua =0 wm b = 0.

n) V,{0}.  e) Rlz]n, {0}.

x) Rlz]n—1, R 3) Rlz]n—k, R[z]r—1- x) R, {0}.

39.7. [onoauuts Gasuc (e,...,ey) noampocrpadcTsa 10 Gasuca (e, ...

...,€n) TOPOCTPAHCTBA M DPACCMOTPETH NPOCKTHUPOBAaHMA Ha (€1,...,€k) H
(€k+1,---,€n), (e 3agaay 39.17).

39.9. [donoruuTs 6a3uC DOANPOCTPAHCTBA 10 6a3uca HPOCTPAHCTEA.
39.12. Cuauaaa gokasats, 9410 rk A = rk BA + dim(Im A N Ker B).
39.14. n(n—r), rge r =rk A.

1 0 0
39.15. a) |1 2 0
0 1 3
cosa  —sina
) : , €CTH TMOJMKUTEIRHOE HANPABICHHEe OTCYeTa VIVIOB
sin cos v ’

COBIAJAET C HAIPABICHHEM KPATYAMIIero MOBOPOTA, MEPEBOAALIET0 IePBLIA
6a3sMCHBIA YOI BO BTOPOH.

0 0 1 01 0 00 0 1 0 -2
B)[1 0 OJmu|O O 1}). o)yf{0O 1 0. a) 0 0 0
0 1 0 1 0 0 0 0 0 -2 0 1

24 AWM. Kocrpukux
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(a 0 b 0 a ¢ 0 0 1 0 0 0
&) 0 a 0 b %) b d 0 0 &) 0 0 1 0
¢ 0 d 0] 0 0 a ¢ 0 1 0 0
0 ¢ 0 d 0 0 b d 0 0 0 1
a1 a1b3 a2b; GQbS
arba  aiby asbs  ashy a;  as by by
i) aszby  asbs  asby  aqbs |’ rae A = ((1.3 m)’ b= (63 bq)'
(I3b2 a3b4 (1.41)3 (14b4
ar + b bs as» 0
K) bz a1+b4 U as
as 0 as+ b ba
0 a3 ba ayq + by
0 1 0 0 0 0 0 0 0 0
0 2 0 0 n 0 0 0 0
i 0o 0 0 3 ... 0 ) 0 n—1 0 0 0
..................... ’ 0 0 n—2 0 0
0 0 0 0 Bl 0 | siaerenes seeeiis svsessveres ¢
0 0 0 0 0 0 0 0 1 0
01 0 0 0
0 0 1 0 0
0 0 0 1 0
H)
0 0 0 0 1
0 0 0 0 0

39.17. Ilepsrie k »1eMEHTOB INIABHOM AMATNOHAIM MATPHULEL OIEpaTOpa
pa-BHbI 1, a BCE OCTaJBHBIC 3JIEMEHTHI ‘.\Ia-TpHI.H:[ HV.IH.

39.18. Ilepebie k cTOIO1OB MATPHUI COCTOAT U3 KO(DGUIUEHTOR BRIpaXKe-

HuM BeKTOpPOB by, ..., by 4epes aj,...,a,, oCTaIbHBIE CTOAGLEI IPOU3BOALHEIL.
4 5 0 -1 -5 -8 -6 -2
1 0 2 3 2 4 4 0
39.09. a) [, o o | O 5 ., | s
1 6 -1 7 6 7 6 13

( -1/3  2/3  2/3 )
39.20. 2/3  2/3 —1/3 |.
33 =1/38 2/3

1 2 2
39.21. 3 -1 =2 ].
2 -3 1

39.23. a) Ilepsrie k cToa610B MATPHULBLI HyJEBBIE, OCTAIbBHBEIE k IMHENHO
HE3ABUCHMEIE.

39.24. Paccmotpers moampoctpanctsa Vi ((i = 1,2), cocrosmme u3 Beex
BeKTOPOB &, A1 Koropeix (fi(A))(z) = 0.
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40.1. a) Muorounens: Hyaeson crenenu; {0}.

6) Henyaessie cummeTpuieckue u Kococummerpudeckue Marpunss; {1, —1}.

B) Oanowrensr; {0,1,2,...,n}.

r) Ogmowrensr; {1,1/2,...,1/(n+1)}.

40.2. Wa pasencrsa f(ax +b) = Af(x) cregyer, uto A = a¥, rae k
crenens f(x).

40.4. Ecm A(z) = Az, A #0, ro A™ (z) = x/\

40.6. Ucnoms3oBaTh MaTPHUIBI ONEPATOPOB.

40.8. a) Hcnoapzosate 3agaty 40.7.

6) Paccmorpers (akTOPIpPOCTPAHCTBO MO MOANPOCTPAHCTBY {a}, rae a —
OGHIIIﬁ (306(,'TBEHHBII’”I BEKTOP BCEX 3aJaHHBIX OIIEPaTOpPOB.

40.9. Paccmorpers A% — A%E.

40.11. PaccMoTpeTh MaTpHIy

—Qn-1 —Qn-2 aea —a1 —ag
1 0 .0 0
A= 0 1 .0 0
0 0 1 0
40.13. M =al+...+a%, M=...=A =0

40.15. a) Ay =X = A3 =1, ¢(1,1,=1) (¢ #0).

6) M =MX2=X3=2;¢1(1,2,0) +¢2(0,0,1) (¢1 u ¢2 He paBHBI HYJIIO OJHO-
BPEMEHHO).

B) A1 =1, Ao = A3 = 0; ama A1 = 1 mmeror Bug c(1,1,1), ara Az3 =0
¢(1,2,3) (¢ #0).

r)d=X=1 g1 A2=1 ¢1(2,1,0) +c2(1,0,—1) (c1 u c2 He paBHBI
HYJIIO OJHOBPEMEHHO), 411 Az = —1 ¢(3,5,6) (¢ # 0).

M A=1, A=2+4+3i, Aa=2-3i (maxg C); nua A1 =1 ¢(1,2,1), ana
A2=243i c(3—3i,5—3i,4), ana A3 =2 —3i ¢(3+ 34,5+ 3i,4), rae seage ¢ # 0.

e) A=2;¢1(1,1,0,1)+¢2(0,0,1,1) (c1 1 c2 He paBHBI HY.II0 OJHOBPEMEHHO).

100
40.16. a) ((1,1,1),(1,1,0),(1,0,-3)), [0 2 o
0 0 2

10 0

6) ((1,1,2),(3 —3i,4,5— 3i), (3+3i,4,5+3i), [0 2+3i 0
0 0 2-3i

B) He CBOAUTCA K AUaroHalbHOMY Buay HE B R, nu B C.

F} ((11 1: U: O)y (11 01 19 U}s (1: O? O) 1): (ls —1, _11 _1))5

coCoN
cCo o
oM oo

24*
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40.17. DneMEHTHI p M (p—jt1 AOLKHBL JU60 004 OBITH OTIMYHBIMH OT
Hyui, 160 oba obpamarsca B Hyas (k=1,...,n).

40.18. B xauectse T MOKHO B3ATH MaTpUIy ¢ 1 Ha TVIABHOM IMAT OHAIH

W Ha COCeIHeH AWArOHATH HIDKe TJIABHOW, —1 Ha cocefgHeN IMATOHATM BBIIE
T : n
raaBHOU ¥ () Ha ocTadBHBIX MecTax. B uMeeT Ha IIABHOM AMArOHAIKA CBEPXY 3

" n+1 o u
eJUHUI IPU YETHOM N U eJJUHUI DU HEYETHOM 7, & HMXKE Ha INIABHOU

2
auaroHaam —1.

40.19. Paccmorpers mMaTpuuny omeparopa A B 6asuce, HePBBIME BEKTO-
paMH KOTOPOro ABIAKTCA JMHECUHO HE3aBUCUMBIC COOCTBEHHEIE BEKTOPBI, IIPU-
Ha JIexKamme Ag.

T i T VI T, ¥ TR T

40.21. a) Ay (4,5 =1,...,n). 6) Ai/Aj (i,7=1,...,n).

40.22. {0} u R[z]x (k=0,1,2,...,n).

40.27. {0} n imHenHBIe 060M09KK MOACHCTEM (asuca.

40.28. V; ={e1,...,ei} (i=1,...,n).

40.29. {0}, V,{(2,2,-1)), U={(1,1,0),(1,0,-1)), ((2,2, -1), a), {a}, rae
a€eU.

40.30. V, {0}, ((1,-2,1)), {(1,1,1), (1,2, 3)}.

40.31. Jlumennas 060104Ka J000r0 MHOXKECTBA OJHOYWICHOB CTEINCHHU He
BBIIIC N.

40.32. a) CyMma HEKOTOPBIX HOATPOCTPAHCTS (cos kx, sin kx).

6) Cymma nognpocrpancTsa us (Cos z,cos 2z, . .., COS ) ¥ HEKOTOPBIX 0 1-
npocTpascTs (sin kr).

40.33. Paccmorpers cobcrsenssie nogunpocrpancrsa Uy, U_; oneparopa
A u Vi, Vo oneparopa B. B cayuae xorga sce nepecedenusn U; NV Hyxesbie,
MOLYYUTE HEHVJICBBIC BeKTOPEL a € Vi, a + Ab € V_; aaa xoropeix a + b € V3,
a + Ab € V_; npu HekoTopoMm A.

40.35. a) A1 =1, Aoz =0; ((1,1,1)) aaa Xy =1, ((1,1,0),(1,0,—3)) gan
AQ‘.'} - {]-

6) A1 =3, A23a=-1;((1,2,2)) gua Ay =3, {(1,1,0), (1,0, —1)) aaa Az 3=—1.

B) A2z =—1; V.

l") Al =2, Agq =0 ((1705 1:0)) (170:0: 1)) A Az = 2, ((1: 0,0, 0),
(0,1,0,1)) mas Azq = 0.

40.37. HWcnoassosate 3aga4dy 40.36.

40.40. CoOGcTBeHHBIE 3HAYMEHWA onepaTopa L4 ABIAIOTCA COOCTBEHHBIME
3HAYEHHAMH MaTpuubl A.

40.41. a) HUcmoaszopaTs npusegenwe X K CTVIEHIATOMY BHIYV.
6) Mcnoas3oBats a).
40.42. WMuaykuusa mo pasMepHOCTH IPOCTPAHCTBA.
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40.43. Hcnoas3oBaTh MHAVKIHIO 10 CTEIEHH MEHAMAJILHOIO AHHVIMDPYIO-
LEero MHOIOY/ICHA.

3 0 0
41.1. a) [ 0 -1 1 |.  6) diag(1,2 + 3i,2 — 3).
0 0 -1
-2 0 0 -1 1 0
B) 01 0 r) 0 -1 0
0 0 1 0 0 -1
0 0 0 10 0 0
01 1 0
Dlo 2 of. e
0 0 2 0 0 1 1
0 0 0 1

%) /e kaerku nopagka 2 ¢ 0 HA INIABHOW AMATOHATH.

3) Kaerka ¢ 1 Ha NIaBHOM AUATOHATH.

n) Kaerka ¢ euHAIeN Ha MIABHOW JAMArOHAIH.

k) Knerka ¢ 4uciaoM n Ha NIABHOU AMATNOHAIM.

a) diag(1,2,...,n).

M) diag(so,€1,...,6n-1), TAe £ — KopeHb cremenn n w3 1 (i=1,..., n).

u) KreTka ¢ 1ucIoM o rIaBHOM JUATOHATIH; B IPABOM BEPXHEM YIIy MaT-
puubt A — AE cTOMT OTAMYHBIA OT HY/IA MUHOD IMOPAAKA 12 — 1; HAUTH dIeMeH-
TapHble geanTean MaTpunsl A — AE.

! " (n)
o 1 £ o
f'(a) & U(a)
41.3. a) SEA e R (n— 1L}
0 0 f(a) 770
(n—2)!
g comgg o seansan s s

6) llpu a # 0 xopaaHOBA KIETKA € YUCIOM @ HA gmAroHamm; mpu a = ()
ABE KOPAAHOBBI KJAETKN ¢ HYJIEM HA AMATOHATHM, MMEIOUWMe Mopaiok n/2 npu
wérHoM 1 1 nopaaku (n— 1)/2 u (n+ 1)/2 npu neuéraoMm n.

41.4. J[lBe KACTKH ¢ 9ACIOM (¥ HA AMATOHAIM HOPAAKA 1 /2 mpm 9éTHOM N
u nopagkos (n—1)/2 u (n+1)/2 npu HeYéTHOM n; UCIOIBL30BATE 3ajadu 41.2
m 41.3.

41.5. a) B kaxjou kiaeTke xopaaHoBOU (popMBl MATpUUBL A 3ameHseM A
(A # 0) ma A?; e B KIeTKe mopaAKa k Ha raaBHOM amaromamu crout (), TO
npu k = 2l 3amenseM eé nByMsa kKaeTkamu nopsaaka [, a npu k = 2l + 1 asymsa
KIeTKamMu nopAikos | +1 u L.

6) B xopaanoson popMe MaTpuisl A zaMeHseM IMATOHATHLHBIC DJIEMEHTHI
Ha oOpaTHBIC.
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41.6. a) [ImaroHaapHas MATPHUIA ¢ dIeMeHTaMu +1 Ha IIABHOM AMATOHAIH;
A aprserca orpaxenueM npocTpascTsa V OTHOCHTEIBHO HEKOTOPOTO HOAIPO-
cTpaHcTBa L mapalaeabHO HEKOTOPOMY AONOTHHTEIBHOMY IMOANPOCTPAHCT-
By Ls.

6) [JuaronameHas MaTpuma, rge Ha auaroHatn croar 0 u 1; A ssiserca
MPOEKTHUPOBAHUEM NMPOCTPAHCTBA V' HA HEKOTOpOe MOANpPOCTpaHCTBO L) ma-
PaLIeIbHO HEKOTOPOMY AOMOJHUTEIBHOMY MOAINPOCTPAHCTBY Lo.

41.7. Ha riaBHOA IMATOHAMM CTOAT KOPHH u3 1.

2 1 0
41.10. a) D 2 0 !((1!4! 3)!(1!010}!{3r0!1))
0 0 2
0 1
6) 00 0 ’ ((1:_3)_2):(11010)’(110:1))'
0 0 0
1 1 0 0
01 0 0
B) 00 1 1l ((1,1,1,1), (-1,0,0,0), (1,1,0,0), (0,0,—1,0)).
0 0 0 1
2 1 0 0
0 2 0 0
F) o0 2 of ((_17_1: _110)v (2: 1:0)0)a (110:0: _1))1 (3767711))
00 0 1

41.11. Oana XOpJaHOBA KIETKA.

41.12. HWcnoas3oBaTh XOPIAHOBY (POPMY MATPHIBI ONEPATOPA.
41.13. Hcnonp3oBaThk XKOpAAHOBY (POPMY MATPHUI ONEPATOPOB.
41.14. HWcnonesoBaTe XKOpAaHOBY hopMmy MaTpuuns B.

41.16. Co6GcTBennoe 3nadenue 1, krerku pasmepa 1, 3, 5.

41.17. Co6crsennoe suavenne (. [lopagku xrerox n+ 1,n,...,2, 1.
41.18. HWcmoas3oBaTh NpUBEIEHUE K KOPAAHOBOM (doOpME.

41.20. Hcnoae3oBaTh BHJ KOPIaHOBOM (GOPMEL k-H CTENEHH HKOPITAHOBOM
kaeTku (cMm. sagaqy 41.3.)

1 7 1 1712 2 0 2
41.21. a)iz(gl 9). 6):t5(3 13),1(3 1).

so (—24 25 -7 4
41.22. a) 2 (_25 el Bl i gl

41.23. (t—A1)...(t = A\n).
41.24. (t—a)".
41.26. a)t—1. 6)t. B)t —t. r)t*-1

Dt e tt—-1)...(t—n). x) (tél)(f,f%)...(lgnil).
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3) (t*+1)...(¢° +n%).  m) (t2+1)...(t"”+%).

k) CoBrnajaer ¢ MUHMMAJILHBIM MHOTOWIEHOM MATPHIELL Aj.

) (t—1)%

41.27. a) (t—2)°%. 6) t* — 5t + 6.

41.28. (t—1)*(t—2), V = L1 ® L», rae L1 umeer Gasuc (e1,e2 — e3), a
Ly — 6asuc (e2).

41.30. CocTouT M3 KIETOK MEpPBOro IOpAAKa ¢ 1 Ha IVIABHOW AUATOHAIN
M KJIETOK IIEPBOr0 WIA BTOPOTO mopagka ¢ () Ha amaroHamm.

41.33. CpaBHUTbH pasMepHOCTHU NPOCTPAHCTBA MHOTOWICHOB 0T A u npo-
CTPAHCTBA MATPHUIL, EPECTAHOBOYHBIX ¢ A.
41.34. B) Ucnoas3oBats 0).

41.38. Ucnoaszosats 3aga4dy 41.34 u pasioxeHue OPOCTPAHCTBA B HPs-
MYI0 CYMMY MUKIHTIECKIY HOANPOCTPAHCTE.

41.42. B) Joxaszats uHAykmmen no | cymectsoBanue Takoro B; € I, €to
p(A + B;) nemrca na p'(A) B xomsue K[AJ.

41.43. Bwmsectn ms sagaum 41.36 u mpeawraymen sagatu, 10Ka3as, dTO
BC€ DJEMEHTHI uacaJaa I HWIBIIOTEHTHBI.

41.44. HcnoassosaTh 3agaqum 41.39, 41.42.

41.45. a) Ucnoassosars xopaaHoBy ¢gopmy MaTpumsr A.
6) Mcnoassopars 3agaqy 31.17.

41.47. Brrrexaer u3 sagaum 41.16.

42.2. Cwm.: Kocmpurxun A.H., Mawun FO.H. Jlunennas aare6pa U reomer-
pusa. — M.: Hayka, 1986. — . 1, § 10.

42.3. HcnoasaoBars 3aga4um 42.2 u 42.1.

42.4. WcnomsaosaTth 3agaqam 42.3.

42.13. Cwm.: Bypbaxu H. Cnexrpamsuas Teopus. — M.: Mup, 1972, —
o 1,§ 2 o 5.

42.14. Cwm.: Xopw P., Jowconcon 9. Marpuunbm anmamms. — M.: Mup,
1989. — C. 359.

202 —g? de—3 2-=2e
42.19. a) (62 i ) 6) (66—6 4_36).

e —1 e —3de+1
B) 3e e+3 —-3e-3
3e—1 e+1 —3e
3 —-15 6
r) {1 =5 2] +2minE, rvaen€Z.
1 -5 2

2 (i )



376 Omsempl u yraszanua

42.20. dete? =" A,

42.22, 42.33. Cwm.: Xopu P., Jouconcon . Marpuunbm amams. — M.:
Mup, 1989. — T'x. 8, § 81-84.

42.34. a) x =(1,1), p(A) =3. 0) r=(1,1), p(A)=T.
B) x = (5,3,1), p(A)=5. r)z=1(1,0,1,0), p(4) =6.
43.4. a) CxanapHble MaTpPUIILL.

6) Kococummerpuieckne MaTPUIBL.

B) CHMMETPHICCKAE MATPHIBL.

r) HuxHne HWIBTPEYTOILHBIe MATPHUIIBL

43.13. O6e marpuusr pasusr G

43.14. a) 'S~  6) ‘S ..

43.15. a) ((1,2,2,-1),(2,3,-3,2),(2,-1,-1,-2)).

6) ((1,1,-1,-2),(2,5,1, 3)).

B) ((2,1,3,-1), (3,2,-3,-1), (1, 5,1, 10)).

43.16. Hampuwmep: a) ((2,-2,-1,0),(1,1,0,-1));

6) ((0,1,0,-1), (1,0,—1,0)).

zi+zxo+ax3s+xse =0,
—18z1 + 22+ 1823 + 11z4 = 0.
2519, &)L =1;=1;5); (8,0, =2 —1)

6) (3,1,—1,-2), (2,1, —1,4).

B) (0,—3/2,3/2,0), (7,-5/2,—5/2,2).

43.21. a)v14. 6)2. B 7/5. r)+/3/5. n) 5/
43.26. Cwm. sagauay 43.25, r).

43.28. a) 6, 6, 6; 60°.

43.18. a) z2 + x4 = 0. 6) {

- 1(n 2k—-1
43.32. 0 npum n HewéTHOM, 3 (k) = (k _ 1) npu n = 2k.

43.33. a/n; arc(:osi.

NG
43.34. R = a\Q/ﬁ;R<anpun<4, R=aupun=4u R >aupun>4.
43.36. a) 8. 6) 4. B) 12714. r) 0.
43.38. a) 60°. 6) 30°. B) 0°.
43.41. arccos \/k/n.

2 -
43.42. arccos 5; nyers a; = AgA; (1= 1,2,3,4); nokasaTe, 4T0 KBagpaT

KOCHHYCA yIVIa MeXNV BeKkTopaMu ait; + aztz U aszts 4+ asls pasen

(t1 + t2)*(ts + t4)®
4(17 + trto + t3) (85 + tata + t3)’
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u 2 .
M HAUTH MakCUMyM {yHkumm (£ + t2)2 npu ycaosun ty + titz + t% =1.
43.43. 45°. HauTy MMHMMYM yIVIOB BEKTOPOB IIOCKOCTH ¢ MX OPTOrO-
HAJbHBIMU NPOEKIMAMHI HA MEPBYIO IIOCKOCTh.

43.44. 6) Po(z) =1, Pi(z) =z, Pa(x) = %(33:2 —1),

Ps(z) = %(5:1?2 —3z), Py(x)= %(35.@4 - 302% + 3).
1:3:5...(25=1) o4

o BE)= 2, O et

i=0, j2k/2
1 k=i (K (25)! 2j—&
=gm 2 D (J) @G-

T i=0,j2k/2
r) \/2/2k + 1. m) 1.
43.45. a) VA, rae
1 1
1 ba —
2 n+1
" 1 1 1 (112!...nl)°
-2 3 nt2 |\ T G Din+2) ... Cnt+ )
1 1 1
n+l n+2 2n+1
6) ;
Gvin+1
44.2. G "AG.

3 6
44.3. ( 1 -3 )
44.4. IlpoexkTupoBaHHe NapaileJbHO OCH KOODIMHAT HA OHCCEKTPHUCY BTO-
POH M YeTBEPTOM YETBEPTH.
44.9. a) D" =—-D. 6) UaTerpupoBaTh MO <TaCTAM.

44.10. Cwm. ykasanme K sajgayde 44.9.

44.13. BocnoaszopaThea sagatien 44.12 u CBA3BIO MKy SPMHUTOBBIMH U
KBaAPATUIHBIMA DYHKUUAMA.

44.14. YcaoBue 3a1aun SKBUBAJIeHTHO paseHcTBY (AA z,z) = (A" Az, )
ana Beex x € V. Bocnons3zoBatbes 3agagamu 44.1; 1) u 44.13.

44.15. Ecm A= B—AE, ro A" = B— AE; BocnoanzosaThea 3agaden 44,14,
rae r — COOCTBEHHBIN BEKTOP omepaTopa I3 ¢ coOCTBEHHBIM 3HAYMEHUEM .

44.16. Bocnomb3oBaTtbea 3agaden 44.15.
44.17. a) BocnoabsoBarhea 3agadamu 44.15, 44.6 u 44.1, a).

6) BocnoassosaTsea a) u 3agaven 44.2.
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B) Ecim A HOpMadeH, To yrsepxaenue caegyer u3 sagadm 44.15. Taa ao-
KasaTeIbeTBa 00PATHOrO YTBEPKACHUA, Kak U B 0), gokazaTs, uro A umeer
COOCTBEHHBIM OPTOHOPMHUPOBAHHBIN (asuc.

44.19. Hcnoap30BaTh AUArOHAJIBHBIM BHJ] MATPUILL ONEPaTOpPa B OPTO-
HOPMUPOBAHHOM Oasmce.

44.20. HcnoabzoBaTh cOOCTBEHHBIE OPTOHOPMHPOBAHHEIE OA3MCHI OIEpa-
TopoB A u B.

44.21. Wcnoas3oBaTh COOCTBEHHBIM OPTOHOPMHPOBAHHBLIN Hasmc.

44.22. Ncnoap3oBaTh COGCTBEHHBIN OPTOHOPMUPOBAHHBIN (GA3UC M UHTED-
HOIANMOHHBIA TTOMHHOM.

44.23. BocnoassosaTbea sagaven 44.1, B), r), a).

44.24. a), 6) Bocnoabsosarhea sagaten 44.23 a1a moampocTpaHCTBa
Ker f(A).

B) CymecTByioT Takue MHONOWICHEL a(z), ¢(z), 4T0

a(@) fi(2) + (@) fola) = 1;
OTCIOa BHIBECTH
Ker f(A) = Ker f1(A) @ Ker f2(A);
ectu x € Ker h(A), y € Ker f(A), To no sagauam 44.23 u 44.24, a), 6) nmeem

(#,4) = (e(A) fa(A)z, y) = (2,2(A") fo(A")y) = 0.
r) Ilo sagayam 44.7, 44.23 u 44.21, a)-8) umeem
Ker f(A)" =Imf(A") C Ker f(A")" ™" = Ker f(A)" ",

orcioga V = Ker f(A) + Ker f(A)"!, T.e. f(z)"! annymupyer A mpu n > 2.
44.25. WcnoaszoBats 3agaqy 44.23.
44.26. WcnoanzoBars 3agady 44.25.
44.27. a) Ucnomszosatk sagaqdy 44.26.
6) Brrrekaer us nagaum 44.6.
44.29. Wuayknoua mo pa3sMepHOCTH ¢ TOMOIIBIO 3a1ad 44.27 m 44.28.

10 1 1
45.4. a) (0 3)! (E(la_l)s ﬁ(lal))'
9 0 0 1 1 1
6) 0 18 0 ' (—(2, 2,1),—(2,—1,—2),—(1,—2,2)).
0 0 -9 3 3 3

=]

0
B) 0

L=
o oo

’ (L(lr]-ro)a +(1_1) _4)1

1
7 718 3(2.—1,1)).

(=)

27
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6 0 0 1 1 1
0 6 0 —(1,-2,1), —(-1,0,1), —(1,1,1) J.
9|0 6 3,(\/6(1 D, J5(-1,0,1), = )
1 0 0 1 1
01 0 |, (==(1,01),(010), —=(1,0,-1)).
afo o (ﬁ( ), (0,1,0), 7 ))
1 0 0 0
9100 - o (Fa00nZ50110,
0 0 0o -1
1 1
ﬁ(1,0,0,—1),E(U,L—l,m).
2 0 0 0
}K) 8 g g g 3 (%(11 11 O: 0) %(13 —11 1! 1)!
0o 0 0 =2
1 1
E(Oxosls_l)za(]w_13_1-_1))'
45.7. a)( U) (i(1+i 1, 44 72)).
S A W A

5
0

ot 9 (po-npeo)

5) ((2] g) (%(2-;‘,—1),%(1,2“)).

45.9. IlepecTaHOBOYHEIE ONEPATOPEL UMEIOT OOIME COOCTBEHHBIN BEKTOD
T; PACCMOTPETH OPTOrOHAILHOE JOMOJHEeHne K ().

45.10. B) Bocnoapsosathea dpopmyaamu Buera u Teopemon [lexapra.

45.11. Bocnoassosatbca sagaden 44.1, a).

45.13. Hcmoap3oBaTh IMArOHAILHOCTH MATPHUIE! A B HEKOTOPOM OPTOrO-
HaJIbHOM Oasmce u 3ajaty 45.10.

3 2 0
45.14. (2 4 2
0 2 5

45.15. B cuay sagasm 45.13 A = Af, B = Bi, rae A1, Bi — meorpuma-

TEIbHBIC CAMOCOTPAKCHHBIE OMepaTOpbl; ecaun A moaoxuTeses, To
%1 =1
AB = -41{-'4181)(»4131) }-41 3

BOCIIOJB30BATHCA 3agaden 45.11.
45.18. [dokasars, uro paur A — AE ne menbme n — 1 guas aoboro A.

45.19. Ykaszane! GyHKINK B TIABHEIX 0cAX ¥ MaTpuisl mepexoga A (fz =
= A'y).
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a) 3yi + 6y3 + 9y3,

w

2 -1 2
1( ) _1).

=]
6) 9y} + 1843 — 943, %( 2
: ﬁ 1 \/3
B) 3yi +6y3 —2y5, — | -v2 -1 V3
V6 -
vVZ -2 0
L (V2L VB
r) byi — vz — ¥3, 76 V21 =B
V2 -2 0
4 V2 32
1
A) 3yi —6y3, |2 42 0
4 V2 -3v2
1 11 1
1 —1 1 1 -1
) 2y +4yR - i 4k, 5| ;|
1 -1 1 -1
2 1 0 0
2 o .o 1 [ 1 =2 00
2 _E .2 2 s
x®) byi — Sys + by, VA K 0 2 1
0 0 -1 2
10 1 0
p_gy 1|10 -1 0
3)2?}] 4ys, \/E 0 1 0 1
01 0 -1
30 0 0
. ; 01 2 2
u) 9yi + 9ys + 9y3, = 0 2 1 =2 |
g 2 =2 i
V10 0 0 0 0
| | | | i 0 V20 22 0
k) 4y} + 4y? + 4y} — 6y3 — 6y, i 0 -2v2 0 V2 0
0 0 0 1 0 3
0 0 3 0 -1

46.4. HcnombzopaThb 3aga4y 46.3 u mpouece opTOrOHAIMIAINN.

el

46.5. 0) IHomoxurs w =2 — —

[
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1 0 0
o) 0o o 1], (1,1,0),(0,0,1) (1,-1,0)
(000 (5 So.-10)
1 0 0
1 V3
0 = e 1
B) 2 2 —(1,1,1), —=(2,—-1,-1), —=(0,1, —1) }.
L 1 (\f f V2 )
2 2
1 0 0
1 V3
n = = 1 1
1"} 2 2 3 _(13110)7_(1:_110)7(01051) .
3T Gemogeaaee)
2 2
1 0 0
B 2/2 -1 3 T+ 42
) 4 4 ;
7442 2\/5—1
’ 4
1 1
- 5_01 3 e _21 [ - .
(m“ e e A ”)

1 1 1 1
-(1,1,1,-1),=(1,1,-1,1), =(1,-1,1,1), =(—1,1,1,1,1) | .
(301,70, 30,0, -1,0, 50, -1,1,1), 511,11,

1 0 00

0 -1 0 0

o o0 0 1|

0 0 -1 0

1 1

—2(1,1,0,0),—(0 0,1,-1), —(1 —1,0,0), —=(0, 0,1,1)).
( 2 V2 V2 \/5

1 0

0 1 1 1

a) 2 3 (1,1, 1) —1,—1),3(2,—1,—1).

V3
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10 0
1 1 1
Y0 0 =1 |, (=1-1)2,9),=02,~1),=(=2,1,=9 ).
5 (0 ' 0) (3 3 3 )
1 0 0
143 1
T 7
1 0
ML %(—2+7\/§) —l\/42+28x/§
0 —\/42+2s —( 2+7f)
ﬁ(0, V42 — 28v/2, /42 + 28\/5)) .
10 0
1 -3
M) 0 5 _T ] ((\/?i ?10)1(\/75 7\/751 ) (0 0 71))
0 ‘%\/3 %
46.7. a)( _m) ( (1), \}5(1,4)).
1 [14+iV2 0
07 ("" 1)
(550 i - VB =i - v, D).
1 0 0
1 1 1
B) | 0 i 0 |, (=(2-2,i),=(2,4,-2i), =(—i,2,2) ).
(0 0 —?:) (3 e 3 )
)(1+2i\/§ o )
% 1-iv3 |’
0 2
(ﬁ(‘l (V3 — 2)i), ﬁ((\/g—ﬂiﬂl))-

(i ) Gaoosson)
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for 0
46.8. Takaa marpuna nogobHa AMArOHAIBHOU 0 —ia | » KOTOpas B
e
cosa  —sina

: ) mo 3agaqe 46.7, a).
sin v cos o

CBOIO 04epeb M0J00Ha MaTpHILe (

46.11. 6) Mcnoas30BaTh IHATOHAILHBEIA B MATPUL YHUTAPHOTO ¥ DPMH-
TOBa onepaTopa.

46.12. Jlro00¥ OPTOHOPMHPOBAHHBEIM Oasuc B V, OIMHAKOBO OpHEH-
TUPOBaHHBI ¢ (€1,€2,€3), MOXKHO oneparopom Bua .A,.Bp.4d, nepemectn
B (e1,e2,e3).

46.13. a) Ecin e1,e2,e3 — 6asuc u3 V', TO 0nepaTopel MOBOPOTA B ILIOC-
kocTax (e, e2) u (€2, e3) mMeT TpedyeMoe NPescTABIEHNE; BOCIOAL30BATHCA
sajgaqen 46.7, a).

46.14. IloopoT B ABYMEDPHOM ILIOCKOCTH ABIAETCA MPOM3IBEIEHUEM IBYX
OTPAKEHUN; NI NOKAIATEALCTBA BTOPOr0 VTBEPIKJCHUA 3AMETUTH, ITO €CIH
A=A1... An, 1o Ker(A — ) D N, Ker(A; — £).

46.15. Mcnons30BaTh COOCTBEHHBIA OPTOHOPMHUPOBAHHBIN OA3MC.

46.16. a)%(? ;)%(i _})
oz5(5 3) 7m0 )

1 14 2 -4 ) 2 -1 2
—4 2 14 -1 2 2
46.17. Jlokasars, uro B> = AA".
46.18. IIyctee'™!,...,e'™" — Bce Pa3IMYHBIE COOCTBEHHEIE 3HAMEHNA OIIe-

TOP: HAITH TAKOH MHOrowIeH f(t) crenenu n, arobsr (e’ ) =e'*i/* npu
paTopa A, Han AKO Oro™Ie t) crene , 4T06 i iai/k map
Beex 1 € j < n. Ilposeputs, uto f(A)F = A.

46.19. Hcnoas3oBaTh IHANOHAIU3APYEMOCTE OMEPATOPA.

46.20. IIpeacrasuts A B BuAe KBaapaTa MOJOKHTEILHOIO CAMOCONpI-
xénnoro oneparopa C. Ilokasars, wro oneparop €'~ ' ABC caMoconpaxes.

46.21. Hcnoasszosars 3agauy 46.20 u npegcrasuts A u B B BHge kBagpa-
TOB MOJOXKATEILHEIX (HEOTPHIATEIBHEIX) CAMOCONPAKEHHBIX ONEPATOPOB.
46.23. Hcnomassosars 3agady 46.22.
46.28. HcnoasaosaTe noaapHoe pasaoxenue A.
46.29. a) cnoassosaThb 3agaun 46.24-46.26.
6) Beitekaer ua a).
B) Ucnomsaosats ompegemaress Bamgepmouna W(l,z,2%, ..., "), rae
27 .. Am
€ = cos — +isin —.
n n
46.30. Wcnomssosars 3agaqm 46.4, 46.5.
46.31. Hcnomssosath 3agaty 46.30.
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47.1. a), r).
47.2. 21.

47.3. a) B(’[)37'U4,’U'5) =0, —-B® .4(61,6} + es9,e2 +63,63,€3) =1
(A® B—B® A)(v1,v2,v3,v1,v5) = L.

6) A(e1 +ez,e2+e3) =2, B(ea+erez,en) =2, Alez,e2) =0,
B(ei1 +ez,ex+es,ea+e1) =8 (A®B—B® A)(v,v2,v3,v4,05) = 4.

47.4. 0.

47.5. 0.

47.6. (A® B)(Eﬁ, e2,€3,e3,e3) =0, (B® A)(e1,e2,e3,es3,e3) = 1.
47.7. a) 4. 6) —9. B) 3.

47.9. a) T'(v, f) = f(Av), rae

= (ImA)" = (e");

oo =Oo
o= oo
o oo
oo oo

noaromy {f € V* | T(v, f) = 0 gua moboro v € V}.
6) (ea).
47.10. p*(4p —3).
47.11. a)2. 61 B)2
47.13. a)5. 6)1. B 3.
47.14. a) es. 5) Hes + Heq.
47.15. a) (2e' —e®) @ (2e1 + 2e2). 6) 2e' @ es.
47.16. a) (e1 —e2)®e3 — (€1 — 2e2) Peq, el ® (3 +e*) +e2 @ (2 + 2¢%).
6) e2 ® (es + eq) — (e1 — e2 + 2e3 — e4) @ es,
(€' +e?) ® (2 + 3e?) — (e! + &) ® (e + ).
B) €1 ® (e2 +e3) + Z; e; @ (—es +e4),
Zi(el +e?)@e' + (3e' +2e* +2e% +3e?) @ e,
r) e; ® (e1 —e2) + 2e2 ® (—e1 + 2e2) + 3e3 ® (2es — e4) + 4eq @ (—es + eq),
(2et +e)@e! +2(e' +e®)@e? +3(e® +e) ®e® + 4(e® + 2e!) @ e’
47.17. Paccmorpers 0a3uc u3 cOOCTBEHHBIX BEKTOPOB.
47.18. 6) (tr A)*.  B) 4™
47.19. a) Tpu krerku pasmepa 2 ¢ 1,2,3 no rIaBHOM AMATOHAIM.

6) Opaua krerka pasmepa 1 u ogHa KIeTKa pasvepa 3 ¢ 2 M0 IIABHOM gua-
COHAJH.

B) /lBe kaeTkm pasmepa 3 ¢ () O MIABHOW AWATOHAIM.
48.2. 2n(n+1)(n—1)/3, rae n = dim V.
48.5. IloacuuraTs pasMepHOCTH.
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48.7. [oxkasars, uro caeg omeparopa AYA coBmagaer ¢ TOYHOCTBIO 10
3HaKa ¢ ¢-M KO3(PUUMEeHTOM XapaKTePUCTUIeCKOr'0 MHOIOYIeHA.

48.8. a) /Ipe XOpIaHOBHI KIeTKM NOPAAKOB 5 1 1 ¢ 1 Ha amaroHamam.

6) YKopaanosa kreTka mopagka 3 ¢ 6 Ha AuaroHaIM ¥ TPH KIETKH TOPAI-
kKa 1 ¢ umcaamvum 4, 6 1 9.

B) [IBe KOpJaHOBBI KJICTKH MOPAIKA 2 ¢ 2 HA AMATOHAIH, KICTKA MOPAI-
Ka 2 ¢ —2 Ha AMaroHaJu M YeThipe KIeTKH nopagka 1 ¢ uucaamm 1, 4, —4 u —4.

48.9. HcnonszoBarhs vkasanusa K 3ajgade 48.7.

48.14. Hcnoar3osaTs 3ajga4y 48.12.

48.15. Paccmorpers 6asuc, cogep:kaimi dJIeMeHT T.
49.9. 'z =Bi' +'a, 2’ =B ' — B "a.

T —2x2 — T3+ T4 = -2,
49.10. a) 2z + Tx2 + 3z3 + 14 = 6,
r1 =t + 32,
Ty = —i) + 12,
T3 =2+ 2t; — 3ta,
ry = —t) — 4is.
6) 3z1 — 22 —x3 —xa =1,
6xs + dxg =1,
T =t + 2ts,
xo =1t + 32,
r3 =6 — biy,
ry = —T7+ 6.
49.11. PaBeHCTBO MMeeT MeCTO CIpasa, ecau (ai,...,as) COACPKUT Ha-

A0 KOOPAWHAT, PABEHCTBO CIEBA — B MPOTUBHOM CIyYIae.
49.14. Ecm P, =a;+ L; (i=1,...,s),

(PLU...UP)=ai1+(L1+ ...+ L; + (araz,...,aias)).

49.16. a) dim(P, UP:) =3, dimP NP =1.
6) dim(P, U P») =4, Py N P, = @ ¢Tenens mapawieabHOCTH pasHa 1.
B) dim(P; U P») = 4, maockoctu Py m P> ckpemmBatoTes.

49.18. TumepniockocTs, mapaaienbHas Py m Py m mpoxoasimas qepes ogHy
M3 TOYCK YKA3AHHOIO BHIA.

49.20. a)z =3, r20=—-143t, 23 =3—t, x4 =1—1.

6) x1=14+2t, 20 = -3+ 6t, 3 = -2+ 2t, x4 = 2 + 4¢, x5 = 5t.
B) He cymectsyer.

4922, 1—z1— ... — Zp, Ti,...,Tn-

25 AWM. Kocrpukun
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49.23. Ilpu |K| > 3 npamas coaepkuT He MeHee Tpex To4ek; npu K| =2
YTBEPIK JACHIE HEBEPHO.

49.24. laa mo60od TOYKH @ CYIMIECTBYET Takou BeKTOp v, 94T0 f(a + v) =
=a-+v.

49.28. Ecam char K { n, To HenogsmkuaON OyaeT TOIKA

~a+ @)+ £ @)+ + 7 (@),

rje ¢ — MPOM3BOJBHAA TOYKA.

49.29. Cwm. pewenue 3aga4un 49.28.

49.31. a)a+ (e, e2), rae a = (—1,0,—-1), e;1 =(1,2,3), e2 = (1,1,1).

6) a+ Xer, a+{e1), a = a+ Aey + {e2), a + {e1,e2), a + Ae1 + (e2, e3), rae
a=(3,3,4), e1 =(1,2,2), e2=(—-1,-2,-1), e3 =(1,1,0), A npoussoabHO.

B) a, a+(Ae1 + pes), a+ (e1,e2), a=a+ (e1,ea+ Aes), rae a = (0, -1, —4),
er1=(1,4,3), e2 = (1,0,0), ea = (3,0,1), A, pp IPOUIBOIBHEL

r) a+Aey+{e1,e2), a+{e1,e2), a+Aer+(e1+ea2,es), rge a = (7/2,15/2,7),
er =(2,1,0), e2 = (—1,0,1), e3 = (3,5,6), A 1pOU3BOILHO.

49.33. a) la. 6) Her. B) [a.

49.34. a) [la. 6) Her.

49.35. P Po; I\ P; (i = 1,2), rge II; — rUnepmiockocTs, coepiKaian
P; n napamnensuan P; (j # 1); BCEBO3MOKHBIE THIIEPILIOCKOCTH, MAPAJLICIBHBIE
ogHOBpeMeHHO P u Ps.

49.36. BocnonszosaThea zagaden 49.23.

49.37. 6) Ucnomeaysa saaaty 49.36, mokasaTs, 1To f COXpaHAET NapALICTb-
HOCTB NPAMBIX; Onpegeants otobpaxenune Df: V = V no dopmyae D f(ab) =
= f(a)f(b) m nokasate, ato f(z + y) = f(x) + f(y); ma ycaosua Df(av) =
= o(a)Df(v), rge v — HEKOTOpBIA BeKTOp u3 V|, ompexernts oTobpaxe-
mue o : K — K, nmokasars, 9TO OHO HE 3ABUCUT OT U M ABIACTCA ABTOMOD-
puamom moan K.

50.3. Ecim M' # @, ro runepmiockocts H = {z | 3=, ; fi(z) = 0} sap-
JACTCA ONMOPHOH THIEPILIOCKOCTHIO MHOororpansnka M uw M N H = M7, 06-
paTHO, nycTh I — rpadk MHOrOrpasHuka M, ABIAKIETOCA ero nepecedeHuem
¢ onopuou runepmaockocteio H. Ilyers a — BHyTpenHAs Touka rpanu [ u
J={i| fi(a) =0}. Torga M7 — rpans muororpannmka M, cogepxamasa " u
a — e puyTpennan rouka. Orcioga creayer, wro MY C H, u, suaunr, M7 =1

50.4. Paccmorpers cucreMy GapUIEHTPHUYECKUX KOOPAWHAT, CBA3AHHBIX
€ TOTKAMHA a0, Q1,...,0n.

50.7. Bepumuer A= (1,1,1), B=(1,1,-2),C=(1,-2,1), D=(-2,1,1)
u E =(-1/2,-1/2,-1/2). Muororpanauk mpeactasiieT co60i 00beInHEHNEe
TPEeyroabHBEIX nupaMui ¢ obmum ocuosaruem BCD.
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50.8. a) Terpasap ¢ sepumnamu (1,0,0,0), (0,1,0,0), (0,0,1,0), (0,0,
0,1). Oxkrasap ¢ sepummuamu (1,1,0,0), (1,0,0,1,0), (1,0,0,1), (0,1,1,0),
(01 110’ []’ 1)1 (01 05 11 1)'

B) TpeyromsHas mpm3Ma, BEPIIMHEI OJHOTO OCHOBaHWA KoToponm — (1,0,
0,0), (0,1,0,0), (0,0,1,0), apyroro — (1,0,0,1), (0,1,0,1), (0,0,0,1,1).

r) Iapamwtesorpamm ¢ sepumuamvu (1,0,1,0), (1,0,0,1), (0,1,1,0), (0,1,
0,1).

50.15. C nomowusio 3aga4u 50.14 cBecTH AOKA3ATEILCTBO K CAYIAI0, KO-
aa S = MU {a}, rae M — n-mepuem cummiexc u o ¢ M. B sTom cayuae soc-
noap3oBaTeCA 3agadent 50.14 u 3aMeTHTB, 4TO M0OGOH oTpe3ok ab, rae b € M,
nepecekaeT HeKOTOpyio (n — 1)-mepuyio rpaus [ cummrexca M, He coaepxa-
WIVIO TOYKH b, U, CIeJOBATEIBHO, COAEPKUATCA B 00BEIHHEHHN CHMILIEKCOB M,
n conv(I'U {a}).

50.16. BocnoanzosaThea zagaven 50.15.

50.17. Jlyuu ¢ mauazom B TOUKe a, nepecexatonme M) sameraror yrom,
BEJIMYUHA KOTOPOI'O HE MPEBOCXOAUT 7.

50.18. IlposecTu I0KA3aTEIBCTBO MHAYVKIWEH 1m0 n. PaccMorpers mpo-
HM3BOJBHYIO PHIEPIIOCKOCTE H, mpoxoaamyio 4epes a. /lokaszars, 4To ecan
Kakag-1ub0 OKpecTHOCTH To4ukM a B H cogepxwurca B M, To M 1exuT mo ogHy
cropony or H. B nporusnom caydae B npocTpancTse H mo npegnonoxeHuo
MHAYKIAN CYIIECTBYeT Takad runepiiockocts a+ W (rge W — (n—2)-meproe
NOANPOCTPAHCTBO BEKTOPHOTO MpocTpancTsa V, coorsercrsyomero A), 4To
muoxkecTBo M N H gexut nmo ogay cropory ot Heé. I[Iyers U — aBymepHoe
NOANPOCTPAHCTBO mpocTpancTBa V', gomomanreasnoe k W. PaccmoTrpers mpo-
exnmio N MHOXecTBa M Ha nByMepHyo miockocTs P = a+ U napaareasno W,
(3amaga 49.38). Jokazats, uro a ¢ N°, u BocmomssoaThea sagadamu 50.17
u 50.12.

50.20. Bmi6pars ao6yio Touky b € M u aaa Beakon Touku a ¢ M nposectTn
OTOPHYIO THIEPILIOCKOCTE Mepe3 TOYKY 0Tpe3ka ab, 6MmKkanmyio K a.

50.21. IlokasaThb, YTO BCAKAA ONOPHAA IMIEPILIOCKOCTh 3AMKHYTOI'O BEI-
MYKJIOI0 KOHYCAa IPOXOAAT Yepe3 HyIb.

50.22. Cosokynuoctes M BCeX HEOTPUUATEJILHBIX JMHEHHBIX KOMOUHA-
uuit pysakuma fi, ..., frn €CTh 3AMKHYTHIU BBITYKJIBIM KOHYC B BEKTOPHOM IPO-
crpaucTee L Beex adpdpUHHLIX JuHedHBIX dvaknud Ha A. Ecm M me cogepxut
MOJOXUTEIBHBIX KOHCTAHT, TO U3 3agaum 50.21 caegyer, 4T0 cymecTByeT Ta-
Kaa JuHenHaa PyHKIuA ¢ Ha npocTpancTse L, uto ¢(1) =1 u ¢(f) € 0 npn
f € M. IlokasaTs, 1T0 BCAKas TMHEeHHAA (YHKINA ( HA IpocTpaHcTse L, yaos-
npeTBopsoman yeaosuio (1) = 1, umeer sug ¢(f) = f(a), rae a — Hexoropas
Touka npocrpanctsa A (He 3aBucmman ot f).

50.23. 6) C momommio 3agawm 50.20 gokasaTh, TO AIA BCAKOM TOTKHA
a # M uangerca Takan duHenHan ¢pyukuua f € M, aro f(a) > 1.

25*
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50.24. IlpuMeHHTH MHAVKLMIO 10 Pa3sMEPHOCTH IpocTpaHcTBa. BHadame
JA0Ka3aTh, YTO BCAKAA HE KPAMHAA TOUYKA IPUHALIEKUT OTPEIKY, COCANHAIOLLe-
My CPAHUYHBIC TOYKHA. 3aTEM W3 MPEANOI0KCHAA MHAYKIAYA BBIBECTH, 9TO BCA-
Kasg PPAHMYIHAA TOUKA NPUHAICKUT BEIIYKION 000I0UKe MHOXKECTBA KPATHUX
TOYEK, JEKANMX B OIOPHON CUIEPILIOCKOCTH, HPOXOAAMIER I€PE3 3Ty TOUKY.

50.27. Brmirekaer m3 szagaq 50.24 u 50.26.

50.28. JlocTaTovHO paccMOTpPeTh Caydad, kKorga addmuunas 060I0TKa
JAHHBIX TOYEK COBNAJAET CO BCEM IPOCTPAHCTBOM. B 3ToM caydae oToxgecT-
BUTE adHUHHOE TPOCTPAHCTBO C BEKTOPHBIM, NPHHAB 334 HYJIb KaKyIO-Iu0O0
BHYTPEHHIOK TOYKY BBIUIYKJION 000104ku M IaHHBIX TOYCK, M JOKa3aThb, YTO
BBITYKJIOE MHOKecTBO M ™, onpenenénnoe kak B 3agaqe 50.23, ApaseTcsa BHIIYK-
JBIM MHOPOTPAHHUKOM. 3aTeM BOCHOAb30BaThCA 3agadamu 50.27 u 50.23, 6).

50.29. a)z120,2220,2320, 2420, 01+23 <, 21 +2ea <, mi4wa < 1,
T2+ 23 €1, z2 + x4 < 1; TpeXMepHBIMH T'DAHAMH ABIAOTCA HeTHIPE YeTHI-
pexyroasusie nupavuast Qabed, Odefa, Ode fb, Oabee ¢ epumuavu d, e, a,b
COOTBETCTBEHHO M 4YeThIpe TeTpasnpa acdf, acef, bedf, beef.

6)z1 20,2220, 2320, 2420, 1 +za<, z2+2a <23 4+24 €1,
TPEXMEPHBIME FPaHAMEM ABLAIOTCA napawierenunes Oabedefg u mects veTw-
PEeXyrOJbHBIX MUPAMK] € O0IIeN BePIIMHON h, 0CHOBAHMAMY KOTOPBIX ABIAIOTCA
ABYMEPHBIE IPAHM YKA3aHHOI'O Mapa/LIeTennIea.

50.31. Paccmorpers Beinykiaoe maoxectso N — M B upocrpancrse V', co-
CTOAIIEE U3 BEKTOPOB, COeAMHAINMX To9ku 3 M ¢ roukamu u3 N. [lokasars,
YTO OHO 3aMKHYTO, ¥ 13 3ajaqdu 50.20 BLIBECTH CYIIECTBOBAHME TAKOW JUHEH-
HOU (pyHKUMU ¢ Ha npocTpaHcTee V, 9T0 ¢(Ty) = 1 upuBcex x € M, y € N.
B kadecrse f B3ATL moaxoasmyn ad@UHHYIO (YHKIHAIO, JAHEHHAA 9aCTh KO-
TOPOH COBHALALT C (0.

50.32. B mpocrpancTBe L paccMOTpPeTh 3aMKHY THIU BRINYKIBIM KOHYC K|
cocToAmmMy U3 Beex apPUHHBIX JMHEUHBIX (PYHKINNA, HEOTPHIATEIbHBIX Ha M.
[Ipeanonoxure, yro K NN = @, un u3 3aga4u 50.31 BEIBECTH CyLIECTBOBAHHE
JuHeNHOU GPyHKIUK HA npocTpancTse L, Heorpunareasuon Ha K, orpunarers-
mon Ha N m yaosreTsopaomen yeaosno (1) = 1. [lokasaTs, aro ¢(f) = f(a),
rae a € M, n OpUITH K IPOTHBOPEYNIO € YCIOBHEM 3aJatH.

50.33. OwueBmgno, 1TO

AR ) < TR F )

IIycTe max, ey ming ey F(z,y) = c¢. Torga pun seakon Touku ¢ € M Hangerca
Takaa Touka y € N, uro F(z,y) € c. Ucnoassya 3agaqy 50.32, nokasars cy-
LIeCTBOBAHME TaKoM TOUKH Yo € N, uro F(x,y0) < ¢ npu Bcex x € M. Brisectn
0TCI0Ja, IT0 Minye y Max ey F (2, y) = ¢. AHATOrHYIHO J0KA3aTh CYIIECTBOBA-
HEE TAKOU TOoYkM To € M, uro F(xo,y) 2 ¢ npn Becex y € N.

50.34. [1oxa3wBaThL BCE YTBEPXKACHUA MHAYKIMEH 110 1 + M.

50.35. a) [la. 6), B) Hem. r), a), e) [a.
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50.36. a) (0,0,3,0,2), (0,1,3,0,0), (0,0,19/5,2/5,0), (3/2,0,0,0,5/2),
(17/8,0,0,5/8,0), (3/2, 5/4,0,0,0).

6) (6,4,0), (0,12,2).

B) (0,0,9,20), (0,3,0,14), (4,0,13,0).

50.37. a) zZmax = 12, Zmin = —2.

6) Zmin = —4, Zmax = 116/7.

B) Her makcumyMma ¥ HeT MUHHMYMA.

35 4

T) Zmax = —, Zmin = —13 <.

) 4’ 5
51.1. Ecam ap,@1,...,a, — UCKOMEI® TOYKH, TO MOXKHO BBIPA3HUTH CKa-
JIAPHBIE IPOU3BEACHUA BEKTOPOB A1, - . . , A0l 1€PE3 PACCTOAHUA MEXK Y TaH-

HBIMM TOYKAMM; COCTABICHHAA M3 HUX MaTpuua I'pama 1oukHA GBITH MOJIOKH-
TEJIBLHO ONpeJeTeHHON (B cay1uae a)) Wil HEOTPHIATEILHO ONPeJeIeHHON (B CIy-
wae 6)) (cm. sagagy 43.11).

51.2. a) 4. 0) 3. B) 2. r) He cymecTByer.

51.6. a) (5,—4,4,0) + ((3,-4,3,-1)).

6) (5,0,2,11) 4+ {(3,—1,2,5)).

51.7. a)5. 6)6. 8)6. r)./581/27.

51.8. Jo— XL, aibi] /ST

51.9. 2""/2/\/2n+1(°"). Mcnomp3osaTh OPTOTOHATLHEIR GA3MC, COCTAB-

JEeHHBIM M3 MHOrOWIeHOB Jlexangpa (cm. 3aga4dy 43.44).

51.10. 7/2"; MCHOAB30BATE MPeACTABICHAE COs™ T

PUYECKOT O MHOTO4JICHA.

& B BUJIE TPUTOHOMET-

51.11. PN Q cocTonuT m3 OJHOU TOYKH.

51.12. a) —x1 +3z2+2x3 + 24 =6, 1 + 222 + 323 — x4 = 4.
6) (3,-2,1,4) +((2,3,-1,-2),(3,2,-5,1)).

51.14. a)22/3. 6)5. B)T. 1)6.

/ n+1
51-15- d m.

51.17. Ilapw {P,, P>} u {Q1, ()2} MeTpuIecKs KOHIDYDHTHBI MEXK 1Y CO-
6o, HO He KOHrpysHTHE mape { R, R»}. Bee paccrosuua pasusr 36; kocunycnb
yraoB faa nepseix map —3/5 u 4/5, pia tperseir —1/v/5 u 2/4/5.

51.18. a) (2,—3,-4,1,0) + ((18,0, —13, —1, 5)).

6) (5,2,2,-5,-6) + {(0,3,-2,-2,1),(1,0,1, —1,0)). UcnoaszosaTs 3aaa-
qy 51.13, r).

51.20. HWcnoasaosats 3agauy 46.4.

51.22. [loka3arh, 4TO CYWECTBYET OPTONOHAILHLIA ONEPATOD, IEPEBO1si-
WY e JUHWYHBIE BEKTOPBI, OPTOrOHAIBHEIE TPAHAM [IEPBOrO TETPAdApa, B e4u-
HUHBIE BEKTOPBI, OPTOTOHATBHBIE COOTBETCTBYIONIMM TPaHAM BTODOTO TeT-
pasapa.
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51.23. a) [ToBopot ma —m/2 Bokpyr Touxu (1,3);

6) mosopor Ha 7 /4 Boxpyr Toukm (—1/v/2,1+ 1//2).

B) [Toropot na 7/3 BOKpYT ocu ¢ HanpaBIAIOIIM BeKTOpoM a = (—2, —2, 1),
npoxoammen depes Touky (1,2,0).

r) Komnosuuus noBopoTta Ha 7/2 BOKPYT OCH ¢ HANPAB/IAOIIAM BEKTOPOM
a=(—2,-2,1), npoxoasauwen depe3 Touky (2, —1, 2) 1 mapamIeIbsHOr0 IEPEHoca
Ha BeKTOp 2a.

) Komnosunua nosopora ma m—arcsin(5/14) BOKpYr 0cH ¢ HATPABIAONIMAM
BekTopoM a = (1,1,1), npoxogsmen wepes Touxy (—1,2,1) u napamreisHoro
ﬂCpCH()Ca Ha BCKTOp a.

51.24. a) KoMnosuuua OTPaxKeHUA OTHOCUTEIBHO HPAMOM ¢ HAIPABJIAK-
muM BexkTopoM a = (1, 1), mpoxogmmen wepes Touky (1/2,0) u napamreasHoro
nepeHoca Ha BeKTop a/2.

6) OTpakeHme OTHOCHTEIBHO TIPAMOM ¢ HAIpaBIAONIM BekTopoM (v/3, 1),
npoxojamen depes Touky (2,0).

8) Komnoaumusa mosopora ua 7/2 BOKPYD OCH ¢ HAPABJAIONIMM BEKTOPOM
(2,2, —1), mnpoxoasuen qepes rouky P = (0,1, —1), u oTpaxeHna OTHOCATEILHO
OPTOPOHAIBHOU IUIOCKOCTH, MPOXO AR depes Touky P.

r) Kommnosuuma OTpakeHUA OTHOCHTETBHO TIOCKOCTH T — 2y +2z =3 1
MapaLIeIsHOTO MEPeHoca Ha BekTop (3,2,1).

1
) Komnosunus nosopora Ha arccos 3 BOKPYT OCH C HANDaBIAIOLIM BEK-
ropom (1,0, —1), npoxoammeir qepes Touky P = (1, —1,0), u oTpaxenus oTHO-
CHTEIBHO OPTOrOHAIBHON ILIOCKOCTH, IPOXOJAIIeN Yepe3 Touky P.
e) OTpakeHne OTHOCUTEIBHO MIOCKOCTH 3% —y — 2z + 7 = 0.

52.2. TlepenecTH HA4YAI0 KOOPAMHAT B TOYKY b, BOCHOIB30BABIIUCE (HOD-
MyJI0u u3 3agaqdd 52.1.

52.3. HcnoabsoBaTh 3aga4dy 52.2.
52.4. 3aMeTHuTh, YTO €CIU BBECTH PACIIMPEHHBIA CTOI0EL KOOPIUHAT

X =%(z1,...,Ta, 1),

To Qag+ ) = XAgX nu X =TX'.
52.5. Bocnoawsosarsca pasaoxenuem Temwnopa muorowiesa Q(z1, ..., oq,)
B Touxe (z7,...,20):

Qo2 = Qb2 + 3 b ale —a) +

T e N SRS P}

52.6. a) Touka —1/(n—1),...,—1/(n—1)).
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6) I'unepmiockocTs 1 + ...+ o, + 1 =0.
B) Ecm n wéTHo, TO meHTp ecTh Touka (zV,...,2%), rae

_ (=1)7? npH 9ETHOM 1,

0
T {(—1)(”“1)/2 TPH HETETHOM 1.

x;

Ecmu n = 4k + 3, To uenTp ecth npamas
(0,-1,0,1,...,-1,0)+¢(1,0,-1,0,...,0,-1);

ecmn n = 4k + 1, To meHTp mycT.
r) Henrp nycr.
52.7. a)9. 6) 17.
52.8. a)3n—1. 6)n°+3n—1.
52.9. BocnoaszoBaThea sagaqen 52.5.

52.10. Wcnoas3osaThk 3agaqdm 52.5 u 52.1.
n—1

52.11. a) z1+2r2+2r3+7a =1  6)z1+2) Ti+Ta+2=0.

i=2

52.12. UcnoassosaTk 3agaum 52.3 u 52.10.

52.13. HcnoassoBaTh 3aga4y 52.3.

52.14. Hcnoas3oBats 3agady 52.13.

52.15. a) (1,2,3) u (2,-1,-4).

6) IIpsavan meaukoM JIeKUT Ha KBAIPUKE;

B) IIpavan xacaercs xsajpuku B Touke (—3,0.0).

52.16. (z; +\/ﬁ)/2 =Ts=—T3 WU (:ﬂlf\/ﬁ)/Q =1xs = —x3. Nckomyro npa-
MY MOJKHO TIPEJCTABATh ypaBHeHuAMH (z —a)/2 =y—b=—zmwm x = a— 2z,
y = b — z. Ilogcrasiaa 5TH 3HAYEHUA & ¥ Y B YPABHEHUE KBAJIPHKH, MBI JOJK-
HBI NOAY4YUTH ToxkAecTBo. U3 yeaosus, 4To BCe KOdPMUUUEHTHI MOLYIEHHO-
0 PAaBEHCTBA JOLKHBI OBITH PABHBI HYIIO, ONpPEJeIseM HEM3BeCTHLIE MapaMeT-
pel a u b.

52.17. /IBe KOMILICKCHO COIPAMKCHHBIC IPAMbIC:

. /3 3 {33
t(l,z\/;,—E) n t(l,—z\/;—E).

52.18. a) x} + 53 + 423 + 41w — 2xox3 — daias = 1.

6) 2% + 222 + 23 — dx1x2 + 6zoms — 22123 + 2022 + 1223 + 12 = 0.

52.19. a) Dwmmnc. 6) Numep6ora. B) [lapa nepecexkamonmxcsa MpAMBIX.
r) Ilycroe MuoxecTso.

52.20. a) AQPUHHEIN TUN KBAJIPUKHA JAETCA KAHOHUYECKUM ypPaBHEHUEM
yi+yi+. .. +y2 +2y,1 =0, a METPHIECKUI THIT — ypaBHeHueM 15 +y3 + . . .
et Yar+H(n+1)Y; 4+ 2yns1 = 0.
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6) AdypHHHBIN THIT KBAIPUKK 1ACTCA YPABHEHUEM i —Y3 —y3 —. . .—yo = —1,
a MeTpuyeckuit Tun — ypasuenuem (n — 1)yl —ys —yi — .. =yl = 1.

52.21. a) (—1, g, O) , OJHOTIOJOCTHON TUIepOOoIon .

T T2 T3 —2
6) Jluuma neHTPOB — = — = ———
) PR T 2 1
B) [lenTpa HeT, namMOTHIECKHH TapaboIonI.

3 SILTUNTHICCKUHT HWIMHAP.

14 1 i
r) ?,3, 3) OJHOMOJOCTHON THIEPHOI0H I,

1) Iapa nepecekarommxes maockocren (o1 +x2+x3—1) (1 +r2—23+1) =0.

e) Cpepa (x; — 1) + (a:g + %) +zi= %
. ) 23?16
x) Kpyroson nmwmusap (z1 — 1)° + (22 + 3 =g

2\* FHA
a) Kpyrosoit konyc (z1 — 1) + (.rz + 5) = (ma - —) =0.

3
u) Ilapa napa.nnenbnblx naockocrent (2x1 — a2 +6)(221 — a2 — 6) = 0.
4
K) DIUHIICORT Z-g« + == yz + %yg« =1, wernTp (3, —1,2), 6oapmas, cpeanas u
MaJIagz 0CH COOTBeTCTBeHHO mapamwtenbusl ocam Oz, Oz u Oxs.
yi Yy ui
1) OQHOMOTOCTHEIM THHEPOOION BPAINECHHA TI - ﬁ - 1—(; = —1; menaTp

(—4,0, —6), oce Bpamenus nmapaneassa ocu Oz .

2
u) Kpyrosow xomye yi — y?z + 3 = 0; Bepumma (3,5, —2), ock Bpamenmsn
napamreabaa ocu Oxsa.
u) HapaGonomna sBpamennsa, sepmmna (10, —1/2, —=5/2); ock Bpamenus ma-
paaneasHa ocu Ox.

52.22. a) Kpyrosoit konyc —yi +y3 + y3 = (, HanpapIAIOLIAN BEKTOP OCH

1 1
KOHYCA (7, —,0
2 V2
6) MunepGommaeckuit mapaboaons yi — y3 = 2ys; Bepumua (0 0,0), manpas-

., 1
JAKINE BEKTOPBI KaAHOHUYEeCKON CHCTeMbI KOODAUHAT: 811 = ( i]

WA
= (7%,%;0), e5 = (0,0,1).

B) ITapaGoamvecknit MATMHAD ©3 = 5T, HANPABRIAIONME BEKTOPHI KAHOHM-

JECKOH CHCTEMBI KOODAMHAT €] = (3, 2,0), eh = (—%, g,(]), es = (0,0,1).

55
r) Kpyroeoit kouyc —4y7 + y3 + y3 = 0; HAIPABIAIONUINI BEKTOP OCH KOHY-

ca — (%,%,U).
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1) TunepGomrmaeckuit maamHAp y5 —2y; = 1, HAIPABIAIONMI BEKTOD OCH TH-
1 1 .
nepOHOoIBL — (E? ﬁ, 0); HAIPAB/IAIIAN BEKTOD 00Pa3yOUMX IHINHIDA —
(_L q 0)
e) Kpyroson uumuap yi4yi= 4/25; 0k UNAMHAPA TPOXOJUT 4€Pe3 TOUKY
2 1
%7
%) Ilapabomreckuit mmmrEAp y; = 5y»; BepumHa mapabomsr O = (— 1,

1216
25" 25

4 Y
ey = (0, “5 75 (HATPABAAIOIIME BEKTOP OCH Napaboibl B CTOPOHY BOTHY-
4

Toctu), ey = (1,0,0), e = (0, 3

(0,0, —215) 1 uMeeT HANPABIAIOLIMNE BEKTOD
), HaﬂpaBHﬂI{)m(’ BCKTOphI KaHOHH‘IQCKOﬁ CHUCTEeMBI KOOP,Z[HHH.T:

3 .
—:) (HADpaBIAIOLIMI BEKTOP 06pa3yIOMIMX
]

LIIAHADA).

3) IMapaGommueckmit mumMEAP Y3 = 2y7; Bepmmua napacoaer O = (0,0,1),
HAIPABIAIONIMI BEKTOP ocK napabous B cropony soruyrocru (0,0,1), nanpas-

1 1 0
3yt | 3yi . o

i 85
1) OAHONOIOCTHON rUNep60I0U ] BPAIIEHU - -+ —5 —3y3 = —, ueatp

OJ = E —1 —H HaIlPaBJIA. HI:I BEKTOpP OCH BpallleHUA 2 l _g
= g ) 18: 9 H p i 11 i p p 31 31 3 ¥

JAIOMAY BEKTOP 00pasyomMX IUIHHIDA (

k) Ilapa6onona spamenus yi + y5 = %yg, sepumua O’ = (1,0, —1), Hampas-
. 21 2
JSIOUIMEA BEKTOP OCH BPAILCHUA (5, 3 45)
1) [IByNOJIOCTHEIN THIEPOOIOH] BPALICHUA 2y + 23 — 4y = —1, uentp

0 = (71 .. 71> HAIIPABJIAOIINE BEKTODP OCH BPALLICHUA (L L L)
25 2? 2 b p o p - p \/E, ﬁ’ ﬂ »
yi

M) DumMncons Bpamenus y; + yi + = 1, nenrp O’ = (1,1,1), manpas-

. 1 1 1
JAKNIIHHE BEKTOP OCH BPAILlCHWA — e — 1.
P P (\/5 /3 JE)

1) Bynorocrasm runepbonony spamenns 6yi + 6y3 — 2y3 = —1, menTp
o= —l z 2 HATIPABIAONIAA BEKTOP OCH BPAIICHUA L 0 L
- 3! 31 3 ] panJ P P \/5, ’ \/5 i

i : 4 221
o) HapaGoimyecknil mumEap Y5 = 3y O =(2,1,-1), ¢} = ( ),

3"3'3
oo (2.1 2) (1 22
2 = 31 3> 3 y L3 — 31 3:3 ¥
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2
) DIIMNTHIeCKTR TILITHID % +y2=1, 0 =(0,1,0), e} =

2
p) Dumnruyeckui napadorona yi + 3?% =2ys, O' =(2,2,1), ¢} =

[

_Lg) ef_(LL_i) i (221)
\/59 y ©2 3\/553\/51 3\/5-'3 31353-

¢) lNunepGommueckumin napabomonn yi — y3 = 2ys, O = (0,0,1), &) =

_Lg) er_(LL_i) (,f_(zzl)
\/5’ ) €2 3\/513\/51 3\/5 y €3 313:3'

2
1) ManepGomraecknit mapabonong I’;—]ﬁLyg =2 =(1;2.3), e = (*ga %1
g gl = E_Eg eh = _g_g_l
3,,2— 3, 3:353_ 31 3, 3
)_y_%_y_:j_ﬁ+y—f—1-0’—(0 1,2,3), el = . 0,0}, e = 1
y 9 9 9 3*3 =\Y, 1,59),€1 = 2: 233 y C3 = 6"

_L 2 0) b s (L SN _i).er »
V6 Ve ) T \2vB a3 2V 2B/

1
2 2
., , i4 4 1 1 11
('p) 7]1_+!I§+y§=9§0 =(0701050)1E’l = (—2"1 ’2—:_51_5)18‘5: ('2"1_-2'7'2'1

A e (AL L LY e (L LD
9 g R = 21 25 232 y L4 = 232!252 =

52.23. IIpn —1/2 <a < 1.

52.24. Bce coorsercrByooume KO3 GUUUCHTE UX YPABHCHUU, KPOME, MO-
KeT ObITh, CBOOOJAHBIX WICHOB, HPONOPUMOHAJIBLHEI.

52.25. Kanouudeckoe ypaBHEHHE KBaJDHUKH B IPOCTPAHCTEE
(a=b)yi +...4 (a=b)yn_1 + (a+ (n = 1)b)ys + 2cyns1 = 0.

52.27. Ilpm a = b (naockocTs pazvepuocT n — 1),

52.28. a) Mckomoe KBaJpaTHYHOE ypaBHeHHe uMeeT Bug w A w = 0, rae

w=xpe1 Nea+ 11 Nes+ x2e1 Aeqs+ x3es Aes + xae2 N eq + T3 A eg.

6) lycre U € A"V, W C V — MUHEMAIBHOE TOATIPOCTPAHCTBO TAKOE,
uro U cogepxurcsa B obpase siaoxkenus AW — A"V. Pacemorpum mogmpo-
crpacteo W' = {w € W: w AU = 0}. Jlerko BuAeTs, 9TO pa3IoxmmMocTs U/

axBUBaIeHTHA paBeHcTBy W = W', Henoas3ya HEBRIPOX I€HHOCTS CIIADHBAHII

‘.\A-‘/@An—k‘; N AT?V o~ I\',
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ompegemnm cnapusamme A" 'V @ A"V — V. IIyers o6pas saementa © @ U B
V 6yaer obosnagaTeca wepes i(©)U. Toraa W moxkeT GuIThH OXapakTepu3oBas
kak o6pas oroGpaxennsa A"~ 'V* = V| onpegenénnoro dopuyron © — i(0)U.
Yeaomne W = W' reneps sksuparentio yerosmio (i(Q)U) AU = 0 gas Beex
0 € A"V, D10 u ecTh HCKOMAA CHCTEMA KBaAPATHYHEIX ypaBHeHm. B wact-
HOCTH, IpHU T = 2 UMeeM

s 1., .
({(v"WU)AU = -2—3(1} WU AU)
ana Beex v° € V7, mak 9T0 pasnoxmMocTe U SKBHBATEHTHA CIIPABEJIHBOCTH

pasenctBa U AU = 0. IIpu n = 4 yeaosue U AU = () gaéT eIHHCTBEHHOE KBaJ-
pATHYHOE YpaBHEHUE.

53.1. a) (z,y) = ( z_ 1 ) 6) (z,y) = (ﬂu)

r—y T—y x T
53.2. a) (z,y) — (1 fy’%)' 6) (z,y) —> (%,%)
53.3. a) (z,y) = (2::‘21,%) 6) (x,y) — (2;:21 , %)
1+2z 1—
53.4. a) (z,y,2) — ( . z’ Tz, g)

r+y z—1 xz—y
6)(m’y’z)_)(z+1’z+1’z+1)'
zy 1
- (== =).
B} (‘r1y’z) (1".’1’7’1‘)

53.5. a) min(k —1,n — k). 6) min(k,n — k —1).
53.10. Paccmorpers gomoaHeHusa kK appUHHBIM KapTaM.
53.11. ¢"+q¢" ' +...+1.
(@™ =D -q).. (" - ¢")
(@ =1)(g"* —q) ... (¢ —¢*)
@~ — @) v (" — ")
g—1 '
53.17. Paccmorpers Buecte ¢ P(V) emé P(V™).
53.20. Hcnons3oBaThb HMpeBIAVIIYIO 3aJa4y.
(a1 + az)as ai(l —a1)
53.22. 3=-—— "\ 6 =—".
a) as 3a; — as ) a2 I+ a
53.25. Bmibpars addurHy0 KapTy, B KOTOPON npaMan OyaeT 6eCKOHeTHO
VAAJCHHOM.

53.12.

53.13.

53.26. Briopars adpuUHHEYIO KAPTY, B KOTOPOU IBE MAPhl MPOTHUBOMOIOK-
HBEIX CTOPOH MIECTHYTOJBHUKA OVAYT MapaMy MapalIeIbHEIX ITPAMBIX.

53.34. DTa mpaMaa NOIyYaeTCA IPUMEeHeHHeM KOPPeIANNd, COOTBETCTBY-
IOIIeH JaHHOM OKPYYKHOCTH, K 3aJaHHOM TOYKE,
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54.1. a) Her. 6) Ja. B)Her. r)Her. a) da. e)Her. x) da.

1 7 u
54.2. Bce sreMeHTHI BHAA €, = ( HEUTPATLHBI CJI€BA; HEUTPAJbHBIX

a
0 0
CIIpaBa W ABYCTOPOHHAX HEMTPAILHEIX HeT. OTHOCHTEILHO e, 00PATHMEI CIIPa-

T
Ba BCe 3JEeMEHTEI (0 g) opu T -'/—' 0; OGPaTHMBI CJeBa JUIIE 3JeMEHTBhI B4

T ar
(0 0 ) npu = # 0.

54.3. o601 bAeMEHT HEMTPAJEH CIPABa; OTHOCUTEIBHO JI000T0 HEWT-
PATBHOIO & KaxkIblH JIeMeHT 00paTHM CIeBa M Julllb caM ¥ 00paTHM CIpaBa
upu |M| =1.

54.4. [la; ne cymectsyet, ecomm |[M| > 1.

54.5. a) 3. 6) Her.

54.6. PaccmorpeTs oTobpamenne A — A.

55.1. Bce muoxkecTBa B a), kpome N, Bce MHO®ecTBa B B), kKpome Ny, 1),
a), e), %), 3), u) opu r =1 u npu r = 0, a) opu ¢ = 2kx/n (cuuran, uro
1< wr < ... < Pn)

55.2. I'pynme u) npu r = 1.

55.5. 6), B), '), 1), 3), 1), k), 1).

55.6. a), r), n) npud =1, e), 3), 1), M), H), 0), ), p), ¢) mpu A < 0, T).

55.13. a) u B).

55.16. Paccmorpers sxement (ry)?.

55.17. a), B), 1), €).

55.18. /laa KOMMYTATHBHBIX I'DYIIIL.

55.19. Bypger.

55.20. {Z,nZ,UT(Z)}, {Q UT:(Q}, {R, UT:(R),C, UT:(0)}, {Q},
R} A{C}

55.21. [k] — [2¥] u [k] — [3%].

55.22. Ecim B rpymme TOXJecTBeHHO &° = e, TO cM. 3ajgauy 35.16; B
MPOTHUBHOM CIy4Yae HAUTH HEKOMMYTHUDYIOIIUE DICMEHTHl T U Y, JIA KOTOPBIX
2 =98 =1,

55.23. Ipyrux aBTOMOP(hH3MOB HET.

55.25. a) PasHOGeapeHHENI, HO He PABHOCTOPOHHMI TPEYTOJBHAK HIA Ta-
pa TO4eK.

6) [KB]N[LC)IN[MA], rae K,L,M CepeJuHBbl CTOPOH MPABAILHOTO
rpeyroasauka ABC.

B) [lpaBuibHBI TPEYTOILHUK.

r) [MapawierorpaMM WM IPAMOYTOILHUK.

55.26. D, msomopdma rpynne us sagasm 55.5, 1); Qs mzomopdra rpymme
u3 3aga4u 55.6, r).
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55.31. a) Zo. 6) Zp_l. B) Si. 1") Ss.

q) D4. O) S4.

55.33. a) {e, (123),(132)}. 6), e) em. 3agaqy 55.2.

55.35. HcnoapaoeaThk 3agagy 55.34.

55.36. HcnoassoeaTs 3aga4um 55.26 u 55.34.

55.38. OTu rpynne nomapHo He uaoMopdHbel PaccMoTpeTs LEHTPBI
TpyII.

56.1. 6) Ecm AUB — mogrpynna, « € A\ B, y € B\ A, paccmor-
peTb Ty.

B) Pacemorpers € (C'\ A)N (C'\ B).

56.2. [aa 106000 31eMeHTA @ NOANOIVIPYIIEL HAMAYTCA Pa3iudHble k
n | Takwme, 94TO at = at, OTKyJa a - abit = gkt = €, TAK YTO BJIEMEHT @
00paTHM B NOANOIYIPYIIE; yTBepxk qeHHe HepepHo faa N C Z.

56.3. a) 6. 6) 5. B) 12. r) 8. a) 4. e) 8. x) 2.

56.4. Paccmorpers cayuau, xorga nopagok E + pX asiaserca mpocThiM
THUCAOM.

56.5. a) JoxasaTk mo MHAVKIMHA, 9TO ATA JIOOOTO HATYPATLHOTO YHCIA N
HAHAYTCA Takue meisle gucia m, k, 41o (3 +44)" = (3 + 5m) + (4 + 5k)i.

0) BHITEKAeT U3 a).

56.6. a) 2. 6) 4. B) 20. r) 0.

56.7. 6) Ucnoaszosars a).

B) Paccmorpers nepecranosku (123), (12) u (13).

56.8. a) [lasn B3auIMHO HPOCTBIX YUCEI P U § CYLIECTBYIOT 4 U ¥ TaKHe,
4910 pu + qv = 1.

6) Cmeayer u3 a).

B) Pacemorpers (12) n (123).

56.9. Bocnoas3oBaThca TeM, YTO NOPAJAOK HNUKJIA PABEH €ro JJIUHE.

56.11. n/HO(n, k).

56.13. p™ —p™m 1,

56.14. a) Cwm. sagaqy 56.11. 6) Cu. ykasanue K 3ajgade 56.8.

B) Paccmorperr mamMenbmiee W3 HATYPAILHBEIX HYUCET §, AIA KOTOPBIX
a® € H.

r) Ucnoaezosate B). Ecan dy u de — pasiutduble geIdTenu 1, TO COOTBET-
CTBYIONIME TOATPYIIBI HMEIOT PA3INIHbIE TTOPAIKH.

56.15. BEcmz* =euz =a', 10 a" =e, orxyna kl : nul: HOJ(n, k);
saement a® wveer nopagox n/HOJ(n, k), (cm. 3agaqy 56.10) u mosromy ya0s-
aetBopser yeaosmio npu HOA(n,l) = n/k.

56.18. Ilycte n = |G|, d = d(G), m — Haumenblee obiiee KpaTHOE TI0-
PAAKOB daeMeHTOB (.
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a) Mo reopeme Jlarpanxa d|n, orkyaa ¢ = 1, Tak wro d gemrcesa Ha mo-
PAAOK 10000 diaeMerTa rpynust, T.e. m|d.

6) IlIycte d = p"f‘ ...p"* — pasmomxemme Ha IPOCTEIE MHOKATEIN; B CHIY a)
B G CYIIECTBYET BIEMEHT I, MOPALOK KOTOPOr'0 DABEH pfll, rae | u p; B3aum-

k
HO TPOCTHE; TOTAA & MMeeT ToPAIOK P1'; QHAJOTHIHO TOIYYIAIOTCA DJIEMEHTHI
T2,...,Ts, U NPOUIBCIACHUEC T1,..., T, (cM. 3agaay 56.8, a)) mueer nopagox d.

YrBepxaenusn 6) U B) HEBEPHBI 41A S3.

56.19. U,=.

56.20. 6) Hesepno: B rpynne G GHEKIME ILIOCKOCTH Ha Ce0A KOMITO3UIMA
CUMMETPUH OTHOCHTEILHO ABYX IAPALICILHEIX MPAMBIX ABIACTCA HaPAJLICIh-
HBIM [IEPEHOCOM.

B) MHOXeCTBO KOPHEN BCEX CTENEeHEeH U3 1; MHOKECTBO [UArOHAJIBHBIX MAT-
pUIL ¢ KOPHAMEA W3 1 HA MIABHOM JWArOHAJIM.

56.21. Hesepno: B GL2(R) saaeMenTs! nopaika 2 He COCTABIAT MOATPYTI-
ny (cM. oTBeT K 3agade 56.20, 6)).

55.24. Z,. (p — mpocToe smcao).

56.24. a) Brmucarte asuo Bce noarpynnst (cM. 3agaqdy 56.14, r)).

6) Zyx (p — mpocTOE YMCIO); BAMETHTH, WTO IPYIIA ABIAETCA O0bejuHe-
HUEM CBOMX HMKIMYECKHX IMOJATPYII, U €CId OHH 06pasyiT Lenb, TO IPyMIa
HUKJIMYecKasd, Jalee HCIoab30BaTh 3ajady 56.14, r).

B) Zpn Upe; mycTs p HAMMEHBIIMH M3 TOPAAKOB DJIEMEHTOB I'DYIIIEL;
P — HIPOCTOE MMUCa0, Tak kKak u3 p = kl caeayer, €ro B noarpynne () uMeercs
aneMenT nopaaka k; (r), — HAMMEHBIIAA HEEIUHWTHAA MOATPYNNA, COACPKA-
LIAACA BO BCEX IPYIHX NOATPYIIAX, TAK ITO MOPAJKH BCEX DICMEHTOB IeIATCA
Ha P U HA CAMOM Jeje ABIATCA CTEeMeHAMH p.

56.25. | J (%)

neEN
BE36: oos o Bt inin o R,
n n
56.27. a) = 6). B) = e). r) & n) = x).
56.28. Ecau B rpynne G HeT DJIEMEHTOB IOPAAKA 2, TO
G ={(z,x ")z #e)}U{e}
u |G| Heuéren.

56.29. Ora rpynna He ABIACTCA IUMKIMYCCKOM, TAK KAK OHA MMEeT MOpsH-
J0K 8, HO MOPAJOK KaI0r0 IeMEHT He IPEeBOCX0auT 4.

56.30. Cwm. sagauy 56.24, B).
56.31. 0) IMokasars, 4TO ecaM KOHedHaa afereBa TPYNNA COACPKHUT He

OoJee OJHOU MOATPYIIBL J000T0 33 IaHHOTO TOPAIKA, TO OHA THKIMIECKad, U
BOCIOJIB30BATBCA A).

56.32. a) E, S, ((ij)), ((123)).
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6) E, D4, ((13)), ((24)), ((12)(34)), ((13)(24)), ((14)(23)), ((1234)), V.

) E, Qs, (i), (4), (k).

r) B, Aq, (12)(34)), ((13)(24), (14)(240)), V4, ((123)), ((124)), ((134)),
{((234)).

56.33. a) (ij) = (1i)(15)(1i).

56.34. a) Dj. 6) D2(R) mpu a # b; SLa(R) npn a = b. B) {g).

56.35. a) Di.

6) S3 xak moarpymma Si, COCTOAINAA U3 MEPECTAHOBOK € HEIOIBIKHBIM
saeMeHToM 4.

B) {e, (12), (34), (12)(34)}.
r) Sa. a) Ay
56.40. Hcnoassosats 3aga4dy 56.39.

57.1. a) [IBe opOUTHI; 0OIHA COCTOUT TOJBKO U3 OJHOTO HYJIEBOT'O BEKTODA,
ApYyTas — M3 BCeX HeHYJIeBBIX BEKTOPOB.

6) Kaxaa op6ura COCTOMT U3 BCEX BCKTOPOB OJMHAKOBOH [JIMHBL.

B) Kaxgomy nogmuoxectsy I C {1,2,...,n} orseqaer opbura Of, cocTo-
AlllaA B3 TeX BEKTOPOB T, Y KOTOPEIX KOOpAHWHATa T; paBHa () TOraa M TOIBKO
Torga, korga i € I. Beero 2" pasmmunbix op6ur.

r) Beero n+1 pasmunsix opbur O, Oy, ..., 0y, rae O cocTOUT TOJIBKO U3
HyJIeBOrO BekTopa, a Oj, i = 1, — U3 BCeX TAKUX BEKTOPOB & = y 1, L¢€¢, LA
KOTOpHIX T; # 0 u x; = 0 g1a Bcex j > i.

57.2. a) G, COAEPKAT TOILKO TOXKIECTBEHHEIN OMEPATOP.

6) G, cocrour m3 omeparopos ¢ marpunamu A = (a;;) Takmum, 4TO
2.i— @i =1 ama moboro i =1,2,...,n.

57.3. a) I'pymnma opTOrOHATBHBIX ONEPATOPOB B IIOCKOCTH (T)T.

6) 'pynma moBopoTos B miockoct {x)h.

57.4. a) Opb6ura G pasza X.

6) Gy cOCTOMT M3 BCeX MATPHMI BUIA

A B

0o )’
rage A — obpaTuMan MaTpuna pasmepa k, C — ofGpaTumas MaTpPHIA pa3Mepa
n—ku B — marpuna pasmepa k x (n — k).

57.5. B) Gy COCTOMT M3 BCeX BePXHETPEYTOJBHBIX MaTpPHUIL B Hasuce e, . ..
i B

57.9. Opouts: a) {1,5,4,9}, {2,8}, {3}, {6,10,7};
6) {1?71 2‘- 4}7 {376}7 {57 81 9}3 {10}'

57.10. a) (j;l fl)
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6) Pacemorpers, HanpuMep, oToOpakenne

(é (1)) e ( (1, (1] )H (12)(34),

( _(1) (1) ) — (13)(24), ( _[1) (1’ ) — (14)(23)

WIM YCTAHOBUTH M30MOP(MU3M, 3aHYMEpPOBaB CTOPOHBI poMba.
B) [se opburs: {A,C} u {B, D},

crmce={(t 9. G D)
comcr={t 3¢ )}

57.11. B rpynny BXOAAT m Pa3saMYHBIX OBOPOTOB 7i-YTOIBHHMKA BOKDPYT
IEeHTPA U 1 0ceBbIX cummerpuit;, | Dy, | = 2n.

57.12. a) 24. 6) 12.

B) 60. Bce BepImHBI NPaBUABHOI0 MHOTOI'DAHHUKA 00pa3yioT 0aHy 0pOouTy
OTHOCHUTEIBHO ,e]eI:ICTBHH 'pyvInbel BPpalleHUA MHOT'OI'DaHHUKA. Hpu 3TOM NOps-
0K CTAUMOHAPHOU HOATPYIIEL PABeH YUCIy pebep, BBIXOAAINX M3 BEPIIMHEL

57.13. a) Kaxjomy spamenuio kyb6a COIOCTABATE I€PECTAHOBKY HA MHO-
KecTBe AuaroHanen Kyoa.

6) KaxaoMy BpameHMIO TeTpasIpa COMOCTABATH NMEPECTAHOBKY HA MHO-
KEeCTBE €ro BepIIMH.

B) Kaxgomy gBHKeHHIO TeTpasipa CONOCTABHTL NEPECTAHOBKY HA MHO-
KECTBC €r0 BepIIMH; MOJIYYCeHHOE oTo0OpaxeHue B S; MHBCKTUBHO, MO0 Kawk-
aoe adgdurHOe Ipeobpas’oBaHue OIpeieIseTca OHO3HAYHO 00pa3aMu YeThIPEX
TOYeK O0LIero MoJ0KeHHA; CIOPHEeKTHBHOCTh BBIBECTH M3 TOro (pakTa, ITO B
obpa3se, KpoMe HOATPYINEL Ay, €CTh HEIETHAA I10CTAHOBKA.

57.14. a) 4. 6) 5.

57.15. a) Opbdura G pasna Y. 6) G, = 1.

57.17. a) {az | |a| = 1}. 6) Opbura HyIa — BECh KPyT. B) 1.
57.19. Ilo ycaopmio sagaqdu m = hmg gaa sexkoroporo h € G. Orcroga

gm = g(hmo) = (gh)mo = (hg)mo = h(gmo) = hme = m.
57.20. a) 3amerurs, uro agiH = agoH — g1 H = g2 H; n aua xax aoro
r€GaH =ala 'zH).
6) [IpoBepuTh, YITO Tup = TaTh.
B) Jlokasare, uro yeaosua gH = agH u a € gHg ' paBHOCHILHDL

57.21. a) Kaxapmi cmexusni kiace {e}, {z}, {z%}, {z*} cocromr u3
OTHOTO >JTeMeHTa, IPUCBOMM MM COOTBETCTBEHHO HOMepa 1, 2, 3, 4, Torma
o, =(1234), 0,2 = (13)(24), 0,3 = (1432), 0. — TOX eCTBEHHAA IEPECTAHOBKA.
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6) Ilycts £ — paHHAA CUMMETpPHA, a y — moBopoT KBaaparta Ha 90°. Torga
G = HUyHUy HUy® H, 1, 3aryMepoBaB CMeKHBIC KIACCHI B YKA3AHHOM TOPH/-
Ke, MMeeM: g, — TOXJeCTBeHHAA NepecTaHoska, o, = (1234), 0,2 = (13)(24),
o,s = (14)(23), 0. = (24), 02y = (12)(34), 0,2, = (13), 0,3, = (14)(23). (=
BBIMUCJICHUA BOCHOAL3OBATECA COOTHOILICHUEM TY = i &.)

57.23. a) [loarpynna, nopox aéuuaa rpynmon Kaenua u mukiaom (12).

6) MHOKECTBO BCEX CTENEHEH TAHHOU NepeCcTAHOBKH.

57.24. a) [loarpynna AmaroHaJbHBIX MaTpHIL. 6) Bea rpynma.
a+b 2a

M A
B) MuoxecTBa MaTpHI BHAA ( 35 dedd

), rae a,b € R u b® + 5ab —
—2a* # 0.

r) MHOXeCTBO MaTpHIl BHIa (8 z), rae a,b € R, a # 0.

57.25. a) [loarpynma BcexX TAArOHATHHEIX MATPHIL

A

0) Iloarpynmna Bcex MaTpuI BU1a (0 g) ,rae A u B — HEBBIPOXK ICHHBIE
MATPHIBI TOPAAKA k 1 n — k COOTBETCTBEHHO.

57.26. A; m A3 conpskeHbl, TaK KaK MMEIT OJMHAKOBYIO JKODIAHOBY
dopmy, a A; 1 As He CONPAXKEHBI, TAK KAK MMEIOT DA3HBIE JKODJIAHOBEL HOD-
MaJabHBIE (POPMEL.

57.27. a) C;; xak rpynna nopoxjgaerca Marpunamu E+AE,,, rae j #p #
Fq#i

6) AE, \" = 1.

B) E + tab, rae a,b — crpoku, npuuém b'a = 0. Ilocreamee yrpepxacHme
BEITCKACT U3 B).

57.28. a) SO, (R). 6) £E, cummerpun oraocureasuo OX u OY.

57.30. a) Ss = {e} U{(12), (13), (23)} U {(123), (132)}.

6) Aa = {e} U{(12)(34), (13)(24), (14)(23)} U

U {(123), (134), (142), (243)} U {(132)(143), (124), (234)}.

B) CuMMeTpHA OTHOCHTEILHO CPEeJHUX JIMHUH KBaJpaTa, MOBOPOTHL KBAI-
paTa Ha yribl /2, HeHTPaIbHas CUMMETPUA KBAJPATa, TOXK 1eCTBEHHOe 0TO0-
OpakeHue.

57.31. a) Eaummuman rpynna.

6) I'pynna nopajka 2; MOCKOIBKY BCE HeeAMHMYHBIC HICMEHTHL TPYIIBL CO-
MPAKEHBI, TOPAAOK TPYNNBL 11 J0TKeH AeTuTcAa Ha 1 — 1.

B) I'pynna usomoppua rpynne mogctasoBok Sz wimm umeer nopajgox 3. B
M0G0 DPYIIe eCTh KIACC, COCTOAME TOABKO 3 equuuusl. [lycrs n — nopsa-
g0k rpynusl (G, a k, | — qucaa conpakEHHEIX 2IEMEHTOR B KaX 10M U3 KIACCOB,
k<!l Torgan gemarcaua k ulwu l+k+1=n. Bosmoxuse pemenns: 1) n = 3,
k=1=1;2)n=4, k=1, =2, oT0 pemenne HyKHO 0TOPOCATH, MOCKOTLKY
rpynnsl nopaika 4 adexeswr (T.e. umeror 4 kmacca); 3) n =6, k=2, 1 = 3;

26 AWM. Kocrpukun
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9T00BI YCTaHOBUTE H30MopbhuaM G = S3, UcHoaL30BaThH AeicTBHe rpynnsl G
conpskenuamu (eM. 3agaqy 57.22 Ha kaacce, COCTOALIEM U3 TPEX HIEMEHTOB).

57.32. a) {(12)(34), (13)(24), (14)(23)}.
6) {(123), (132), (124), (142), (134), (143), (234), (243)}.

57.34. Ilyctb a = (i1 ...i5)(ik41...11) ... — PABIOKEHME IEPLCTAHOBKY G
Ha HE3ABUCHMBIE IMKIBL. [L1a BEIMUCIeHMA nepecTanoBku ¢ = bab™ ' sanmcats b
B BUJE
(i1 o by B o B )
PN S AN T A

Torga ¢ = (ju -+ k) Gnst - Gi) -
57.35. a)5. 6)7. )1l

n+6 " n
r) — ecaIy 1 I€THO, U

, ECIH N HG‘[ETHO; AJIA HAXOXK JeHHA “ITNCIa

3IEeMEHTOB, COHPH}KéHHIﬂ'X G ,E[B.HHBH\J, AOCTATOIHO HaﬁTH IIOpH,I[UK ero HeHTpa—
aM3aTopa; 00paTUTE BHUMAHHUE HA TO, YTO IMOBOPOT BOKPYI' IEHTpPA HA yroa
COBMEIIAET N-YIOJALHUK € COO0M, €CIu 1 I6THO.

57.36. HeoOGxoamMocCTh caeayeT M3 PaBeHCTBA CJAEJ0B CONPAKEHHBIX MAaT-
pun. [l1s qokazaTenscTBa JOCTATOYHOCTH PABEHCTBA ) + w2 = 2wk B kadecT-
BE COMPATAINIEN MATPHIBI A1 KAaHOHWYECKAX (OPM PACCMOTPETh MATDPHILY
diag(—1,-1,1).

57.37. a) ConpaxéHHbIE TOATPYNNEI UMEIOT 0AMHAKOBBIN MOPALOK.

6) K =gHg ', rae g = diag(2,1).

= 01

57.38. a) N(H) = (H,(°})).

6) N(H) cocTOMT M3 BCEX HEBHIPOXKAEHHLIX MATDHIl BTOPOrO MOPAAKA, B
KOTOPBIX a21 = 0.

B) N(H) cocronT u3 8 nepecTaHOBOK, BBIIMCAHHBIX B OTBeTe K 3ajade
57.21, 6).

57.39. a) AutG — mEKIMIecKas TPYNIa MOpAIKA 4, COCTOAIIAA U3 aBTO-
MOp¢HU3IMOB BO3BeJeHHA B cTenens k = 1,2, 3, 4.

6) Aut G — rpynna BTOporo nopajika, B KOTOPYK KPOME TOXK JeCTBCHHOIO
aBTOMOPGU3IMA BXOAAT aBTOMOD(MUIM BO3BEJICHUA B MATYIO CTENEHB.

57.40. a) Kaxaem aBToMOPGU3IM IPYIIBL S3 ONpeIeqaeTcsa CBOMM JeHCT-
BHEM Ha TPEX DIEMEHTAX BTOPOrO MOPALKA.

6) JIobaa nepecTaHOBKA HEQMUHUIHBIX BJICMEHTOB rPyNnel V4 OmpenenaeT
eé aBTOMOPGhU3M.

57.41. a) Hda, AutZo — puxamvdeckas rpynmna mopsaaka 6, mopoxk raemast
ABTOMOPGHUIMOM BO3IBEJEHUA B KBAJPAT.

6) Her, | Aut Zg| = 4, BO KBAgpAT KAKAOTO ABTOMOD(HUIMA — TOXKICCT-
BEHHOE 0TOOpaXKeHue.

57.42. | Aut Aut Aut Zg| = 1. Mcnoassosats 3agaqu 57.41 u 57.39.
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57.43, 57.44. Kapeanonos M.H., Mepaasxos I0.H. OcHoBBI Teopum
rpymn. — M.: Hayka, 1982, — T'n. 2, § 5.3.

57.45. Iycre D4 = (a,b | a* = b* = (ab)® = 1}. Toraa Aut Dy = {p,¥),
re ¢(a) = a, p(b) = ba, ¥(a) = a~", @(b) = b. Tpu orom &* = 12 = (1)) = 1,
T.e. AutDy =~ Dy, Int Dy = (¢, ).

57.46. Iycts D, = (a,b | a” = b* = (ab)? = 1}. Torga Aut D,, = (g, s,
(k,n) = 1), rae p(a) = a, ¢(b) = ba, p(a) = a*, Y(b) = b, rge (k,n) = 1,
1<kgsn—1.

58.1. 6) UcnoassoeaTe Teopemy 06 OupeieanTene NPOU3BEIEHAA MATPHII.

B) Mcnonsaosare TeopeMy 0 4ETHOCTH MPOU3BEACHUA IIEPECTAHOBOK.

58.4. d) As. 5) V4.

B) V4 1 A,. Bocnoab3oBaThea TeM, MTO MOPAA0K MOATPYIILL ASTAT MOPA-
JOK IPYINEL, 1TO HOPMATbHAA MOATPYINA BMECTe € MOOBIM 3IeMEHTOM COAEep-
JKHUT BCE CONPMAKEHHBIC, a Takke 3ajadamu 57.27 u 57.30.

58.5. Hampumep, K = {(12)(34)}, H = V.

58.6. aba 'b"! =a(ba”'b™') = (aba" )b € ANB.

58.7. Ilycte c € O u G = HU Hx paznoxenue rpynnel G Ha B3 CMEKHBIX
kracca. Toraa mo6on saement u3 C MOxeT GbITh sanucad B Buge heh ™ mwm B
Buge hxer 'h™', roe h € H.

58.9. Ilare KIaCCOB CONpPsKEHHOCTH, cocTosmumx m3 1, 15, 20, 12 u 12
saeMeHTOB. BocnoabsoBaTbea 3agadamu 57.34 u 58.7. I'pynma A5 coctout u3
YeTBIPEX KIACCOB DJACMCHTOB, CONPANKCHHBIX B S5, NPEACTABUTEIAMU KOTOPLIX
apaaored e, (12)(34), (124) u (12345). Ilepsemit u BTOPOR COCTOAT U3 HEYETHOTO
qpcaa saeMeHToB (1 u 15), mosToMy ABIAIOTCA KIACCAMEH CONPAXKEHHOCTH U
B A;. Tpermnn Ttakxe He pacmagaerca B A; Ha IBa Kiacca, MO0 B KadecT-
Be r (cM. ykasamme K 3ajgade 58.7) moxkHO BhIOpaTh mepecTanoBky (45), HO
rorga (45)(123)(45)"! = (123). Haxomemn, weTBépThm pacnagaerca B A Ha
JABa KJIacca, MO0 YHCI0 ero 31eMeHTOB 24 He JequT NOpAJIOK IPYNNel As.

58.10. B coorBercrsum ¢ 3agaden 58.9 nOpALOK HOPMAIBLHON HOATPYIIIEL,
pemmmen aucao 60, MOXHO cOCTaBUTh n3 craraeMberx 1, 15, 20, 12, 12, npuaém
B Ka4ecTBe OJHOTO U3 CIAraeMbIX HENPEeMEHHO Hy:KHO B3ATH 1, n60 e BXOAUT B
T00YI0 TOATPYIIIY.

58.11. Crauana goxasarts B). llentp coctouT m3 +E. [pyrux noarpyni
NOpAAKa 2 HET, MOYTOMY BCE OHM HOpMaabHbI, (cM. 3ajgaty 58.3). Kuaaccer co-
npaxensoctu {E}, {—FE}, {£I}, {+J}, {£K}.

58.12. Iloarpynnst Dy B Dy, rge k gerur n, U mOArpyIIa BpPAIIeHUN
B D,.

58.14. AE.
58.16. B) BorTexaer u3 3agaum 56.4.

r) Ilo B) mpu ecrectBennom romomopdmame SLy,(2) B SLy,(Z3) rpynna G
0TOGpAKACTCA UHBEKTUBHO.

26*
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58.17. Ecm ay — aBroMopdusm z — grg~', TO &p — TOXKJECTBEHHBIN
asroMopdumam, (a,) ' = Qg-1, Qg = Qgp ¥

(page™")(z) = plge™ (2)g™") = e(@)ap(g™") = ap()(z)

axa moboro ¢ € AutG.

58.19. a) Se npun =2 u {e} npun # 2.

6) Az npun =3 u {e} npun # 3.

B) lleHTp ABIACTCA €AMHIYHLIM [P HEYETHEIX 71, & IPH T6THEIX BKIIOYAET
eIIé MOBOPOT HA YIOX T.

58.21. DxeMeHT JeXKHT B LEHTPE TOTJa W TOJABKO TOrad, KOrJa OH COB-
najaeT o BCEMH CONPAXKEHHBIMM eMmy saeMmeHTamu. [loaromy, ecam B meHTpe
JeKUT IMs OAHA eauHuma, T0 pt = 14 p* 4+ 4 pM (ky = 1) (uucro sae-
MEHTOB JII000r0 KIacca COIPAKEHHOCTH AeauT nopasok rpynnsr). Ho rorga 1
AeIUTCA HA P.

58.22. 6) llentp cocromt u3 marpun suga E + bE;3.

B) Kaacc conpmxeéHHOCTH HeueHTpaabHOro daementa F + aFy2 + bEis +
+ cE23 cocront 3 MaTpun suja E + aF2 + xFi3 + cEy (x € Zp).

58.23. a) {AE}. o) {+E}. B) Bea rpynna. r) {E}.
m) {£E}. e){aE|a" =1} =) {E+AE}.
58.26. T'pynna H usomopdua dpakroprpynne rpynnst G.

58.27. Tomomopdusm onpegerserca o6pas’oM DOPOXKJAIOLIETNO HJIEMEH-
Ta a. Hmke ykazauer Bo3MOKHBIE 00pPa3bl 3TOMO DIEMEHTA.

a) JIro60i 31eMEHT TPYIbL, 9UCI0 TOMOMOP(MU3MOB DABHO N.

6) e, b, b%, b7, b2, b'®. B) e,b,b%,b% b* b°. r) e, b®, b0, o) e.
58.28. Hawuru obpas a/2, ecau a + 1.

58.29. a) Zn. 6} Z4. B) Z'; r‘) Zz.

58.30. IlocTponTs JuHeiHOe oToOpakenme F™ wa F™ % ¢ agpom H.
58.31. Paccmorpers oTobGpakeHus:

a) ¥ — cos 2w + isin 27, 6) z = %;
B) z = |2|; r) z—z"; a) z— 2"
n
z z
e)z—)(—); xK) z = —;3) 2= |z].
|| |2’

58.32. [laa goxasaTenbcTsa m3omopdmsma suga X/Y = Z HawTH romo-
vopduam X uHa Z ¢ aapom Y.

58.33. BocnoapsosaThca TeM, 4TO Kaxk bW diemeHT g € (¢ 0AHO3ZHAMHO
npencrasuMm B Buge kh, rae k € K, h € H. JlokazaTts, 4ro oTobpaxenue g — k
ABIAETCA IPH 3TOM roMoMopdusmom G — K.

58.34. B cmay sagaswm 57.13 rpymma S, gemcteyer Ha xyOe. Orciona, ecam
3aHyMepOBaTh TPU Hapbl IPOTUBOIOIOKHEIX Ipanen Kyba wucaamu 1, 2, 3, MBI
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MOIY<MUM JeHCTBHe I'pymnel Ha MuOxkectse {1,2,3}. IIpoBepurs, 4To agpom
TOr0 ACHCTBUA ABIACTCA NOArpynna V.

58.35. Ilposeputs, 4To nepecedenue N Beex nmoarpynn rpynnsl G, co-
mpaxérreix B G ¢ H, asiserca mHopmatsaon B G moarpymmon. C moMommeio
saga+1m 57.20 ycraHoBuTh, uTo QaxToprpynna (/N maomopdHA HEKOTOPOH
MOACPYIIe TPYInel Sy.

58.36. Ilycre N — "opmauasHad B G mOArpynna, DOCTPOCHHAA B PELICHUN
sagaun 58.35. Torga p! nemres ma |G/N| u |G/N| = p, mbo N C H. Ho mo
VCIOBUMIO p — MHHMMAILHEIL IPOCTOH AeauTers qucta |G|, a sHauuT, U y 1uc-
1a |G/N| He MokeT GBITH HPOCTBIX JAeIUTeIed, MEHBIIAX, 1eM p, Tak Kak |G|
aeaures Ha |G/N|. C apyroi cTOpoHEI, B pa3oxkeHHn 4ucia p! Bce IPOCTHIE
aeanTenn, Kpome oguoro, Mensuie p. llooromy |G/N| = p, T.e. unjgexce, a cie-
AoBaTeabHO, U nopaaku noarpyvuon N u H coBnagaror. U3 sxaovenna N C H
caegyer Torga paserctso N = H (m HopMatsHOCTH moarpynms: H).

58.37. J1060I ITMHEMHBIN ONEPATOP JEHCTBYET HA OJHOMEPHEIX MOANIPO-
cTpaHCTBax, mepectaBiii uX. [[poBepuTh, YTO B ABYMEPHOM IPOCTDAHCTBE
HaJ Z3 mMeeTcsa JeTspe 0JHOMEPHEIX IO AMPOCTPAHCTBA, KOTOPHBIE MOMKHO TMPO-
M3BOJBHBEIM 00Pa30M NEPEecTAaBUTH C IMOMOIIBIO MOAXOAAMIEr0 JMHEHHOIO OIe-
paropa. [Iposepurh, HAKOHEL, 9TO AAPOM JEUCTBUA ABIACTCA LEHT] TPYIIIbI
GL3(Z3).

58.38. B cobcTBeHHYIO0 NOATPYINY MOPALKA 7@ IONAJAIOT BCE CMEXKHBIE
kaaccel Buga k/n + Z, rge k — moboe menoe quco.

58.39. Paccmorpers oTobpaxenue, conocTapidionee kaxiomy g € G as-
TOMOpdHU3IM T — g:rg_l.

58.40. Ecim G/Z = (aZ), To mobk1e anmemenTsl T,y € G UMEOT BAA T =
=a*z, y = a'z, a Torma zy = yz.

58.41. HcnoassoBats 3agaqn 58.21 u 58.40.

58.42. Hcnoassosars 3agaqm 58.39 u 58.40.

58.43. ,'g:;2 +p—1, IprYEM p KIACCOB COCTOAT U3 OJHOTO DIEMEHTA, & OCTAIb-
HBIE — U3 p 3aeMeHTOB. BrisecTtu us 3aga4 58.21 u 58.40, uro uentp Z umeer
nopaaox p. llerTpammaTop moGoro ameMenTa a ¢ Z MMeeT MOPAIOK p°, TAK Kak
on cogepxkut ZU {a} u He coBnagaer co Bceil rpynnoi. “IHCI0 COMPAKEHHBIX
¢ a saemenTos pasuo p° 1 p? = p.

58.44. a) [posepurs, uro npoussesenus aobi . ..a,—1bn—1a, d21eMEHTOB
MaKCHMaIbHEIX moArpynn A u B coctaBiaior noirpynmoy C, cTporo cojepxa-
myio A u B (a snauur, copnajatonyio ¢ G). DaemenTsl w3 AN B nepecrano-
BOYHEI ¢ daevenTaMn 3 O, Tak kak A 1 B KOMMYTaTHBHEL

6) llycre H — mekoropan makcumaasHan noarpynna B G: H # {e}, rax
kax G He apagerca mukmieckoi rpynnon. O6osnaunm |H| =mu |G| =n=Im.
13 makcumvansrOCTH HOArpynnsl H u npocTtorsl rpynnsl G cIeayeT, 4TO HOpP-
vammaaTop N moarpynnel H B rpymme G comagaeTr ¢ H, T.e. cymectsyer [
PA3IHYMHBIX CONPAKEHHBIX ¢ H MakCUMaIbHBIX moArpynn. Ecan gonycTuTs, 1To
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UX HONAPHBIE IMEPECEYeHUA COAEPHKAT TOIBKO €, TO B UX O0BEINHEHUE BXOIUT
1+1(m—1) saemenros us G. [Tockoasky Im—I[+1 < n, TO HARAETCA DAEMEHT, He
JEKAINAN HU B OJHOW U3 HUX, 4 3HAYAT, HAUJETCA COAEPKAIAA 3TOT SJICMEHT
MakcHMaJdbHasg noarpynna K| He conpsaxénnas ¢ H. Ilycrs onars K| =my n
n = lymy. Torga, gonyerus, Kak u Beune, 4To [ + [} MAKCHMAIBHBIX I10ACPYIIT
HONAPHO NEPECeKATeA 1m0 {e}, moxyaum

1+l(m—1)+l1(mg—1)21+%+g>n

aaemenToB B G.
B) OaHa U3 MAKCHMATBHBIX MOATPYIT HEKOMMYTATUBHA, MHAYE, KAK BUIHO
u3 L. a), 6), B rpynme G 6pL1 OBl HETPUBHAILHEIN LEHTP BOIPEKH eé IPoCcToTe.

58.45. Cwm.: Gorenstein D. Finite groups. — Harper and Row, 1968. —
Ir, 2, § 8.

58.46. Ilycte G — komeunas noarpynna s SL:(Q). Beectu B npocTpan-
cre R? HOBOE CKAIAPHOE NPOMIBEACHHUE

(@,9)6 =Y _ (g7, 9y),

geG

rae (x,y) = x1y1+x2y2 A cTpok @ = (x1,x2) my = (y1,y2). [lokasats, 910 OT-
HOCHTEJIBHO 3TOT0 CKAIAPHOIO NPOM3BEICHNA Ka¥kK JbIA OIEPATOD § CTAHOBUTCA
opToroHanbHeM. [ToaToMy G cOCTOMT M3 MOBOPOTOB M OTpaxkeHnn. BriBecTH,
yro G C D, amx vekoroporo n. Tak xak trg € Q, To, ucnonssya 3agagy 4.13,
OKa3aThk, ITO N paBHO 3,4 nm 6.

58.47, 58.51. Cwm.: Cynpynenxo J.A. I'pynner marpun. — M.: Hayka,
1972. — I'n. 111

58.52. Cwm.: M3oMopduaMBl KIACCHMECKUX TPYIIN HA L HETOCTHBIME KOIb-
mamu. — M.: Mup, 1980. — C. 252-258.

59.1. a) (¢" —1)(¢" —q)-..(¢" —¢" ). llpn moacueTe IMCIA HEBHIPOXK-
JEHHBIX MATPUIl 3AMETUTH, ITO €CIN YikKe BEIOPAHEI { NEPBEIX CTPOK, TO AL
BBIGOpPa (i+1)-i CTPOKM MMeeTcs ¢ — ¢ BOAMOKHOCTEI: IeHCTBATEILHO, BCEID
cymecTByeT " pPasiMYHBIX CTPOK [AJIMHBL 1t HAJ NOJEM M3 ¢ DJICMEHTOB, HO B
kadecTse (i + 1)-I MOAXOAAT JIMIIL Te M3 HUX, KOTOPHIE HE ABIAIOTCA JUHEH-
HEIMH KOMOMHAIWAMY i CTPOK, BEIGPAHHEIX PAHBINE. HCI0 TAKMX JUHEHHBIX
KOMOMHAIIMH — 3TO YUCI0 YIOPAJOTeHHBIX Hab0POB, COCTABICHHBIX W3 | KO-
$UITMEeHTOB, T.€. qi.

6) ﬁ (¢"=1)(¢"—q)...(¢" —¢"~'); moarpynna SL, (I, ) ects aapo romo-

mopdpuama A — det A rpynner GL, (F,; ) Ha MyJIbTUIIMKATUBHYO TPYIIY HOTA
Z, (coctomuyio u3 g — 1 anremenTos). OTcoga mo TeopeMe 0 roMOMOpdU3ME
|GL,, (F,)/SL(F, )| = g — 1; ocTaeTca NIpUMEHUTH a) U TeopeMy .Jlarpanxka.

59.2. a) Her; HaiTu 1uCI0 BIEMEHTOB BTOPOrO MOPALKA B 3TUX IPYIIAX.
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6) Her; sameruts, uTo Marpuna 2F aexut B nentpe rpynnel SLo(Z3) n
BOCIOJAB30BATHCA 3aaaden 58.13, a).

59.3. a) 2-moarpynms ((12)), {(13)), ((23)); 3-moarpynna ((123)).

6) 2-moarpynma V4; 3-moarpynmer {(123)), ((124)}, ((134)), {(234)).

59.4. a) Ilepsas m BTopaa (cM. oTBeT K sagade 59.3, a)) W3 CHIOBCKHX
2-MOATPYNI CONPAKEHBI ¢ NOMOILIBIO epecTaHoBku (23), mepsas u TpeTha — ¢
nomomsio (13).

6) Ilepeas u BTOpas U3 CHIOBCKUX 3-IOACPYII CONPSKEHBI ¢ MOMOLIBIO
nepecranosku (12)(34), nepsaa m Tpetba — ¢ momonso (13)(24), nepsas u
geTBepTag — ¢ noMowbio (23)(14).

59.5. 3anyMmepoBaB BePIIMHBI KBaApaTa, MOLYYUTh U30MOpQHOE mnpeji-
crapienne rpynnsl Dy nepecranopkavu: Dy ~ P C Sy, [ockoasky |D4| = 8
u [Ss] =24 =8-3, P — cuiosckaa 2-moarpynna B Ss. Jpyrue cmiosckue
2-moATpPYONEL TPYONE Sy u3oMopdHBL P B CHIY CONPAXKEHHOCTH.

59.6. a) B moarpynmne {e, (1324), (1423), (12)(34), (13)(24), (14)(23), (12),
(34)}.

6) B moarpynme {e, (1234), (1432), (13)(24), (12)(34), (14)(23),(13),(24)}.

B) B Kaxaom u3 Tpex CUIOBCKMX 2-TOATPYIIL.

59.7. Dtu rpynne! Hersomopduet 1o 3agate 59.2. Ecau B HekoTopon Hea-
6ereson rpymme G nopagka 8 ecTh MOATPYINA BTOPOrO MOPAIKA, HE JeKAIIAT
B uerTpe, 70 G = Dy; oTo caegyer u3 3aga4 57.20 u 59.5. B nporusHOM ciryuae
obo3nayaem e 1 —e — deMenTsl nenTpa rpynnet G (no sagauam 58.21 u 58.22
neHTp rpynnel G cocTOuT U3 ABYX daeMeHToB). llyers i, € G u ij # ji. O6o-
amaumm k =ij,i = —i, j ' = —4, k~' = —k. Ilposeputs, uTO0 ecTecTReHHOE
orobpaxkenne rpynnsl G HA PPYNIY KBATEPHHOHOB ABIAETCA H30MOP(DUAIMOM.

59.8. Pemas B rpynme SLa(Z3) ypasnenue X* = E, norywaem mmmm 1na
pewenunsa: X = +F. AHAIONrMYHO HAXOJUM LIECTh JICMEHTOB NOPAAKa 4, peuas
ypasaenne X° = —F. W3 nux yxe He M3BICKAIOTCA KBAAPATHBIE KOPHH, T.€. B
SL:(Z3) mer saemenTon nopaika 8. [[ockoIbKY MOIYyMAIOCE BOCEME DICMEHTOB,
NOPAAKH KOTOPBIX — cTemneHu 1BoukH, B SLo(Z3) ecTs aums ogHa CHIOBCKAs
2-noarpynma, tak kax |SL2(Zs3)| = 24 = 8- 3 nmo 3azate 59.2. CregosaTensHo,
aT0 moarpynma HopmaabHa. OHa HeabeleBa, Tak Kak, HAIPHMEpP, DJIEMEHTHI

0 1 -1 -1
(_1 0) u (_1 1) HMEIT NopAAoK 4 u He KomMmyTupyior. laree
HCTIOIB30BATE 3a1a1y H9.7.

59.9. a) 5. 6) 10. B) 6.
59.10. p™, rae m = [E] + [—I-l;] + [%] S [
p p* P
59.11. (p—2)!. Yucao p! gerures Ha p, HO HE JEIUTCA Ha p°. 3HauwT, Kax-
Aad CHIOBCKAd P-IOAUDPYINA COCTOMT M3 CTEICHEH OJHOrO HMKIA (i1iz...dp).
“Imcao Takmx mMKIOB pasHO (p— 1)], & YMCI0 Pa3IMTHBIX TOPOXK JAIOIIAX B K-
JMMEeCKOR MOArPYIIIe MopAiKa p pasHo p — 1.
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59.12. Bocnoas3oBaTbCA TEOPEMOH O CONPAXKEHHOCTH CHIOBCKHX IIOI-
CpyIm.

59.13. a) [SL2(Z,)| =p(p—1)(p+1) (em. 3agaqy 59.1). 3uauurT, CHLIOBCKAA
p-TIOATPYIINA MMEET MOPAJOK P.

i
6) HopmaamsaTop COCTOMT M3 BCeX MaTpHIl BHIA (0 JEI), rae © # 0.

B) [lockoapky mopaaok HOpMammsaTopa paseH p(p — 1), ero uujaexc, a 3Ha-
YUT, ¥ YHCIO0 PA3IUYHBIX CHIOBCKUX P-HOATPYNI, paBHO p + 1.

r) Ucnoassosars 3agaty 59.1.

T
1) MHOXecTBO BCeX MaTpPHIl BHIA (0 ‘Z), rae r,z # 0.

e)p+1.

59.14. [loka3zaThb, YTO HOPAJOK MOACPYIIILI M MAKCHMAIBHAA CTEICHb YHC-
na p, gersman |GL, (Z,)|, pasuer p™"~1/2 (cm. zagauy 59.1).

59.15. a) Ecam p Heu8THO, TO CHIOBCKAsA P-NOATPYIIA €JHHCTBEHHA U CO-
CTOUT M3 MOBOPOTOB IPABHIBHOIO N-YTOJIBHUKA HA YIIBL 27k /pi, 0k < p', rae
pl — HAMOOIBIIAA CTeNeHb YucIa d, fenaman n. Ilycts n = 2., rae m mewéTHO.
Torga B D,, cogepxuTca m pa3sawdHbIX CHIOBCKHX 2-moarpynm. Kaxayio Ta-
KYI0 TOATPYIIY MOXKHO MOJYIHTH, €CIM BBHIOPATH MPABMIBHBIA 2'-VTOIBHAK,
BEPUIMHBI KOTOPOT'O COAEP&KATCA CPEIH BEPIIMH JAHHOTO 11-YTOJABHUAKA (2 LeHTD
TOT kKe), ¥ PACCMOTPETH BCC JBMIKCHUA, COBMCIIAKLIME €r0 ¢ COGOM.

6) Ilpu p = 2 B Ka4eCTBe CONPArAIIINX DICMEHTOB MOKHO B3ATH IIOBOPOTHL
Ha yrust 27k/m, 0 < k <m — 1.

59.16. Ilycre |G| = p' -, rae m we geamrca ma p, u | Ker ¢| = p* - t,
rae t we gemnres Ha p. Torga H ~ G/ Ker ¢, u no reopeme Jlarpanxa nopaiox
curoBckoi p-rogrpynner P 8 H pasen p'~*. C apyroiu croponst, | PNKer | < p°,
u6o | Ker ¢| gemres ma |P N Ker ¢|. 3naunr, |¢(P)| = |[P/PNKery| = p' ™,
4T0 U TPeGoBAIOCE.

59.17. Owuesugno, aro P C ¢a(P) X ¢p(P), rae ¢a u ¢p — roMoMOp-
¢duaMel npoenuposannda Ha A 1 B cOOTBETCTBEHHO. DTO BKIIOUEHUE HA CAMOM
Aeae ABIACTCA PABCHCTBOM, KaK BUAHO M3 cpaBHeHua nopagkos |P|, [ga(P)| n
len(P)|.

59.18. a) Iycrs |G| = p' - m u |H| = p® - t, rae m, t e geasrca Ha p.
Torga mopagox p-noarpymet PH/H B G /H we 6oasme p'~*. 3mauuT, mopagok
aapa PN H ecrecrsennoro romomopduama P — PH/H ue mensuie p°, 970 1
TpedyeTca J0KA3aTh.

6) B xauecrse P u H B3aTh, HAIPUMED, PA3INIHEIE CHIOBCKHE 2-TIOATPYII-
el B Sy (cM. 3agady 59.3).

59.19. Cwm. zagauy 58.35.

59.20. Hcnoas3oBaTh TEOpeMy O TOM, UTO YMCJI0 PA3IATHBIX CHIOBCKHX
P-IOATDPYII JeJUT MOPAJOK I'PYIIBI U CPAaBHUMO € 1 II0 MOZYIIO p, a TakKke
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59.12 u 58.6.

59.21. IlaTe cuioBcKuX 2-MOACPYIN U OJHA CIIOBCKAA H-IHOArpynna (c.
vkasanue K sagade 59.20).

59.22. a) K cunoeckont 3-moarpynme H npumenuts 3azady 58.35.

6) Ecim cmioBckas H-NOACPYNIAa He ABIAETCA HOPMAABHOHM, TO, KaK CJle-
JAVeT M3 TeOpeMbl M3 9YHCIe CHIOBCKUX MOATPYII, B IPYNNE JOMKHO ObITh 16
PA3IMYHEIX 5-mOATpym. IToCKOIBKY MX mOnapHEeIe nepecedeHna TPUBAAILHEL, B
rpyune He Goasme, 1eM 80 — 16-4 = 16 saemeHTOB, HOPAJIKH KOTOPBIX CYTh CTe-
NEHM JBOMKH, OHM MOTYT 00PA30BBIBATH JHIIL OJHY CHIOBCKYI 2-NOACPYIILY,
KOTOpPad, CIeJ0BATEILHO, HOPMAILHA.

B) Pemenne ananoru+uo 6).

59.23. a) Cm. ykasanme x sagage 59.20.

b
6) PaccmoTpeTs BCe MATpPUUEBL BUAA (g 1), rae b € Z,, u a npunagIexaT

NOATPYIIE NOPAIKA P B MyJbTHILIMKATABHON rpyune noua Z, (ata moarpynna
CyLIeCTBYeT, Tak Kak |¢ — 1| gerurcsa na p).

59.24. 48.

59.25. Wuaykuuma no mopaaky rpyInnsl.

59.26. Muayvkuma nmo nmopaiky rpynnsl. Beibpars B ¢ HOpMAIBHVIO HOJ-
IPYIILY WHIEKCca p.

60.1. EcmZ=A&B,rae A#0,B#0,ume A, n€ B,romn€ ANB =
= {0}. Anarormunoe coobpaxenue npuMeHnMo u K rpymme Q.

60.2. B rpymmax Ss, A4, S4 HET HOPMAJTBHBIX IO ATPVIII, TEPECEKATOUITXCA
1o equauie, a B Qg mobas HeTpUBMAIBHAA TIOATPYIITA COAEPKUT —1; moaTOMY
TMEePEeTHCIeHHBIE TPYINB HEPA3I0KNMEL B TIPAMOE TIPOU3BEICHIE,

60.3. Ecmu (a) — agauTUBHAA UMKINIECKAS IPYINA TOPALKA N = 13 - N,
rae (ni,n2) =1, ro (a) = (a"') + (a"?) (yxazaHHble claraeMbie UMEIOT COOT-
BETCTBEHHO MOPAIKM T2 M N1, U MOITOMY UX HNEPECeYEHUE TPUBUAILHO).

60.5. a) (a)s = (a®) x (a?).

6} le S Z3 @D Z4.

B) Zoo = Zs & Zy & Zs (yxakuTe TOPOKIAOMNE HIEMEHTHl CIATAeMBIX).

60.6. Cuaeayer m3 NpeIcTaBICHUA KOMILIEKCHLIX YMCET B TPUNOHOMETDH-
qecKOu (popme.

60.7. DaemenT m3 Z2» 00paTHM TOrAa W TOJIBLKO TOTJA, KOTJa €r0o KJIaccC
COAEPKUT HEYETHOE YMUCI0, MOITOMY HOPALOK MYJILTUILIMKATUBHON TDYIIIBI
koabua Zon pasen 2", Daement 3 =142 (mod 2") umeer nopagox 2"~ mero
IMKIMYECKad MOATPYIIA TPUBHATIBHO epecekaeTca ¢ noarpynmon {£1}; mos-
TOMY WX NpOM3BejeHMe uMeeT MOpaAoK 2" ', T.e. coBmagaer ¢ TpyIm-
mor Zin .

60.8. a) [IpousseseHHUIO MOPAIKOB COMHOKUTEICH.

6) Hanmenbimemy o6ueMy KpaTHOMY HOPAIKOB KOMIIOHEHT.
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60.9. HWcooassysa mpeabigyuiyio 3ajady, mokasaTb, 9To (A + Ao + ...
o+ Ai)N A; = {0} npu mobowm i.

60.11. Ecau m = p:"" .. .'pf", TO B IPYIIE CYIIECTBYIOT 3JEMEHTBI TOPAI-
KOB p’f‘ ST, ,pf:'" (cm., manpumep, sagaay 60.3). lomeayace 3agagamu 60.8, 60.7,
MOKa3aTh, YTO UX CYMMa HMEeT nopaiok m. B rpynme Sz ectTh a1eMeHTHI 10-
paaka 2 u 3, Ho Her saeventa nopsaaka 6. Ucnoassosats 56.8, 6).

60.12. {£1} x (2) = {£1} x (-2).

60.13. OgHo M3 caaraeMBIX coBmajaeT ¢ A, Ipyroe mopoxaeTca CyMMOR
MOPOXK JAIOMIET0 DACMEHTA TPYNNLI Z ¢ Mo0uM daemenToM rpyonet A. Taxm
o6pazom, OyaeT |A| npaMBIX pazIomKeHH.

60.14. Kaxaem krace rpynnsl A X B ABIseTcAa NpoU3BeJeHHEM KJIACCA
u3 A ua kracc uz B.

60.16. B xauectse C B3ATH NOATPYINY, TOPOX ACHHYIO NpoobpasaMu Ga-
3UCHBIX daeMenToB A/ B.

60.17. G =A@ Kerm.

60.18. AbeaenocTs rpynmel B cymecrsenHa, Tak kKak o6pasel rpynm A
u As xommyTHpyIOT npu mobom romomopduame ¢ @ Ay x Ay = B.

60.20. a), 6), B) Zs.

r) Hom(A:, B) © Hom(Az, B).

1) Hom(A, By) @ Hom(A, Bs).

e) Zg, vae d = (m,n).

x) Z,. 3){0}. u) Z.

60.21. Tomomopdumsmy ¢ : Z — A comocrasuts (1).

60.24. a)Z.  6) Zn.

B) @ mokasats, uro ecimt  : Q — Q smagomopduam, To ¢(r) = re(l).

60.25. a) Orobpaxkendue r — NI UMEET TPUBHAILHOE AAPO TOTAA U TOIb-
KO TOrJa, KOrJa B IPYIIE HeT 3IEMEHTOB, MOPALOK KOTOPBIX TEeIUT N, U ec-
mn = pi” ...p¥" — KaHOEWYECKOE PAIOKEHNME HA MPOCTHIC MHOKATEIH, 3TO

03HAYAET, ITO IPUMAPHEIC KOMIOHEHTHI IPYII OTHOCHTEILEHO IPOCTHIX YHCeT
Piy...,pr paBHBI .

6) CopbeKTUBHOCTL OTOODAKEHUA O3HAYACT, 4TO B TPYIINE VDaBHEHUE
nE = g paspenmMo 114 J1060r0 g.

60.26. DugoMopduUIMY ¢ HOCTABUTH B COOTBETCTBUE MATPHIY TaK XKe,
KAK 3T0 IeJaeTCA /A JMHENHBIX ONepaTOpOB.

60.27. a) Z». 6) Q.

B) Enunmanas npu n = 1, nuxmmieckas nopagka 2 npu n = 2, Zo X Zyn—2
npu n > 2, 60.6.

r) I'pynma meaounciennbx MaTpun ¢ onpedemaTteteM 1. Bo seex exywaax
HCIoAL30BaTh 3agauu 60.23 u 60.24.
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60.28. a) (a)zo = (a1)2 & (a2)1s, rae ay = 15a, a2 = 2a. Ipu m0b6oM aB-
Tomopdusme o({a1)) = (a1), ¢({az)) = (a2), Tax xax a; 1 a2 UMEWOT BIAUMHO
npocteie nopagku. OCTaeTCa 3aMeTHTh, 9TO ¥ {a1) MMEeTCA JUIb TOXKACCT-
BeHHBIN ABTOMOPQH3M.

6) Ilycte Z = (a), Zz = (b); npm mobom aBToMopdmame @(Zz) = Zy n
»(b) = b. Kpome Toro, ¢(a) moxer 6biTh pased a, —a,a + b, —a + b. Herpyauo
MPOBEPUTE, YTO KAK /LI U3 HTUX ABTOMOP(QHU3MOB B KBaADATe JAéT TOXKAECT-
BEHHBIN ABTOMOD(hU3M.

60.29. B o6o3znaueHmax oTBeTa K Ipeaslgyined 3azade (a) = na + &b,
o(b) =db,rae n € Z,e,6 = 0,1. He KOMMyTHDPYIOT 3HI0MOPMUIMEL 1, P2, TI€
pi(a) = a, p1(b) =0, p2(b) = 0, p2(a) =b.

60.30. Bceakan npuMapHas KOMIOHEHTA MHBAPUAHTHA OTHOCUTEILHO JIIO-
60ro0 »HAOMOPGUIMA JAHHOU TPYIIILL BOCIOAB30BAThCA 3agaden 60.20.

60.31. Muaykuusa mo 9MCIy NOPOMKJAIIIMX DJEMEeHTOB rpynnel. Ecim
TpyIha THKIATecKad u pasHa {(a) (omepamma — croxenne), U — eé Hemyme-
Bajd MOATPYINa, k — HaMMEeHbLIee HOJOKHUTEIbHOE YUCI0 Takoe, 4To ka € U,
To U nopoxaaercsa saementom ka. [enctsurensno, ecan ma € U, pasgeanm
m ¢ octarkoM Ha k: m = gk + r. Torga ra = ma — q(ka) € U, caegopaTeisHo,
r =0 u ma = q(ka). lIpeanonoxum, 4T0 yTBEpXK IEHUE AOKAZAHO AIA CPYIIELL

¢ n— 1 nopox garoumm, G = (a1, ...,an—1) u U C G — noarpynna. Pacemor-
PUM DJIEMEHTBI % = Mia1 + ...+ Mya, € U. Ecia m,, = 0 guaa scex u € U, To
UC{ai,...,an-1), ¥ MOXKHO BOCIOJIL3OBATECA UHIYKTHBHEIM IIPEAI0I0KEHN-

em. B IpoTHBHOM CIyUae mycTh ml — HAMMEHbIIee MOI0KHTETHHOe THCIO I
Beex oaementon u € U, T.e. cymectsyer u’ € U raxon, aro u’ = mla; + ...
= .+mgan. OueBuano, 11000€ TUCTO My, , BXOAAIICE B pasaoxenue q0boro u € U
IeINTCA HA Y HAIIEI0, CKaXKeM, M, = gmy. Torma u—qu® € UN{ay,...,an—1).
DTa NOArpyINa, 110 IPeANOI0KCHIIO HHAYKINN TOPOXKIAeTCH 1 — 1 DICMeHTOM.

TOI‘,HE]. U Nopox aaeTca TeMH XKe dJIeMeHTaMu 1 ’tLU.

60.32. a) Ecam ¢ — romomopdmam rpynnst G Ha cebs, He ABIAIONANCA
asTomopdmsmon, To Ker p C Kerp® C ... — cTpOro Bo3pacTamoman nemnovxa
MOATPYII, U €é 00BEIMHEHAE He MOXKET TOPOXKAATECA KOHCTHBIM MHOXKECTBOM
AJICMCHTOB: Kd)!(,ﬂhn‘;l U3 HUX Jexana Obl B wieHe LOEeMNOYKHM ¢ KOHCYHBIM HO:MCPOM.
OcraeTca BOCIOMB30BATECA MPEALIIYIIEH 3a1a4eH.

6) Pacemorpers auddepernuposanue.

60.33. Ecam 651 cBO601HBIE abemeBsl TPYIIBI PaHToB m 1 1 (m # m) Obl1m
M30MOPQHEL, TO PAHT He OBLT OBl MHBAPHAHTOM CBOOOIHOM abeqeBOH TPYIIIL,
OJHAKO €r0 MHBAPHAHTHOCTBH MOMXKeT OBITh J0Ka3aHa TaK ke, KAK OCHOBHAA
JAeMMa O JUHEMHON 3aBucuMOoCcTi. MOKHO NCTIOIR30BATE M TAK0e COOOpaKeHune:
ecin G — ceoboguan afexresa rpynna pasra n, to |G/2G| = 2".

60.34. Bocnmoas30BaThCA €IMHCTBEHHOCTBHIO PA3I0KEHUA KOHEYHOIODOXK-
JEHHBIX abeIeBBIX TPYIIIL.

60.35. Muaykuua no mopAaky IPYIIBL U THCIY M.



412 Omsempl u yraszanua

60.36. HcnoapsoBaTh A0KA3aTEALCTBO TEOPEMBI €JHHCTBEHHOCTH KOHET-
HBIX a0eJeBbIX I'PYIIL

60.37. UcnoaszoBaTs TEOpEMy €AMHCTBEHHOCTH A PA3I0KCHUN.
60.40. a) EcTe. 6) Her. B) Her.

60.41. (3,27); nmoxasats, uTo {(a)e @& (b)ay = (a & 3b) ® (b).

60.42. a) Her: Bropas rpynna NUKJIMYeCKas, a Mepsasg HeT.

6) Usomopdusr. 8) He msomopdubL.

60.43. a)3.  06) 4.

60.46. [lokasaTb, 4T0 KOHe4YHasa abejgeBa IPYINA He SABIAETCA MUKIMYEC-
KOH, TO B HeM HamjeTca moarpynma tuma (p,p) (em. sagady 60.40). YuecTs,
qr0 ypasaenue x¥ = 1 umeer B nose e Gonee p peleHu.

60.47. Ilycre a1,...,a, — MAakCUMAJIbHASA HE3ABUCHMAA CUCTEMA BJICMEH-
ToB. Pacemorperes axemenT 1 + a1 ...a, ¥ BHBeCTH OTCIOLA, 9TO rpynmna F~©
KOHEYHA.

60.48. HWcnmoawsosare zagaqdy 60.46.

60.50. Ecmm y; (7 = 1,...,n) cocraBaaoT 6asuc, TO Yepe3 HUX MOKHO
seipasuTs z; (i = 1,...,n) ¢ uerouncrennon marpuuen B koadduumeHTos.
Toraga AB = E m det A = 1, rae A = (ai;).

60.51. HMcmoan3oBaTh JOKA3ATEILCTBO OCHOBHOM TEOPEMBI O KOHEYHO II0-
POXACHHBIX abeaeBLIX IPYIIax, OCHOBAHHOE HA NPUBEICHUM MATPHIBL K JUa-
FOHAJIBHOMY BHY SJIEMEHTAPHBIMH HPe0oOpa3sOBaHUAMHI CTPOK M CTOIOIOB.

60.52. a) Zo @ Z> & Zs. 6) Za;. B) Zo ® Z3 @ Zs. r) Zo & Zy.

,Z[) ZiDZ. e) ZoDZa+Z. xc) Zs. 3) ZDZ. 17.[) Z. K) {0}

60.53. 3.

60.55. Yumremaa sagaqau 60.30 u 60.24, ocTaeTca mokas’aTb, YTO KOJdb-
10 DHAOMOP(UIMOB KOHETHON MPUMAPHOM HEIUKINIECKON TPYIILEI HEKOMMY-
TaTuBHO. He yMeHbIIaa 00IHOCTH, MOXHO PACCMOTPETH IDYIILY ((I).pk & (b)pl,
k> 1. B cary sagaum 60.20 mo60d >HAOMODPGHM3M TAaKOH TDYIIHI UMEeT BHI

wla) = s1a + t1b, p(b) = s2a + t2b,

rie §» AEIMTCA Ha pk_l. He xommyTupyloT, HanpuMep, aBToMOpGUIMBL @, 1
rakue, 4o ¢(a) = a, (b) =0, Y(a) = b, ¥(b) = 0.

60.56. [loxkaszaTb KOHEYHYIO MOPOXASHHOCTE H. 14 5Toro BHIGpATE MaK-
CHMAJbHYI0 He3aBUCHMYI0 HaJ R cucremy nsmemeHTOB ep,....ex B H. [loka-
3arbk, ¥T0 H mopoxpgaerca €y,...,€x W KOHEIHBIM MHOxecTtsom H N D, rae
D= {Zfl’,‘i&' | OSEﬁ g 1}.

60.59. HWcnoassosars 3agaay 60.56.

60.60. OTtobpaxkennme r—nr €CTh ABTOMOP(MU3M IAKIMIECKON TPYIHEL (a)
(MMeer TpUBHATBLHOE AAPO), TODTOMY IPU HOAXOAAUeM T GyIeT nr = a.
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60.63. [demumocts rpynnsl @ oueBmana. Ecam s""k = 1, To cymecTByeT
d rakoe, uro 6 = . Ecom ¢ # p — npocroe uncao, o (g, p*) = 1, u moxuo
BOCIIOMB30BATECA 3agadayu 60.60 n 60.61.

60.65. To, wro cymma noarpynn A u B npamad, clegyeT U3 YCIOBUL; HAL0
noka’aThb, 4To oHa pasua G. Ilycrs cymecrsyer saement g ¢ A@ B. [loarpyn-
na (g) umeer Henyiepoe mepecedenue ¢ A @ B — unade cymma A & B & (g)
npavas 1 BMecTo B MoxkuO 66110 6B1 B3aTE B ) (g), 1TO HEBO3ZMOXKHO B CHIY
MakcuMaabHOCTH B. Ilyets ng € A @ B. MoXHO c4HTATh N MPOCTHIM TACIOM

n
(ecam Ob1 6BIIO He TAaK, BMECTO g MBI B3AIM ObI —g K HeKOTOpOM p|n). Mrak,

ng=a+b, a € A, b€ B. Beuay gemumocTi A B HEH €CTh 3A€MEHT a1 TAKOH, 4TO
nay = a. loxy=aem, uro ngy = b, rae g1 = g—a Taxxe ne sexut 8 AD B. Io BBI-
Gopy noarpynmst B 6yaer AN (g1, B) # 0. 3uasmt, nekoTopsm anement a’ € A
MOXKHO BhIpasuThb B Buge a’ = kg1 +b', V' € B, 0 < k < n. Tax xak (k,n) = 1,
CYLIECTBYIOT u, v Takue, 910 ku + nv = 1, 3mauur, g = kugi + nvg:. Tak kak
ng € A® B, kgy=a —b € A& B, to g1 € A& B. Tloay1uim npoTUBoOpevue.

60.66. Ilycte D — cymma Bcex geammbix noarpynmn. Herpyano mpose-
puthk, 9yTo D geamma. Ilyers a € D, Torga a = a1 + ... + ag, rae a; npuHaji-
nexut A; (i =1,...,k) — gemmomy craraemomy rpynnst D. Ecau nai = a;,
i=1...;,k, Ton ( le ag) = a. CormacHo mpeapIayIIen 3agatde BCA TPYIIA
pasraraeTrca B npaMyio cymmy D@ B. Ecau 661 B B HaILTACh JeIMMad MOATPYII-
ma, TO OHa cojepkaaack Obl B [J, uro HeBo3MmoxHO. MTak, B B HeT aeamMMbIX
noarpynm. PakToprpynna Been rpynnst mo D msomopdua B.

60.67. HMcnompzoeatek 3agaay 60.16.

60.68. HcnounaoBars 3aga4dy 60.67.

60.69. BocnoapaopaThea sagadent 60.67.

61.1. a) PaccMoTpeTs 31eMEHTHI, CONpAKCHHBIC ¢ TpaHcmoaumuen (12)
HpH MMOMOIIA CTeﬂﬂHeﬁ AAaHHOI'O HHKJA.

6) DuemenThl U3 A, — DPOM3BEJEHUA YETHOI'O YMCIA TPAHCIO3ULMH, U
(i7)(Gk) = (ijk), (if)(kl) = (ikj)(ik]). (Cu. sazaum 3.15 u 3.16).

61.2. VcnoabzoBaTh NpUBeJEHHe MAaTDHIL DJIeMEHTAPHBIMH Npeodpa3oBa-
HUAMH CTPOK K CTYIEHYATOMY BHIY.

61.3. HeprlpoxjeHHAA MATPHIA IPUBOJATCA K JHATOHAILHOMY BHAY dJe-
MEHTapHbBIMHA ﬂp&ﬂ(ﬁp&a()n&ﬂuﬂmn Hal CTpOKaMHW, T.€. YMHOXKECHHCM CJIeBa Ha
COOTBETCTBYIOLIVIO DJIEMEHTAPHYIO MaTDHIY.

61.5. Cwm.: Gorenstein D. Finite groups. — Harper and Row, 1968. —
P. 44.

61.7. a) {1,a}, {5,a}, {2,3}, {4,3}, rae a — awbon srement 3 Zg.
6) [dBe pazmmiHble TPAHCIOBUIUY WIX TPAHCIOIMINA ¥ TPOMHOU LUK
B) Jlo0bie ABa HE B3aMMHO OOPATHBIE DICMEHTHI MOpAAKa 4.

r) IoBopor o kBagpara Ha yroa +7/2 m mobas oceBas CHMMETDHA T, a
TaKKe T U T0.
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n) {a,b}, {a,a + b}, {b,a + b}.
61.10. Ecam gi,...,9, — KOHeYHas CUCTeMa MOPOXKJamoumx, fi, fo,...
vos [y .. — APyrag CHCTEMa HOPOXK JAOLUINX, TO DAEMEHTEL §i, ..., Jn BEIpa-
KAITCA 9epe3 BTODPYIO CHCTeMy. B KakaIoM TakoM BBIDAKEHHH VIaCTBYET
JIMIIB KOHETHOE SHCI0 DIEMEHTOB BTOPOHA CHCTEMEI, CKaxeM, fi,..., fm. Torga
fi,..., fm TMOpPOXKAIOT BCIO IPYyNIY.

61.11. HopmaapHOoe 3aMBIKQHHE DJICMEHTA A MOPOXAaeTca Kak NoArpyI-

na anemenTavu BIABT = (é 21

PALMOHATLHBIX TUCeT BHAA 1/ 2% OTHOCHTENILHO CIOKEeHHA. DTa HOATPYIIIA He
KOHEYHO IOPOXK JEHA.

) (i € Z), n mosToMy M30MODPGHO TpyIIe

61.12. a) Henoas3oBaTh MHAYKIUIO TO HCIY BO3MOKHEIX COKPALICHUH.

6) Onepanua onpeaeneHa KOPPeKTHO B CAIy a). ACCONMATHBHOCTD O4EBU/I-

ua. Exguaunen cayxur mycroe caopo. CiaoBoM, o6paTHBIM K u = xfll sl Ty

tn
CIy&mT T, " ...x;
b n 1

61.13. T'omoMOpdu3M @ OHpPELeIIeTcs TaK: eCIn U = rfil coxit, 1o (u) =
) € .
=g;!...g;". OTO eIMHCTBEHHO BO3IMOKHOE OTpeJelIeHue.

61.14. Bcakoe HECOKpATHMO€E CIOBO MOYKHO 3alMCAThH B BHAE U = vwu ",

rje w uMeeT B HAYAJE U B KOHIE He B3auMHO npocteie 6yksel. Torga u" =
=pw"v”!, rae pmEa w" B N pas Goxeme gamHED w B Boobme d(u”) = d(u) +
+(n — 1)d(w), nosromy u" # 1 (myctomy caoBy).

61.15. ByaeMm cumTaTh, 4T0 KOMMYTHDYVIONINE 3AEMEHTEL U, U HECOKPATH-
meL [yers d(u) < d(v).

1) Ecim B wv cokpamaerca GOMbIIe INOIOBUHBL CIOBA U, TO IEPEXOIAM K
croBaM U, uv (BTopoe HoJee KOPOTKOe, eM U, M 3TH (JI0Ba KOMMYTHPYIOT, Kak
Hucwy).

2) Ecom B vu coxpamaoTcs 60ablIe MOJOBHHBI CJI0BA 1, TO, AHAJOTMYHO,

NEPeXOUM K PACCMOTPEHHIO U L, vu.

1

3) Ecmu B ciose vu™ COKpalaeTcsa 60JIbIlIe TTOJOBHHEL BTOpPOro COMHOXH-
1

Teas, MepexoanM K PacCMOTPeHHO u™t u e

4) Beom B vu™! cokpamaerca GOgbie MOJOBHHBI TEPBOTO COMHOMKUTE,
MepexoIuM K wvu” !

5) B ocraBmemca ciydae Gyger u = uiuz, rae d(ui) = d(uz2), v = u; v,
e MEX Ay COMHOKHATEIAMEA HeT COKpamenun. V3 paBeHcTBa uv = vu MOLy9aeM

-1
u, v’ = uy 'v'urus. Tak kak B v'uius coOKpamaeTca He Gonee, €M Ui, TOTyHaeM
U =ty Mu=1.

6) [Jeraa xkax e pas 3amensl Tana (1)—(4), MBI B KOHIIE KOHIOB IPHAEM K
cayqaro (5). Pacemarpusas npegsaymm mWar, Hau1eM 0P oK AaOIMNA JIeMEeHT,
Yepe3 KOTOPBIHM BEIPAKAIOTCA U U U.

61.16. B mo6oM KoMMyTaTope U B NPOH3BEISHMH KOMMYTATOPOB CyMMa
HOKa3aTedeH M0 KakA0My BXOxAenuio x; pasua 0 npu moboM i. IlycTs B cioBe
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¥ cyMMa MOKa3aTeaeH Ipu HekoTopoM x; pasHa k # (. Coraacuo 3agate 61.13
nocrpouM romomopdusm csoboanon rpyunel 8 Z Takou, uro x; — 1, x; — 0
(j #1). Toraa u nepenger B k # 0, 1 CICAOBATEILHO, HE JEKUT B KOMMYTAHTE.

61.17. CioBa, IMeoOIMe HECOKPATHMYIO 3AINCh YW U |, Tge w) — IK-
JUecKas IepecTaHOBKa w.

61.18. Ilycts F — ceobogHas rpynna co cBOOOIHBIME HOPOXK JAIOMIMME
B gy A cBobogHaa aGeaeBa ¢ 6asucom a, ..., a,. Ecam romoMopdusm
F — A npogomxaer 0TOOPAKEHUA T; — a1,...,T, — G, (CM. 3agaay 61.13),
TO €r0 AAPOM ABIAECTCA KOMMYTAHT.

61.19. BocnombzosaTbea 3agaden 61.16.

61.20. Ilogrpynma mHgekca 2 HOpMadbHa B M000M rpynne. 3agada CBO-
AUTCA K ONHUCAHUIO PABIMYHEIX CIOPBEKTUBHEIX MOMOMOP(UIMOB CBOOOIHON
rpynnetl Ha rpynmny (a)e. Ecaim z1, r2 — cso6ogubie nopoxjawomme cBoboa-
HOW rpynmel, T0 coraacHo 61.13 HykHO no-pasHoMmy BeIOpaTh 06pas3sl T1, T2.
Otser: @1(21) = @, p1(22) =1, pa(21) = a, p2(22) = a, p3(z1) =1, p3(z2) = a,
T.e. MMEIOTCA TPH MOATPYIILI HHAeKca 2.

61.22. Ouesmano, npu aob6oM romomopdmame rpynnet F = (x1,r2) B
Z, X Z, nepexoaar B e JMHUIY KOMMYTAHT, a Takxke r], 5. PakToprpynna 1o
noarpynne N, NOpoxk AEHHON KOMMYTAHTOM M 3JIEMEHTAMM I, T4, H30MopdHA
Z, x Zy,. lloatomy N Oyaer aipoM Ja000ro CIOPBEKTHBHOIO TOMOMOPGHU3IMA
F—>Z,xZ,.

61.23. a) 16. 6) 36; Bocmoab3oBaThea 3agaden 61.13.

61.25. Coraacuo sagaue 61.13 nmocrpomm romomopdusm ¢ cBoGOIHON
rpynnst F' co ¢BOGOAHBIME HOPOK AAIOUWMAMHA T, . . ., Ty B H Takon, uro o(r;) =
=hi, i =1,2,...,n. IIpn sTom roMoMopdu3Me HAUMEHBIIAA HOPMAJIbHAA O]~
rpynna R, cogepxaman caosa Ri(x1,...,x,), i € I, nepenger B equanny. Ecin
N =Kerp, o Imp ~ F/N ~ (F/R)/(N/R).

61.27. [lokasaTh, UTO KaX bl DACMEHT BhIpaxkaeTea B Buge a'b! | 0 <i <
<2,0L5<T.

61.28. BrmecTm U3 OHpEAEIAIOIIAX COOTHOLIEHUH, YTO MIOPALOK CPYI-
nel < 8, 3aTeM BOCHOIL3OBATHCA 3agaden 61.25.

61.29. DBrBecTH M3 OmpeieMIOLAX COOTHOIICHMM, YTO MOPAJOK TPYI-
nel < 2n, 3aTeM BOCIOAb30BATHCA 3ajgaden 61.25.

61.30. BemecTn u3 onpeieIAOIAX COOTHOLIEHUH, YTO MOPALOK CPyI-
nel € 8, 3aTeM BOCIOIL30BATHCA 3agaden 61.25.

61.31. Coraacuo sagaqe 61.25 paccMoTpeTh TOMOMOP(HIM DTOH TPYIIILI
Ha I'Ppynny VKa3aHHBIX MaTpHI, IIPX KOTOPOM

Lf-10 L1
o 0o 1) "2 01

(kBagpaT BTOpOM MATPHUUEI paBeH F); BOCHOIB30BATHCA TEM, ITO MOACPYIIIIA,
MOPOX I6HHAA T'1L2, HOPMAIbHA.
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61.32. Cwm. ykazanume K 3agaqde 61.31.

61.34. Cum.: Muanop dxc. Beegenne B anrebpanieckyio K-reopuio. — M.:
Mup, 1974. — § 5.

61.35. Kaxanmi cMexHbI KIacC 10 H umeer Bujg giH, i € Z, nosromy
mobon daemeHT rpynnsl uvmeet sug g'h, h € H.

61.36. Ilycte (h) — GeckoHedYHAA UMKIMYECKadA MOACPYINA, HOPOKAEH-
Haa h; gakroprpynna G/H GeckoHeunaa nukamieckas, nopoxaéanan gH. Ilo
npeasiaymei 3agave G = (g){h). Tak kax H uopmamsua, ghg~' € H u oTo6pa-
xenne © — grg~ " (z € H) — aBromopdumam rpymmer H. Ilostomy ghg™!, xak
u h, — nopoxjaommi sremesT rpymnsl H. 3uaunt, ghg~' pases h wm b~
[ToaTOMY B PpyIIIe BEIIOTHEHO ONHO W3 ABYX cooTHomenwit: ghg ™' = h, ghg™' =
=h~"'. B nepeom caytuae rpymma cBoG0 A abeea, TAK KAk OHA TOPOK 1AeTCS
DIEMEHTaMH 1, T2 M 3aJaéTCA ONPeIeTANIM COOTHOIEHRM T1T23] & = .
PaccMOTpUM TPYNNY ¢ MOPOX TAKIIMME T, T2 ¥ ONPEJEIAINIMM COOTHOIIE-
HMeM T1T2T1 = a:;I. B sTom rpynme mMKIMYecKas MOATPYINA, MOPOXKIEH-
Hasi T, HOPMATbHA (BHAHO M3 ONpPEeIAIOmero COOTHOMEHNU), (PaKTOPTPyIIa
10 Hel HeCKOHeYHAA UMKINYecKas (paceMoTpeTs roMOMOphUaM B Z TAKOU, 4TO
r1 — 1, £2 = 0). DremMenT r2 Takke uMeeT OECKOHEYHBIN MOPAAOK, XA HTOTO0

4 +1 n
PACCMOTPHM FOMOMOPGHU3M Hallled TPYIILL B TPYIIY MaTPHIl BAIA ( 0o 1)

T2 — ((1) i) (em. 3agaqy 61.25).

61.37. HamMenbinaa HOpMaTbHaA MO ATPYINA, TOPOXK ICHHAA ', H30MOpQHA
a1 AMTHBHOM IPYIINe Yacex Buja m/ 2* mkeZ. Paccmorpers romomopduam B

PPYIIY MaTPHUI BTOPOrO MOPAIKA, IIPU KOTOPOM L1 — ((2] (1]), To —> ((l] })

(cpaBruTE € 3agaven 61.11).

1 b ay—bxr y 2
20 1 -+ —2—=-2 1 AB-1)
62.1. a) (((1) a) % 6) (O C (,iZ z). B) (0 1 )

62.2. a) gla,blg™" = [gag™", gbg™"]. 6) [aG',bG'] = [a,b]G' = G".

B) Eciu [aN,bN] = N, to [a,b]N = N u [a,b] € N.

62.3. ([a,b]) = [p(a),w(b)).

62.4. Ecne: G — G /G — ecrecTpennriit romomopduan, ¢: G/G — A —
romoMopdusM B abereBy rpynny A, To ¢z : G & A — Takke roMoOMOPQU3M.

BHeKTHBHOCTH 3TOT0 COOTBETCTBHMA CIEACTBHMA caeaveT ma sajasm 62.2, B) n
TOTrO0, YITO £ CHPBECKTHUBEH.

62.5. Ilo Teopeme 06 ompegemnTere npomspetenns ABA™'B™! = 1.
62.6. Brirekaer ua roro, uro [(a1,b), (az,b2)] = ([a1, az2), [b1, b2]).
62.7. a) Aj, 2. 6) {e, (12)(34), (13)(24), (14)(23)}, 3.

B) Ay, 2. r) {£1}, 4.
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62.8. a) A,; xoMMyTaTOp — 4YETHAsg MEPEcTAHOBKA M CONNIACHO 3aja-
e 62.1 B KOMMYTaHT COAEPKUT BCE TPOUHBIE UMKILL A, NOPOXKIACTCA TPOU-
HbBIMU muKaavum (M. sagaqy 61.1).

6) Ecu nnement a € D, ects mosopor na yroa 27 /n, To D}, = {a), eciu n
meaéTro, n D), = (a?), ecm n wéTHO.

62.10. a) Mugykuus ¢ npuUMEHEHHEM NPeABIIVIIEN 32 A%,

6) Muaykuma ¢ npumenenuenm 3anaqu 62.2.

62.11. a) CregyeT u3 TOro, ITO KOMMYTAHT MOACPYNNBI COAEDKUTCA B
KOMMYTAHTEe TDYIIIHL.

6) Creayet ua sagaym 62.3.

B) Muaykuua ¢ npumenennenm 3agaiu 62.6.

r) Tax xak B = (), To G® C A n GF*) = (), rge AV = (e).

62.12. Cwm. 3agaunm 62.7 u 62.8.

62.14. Caeaver uz sagaum 62.13, B), Tak Kak KOMMYTAHT 3TOU T'PYIIIBLI
coaepxurca 8 UT, (K).

62.15. Ecau psag, ykasauueii B sagade, umeerca, ro G = (e) B cuay
sanaquu 62.2, ). Ecam rpynna paspemmya, To GakToOpsl €€ pajga KOMMYTAHTOB
G(")/G(H” abexessr, moaromy Mex 1y G u GUHY yoxHo BeTaBUTE HeCKOIBKO
NOACPYII TAK, 9TO MOLYIAETCA PAL ¢ HYKHBIMU CBOLCTBAMMA.

62.16. Coruacuo 3agade 58.21 meHTp KOHeYHOU p-rpynubl (¢ HeTpHUBHA-
aed. [Iycte A — moarpynna nopsagka p, Jexamasn B uenrpe. Torga A HoOpMaib-
Ha B (7. 3aBepmaeTca A0Ka3aTeIbCTBO MHAYKIMER ¢ nepexogoMm k G /A (Toxe
p-TPYINa) W UCHOIb30BaHueM 3ataqu 62.12.

62.17. Ecmm ¢ > p, TO CAIOBCKAA ¢-TIOATPYNIA HOPMAJIBHA B Tpymnmne (Cu.
vkaszanme K 3agaqe 59.20).

62.18. a) CuiroBckas 5-moJrpynna HOPMaJAbHA, TaK Kak MHACKC e¢ HOpMa-
JM3aTOpa — JAeauTelb ducaa 4 u cpasHuM ¢ 1 o Moayao 5.

6) Ecau B rpynne mopaaka 12 cuaopckas 3-moArpynma He HOPMAIbHA, TO
TAKUX HOArpynn no kpanuen mepe 8. Ho mo Teopeme Cunosa cymecTsyeT moji-
rpynma mopaika 4, 1 Torja OHa B CHIY CKa3aHHOTO eJHHCTBEHHA.

B) Ecam p > ¢, To “mcao m mogrpynm nopaika p’ cpasEEMO ¢ 1 0 MoayaIio
p Toabko ipu m = 1. Ecam p < g, TO 9MCI0 g-OATPYII CPAaBHUMO € 1 0 MO VIO
q u aeuT p wm p°. Tak Kak p OHO JeIMTh He MOXKeT, OHO DaBHO p°. 3Ha4WT,
sremenTor mopsgka g Gyger p’(q — 1). Oamako noarpynma p® cymectryer,
nosTomy oHa eamucTeenna (piq = p*(qg — 1) + p°).

r) Curosckas 7-mOArPYINa HOPMATLHA.

1) CrmnoBckas H-HOATPYIIA HOPMATBHA.

e) Kombunupyiorces coobpaxkenus 3anas 62.16, 62.18, B), a Takxke T0, 4TO
ecIM HEKOTOpasd CHIOBCKasA MOATrPYIIa MMeeT HHAEKC HopMmammsaropa k, To
TPYIIa NPeJcTaBIAeTCA NOACTAHOBKAMK HA MHOXKECTBE CHIOBCKUX MOATPYIIIN,
T.6. HA k cUMBOIax.

27 AWM. Kocrpukun
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62.20. HcnoassoBars 3aga4dy 62.19.
62.21. HWcnoasszoBats 3agaquy 62.1, B).

62.23. BocnoabsoBatbca teopemon u caeacrsuem 14.3.1 w3 kHumru:
Xoaa M. Teopus rpynn. — M.: ILJI, 1962.

62.26. Cu.: Xamdpu Joc. Jlunennsie adreGpamdeckme rpymnmbl. — M.:
Mup, 1980. — C. 184-186.

62.27. a) Tak xak mopAgok ¢—1 MyIbTUIIMKATUBHOU IPyNIs! Z, IeIATCA
HA p, TO TaKuX 4ucea r cymectsyet p— 1 (em. sagagy 60.46).

r
6) I'pynma, cocToAmas U3 MaTPUI ( 1), rge r — 9YHCIO U3 a), pac-

0
cMaTpuBaemoe nmo noaMoayaio g, « € Zg (0 € i < p), HEKOMMyTaTHBHA
r 0 1 1
AOCTATOYHO PACCMOTPETH MaTPHIILL (0 1) u (0 1) DrTa rpynmna uMeer
nopanok pg. lyers G — umeabeaesa rpynmna nopsaika pg, A = (a) — eé cunos-
CKaja noArpynna nopsaika g, B = (b) — curosckaa noarpynna nopajgxa p. Tor-
aa 1o reopeme Cunosa (cm. Takke 3agady 62.17) A mopmamsna B G. [osTomy
- i i P ,
bab~! = a*", B wactuocTH, bab~? =a = a*"; moatomy s” =1 (mod ¢), Tak Kax
G neabenesa. MeHsd, ecan HYKHO, daeMeHT b Ha ero k-1 crenens (1 < k < p),
MBI MOXKEM § 3aMEHNTH Ha J000e 9ucI10, 001ajaniee aHATOTHIHEIMH CBOMCT-

Bamu. IMosTomy ecim (G m G2 — nBe Hea(GeJdeBbl TPYINLI MOPAJKA PG, B HAX
MOKHO BBIGDATH BAeMeHTHI a;, b; (i = 1,2), anamoru+use a u b, obaagaomme
ceomctBavm: a! = e, b = e, bja;b; ' = a], rae r’ =1 (mod q). Msomopduam

MEXAY TAKUMM IPYNNAM¥ yCTAaHaBIMBaeTca coorsercrsueM l(aijhl) = ashh,
rae 0 <s <q, 0Kt < p.

62.28. 6) IIpoussegenne >THX IEPECTAHOBOK B YKA3aHHOM IOPATKE eCTh
muka gmuasl 7. CoraacHo a) bakTOPrpyIna 3TOR TPYIIEL 0 KOMMYTAHTY TPH-
BUAIBHA, IO3TOMY I'PYIIIA COBIAJACT CO CBOMM KOMMYTAHTOM.

B) [lanHas rpymnna roMmoMopdHO 0ToOpakaeTca Ha rpynny u3 6) U COnIacHo
sagade 61.25 u mosTOMYy HepaspenmMa.

62.29. Hepaspemmma, ecam cucteMa cBOGOIHBIX NOPOXK JAIOMMAX COCTOUT
foaee, 1eM M3 OJHOTO DICMEHTA, TAK KAK B DTOM CAVYAe HET HETPUBHAILHBIX
abeneBpIx HOpMaIbHBIX moarpynm. Cum. Takxe 3ajauy 62.11, 6).

63.1. a), 6), r), e), k), 3), k), 1), M), ), 0) ipu D = 1 (mod 4).

63.2. B), 1), a),¢), x) npu D =1 (mod 4).

3), n) Mcnoas3oBars, 9T0 /2 He ABIIETCA KOPHEM KBAPATHOTO TPEXTLICHA
maa Q.

63.3. Bce, kpome 3).

63.4. Her.

63.5. Cwm. zagauy 1.2.

63.7. 63.2, B); 63.4, r) mpm n > 2; 63.2, 1) mpm D = ¢ (c € Z); 63.2, e)
npu D = ¢ (c € K); 63.3, a); 63.3, 6); 63.3, 1) npu |R\ D| > 1; 63.3, u); 63.5.
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63.10. 3amermts, uto (zy) ' =y 'z,

63.11. a) Z; cocrout u3 Beex Takux kaaccos [k], uro wmcaa k m n Baa-
MMHO TPOCTHL; ACIUTEAMA HYJIA ABIAIOTCA BCE Takue Kaaccel [k], ato k u n
HMMEIOT HeTPUBUAILHEIN 00U (e IUTelh; HUILIOTEH THEIMY DJIeMEHTAMY AR
0TCA Bee Takue Kaacest [k], 9To k geamTes HA BCE HPOCTHIC ACIUTEIA 1.

6) Z,» cocrouT U3 Beex Takux Kiaccos [k], wro k me gemmrcs ma p; aeam-
TeIAMH HYJIA ABLIIOTCA BCE KJAACCHL BUAA [pm]; KAk A JeIUTelb HYJIA HUIb-
MOTEHTEeH.

B) AHAJOTHTHO a), TAe BMeCTO 1 OepéTca MHOTOMIeH f.

r) Muoxectsa maTpu (o), y KOTOPBIX COOTBETCTBeHHO vy Z0 (i=1,...

.,m); i = 0 xoTa OB IpH OAHOM i Bee vy = 0.

1) Muoxecrsa matpun A coorsercrsent o ¢ det A # 0, det A = tr A = 0.

¢) MuoxecTBO (DyHKIMH, HE TPUHUMAKOMIAX 3HaIeHne (); MHOKECTBO (hyHK-
LUH, TPHHEMAOMUX 3uadenue (); Hytesas QyHKIu.

&) OOGpaTHMBIMK BIEMEHTAMH ABIAITCA PALBL C HEHYJIEBBIM CBOOOIHBIM
WIEHOM; JEIMTEeJeH HYJA M HeTPUBHAILHBIX HHILIOTEHTHBHIX DIEMEHTOB HET.

63.13. a) Orobpaxenne © — ar (a € R, a # 0) — Omexuna, modsToMy
ar = a npu HeKOTOpOoM T € R; mobon b € R npeacrasum B Buge b = ya, n Torga
br = b, T.e. T — 1eBag eIUHUIA.

6) DaemenT, OGPATUMBINA CHPABA, HE ABIACTCA IPABBIM ACTATENCM HYJA, U
nmosToMy o - 20 — 6HGKIIPI_E.

B) Ecan ab = 0 u a ne apisercs npaseiM geaurenem (, TO 3IeMEHTEL T a, . . .
..., Tp@ TONAPHO PA3IMYHBLL U OJUH U3 HUX paBeH 1. YTBepxKeHUe B) HEBEPHO
B amrebpe Hag Z» ¢ 6asucoM (z,y) U TaOIMIEN YMHOKEHHA Ty = y2 =0,yr=y,
zt =1

6) Hesepro B Geckonenomeproi amre6pe nan Z ¢ 6asucom (y*z' | k1 € N)
(27€MEHTBI T ¥ § HEe KOMMYTHPYIOT) U YMHOXKEHAEM

y*z =Tt mpm 1>,
gyt = gkt npu [=r,
y*t=le® mpm <

63.14. Ecim ab =1, To (ba — 1)b = 0.
63.15. 6) Cum. oTeer k 3anade 63.14.
B) Cu. oTBer k 3ajaue 63.13.

63.16. a) R xommyTaTuBHO (MMEET eAMHULY ) TOIAA U TOJLKO TOIAA, KOI-
Aa Kamkjgoe npaMoe caaraemoe R; KoMMyTaTuBHO (MMeeT eaumHuny); B R Her
AeadTener HyJIa TOra U TOJALKO Torja, korja k = 1.

6) Duement a € R, a=(a1,...,ax), a; € R;, o6paTuM (HLIBIOTEHTEH ) TOrAA
M TOJBKO TOTJa, KOI4a Kaxaoe a; o6parumo (Huasnorento) B Ry, i=1,... k.

63.17. a) Oro6paxenue [z];, — ([z]k, [z];) — msoMopdu3m.

27



420 Omsempl u yraszanua

B) IMapa ([z],[y]) obpatuma B Zj X Z; TOorga u TOIBKO TOrga, xorga [z)
obparum B Zy, [y] o6parum B Z;; ¢(n) — umcno nopox gaoumx saemesros Z, .

63.19. 6), B) PaccmoTpers muHenHoe oToOpaxkenue ¢, : A — A, 3anasae-
Moe hopMyIon @, () = az.

63.20. MHcmosb3oBaTh CYIIECTBOBAHME AHHVIMPYIOIIET0 MHOTOWMIEHA Y
KXk J0T0 BIEMEHTa Aaredpsl.

63.21. a) C&®C, Clz]/(z?).

6) Kpoume amre6p B a), emé Tpu amreéper: Ce & Ce, rae e = 0; Ce & Cf,
riee’ =ef=fe=0, fP=e;Cce DCf, rae® =0, f2= 1.

63.22. a) RO R, C, Rlz]/(z?).

6) Kpome aare6p B a), Re & Re, rae e2=0;Re®Rf, raee? =0, f2 = f,
1 BeKTOpHOE mpocTpancTso Re @ Rf, rre e’ =ef = fe =0, f* =e.

63.23. a) Her.

r) Bee xBaTepHUOHEL T11 + T2j + z3k ¢ ycaoBuem B+ +zi=1.

63.24. Ucnomsszopats H6asuc T(V), mocTpoennsm ¢ moMomeio 6asuca V.

63.25. 6) Henmoaszopats G6asuc A*(V), mocrpoennsmi mo 6asucy V.

8) Ecim # — HMABNOTEHTHEI DICMEHT KOJAbLLA, TO a—+2 o6paTum npu o 7 ().

63.28. IIpumMeHHTL OmEepaTOPLL pil‘ c.phe q{‘ ...qlr x ogmowrenam 7' ...

63.31. 6) Hyau menpepssHOR dyHKuuu 00pasyioT 3aMKHYTOE MOJMHO-
xecTBo. BEcm fg = 0, o nyim f u g B oobegunenun gator [0, 1].

64.1. Vcnoab3oBaTh JelIeHME ¢ OCTATKOM. a) nZ. 6) f(z)K[z].

64.2. a) PaccMorpers ugean (2, z). 6) Paccmorpers ugearn (z,y).

64.3. Ecam menmyaeBas marpunma X mnpusastexnT ugeaay I, To MaTpm-
ua AXB suga Ei1 + ...+ E, € I, orkyga AXBE,, = En1 € I; nosromy
E=FEu+...+Ex, €l

o ar a2
64.5. Kax e uaear COCTOMT U3 BCEX MATPHIL BHAA (0 & ), rje ajae-
3

MEHTHI a) cOcTaBamioT B Z ugean I (k=1,2,3), npuuém I C I u I3 C Is.

64.7. 0; Bca aarebpa; BCe MATPUIBI ¢ HYJEBBIM IEPBBIM (BTOPBIM) CTOI6-
L[OM; BCE MATPHUILI ¢ OJUHAKOBBIMU CTOJIOLAMHU.

64.8. a) 0, L u nogarre6pa {e).

6) 0, L, (1 +¢) u (1 —e). Beaxunn ngean, oranausm ot 0 u L, apigercs
Dl‘HOMCpHHZ\l H(]'[[_HPO(TTPHHCTBOM B L.

64.12. a) (p), rae p — OpPOCTOE YUCTIO.

6) (p(x)), rae p(r) — MHOIOYJICH NEPBOU CTEIEHH.

B) (p(z)), rae p(z) — MHOTOWIEH NEPBOM CTENEHU WIM MHOTOWICH BTOPOH
CTEIeHN, He UMEIOIINNA TeHCTBUTeIbHBIX KODHeH.

64.13. Hesepmno.
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64.14. 6) Ecam Her Toukm, rjge Bce dyvHKuuE obpamaiorcs B 0, To gaa
kaxgon Toukn a € [0, 1] vanaéren raxan gyukuua fo, 4o fo(a) # 0. B cuny
HeNPEPBIBHOCTH (yHKIMA f2 () CTPOrO MOJOXMTEIBHA B HEKOTOPOH OKpECT-
HOCTH (@ — £q4,a + £,) TOUKK a (M HEOTPUIATEILHA B OCTATBHBIX TO4Kax). Ilo-
CKOJBKY M3 KaJ0r0 IMOKPBITHA OTPEe3Ka MHTePBAJaMi MOXKHO BBIOPATH KOHEY-
HOE NOKPBITHE, HAUAETCA KOHCYHOC YHCI0 GyHKUMK f1, ..., fr 13 Hacala TaKuX,
aro fi(z)+...+ fi(z) > 0 gua moboro z.

64.15. PaccmoTpers maean, HOpoxAEHHBIH aaeMmerToM a 7 (). Koasno ¢
HYJIEBBIM YMHOMKEHHEM, a1 IATABHAA MPYIHa KOTOPOTr0 INKIMIECKas IPOCTOT0
NOpAKa, HE UMEeT HeTPUBHAILHBEIX MICAIOB, HO MOJEM HE ABIACTCA.

64.16. [loxasaTh, ITO MOJHBIE TPAaBBIE AETATETH HYIA (T.e. DIeMEHTHI
a € R, paa xoropuix Ra = () 00pasyoT JeBBIM MAEAT W IOITOMY HE MOLYT
6bITh OTAMYHBIMU 0T Hyad. Ecau xe ba # 0, o Ra = R. Beisectu orcioaa, 1to
B R BOOéﬂle HeT ,E[QJ'II/]TP.JIEﬁ HyJIA ¥ 9TO OTJAUMYHBIC OT HV.JIA 3JEMCHTBI KOJIbIld
06pa3’yIOT IPYNIY 0 YMHOXCHUIO.

64.17. Ilycrs R D a # 0. Umeem Ra D Ra®>D ..., OTKY /12 Ra* = Ra* 1
npu mexkoropoM k. Orcoga a® = ba* !, 1 = ba.

64.18. Iloxoxutsk d)(a) = min, ¢ i\ oy 01 (az).

64.19. a) Paccmorpers mopumy d(x + iy) = 2 + y°.

6) B sTou Kombue saementsr 2 u 1+ /3 mpocteie, w4 = 2-2 = (1 +4/3) x
%(1 = i/3) — ABAa HEACCOUMMPOBAHHBIX PABIOKEHHMA HA MPOCTHIC MHOKHTEIM.

B) PacemoTpers mopuy §(z + iy) = z° + y°.

64.22. Cwm. sagauy 8.19.

64.24. Ilycte RC ACQ un I — uaean 8 A. Joxasats, uro I = (rg),
rae rp NOPOXAAET WICAT KOAbLA, COCTOAIIMI W3 THCAATEICH BCEX BIEMECHTOB
u3 I.

64.25. Ilycts R[x] — xoasuo ruasuex ngeanos. [lia 0 # a € R pacemar-
pusaem ugear I = (z,a) xomua R[r]. Tak xak a € R, To I = (fy), rae fo —
KoHCTaHTa, T.e. I = R[z]. Orcioga 1 = u(z)xr +v(z)a, a v(0) =1, Tak uto R
noae; aamMeTuts, 9To Flz,y] = Flz][y].

64.26. (z"), n 3 0.

64.28. a) IIpeacrasur eaununy B Bujge 1 = a) +az, rae ay € Iy, az € Ir.

6) [To unaykuuu cecty k caydawo n = 2. [laa kaxa0r0 i 2 2 MOKHO HAUTH
anemeHTHl a; € I; u b; € I; Takue, yro 1 = a; + b;. Torga

n

1=H(az‘+bi] EI[+ﬁIk.

i=1 i=2

Caeposareasno, I + [, I; = A u coraacHo 3ajade a) MOXHO HaUTH ¥ = 1
(mod I1) mwy: =0 (mod []_, Ii). Anasormano HalgyTCA Y2, . .., Yn € A Taxue,
aro y; =1 (mod I;) my; =0 (mod I;) mpu i # j. Torga saement @ = x1y1+. ..
...+ TpYn YAOBIETBOPAECT TPEOOBAHUAM 3214,
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64.29. a) Her. 6) Ha.

64.31. a) Hcnmoassosats s3agaqy 63.11, B).

64.37. a) n — 0. 6) n > nyn—0. B) n = 0.

r) JIro60i roMoMOPGU3M EMEET BHJ 12 — N€;, TAE €; — HIEMIOTEHT KOIbIA
MaTPHII, BCEIO BOCEMBb MOMOMOP(PU3MOB, COOTBETCTBYIOMIX HaeMmoTeHTaM O,
E, Ey\, E22, Evi1 + E12, Es) + E22, Eny + E21, Ey2 + Eas.

64.38. a) n — na, rae a — TPOU3BOILHBIM (PHKCHPOBAHHBIN daeMeHT u3 Q.

6) n—0,n—n.

64.39. dokazaTb, 4T0 AIp0 roMoMOpdH3IMa WIM PABHO HYIIO MM COBIA-
JaeT ¢ TMOJeM.

64.41. PaccMoTpeTh TOMOMOP(U3IMBEL:
a) f(z) = fl@);  ©) f@) > (@) ®) fl@) > f (—_1?@).

64.42. Tlone noayuaerca mpu fi(x) = 22 + = + 1, usoMopdusie pakTop-
koabia — mpu fi(2) = z° u fo(z) = 2° + 1. PaceMorpers TabImib! yMEOKeHIA
JUIA YKA3aHHBIX (PaKTOPKOJIELL.

64.43. Her: B mepsoM (pakTOPKOJBIE €CTh HEHYIEBON DJAEMEHT, KyH KOTO-
pPOro paBeH HYIIO, & BO BTOPOM (PAKTOPKOJIBIE DIEMEHTA C TAKHM CBOMCTBOM
HET.

64.44. Her.

64.45. Ilpu yMHOKEHNM HA DACMEHT r — a € Fx] m060# d1eMeHT IepBoro
Moay.aa obpamaeTca B 0, a BO BTOpoM MOAyJe 5To He Tak; 06a ¢akTopKoIba
u3omMopgHeL F.

64.46. Ilycts ((z —a)(z —b)) =1, {(z —¢)(z —d)) = I>. BanucaTs npons-
BoabHbIA daement ua Fz]/I; B suge a(z —a) + B(z — b) + I} 1 nocTaBuTh emy
B coorBercTeue aaement ka(x — ¢) + kf(x — d) + I> € Flz]/I2, vae k = ::2

64.47. A u Az, As u As.

64.48. a) [la. 6) Her.

64.49. a) [a. 6) Her.

64.50. Hckars o6paTHBIM daeMeHT K f METOZOM HEeONpeJeléHHBIX Ko3dg-
(bUITHEeHTOB.

64.52. Ananoruuno sagaue 63.17.

64.53. Cw. zagauy 64.15.

64.54. Mcnoas3oBaTh BIOKEHWE KOJeln Ge3 JeauTe]ed HyId B MoJe.
64.55. a) Hanrm gemmrenn Hy.s.

6) [lokasaTk, 9TO KaxK/ABII HEHYJIEBOHM DIEMEHT MMeeT 00PATHBIN.

B) [JokasaTek, 9TO JAaHHOE KOILLO HE COAEPKUT AEIUTENEH HYIA, eCIU 1 —
IPOCTOE TACJI0, HE PABHOE CYMME IBYX KBaIPATOB, M ITO KOHETHOE HEHYJIEBOE
KOMMYTATHBHOE KOJLIO 0e3 AeJuTeNel HyJsl ABIAETCA MOJEM.
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64.57. Paccmorpers oToGpamenne aor’ + ... +ay — @oz" + ... + @k, rae
qi = G +(n) (3:=.0; .. ,k)

64.58. p".

64.59. a) BeecTw cTPYKTYDY KOJIblIa Ha HpAMOH cymme S = R @ Z.

6) Ecim R — aare6pa mag morem K, To mpeepatuts B aarebpy zag K
npamyio cymmy S = R@ K.

B) ComocTaBUTh KaxKAOMY DJIEMEHTY @ B JAaHHOU aareOpsl A IHMHENHBIN
OIepaTop Y, Ha BEKTOPHOM mpocrpancTse A Hax K, npu koTopoM ¢, () = ax.

r) Hcnomszosars 6).

64.60. [okasatsk, uro I +Nizrl; = A aaa Beaxoro k= 1,..., s; BeIBeCTH
OTCIOJA CIOPBEKTUBHOCTE OTOOpakeHus f.

64.61. Hcnoassopats romomopduam f(z) — (f(1), f(—1)).

64.63. Ilokasars, uT0o INZ# 01 I cOAEpPXKAT HETPUBHAILHEIA [0 MO LYJIIO
I N Z muOrOYIEH.

64.64 — 64.66. Bocnoab3oBaTbCA TEOPEMOM 0 IOMOMOP(pUIMAX.

64.67. B) Ycaosue det(a;;) # 0 BEITEKACT U3 CIOPBEKTUBHOCTH KOMIIO3H-
wan A(V) = A(V) — A(V)/I2, rae I» — unean, nopoxaéunsir A% (V). Tas
JO0Ka3aTeIbCcTBA TOTO, UTO  — aBTOMOP(QU3M, HEOOXOTHMO IIOKA3aTh, ITO
plei) Awle;) +plej) Aplei) =0 gma Beex 4, j, a TaxKe CIOPLEKTHBHOCTE (.
IocaegHee OCTATOYHO MOKA3ATh A OTOOPAKEHHA © C €JUHITHON MATPHIEH
(aij). JdoxazaTeabcTBO MPOBOAUTCA VOBIBAOLIEH MHIYKUWEH IO k, HAUMHAA C
prmovenna A"V C Im .

64.68. 6) AHHYJATOD HOPOXKAAETCA HAEMIOTEHTOM 1 —e, rjae e — MOpoX-
JAKOIMHA 3JEMEeHT JaHHOTO MIeamta.

64.69. Ecm maeansr Iy,...,J, mopoxIapoTca HOMDApHO OPTOTOHATBHEI-
MU MJIEMIOTEHTAMH €1,...,€n, TO [1 + ... + I, mopoxaaeTca UAEMIOTEHTOM
e1+...+en.

64.70. r) Hanpmwmep, Lo = { ((; g) } — { (Z zg) }, rae a,b — mobse

DAeMeHTHI MOJA.
) a 0\)_ fa a 0 b\\_ /b 2b

VP\\e o)) \e ¢)P\\o d)) " \a 24)

64.73. Ma(K)=1TI®J.

64.75. Paccmorpers aapo roMmomopduaMa Zyy, —+ Zm B Zy,, 1pu KOTOPOM
l+mnZ — (I +mZ,l + nZ).

64.76. Ilpu n, He ZeJAIIMXCA HA KBaJAPAT MPOCTOrO YUCIA; HCIOJIL30OBATE
sagaay 64.75.

64.77. [lokasaTh, 9TO Waeal, COCTOAUTMA W3 BCeX MaTpui Buaa ali,,
JEeXWT B HEHYJIEBOM HIEAle DTOH aIreOpsL.

64.78. Ecm R=1,%...4 I, — pasntoxenne xoapua R B mIpaMyio cyMMmy
NMPOCTHIX KOJEeIl ¥ e — MAeMIOTeHT B R, To e =¢ey; + ... +e,, rae e; € I; —
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uaeMnoTesTel. JokazaTb, 9TO B I; YMCI0 MIEMIOTEHTOB KOHEYHO (HCIOIL30-
saTe 3agauy 64.16). Barem ucnoabsosars 3agaqy 64.15.

64.79. Ecm A=1 & ... % I, — Bnoane npusogumas arrebpa (I, —
npocteie aarebprr), 0 1 & ... B8 L1 & L1 B ... & I, — eé MakcHMATLHEIN
ugean (k=1,2,...,n).

64.80. HWcmoawsosars sagaay 64.15.

64.81. KomeuHbIe NUKIAYCCKAE TPVIIILL, TOPAJKA KOTOPBIX HE ICIATCA HA
kBagpar. [ukmmieckas rpynna He COAEPAUT COGCTBEHHBIX HOANPYIN TOrAA U
TOJBKO TOrJA, KOT'Aa €6 MOPAJOK — NPOCTOE IUCI0; HCHOTB30BATE PA3IOKeHTe
IUKJIXIECKOR PPYIILL B IPAMYIO CYMMY IPHMAPHBIX HUKJIMYECKHX IPYIIIL.

64.82. Ilycre R=1®...® [, — pasnoxenue koabua R B npaMyio cymmy
MHHUMATBHBIX JeBblx nieatos. BEcm [ C R, To cymecrsyer I, € I, u Torga
It, NI =0. Ecm I, &1 # R, o cymectsyer I, € I, &1, u I, N(Ix, @) =0.
B xonne xonnos moxygaem Iy, & ... & I, &I = R (upm vexotopoM s < n).

64.83. a) Ecm R=1, % ... % I, — pasioxkenue KOIbLA B IPAMYIO CYMMY
MUHHUMAJIbHBIX JeBBIX Hacatos u I — aespmt ugcan B B, to R=1L; D ... O, &1
IPH COOTBETCTBYIOUIEN HyMepaluy cIaraeMbrx (cM. ykasanue K 3agaqde 64.82)
nI~R/(L&..®)Ln®...81,.

6) R=TI&J (cm. sagady 64.82), 1 = ey +e2, rae e € I, e2 € J; n10xkazaTh,
qTO €1, €e2 uaeMnoTenTs | 910 I = Re;.

64.84. PaccMoTpeTs HMKIMYECKYIO IPYIIOY IPOCTOrO NOPAIKA C HYJICBBIM
ymuoxenneM. CM. ykasanue k sagadam 64.82, 6) u 64.16.

64.85. Cwm. zagauy 64.82.

64.88. Cwm. zamauay 64.75.

64.89. JIunennbie 060109KH HAOOPOB BEKTOPOB €5, ..., €, ,rae 1 <i; <. ..
. < iy € n. JlokazaThb, 9TO €CIM HOAMOAYIb A COAEPEKUT BEKTOP i € + ...
.+ ;e vae @ . ..o, #0, TO €iy,...,6, € A.

64.90. k — kko, rae ko — QUKCHPOBAHHEBIN, K — NPOU3BOIBHEIL DJCMEHT
u3 R, naér msomopdmam R-moavian R ¢ mesbivm maeanom I = Rkg. OGparHo:
Hamrane m3omopduama R-mogyan R c aesbim maeamom I C R osmataer, 4TO
I = Rko, rae ko — o6pa3 1 mpm s3TOoM m3omopduame.

64.91. Flz] = Flz]ol® Flz]oa@®...® Flz]oa® | npuuém Flz]oa’ ~ Flx]
(m3omopdmam F[z]-moaymei).

65.1. Ilyctes I — maear B A[rr] Jlerko BHETE, 9TO MHOXECTBO Koapdu-
IIMEHTOB a; MHOPOWICHOB a9 + a1 + ... + a;2° w3 J aaserca maeatom [ B A.
IMocaegoBaTeasrocTs uaeanos Iy C I) C I, C ... cTabMmM3UpyeTca, CKaXeM, Ha
I; nyers ai; (i=0,...,r, 7 =1,...,n) — obpasyomme aua [;, u nycTs aua
KaxK JO0T0 U3 YKA3AHHBIX i, j BRIOpaH MHOrOwIeH fi; n3 J cTenmenu i co cTapmmm
xoadpunmentom aq;. Torga {fi;} — muoxecrso obpasyommx J. Jin kam10-
ro f € J MHAYKOHEH IO CTENEeHM MOXKHO IOKAa3aThb, 4TO [ JEKHAT B HIEAIE,
HOPOXKIEHHOM fij.

65.2. Bocnons3oBaTheA NpPeLIAVIIEN 3a1a4€H.
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65.3. r) Hamucars ¢gopumyry aaa o6paTHOrO 2IeMEHTA.

) Pacemorpum Tpu caygas.

Cayuan 1. Cpegn smemenToB —a, —3, —afl €CTh DIeMeHT, PABHBIN Y> 171s
HexoToporo v € F. IlycTe gad onpefereHHOCTH —q = 72, v € K. Tornas A
eCTh, OYeBUAHO, AeauTern Hyd, u umzomopdpmsMm A = My (F) moxHO 3a1aTh
ABHBIME (POPMYJAMH, HAIIPAMEP,

G (5 ) (28) (%)

Caygan 2. B A ects gesmrens vy Buga u+p, rae u =1,y € K, v # 0,
p=a1i+x2j+xsk — amerem kparepunon. Torga (em. 1)) N(u4p) =~ —p* =
= 0. Honoxum i’ = p u gonomuum i’ 1o Gasuca i', j', k' npocrpauncrsa wmc-
THIX KBATEPHUOHOB TAK, YTOOBI BEITOIHAINCE COOTHOWeHns: i - = ~2, j'2 = —f,
i'j = —j'i' = k'. 31o cpoauT caywai 2 k cayuao 1.

Cayuan 3. B A ecTe 9uCTO MEMMBIA AETATENb HYAL P = 16 + T2 + x3k.
Ecmm 2 # 0, To, paccMaTpuBas KBATEPHUOH

2 2 2
U g u ; U
utr(l+—= itz |l-—=)jt+tzs|l+—= ]k
dory dax] dovry
MBI CBOAUM Cay4ad 3 k caygawio 2. Ecim xp = 0, To mmeer mecto caydan 1.

e) B marpumvHOM mpejacTaBIeHMM 1) YMCTHIC KBATEPHUOHBI BIIEIAOTCA
yeaosueMm tr P = (0. Takum 06pasoM, BCe HHIBNOTEHTHBIE MATPUULL (M TOIb-
KO OHH) HPEACTABIIIOT YUCTO MHUMBIE JeIATEIn Hyad B A.

%) BocnoabsosaTses 1), €).

3) YMHOKCHUEM HA HEHYJICBOH DAeMEHT A € F' MOXHO JOOMTBCA TOrO, 4TO
onpefeIUTers MATpuUIE () craner kBajgpaToM moaa F; Torga () B HEKOTOpOU
cucTeMe KOOpAMHAT mMeer nma axi + Az + afzi. Creayer obparnTh pHE-
MaHHe Ha TO, YTO BeKTOPHOE NPOU3BEJCHUE 3aBUCHT OT BHIOODA OPHEHTAIMM.
IIposeputs, 4TO 3aMeHa opmeHTamuw W mpmBoauT K 3aMeHe aaredper A Ha
ABOMCTBEHHYIO anredpy A°, yMHOKEHME * B KOTOPOU CBA3AHO ¢ YMHOMKCHUEM -
B A no npasuay a-b = bxa (kax BekTopHbie npocTpancTa A n A cosmajaior).
Janee, ecmm A — anrebpa xBaTepHUOHOB, TO A ~ A°,

65.4. B) Paccmorpers F -aunenHoe oToOpakeHue r — ar.

1) CeecTu yTBepXAeHHEe K CLy4ai0 IPOCTOH amredpsl ¢ eauHuuen. Muxu-
MaIbHEIC HMacansl uveoT Bug Ae, rae e? = e.

65.5. B) IlogupocrpascTBo A) YHCTBIX KBATEPHHOHOB auarebper A =
= C(‘S (F) BbigerseTcsa yciaoBuem r = —T, rje depra o603HAYAET €CTECTBEH-
Hy10 uHBOMOmHIO arre6psr Kmaddopaa: T =1, & = e;, £;6; = eje;. B xavect-

1 1
Be 6asuca Ay MOXKHO BBIOPATH DIEMEHTEL €162 — 5@(61,62), €263 — §Q(ez, es),

1
€i1ez — 5Q(€1,€3}.
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65.7. a) JocTraTodHO PacCcMOTPETH CAVYIAM HENPHUBOAMMOIO MHOIOYIE-
wa f nag Q Torpa K = Q(X]/(f(X)) — xoHeunoe pacumpeHue CTENEHH n
rag Q; nycre z — wmace X (mod f(X)). Torga orobpaxenne K — K, onpe-
AenéHEoe (GOPMYION a4 — Ta, ABIACTCA IHHEHHEIM OTOOPAKEHHEM N-MEPHOrO
BekTOpHOrO npocTtpancTsa K man Q B ceba, npwaéM €ro MUHUMATBHBI MHO-
TOWICH COBIAJAET ¢ MUHUMAJIBHBIM MHOIOYICHOM DJICMEHTA &.

65.8. Her.

65.9. Iyers I = (fi,..., fo). daa m060ou rouku z € C onpegeium HeoT-
punaTeasHOoe memoe amucao n(z) = min; v.(f;), rae v: (f;) o6o3ragaeT mopazox
Hyas Gyskumm f; B Touke z (ecam fi(z) # 0, To v:-(fi) = 0. Hycrs (z) —
HocaefoBaTeIbHOCTE Beex Touek B C, a1a koropeix n(zi) # 0. IloctpouTs me-
Ay PYHKUHIO f, IMEIOIIYIO HOCIe0BATEILHOCTE (2 ), MOCIeA0BATEILHOCTHIO
HyJIeH ¢ KpaTHOoCTAMEA 1z ) u mokazaTs, ato I = (f).

65.10. a) D = 0; paccmorpers © =y = 1.

6) f(z)D, rae f(z) € Z[z], D — obsranoe auddepenunpopanue.

B) 3 fiDi, rae fi € Z[xy,...,2,], Di — yacTHbie quddepeHInpoBaHu 10
[EePEMEHHBIM.

65.12. Cwm.: Xepemeiin. HekommyTaTususie koasua. — M.: Muap, 1972,

C. 99.

65.13. Cwm.: Jurcuve. Yuusepcaassele oGepToBamomme airedper. — M.:
Mup, 1978. — C. 170, 171.

65.15, 65.16. Cwm.: Bopesuu 3.H., Mladiapesun H.P. Teopus amucen. — M.:
Hayxa, 1985.

66.2. a) Eca /n ¢ Q. 6) Ecam n < 0.

B)n=2mpup=3;n=23npup=>5n=3,56npup="T.

66.5. MyiabTUILIMKATUBHAA I'PYHNA [HOIA M3 YEThIPEX JJICMEHTOB UMEeT
NOPAJOK 3, ¥ AJIA MOCTPOEHMA TAKOTO IMOMA JOCTATOTHO MMETh MATPHILY IO-
pagka 2 wan noaeM Zs, A0 9€ro J0CTATOYHO, ITOOLI OHA VIOBIETBOPALA YpaB-

menuo A2 + A+ E =0, r.e. tr A = det A = 1. Taxas mMaTpuua ((1) 1), u noJe

cocrour u3 srementos O, E, A, A+ E; nupu n = 6 paccMOTpeThs MOPAIKH DJe-
MEHTOB B aJAUTHUBHON T'PYIIIE.

66.6. {ke | k € Z}; anamuTusHaa rpynna cOGCTBEHHOTO MOANOA HMEET
MOPAJIOK P U COACPKUT YKAZAHHOE TOIIOTIE.

66.7. [laa mora Q@ gokas’aTh CHAYAda HEMOABMKHOCTD IEIBIX THCEI MPH
mob6oM aBToMopduaMe; 11 mod R 3aMeTuTh, 4T0 HEOTPULATEILHEIE THCIA AB-
JAIOTCA KBAAPATAMHE, U I03TOMY UX 00pa3sbl HEOTPULUATEIbHBI; U3 T > Y CAeAY-
er, 4to p(x) = p(z —y)+¢(y) > ¢(y); Aanee BOCIOIB30BATHCA PALMOHATLHBIME
MPUOIKCHUAMHA.

66.8. z = z uw z — Z; paccMoTpeTs 00pas i.

66.9. = +yv2 = x —y\/2 — eIMHCTBEHHEI TAKON ABTOMOPDUAM; pac-
cMOTpeTh 06pas /2.
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66.10. IIpu m = 1 samerursb, 4T0 OGMHOMUAJIBHBIC KO3(PUIUCHTH (Z)
AeNATCA Ha P, Jajee MPUMeHUTE WHIYKIITHIO.

6) Henyaeson romoMopdusM moad B cefsa ABIAETCA aBTOMOP(U3MOM.

66.12. Ilpu m/n=r> (r e Q\ {0}).

66.14. AagauruBHas rpynmna noad K W3 YeTHIPEX 3IEMEHTOB HE MOXKET
OBITH HUKIXYCCKOM, U IO3TOMY BCE ¢¢ OTIMYHBIC 0T () BIEMEHTHI UMCIOT HOPI-
a0k 2, K ={0,1,a,a + 1}; upu 5ToM YMHOXKEHHUE ONPECACIACTCA OJHOIHAYHO, B
gacTHOCTH, ala + 1) = 1.

66.15. HanpuMep, noae paunoHAIBHBIX (yHKIHAH, ¢ KOMIVIEKCHBIME KO3(-
(punmenTAMH.

66.17. Cymecrsyer, Hanpumep, Fj,(X).

66.18. a) {—1, -3+ 2v2}.

6) @; 13 me armgerca kragpatoM B ((v/2).

B) &. r) &.
66.19. a) @. 6) (2, 3, 2).
66.23. DBce.

66.25. MyasTuninkaTHBHAA IPYNNA IOAA U3 7 3JEMEHTOB HMeeT MOpiA-
a0k n — 1.

66.26. = =a.
66.28. a) 3 m 5. 6) 2,3, 8u9.

66.29. Ilokazars, uro ecamt a # 0, To (ba
HEBEPHO.

"1 =11 3 gemr 2" — 1, uro

66.30. Ilycts F* = (z). JokasaTs, 1T0 T alre6pandHo HAJ IPOCTEIM HOJ-
noaem. IIpocroe moanome orauano ot @, Tak kak (J° He ABIAETCA HUKIMIECKOU
PPYIIION.

66.31. a) {£1}. 6) @.

66.32. a) Tak xax npu p > 2 B Z;, HeT dTeMenTOB MopAAKa 2, To k— k' —
omexmmam 3 1 k™' =P k.

6) Amarormaro a); 8|(p® — 1).

66.35, 66.36. Cwm.: ITaamowoe B.II., Panunwuyx A.C. Anredpamdeckne
rpynnsl u Teopus uucen. — M: Hayxka, 1991. — T'n. I, § 1.1.

66.37, 66.38. Pemenune anasoruyso penteHuaM 3aaa4 66.35 u 66.36.

66.42 - 66.45. Cwm.: Bopesuw 3.H., [Mafapesunw H.P. Teopua aucen -
M.: Mup, 1985.

66.46. VcnoorpaoBaThk 3agaay 66.45.

66.47. Hcnoab3oBaTh HOPMHDOBAHUE TOJEH P-a THHECKUX HHUCE.

67.1. Muayknuen mo § CBeCTH K CIydIan s = 1; B 3TOM ciIydae MOCTPOUTE
basuc A man K, mcxona ms 6asmcoB A mag K m Ky mag K.

67.6. Ilpuvennts 3agaay 67.4.
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67.7. Vuaykouen mo s CBeCTH K CIyYalo § = 2; B 9TOM CIydae IPUMEHUTH
sagaum 67.1, 67.4, 67.5.

67.8. Ecamm wuorowren p(x) HempusogmM, TO OH HMEET KOPEHb
s K[z]/(p(z)).

67.9. a) [IpuMennTs HEIYKIWIO TO cTenenn f(x), menomsaya sagaTy 67.8.

6) [Ipumennts a) x Muorowreny fi(z)... fi(x).

67.10. Paccmorpers crenenu pacumpenus B 6amse noxen K C K(a) C
C K(#,n), rae n — xopensb MHOrowiena h(r) — a B HEKOTOPOM DPACUIMDEHUH
moan L, m Bocmoab3oBaTheA 3agadavu 67.1, 67.2.

67.11. a), 6) CpaBHUTE pasjokKeHne MHOMOWIEHA &' — @ HA TUHEHHBIE MHO-
EKUTEIM B €ro MOJe PA3I0KEeHUA ¢ BOIMOKHBIM PA3JI0KEHIEeM 3TOI0 MHOIO/IEHA
Hag noaxem K.

B) Hampmuvep, Muorowren =* + 1 Hag mofeM BelIeCTBEHHEIX THCET.

67.12. f(z) = HieF‘,, (z — xo — i), rae F, — mome m3 p saeMeHTOB, CO-
aepxammuecad B K. JokazaTe, 4To ecad B HEKOTOpoM pacumpesun L nons K
mMuHOorOwIeH f(z) mMmeer KopeHb, To f(x) paszaraerca Haj L B mpousBsejenue
JMHEHHBIX MHOXKHTEICH, M BEIBCCTH OTCIOAA, 4T0 Hajl K Bce HenpusoguMbIe
MHOXHTEIN MHOrOUeHa f(&) MMEeI0T 0MHAKOBYIO CTEIeHb.

67.13. a) 1. 0) 2. B) 2. r) 6. a) 8.

e)p—1.  x)é(n). 3)plp-1).

u) 27, rae r — panr mMarpunsl (kij), i = 1,...,8, j = 0,...,t, Hag noxem
BBEIMETOB IO MOAYMIO 2 ¥ kij — KJIAcC BEIMETOB IO MOAYIIO 2 mokKaszarens ki B

o t ki u
pasoxenun a; = (—1)%i -]:[J.lej Y upcaa a; B IPOU3BEJCHUE CTEIEHEH pas-
JMYHBIX TPOCTBIX YHCET P1, ..., Pt (AomyckaeTca, 9To HekoTopse kij = 0).

%) [lokasars, 4T0 ecan { — nepBoOOPA3HBIA KOPEHb N-# CTeneHn u3 1 u
fic () — ero MEHHMMAIBHBIA MHOMOWICH Ha g (@, To A Beakoro npoctoro pln, (p
TaKkKe ABIACTCA KOPHEM fic(x); B mpoTusHOM ciyuae, ecan " — 1 = pe(x)h(z),
( aBageTca KopHeM MHorowIeHa h(z”); mpuBecTH mocIegHee B MPOTHBOPETHE
¢ meM, uTo " — 1 He MMEeT KPATHBIX MHOXHTEIEH HAJ I0JEM BBIIETOB IO
MOIYTIO P.

3) BocmoasaosaTsea 3agagen 67.11.

u) Ecm K — uckomoe nome, pacemorpers (K7)° N Q" u npuvenuts wh-
AYKUUIO IO 7.

67.14. F(X,Y)/F(X?,Y?), rage F — moae xapakTepuctuku p. Ecam no-
ae K koHewHO, BOCTOaB30BaTheA 3agaden 56.35. Ilyvers K Geckoneuno m L =
=K(a,...,as). Mugykumen o s BONpocC 0 CYLIECTBOBAHUY IPUMUTUBHOLO DJIe-
MEHTA CBOAUTCA K CIYYA0 § = 2; B HTOM CIy4ae NOKa3aTh, UTO IPH HEKOTOPOM
A € K sneMenT a; + Aas HE CONEPKUTCA B COOCTBEHHOM IPOMEXYTOTHOM II0-
ae. O6parno: ecaun L = K(a), T0 N0Ka3aTk, IT0 BCAKOE MPOMEXYTOTHOS HOJE
nopox gaerca Hag K koadduumentamu mekoroporo gemutens w3 Llz] vunn-
MaJIBHOI'0 MHOTOWICHA [i, (Z) dnevenTa a Hajg K.
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67.15. Bribpats 6asuc L(z) wag K(z), cocroammi u3 saemenTos L.

67.17. Uuaayxumen no ¢(0 < ¢ € m) A0Ka3aTh, 4TO NPU HALJICKAIIEH HY-
Mepauuu 3aeMeHToB by, ..., b, cucrema a1, ..., aq, biy1, ..., by ABILETCA MaKCH-
MaJbHOHM CHCTEMOR aarebpamieckn HezaBHCHUMBIX Haa K siemenTos B L.

67.18. a) ITokasaTh, ITO TUCIO0 MAKCHMATHHBIX MIEATOB HE TPEBOCXOIAT
(A: K). Jazee nokazaThb, 4T0 eciau djAeMeHT a € A He ABIACTCA HUIBIOTEHT-
HBIM, TO HA€aJ, MAKCUMaJbHBIM BO MHOXKECTBE HA(L‘MOB, HE HepeCeKaH)I]IHXCH C
{a,a”,...,}, ABIACTCA MAKCHMATLHEIM MIEAIOM B A.

6) Ucnoassosats a). [isa norydueHus eJUHCTBEHHOCTH B 1) MOKA3aTh, ITO
BO BCAKOM npejcrapiennn A4 = szl L; noas L; m3omopdusr dpakTopaired-
PaM IO BCEBO3MOMKHBIM MaKCHMAJILHBIM MaeataMm B A.

67.20. IIpuMeHUTE MEAVKLUMIO 110 M. JAMUCAB COOTHOLICHUE IMHCHHON 3a-
BUCUMOCTH 1A f;, HOAYYUTH NPOTUBOPEYINE, UCXOAA U3 TOro, 4To f; — romo-
MOp¢H3M aaredpHL.

67.23. a) Beaxmin K-romomopduam A — B eamHECTBeHHBIM 00pa3oM Tpo-
aomxaerca 10 L-romomopduama Ap, — B.

6) Ucnonssosars a).

67.24. Baare B kadecTBe E mobyio KOMIOHEHTY aaredpsr F .

67.25. [lra noxasarerbcrsa 0)— a) 3aMeTUTh, 4TO ecau L; — modas
KOMIoHeHTa Ay m @p,...,ds — 00paswl ai,...,as B Li, To L; = L(@y,...,as);
A TOJAYYCHUA UMILIMKALMM a)— B) npuMmeHuTbs k nojaaretpe Kla] sana-
qu 67.22, a), 67.19 u 67.18, e).

67.26. Ilpumennts 3agzagy 67.25.

67.27. 0) 3ameruTs, uTO Kaxgoe u3 noxeu Li, Lo ABIAETCA pACLICILIAIO-
WM LA APYToro; nouayduts orcoga K-sroxenus Ly — Ly u Lo — L.

67.28. Hcnombaosarh sagaqn 67.27, B) u 67.22.

67.29. a) BmiGpars pacmemnsiomee noxe i A, cogepxamee noxe L, u
NPUMEHUTE 3aja41y 67.22.

6) IlpumennTs a) u 3agagy 67.23, 6).

67.30. BocnombaosaTbea sagavavu 67.25 u 67.29, 6).

67.31. 6) Heobasaremsno: manpmvep, Q C Q(v/2) C Q(v/2).

67.32. L noay4eHns ABYX MOCAEHUX COOTHOIECHUH OOMIMA CIyIall CBeC-
TH K ABYM JacTHBIM, korjga a € K u L = K(a). B nepsoM cayvae HCHOIB30BATH
mo6oi 6azuc B L/F, ceazanseml ¢ HamHed noged, a 8o sTopoM B L/K ucnois-
30BaTh Oa3uc U3 cTeneHen a. 1A HOIyHIeHNA MepBOro COOTHOMEHNUA 3aMeTUTh,
970 X1k (8, T) = Nipay/ i) (a — ).

67.33. HcnoawsoBars 3agauay 67.32.

67.34. Ecmu try, 5 (a) # 0 gaa vexoroporo a € L, To

(z,az™') = try (a) #0

A Besakoro x # 0 ua L.
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67.35. Kaxkjoe u3 ycIoBuil a)-B) paBHOCHILHO ToMmy, 110 Ay ~ [[ L g
pacuenaomero noas L. Hessipox gennocts dopmer caega va A u Ay o3navaer
O0JHO U TO k€. HUIBMOTeHTHBIC AJMEMEHTHI BCerga COAEPXKATCA B AAPE POPMBI
crena.

67.37. Wcnomsszosars 3agaqn 67.22 u 67.12.

67.38. BocmoabzoBaThesa TeM, ITO t,rA/K(a,) =tra, /r(a), 1 anagoruIHO B
APYTHUX CIyvadx.

67.39. a) Bocnonssosarsca sagauavu 67.14, 67.22.

0) b — DPUMUTUBHELI 3I€MEHT, @ TPUMATHBHEIM JIEMEHTOM He ABIACTCA.
67.40. HWcnoassosats 3agauy 67.22, B).

67.41. Bocnoaszosarscea 3agadamu 67.34 u 67.35, r).

67.42. Muorowren =¥ —t majg momeM panmMoOHAILHBIX (yHkmun K (t),
rae K — npoussoasHoe noxe xapakrepuctuxu p 7 0.

67.43. HWcnoasszosars 3agady 67.19.

67.44. [lna pokaszarenrbcTBa OGPATHOIO YTBEPKAEHUA BOCHOIB30BATHCA
3agaqen 67.41.

67.45. Ilyers L — pacmenasiomee moae i muorowaena f(x). [Tokaszars,
aro By ~ ]}, Ai,rae Ai = Ar, n =deg f.

67.46. [l1a goxasaTeIbCTBA MMILIMKAIMM B) — a) OpeacTaBuTh A kax
dbaxroparredpy amrebpst K(zy,...,xs]/ (pay (€1)s- .., fta, (£s)) 1 BOCHOIBIO-
BaThCA 3agaden 67.45.

67.47. a) Ucnoassosars 3agaqu 67.46, 67.45, 67.42, 67.11.
67.48. PaccmoTpeTs p, () gas Beakoro saementa a € L.
67.50. Bocnoaszosarbca 3agadamu 67.48 u 67.49.

67.51. 6) Mcnoneays 3agady 67.26, 1oxkasars, 9TO 44 BCAKOTO PACIIEILI-
fomero noaa F pacumpenna L/ K gucao pasmuunerx K-proxesmn L — L paBHO
(K, : K).

67.52. a) IMoacumrare wucio pasmriuerx K-proxenun noas F B xakoe-
mbo pacmenaomee noxe pacmupenns F/K.

67.53. Paccmorpers Gammio notsen K C Ky C L u npuMeHuTs 3aJa4u

67.31, 67.38.
67.54. a) [IpumennTs saga~u 67.30 u 67.35.
6) [Ipumenuts 3agaty 67.27.

67.55. a) I'pynna G(C/R) cocTonT U3 TOXKAECTBEHHOrO aBTOMOpdHU3IMa 1
KOMILICKCHOI'O CONPSAKCHUA.

6), B) Zs. r) Zo @ Zs.
67.56. a) {e}. 6) Ss. B) S.. r) Sa.
,I[) D,. e) Zp_1. }K) Z;.

3) Hoaynpamoe Ipou3BeseHne rpynnsl Z, u € rpynnsl aBTOMOPQH3IMOB.
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u) IIpavoe mpousseseHue T 3K3eMIIAPOB rpymnsl Zs (M. oTBeT K 3aja-
qe 67.13).

67.57. Bceakun snemenTt a € L asaserca KOpHeM cenapabeabHOr0 MHOO-
wiena #ag K cremenn < |G|, a mvmenno f(z) = [],.o(z — o(a)). Henoanays
CYLIECTBOBAHUE MPUMUTHUBHOIO DIEMEHTA V BCAKOr0 (KOHEYHOro) cemapabensb-
HOrO paclmpenusn, nokasats, 4ro (L: K) = |G|

67.58. Paccmorpers geucTBHe S, Ha [0Je PANMOHAIBHBIX YHKIHI
K(ai,...,a,) uw npumeHnTs 3agady 67.57.

67.59. Buaoxurs rpynny G B CHMMETPHYECKYIO IPYINY M IPEMEHATH 3a-
aaqy 67.57.

67.60. Ilpumenurs 3azauy 67.57.

67.61. Cuavama 10Ka3aTh, 4TO BCAKOe OTAM4YHOE 0T R pacmmpenue [a-
aya L/R mmeeT cTeneHb, paBHYIO CTeNEHH YMCIa 2. 3aTeM, UCIOIb3YA paspe-
MMMOCTE KOHETHOH 2-TPYNNE ¥ HeCYMecTBoBarue pacumperni L' /R cTenenn
2 2, nmokasarts, uto L = C.

67.63. Paccmorpers geucrsue s1eMeHTOB rpynusl G Ha VD.

67.64. Hcnoabsysa JIMHEMHYIO HE3aBUCHMOCTL aBToMOpdusamoB (3anma-
4a 67.21), gokaszaTk, 4ro L asiseTcs mukamydeckum moayaenm uajg Kp).

67.66. I'pymma S,, AeNCTBYIOMAA TOCPEICTBOM MEPECTAHOBOK HA KOMIIO-
menrax amredpsr A = [[ K;(K; ~ K). Ucnoas3oaTs, uTo K; ABIAIOTCA eIMH-
CTBEHHBIMM MUHUMAJBbHBIMWA HI€aJaMH B “'1.

67.67. Ilpuuare o Bummanue, uro 7(z) = Y o(tz)e, = 3 o(z)7(es)
ana x € L.

67.68. lcnoassosars 3axa4y 67.20 wm unrepnperuposats (¢;(y;)) Kak
MaTPHILY IEPexXoaa K HOBoMY Oasmucy, Broxms A B Afr.

67.69. Ecum moae K xoneuno, cM. 3agady 67.64. Ilyers K GeckoHevHO,
Wyyics sy HexkoTopbm Gasuc L vag K u w = a1wi + ... + apwn TPOM3-
BOABHBIN daeveHT u3 L (ecam a; € K) wm u3 Ly, (ecam a; € L). Yeaosue u3
sagaqu 67.68, obecneunsalomee, 1To saemedth {o(w),0 € G} obpasywor Ga-
auc B L (coorBercrBenno B Lp), 03HA9aeT, 9TO I8 HEKOTOPOTO MHOTOWIEHA
f(z1,...,2s) € L[z1,...,2,] ero 3navenue f(ai,...,a,) # 0. Jaree ucnoasso-
BaTh CYLIECTBOBAHUE HOpMaabHOrO Oasuca B Ly (3agaga 67.67).

67.70. Ecmm xapakrepucruka nois K # 2, To

K(:ﬂl,...,:rn)A" = K(o1,...,0n,A),

rae g1,...,0np dIeMEeHTAPHBIE CHMMEeTPHIeCKNe MHOTOJICHBI OT T'1,...,Tn,
A = Hj)i (.TJ - T ) B ciayvae IMpOM3BOJBHOM XapPaKTCPUCTUKH UMeeT MeCTO
PABEHCTBO
- A
h(rlu--'1$n) = K(Ul,' "70-711y)a

s i1
rae y = EgeA" o (H:‘?=l T; )
67.71. C(r?,x’f'zaxz, ce o, T1Tp—1,Zy). McnoassoBars 3aga4ay 67.60.
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67.72. Cul,y" Y2, Y1Yn—1,Yn), TAE Yi = > p—y € "*&x, € — mepso-
00pA3HBI KOPEHEL CTeHeHN N w3 eauHuusl. B npocrpancrse auaennsrx ¢gopum
OT Z1,...,T, BRIOpaTh 6a3uC, COCTOAUMEA U3 COOCTBEHHBIX BEKTOPOB OIIEPATO-
pa o; 3aTeM HCIOIL30BaTh 3agaty 67.71.

67.73. I'pyuna Z,,. Iloae pasnoxenna L muorowrena r'" —a waag K nmeer
sua L = K(f), rae § — HekoTOpBI KOpeHb MHOrOWIeHa x" — a B L. ['pynma
G(L/K) mopoxaaerca asromopdusmom o, npu xkotopom a(f) = g6, rae ¢
HEKOTOPBIM MOPOK JAIOINH DJIeMeHT (IMKINIeCKON) TPYINLI KOPHEH CTEIeHH 1l
u3 1. Ucnoassosars 3agaqy 67.11.

67.74. IlycTb £ — NOPOXJAIOMIMI DIEMEHT IPYIILI KOPHEH CTEHeHH T
u3 1B K; y € L — rakoi saement u3 L, wro 3.1 e 'o'y # 0 (nouemy Takoir
IIEMEHT CYIecTBYeT?); Torjaa a = (ZL] s_iaiy)”. PaccmoTpers cofcTBEeHHBIE
BEKTODHI onepaTopa o Ha L.

67.75. Ecim L = K(6:1,...,05), To aua Beakoro ¢ € G(L/K) o(6i) =
=¢(0)#;, rae zi(a)" = 1. O6parno, e rpynna G(L/K) aberesa nepuoga n,
TO UCIOJL30BATE CICAVIOMUE BaKT: eCIu BO MHOKECTBE IOIMAPHO KOMMYTHPY-
IONIMX JMHENHBIX OMEPATOPOB, KA A N3 KOTOPHIX IHATOHATIM3UPYEM, TO CY-
mecTByeT 6a3uC U3 BEKTOPOB, COOCTBEHHBIX LA BCEX HTHX ONepaTopos. (DroT
daxr cregyer wa 3agaqm 40.7.)

67.76. Paccmorpers Gummnennoe orobpaxenue G(L/K) x A — U, agaa
0 €GL/K), @€ A (a€ (K™ ai,...,as), (6,@8) > (68)- 6", rae € L u
" = a.

67.77. L= (L""NK")/K"";ecm A=B/K™", B={(K",a1,...,as) —
noarpymma 8 K*, To A = L = K(#,....,6,), rae 07 = a;. BocnoassosaTscs
sagaqen 67.76.

67.78. Ecm G(L/K) = (o), To 11a oTbicKanna  UCIOIB30BATH KOPHEBOH
BEKTOP BBICOTHI 2 JuHenHoro oneparopa o. [lia aokasareiasctea 00paTHOrO
YTBEPK ACHUA BOCIOMB30BATHCA 3agaden 67.12.

67.79. Ecm L = K(6,,...,0s), To aaa Beaxoro o € G(L/K) o(68;) =
=6i+7i, vi € Fp (cu. 3agaay 67.12). O6parno: ecim G = G(L/K) ects mpamoe
NpOM3BeJeHNe $§ UMKJIMYECKUX TPYNN mopAgka p, To Bbifepem B (G moarpyn-
met H; (i = 1,...,8) magexca p, aan koroperx Ni_y H; = {e}; Torga L =
= K(0;) (cm. sagauy 67.78) u L = K(6,,...,6,).

67.80. Paccmorpers Gmmmuennoe otobpaxenne G(L/K) x A — F,, rae
ama o € G(L/K), w € A (a € {p(k),a1,...,as)), (0,a) > () —68, rne € L
u p(f) = a.

67.81. L — (p(L)NK)/p(K); ecm A = B/p(K), B = (p(K),ai,...
coyas),To A= K(6,,...,0:), rae p(#;) = a;. Bocnoassopareesa 3agasamu 67.79
u 67.80.

68.1. BocnoabzosaThca zagagzen 56.35.

68.2. a) Ecm |L| = ¢, To L aBasgercsa moseM pasiokeHHA MHOTOWIE-
4
Ha ¢ — .
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6) Mcnoas3oBarh ykaszaHue K a) 1 3ajgady 67.27, 6).

68.3. Cw. ykasauwe x 3agade 28.2; B IYHKTE a) UCHOIL30BATE TAKKE, 4TO
MHOrOwIeH 27 —  He MMeeT KpPaTHBIX KOPHEH.

68.4. HcnomszoBars 3aga4ay 56.35.

68.6. 0) Pa3noxnTh 0 B NIPOM3BE[eHNE HE3ABUCHMBIX IIMKJIOB.

68.7. Eciu b= H;;l p;", rje p; — Pa3IudHBIC NPOCTBIE HMCIA, TO pas-
JOKUTH KOO Zg B NPAMOE MPOU3BEACHUE KOJCI BBIYETOB MO MOAY.IIO p;.l" .
Ecau b = p", p npocroe, TO NpeacTaBUTh MHOXKECTBO KIACCOB BBHIYETOB B BU-
A€ 00BeAMHECHHA MOAMHOKECTB, KAXKJ0€ U3 KOTOPBIX COACPKHAT BCE 3IEMEHTHL,
MMEIOUE OIMHAKOBEIM MOPAJOK B a1IMTHBHON CPYIIE KOJIbLA BEIYETOB. [Ja-
Jee UCIOAB30BATH CTPOEHHE IPYNIbI 0GPATUMBIX JIEMEHTOB KOJbIA BEIYETOB
no moayao p.

68.8. IlogcuuTaTh YMCI0 MHBEPCUHU MEPECTAHOBKH O, YIOPAAOYHME HJe-
MeHTHl u3 G caeayoowmm obpasom: 0,21,...,%n, —Tn,...,—21, Tge {T1,...
R

68.9. a) Ucnmoaszosars 3aga4dy 68.8, B3AB NPOM3BOILHEIM 0OPA3OM MHO-
xectpa Sy u S2 B Gy u Go u nonoxus S = Sy U '(S2), rae ¢: G — Go —
KAHOHUYIECKAN TOMOMOPQU3M.

68.10. Hcnoasszosats 3azaay 68.8.
68.11. Hcnoansopats 3agaqdy 68.10.
68.12. Muoxectso R map uncen (z,y), tae 1 <z < (a—1)/2, 1<y <
< (b —1)/2, pasbuBaerca B 00BEAUHEHNE YeTHIPEX IOMHOKECTB!
R, = {("T’y) ER I ay —br < _b/Q}a
Ry ={(z,y) € R| —b/2 < ay —bx <0},
Rs={(z,y) € R| 0 <ay—bzx<af2},
Ry={(z,y) € R | a/2 < ay — bz}.

Ucnoassys Guekuuio

)= a—i—l_T b-+-1_
}y 2 -3 2 b

nokasars, 4ro |[Ri| = |R4|. Ucnoassya 3agaay 68.10, mokasars, 1o

)= ()=

68.13. IlpeacraBuTs MaTpuuy omepaTopa A B BHIe NPOM3BEJEHUA Die-
MEHTAPHBIX.

68.14—-68.16. Cwm.: Juda 3., Hudeppaiimep I'. Koneunsie moaa. T. 1 —
M.: Mup, 1988. — I'n. 2, § 3.

69.4. a) Ia. 6) Her. B) Ja. r) Ha. 1) Her. e) [la.

28 AWM. Kocrpukun



434 Omsempl u yraszanua

69.5. Bce ykasaHHBIE TOANPOCTPAHCTBA, 3a UCKIIOMEHHEM T'), 1) 1 3).
2

1 -t ¢
69.7. 0 1 =2t | (B6asucel1,z,2%).
0 0 1

69.8. C(.)St sint (B Gasuce sinx, cosx).
—sint  cost

69.10. IIpeactasutes npoctrpanctso M, (K) B BHAE CyMMBI MOANPOCT-
PAHCTB, COCTOALIMX M3 MATPHI, BCe CTOJIOLBI KOTOPBIX, KPOME OJHOTO, HYJe-
BEBIE.

69.11. [lokasaTh mpegBapuTeIbHO, UITO moanpoctpancTea B M, (K) nn-
BaPUAHTHOE OTHOCHTEIBHO Bcex omepatopoB Ad(A), rae marpuna A amaro-
HATBHA, ABIACTCA JUHEHHON 000J0YKOM HEKOTOPOTO MHOXKECTBA MATPUIHBIX
equant Eij (i # j) ¥ HEKOTOPOro MOANPOCTPAHCTBA AUATOHATBHBIX MaTDHIL.

69.12. JokasaTb NUPEABAPHTEILHO, UTO BCAKOE IOANPOCTPAHCTBO B
M, (K), nEBapHMAHTHOE OTHOCUTEIBHO Beex onepaTtopos suga $(A), rae mar-
puna A amaroHaibHa, ABAACTCA JMHEHHON 000J0YKON HCKOTOPOr0 MHOXKCCTBA
matpui Buga aF;; +bE;; (i # j) m HEKOTOPOro MOANPOCTPAHCTBA AT OHAIE-
HBIX MATPHIL.

69.13. Hanru o6umu Bua marpun X TAKHUX, 9TO
(0 1\ /0 1\ .
X (1 0) - (1 0) X,

(0 =1\ _ [ 0 1),

& (1 71) - ( -1 -1 )‘\’

¥ IOKA3aTh, 4T0 Beerga det X = (.

69.16. B) IIycte H C W — mHBapMaHTHOE MOANPOCTPaHCTBO U ¢ € H.
PacemorpeTs BexkTop mr — o aaa m = {ij}.

69.17. OnpegeauTs cHaYaIa NOANPOCTPAHCTBA, WHBAPHAHTHLIE OTHOCH-
TEeIbHO OrPAHUYEHHA NpejcTaBIeHia © Ha NOArPYNILY AUArOHAILHBIX MAaTPHIL

69.25. HcnoaszosaTs 3aga4uy 69.24, 8) u pazioxenue rpynnel G Ha JeBbie
CMEeKHBIe KIacchr mo .

69.26. a) m. 6) 2. B) L. r) m+ 1.

69.27. Ecom A m B — KOMMYyTHPYIOIIHE ONEPATOPHI, TO Kaka0e cobCT-
BEHHOE TOANPOCTPAHCTBO OnepaTopa A MHBADMAHTHO OTHOCUTEIBLHO B.

70.2. HUcnoabsosats 3agady 69.28.

70.5. B ofoux cayydasx Kaxgoe HeIPHBOIUMOe IpejcTaBIenue rpymnsl H
BCTPEYAeTCA ¢ KPATHOCTHIO 2.

70.6. Toasko TpuBMAILHOE LA PPYIILI HEYETHOIO MOPAAKA; AL IPYIIILL
96THOTO MOpAgKa — emé romomopdusm Ha noarpymmy {—1,1} 8 GL;(R) ~R*.

70.7. BocnoapzoBaThCsi TEOPEMOH O CYINECTBOBAHMM V BEIIECTBEHHOIO
omepaTopa ABYMEPHOI'O MHBADMAHTHOIO IIOANPOCTPAHCTBA.
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70.9. a) [n/2] + 1. Mcnoxs3oBare 3agady 70.8.

70.15. [an S3: TpUBMAILHOE M CONOCTAB/AIOIIEE IMOJACTAHOBKE €€ 3HAK;
HCIIOIB30BATE TEOPEMY O KOMMyTaHTe u 3ajady 62.7, a). Juxa Ay uemoas3oBaTs
TeopeMy 0 KOMMyTaHTe U 3agagy 62.7, 6).

70.16. HcnoansopaTk TeopeMy O KOMMyTaHTe M 3ajaty 62.8.
70.17. Moxuo B3aThH npeacrasienue 3agadd 69.13.

70.31. PaccMmorperb pasiomxeHHe PEeryIApHOrO IPEeACTABICHUA B CYMMY
HENPUBOAUMEIX 10 IPEICTABICHNH.

70.32. [lokasath, uT0o moarpymnna, nopoxaessas A u B 8 GL(V), m3o-
Mopdua S3.

70.34. a)1,1,2. 6)1,1,1,3.
Bk k%58 9L LR

1) ecm n = 2k, To UeThIpe ogHOMEpHEIX U k — 1 IByMepHEIX, ecam n =
= 2k + 1, To ABa OQHOMEPHBIX U k IBYMEDHBIX.

e) 1, 3, 3, 4, 5. Ucnoas3oBaTh OCHOBHEIE TeopeMsbl U 3agaqy 69.16.
70.37. a), 0), B) Her.

70.38. CymecTBoBaHME NOArPYINEL IPHBOANT K CYIIECTBOBAHHIO ABYMED-
HOT'O TIPeICTABICHUA TPYIIBL Sy.

70.42. Toabko 1A abeaeBBIX.
70.43. IlposecTu HHAVKIMIO 110 MOPAAKY IPYIIILL
70.45. Hcnoassosats 3agady 69.25.

70.46. Bocnoaep3oBaThCA KOHEYHOCTBI0 YHCIA HEH30MOPMHBIX DY (hUK-
CHPOBAHHOTO MOPAAKA W KOHEYHOCTBIO YHCIA HEH30MOPMHBIX NPeJCTaBICHHN
JAHHOM PA3sMEPHOCTH (PUKCHPOBAHHON KOHEYHOW I'PYIIIEL.

70.48. 3aMeTHTb, 1TO TDPYIIBI TOPAIKOB P U ° abeleBsl,

70.49. p® OIHOMEDHBIX TIPEICTABICHNA 1 P — 1 p-MepHBIX. 3aMeTHTh, 4TO
LeHTD JAHHOU IPYIILI MMEeT MNOPAIOK P M YHUCIO KJIACCOB CONPAXKEGHHBIX DJe-
MeHTOB paBHO p° + p — 1. Tax kKak (paKTOPrpynmna mo HeHTPy KOMMYTATHBHA,
TO KOMMYTAHT JAaHHOM TDYNIBEI HMEET MOPALOK p. DTHM ONPEIeIACTCA THCI0
OJHOMEDHBIX NPEeACTABICHUN. 3aMEeTUTh €L, YT0 B JAHHOU IPYIIE eCTh HOP-
MaJbHaA NOATPYINa MHIACKCA P 1 J0Ka3aThk, YTO PAasMEPHOCTE HEIIPUBOAUMOTO
NpeACTABICHUA He MOXeT OBITE Goablie p.

71.2. Basuc coCTOUT M3 OJHOTO BEKTOpaA

Z (sgno)o.

og€S3

PasmepuocTts paBHa 5.

71.3. {e—a,e? —a?,...,e" 1 —a™1}.

28*
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71.9. a) IIvcrs

elzé Za, 62:% Z(sgna)a.

ag€S3 oc€S3

Kovmuyrarususe ngeanst: 0, Cey, Ceo, Cey @ Ces.
6) HyCTL QS = {E!Fs I,T, J; 75 I"a ?}1

e1r=(E+E)E+I+J+K), ea=(E4+E)E+I—-J-K),
es=(E+E)(E-T-J-K), ea=(E+E)E+I—-J+K).

KoMmMyTaTHBHEIE Hiealbl — JIMHEHHBIE 000J0MKN JI000T0 I0AMHOKECTBA BEK-
TOPOB MHOXKECTBa {€1, €2, €3, €4},
B) [Iycts

1 1
e =15 A, er =75 > (det A)A.
A€eDg A€EDg

Kommyrarusnsie ugeanst: 0, Cep, Cea, Cey @ Cea.
71.10. Ecam (G Geckonedna, To x = (), ecaIm KOHEIHA, TO

IzaZg, a € F.
9€G

71.11. Basuc uentpa F[G] 06pasyioT dieMeHTH BHAA ). .. g, €CIH B
kadecTre C B3ATh NIOCIEI0BATEIBHO BCE KJIACCHI CONPSIKEHHBIX 2JIeMeHToB B G.

71.16. HcnomszoBats aemmy Illypa.

71.19. Toasko aaa G = {e}.

71.22. a) 2. 6) 1. B) 2. r) 4.

71.24. Ilycres £ — nepsooGpasHemt KopeHs cremenu 3 ua eaununnl B C,

1
ro = z(e+a+a*) € Rl(a)s] C Ca)s],
= %{e + ea + £2a®) € C[{a)s],
1 . ;
re = E(e + e%a + ea®) € Cl{a)s).
R[{a}s] = Fo @ F1, rae noxe Fy =Rro ~Ru
2
F = {aoe + ma+ a2a2| Zai =0, a; € R} ~ C.
i=0

[Ipu msomoppmame C — F) mieem 1 — e—ro, € = ale—ro). Cl{a)s] = Fy@ F{ & F.
Ioas F! = Cr; usomopdusr C.
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71.25. Hcnoas3oBaTh HENPUBOAMMOCTE MHOrOWwIeHa =P~ ' 4 P~ % 4 ..
..+ 2+ 1 nag noaem Q.
71.27. a) UaemmoTenTsl €1 = 2 + 2a, €2 = 2 + a; uaeaast Faei, Faea.

6) Waemnorent — eamuuna rpynmnoson aare6psr; uaean Fa(l + a).

B) M aemnorenTsr %(1 +a), é(l —a); naeaast Ce;, Ces.

1 oy 1 .

r) MaemMnoresTs! 5(1 +a+a?), 5(2 —a — a?); ugeans Re1, R[{a)s]es.

71.28. IlpoBepuUTH AHAJOIHYHOE YTBEPXKICHUE A TPYNIOBOU AIre0pEl
M, (C) u ncnoas3osaThk TeopeMy O CTPYKTYPE IPYIIOBOM aareGpsl KOHETHOH
TPYIUIBL

71.29. a) 8. 6) 32.

71.30. a) {e}. 6) G~ Zs.

B) G ~ Z3 wm S3. Bocnoap3oBarscsa TeMm, UTO 1 PABHO YHCIY KIACCOB
CONPAXKEHHBIX 3AeMeHTOB B G.

71.34. Ilpup=2
U = F[G)(a —e)*.

71.36. a) Paccmorpers caygai G = H. IIpoeecTd MHIYKIUIO 110 HOPAIKY
rpynnet H.

6) n=2.

71.39. a) P/H ~a/(g—ge)Ad AJ(g — e%e)A, rae & — neppoobpasusit
KODEHB CTemneHH Tpu u3 eauHnusl B C.

6) P/H = 0. B) P/H ~ A,

71.40. Kery =0.

71.41. PaccmoTpers aHagoruuubii Bonpoc i A = F[t] — koabua MHO-
TO'LICHOB.

71.44. a) DaeMeHT IPOCT. 6) (91— g2)°(—g7 g3 " — 97°).

71.45. a)0.  6) F[(¢1)]. ) F.

72.1. Hcnomssopars 3agaty 69.21.

72.2. MHcnoawaya saga4dy 69.11, HAWTH BO3MOXKHBIN JUANOHAJBHBIM BUJ
MaTpuns oneparopa ®(g).

72.3, 72.4. Ucnoassosars 3agady 72.1.

72.5. 3amMeTuTh, YTO CyMMa N KOPHEH u3 1 paBHA N TOABKO KOIJa BCE
claraemble paBHBI 1.

72.6. UcnoassoBaTk 3agady 72.0 m gokasaTh, 9TO J00as MOACPYNNA UH-
gexca p B A ecTb NOArPYINA DICMEHTOB HEKOTOPOro (n — 1)-MepHoro noampo-
CTPaHCTBA.

72.7. Ilycre y — xapakrtep npeacrasrenus . Mcnoabsya sagaay 72.5,
aoxasaTe, uto $(g) = F ana g € H. Aragormano, nokasats, 1ro g € K Torga
M TOJBKO TOrJa, Korga marpuna ®(g) ckarspuas.
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72.8. HcnoassoBaTh TeopeMmy Mamke ¥ CBOMCTBA KOMMYTAHTA.

72.9. HcnoassobaTs TeopeMmy Maike ¥ CBOMCTBA KOMMYTAHTA.

72.20. ¥ ; :é S [‘7) g . UcnonszoBats 3amagy 70.24.

72.21. x&(o) ecth uncao saementos mMuoxkectsa {1,2,3,...,n}, neno-
ABHACHBIX OTHOCHTEILHO 0.

72.22. Ilycts

D, ={a,b|a®>=b" =¢, aba =b"").
Toraa
x(b*) = 2 cos ?, x(ab®) = 0.

72.23. ” g (112) (133) (122(134) (IE§4) . UcnoasszoBars 3aaa-
ay 70.19.

72.24. % ;, (i21) (1[2]3) (122(134) (12134) . Menmoas3oBaTs 3aa-
qay 70.19.

72.25. HcnoasszoBars 3aga4dy 72.4.

72.26. a) /[Isa xapakTepa: TPUBHAIBHBIN U 0 — SN T,

e | (123) | (132) | (12)(34)
)] po | 1 . : L rge £ — NOepBOOOPA3HBIM KO-
o1 | 1 £ £° 1 :
w2 | 1] € B 1

penb crenenu 3 uz 1 B C.

e | -1 i | J | k
wo | 1] 1 1 I
B |1 [1] 1 | —1|-1] 1
w2 |1 1 - 1) -1
wa [ 1] 1 -1] -1
r) Cm. a).
1) IIycre

2 ~1
D, ={a,bla” =b" =e, aba=b"").
Ecau n He4éTHO, TO OJHOMEDHBIX XapaKTEPOB [Ba: TPHUBHAILHEIM # a'l! —
— (—1)". Eca n wérno, To wersipe: rpusuassasm ua'l! — (—1)' a't — (—1),
a't! — (=1)"H,
72.27. n"/?. Mcnoas30BaTh COOTHOMEHMA OPTOTOHATBHOCTH MM XAPAK-
TEpPOB [ BEIMUCJACHUA IPOU3BEJEHNA MATPHILI HA €6 COMPAKEHHYIO,
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3ajma-

72.26

72.26

72.26

e | (12) | (123)
72.28. a) ::0 1 i 1 . Uenoapsopats 3agaqu 72.26 1 70.19.
; -
wo | 2 0 -1
e (12) | (123) | (12)(34) | (1234)
©o 1 1 1 1 1
w1 | —1 1 1 1 -1
6) = 3 T 0 = 1 Ucnoaszosats
©3 3] -1 0 -1 1
04 2 0 -1 2 0
um 72.26, 72.23, 72.24, 72.20.
1| -1 i 7 k
wo |1 1 1 1 1
1|1 1 —-11] -1
B) I TT =1 TT— Hcmoas3oBaTh  3ajaydm
ws | 1 1] -11(-1
Y4 2 -2 0 0
u 72.20.
e b b a ab
wo | 1 1 1 1
er1 | 1| — 1| - 1 . .
r) o 1= 1 ) Henoab3osaTh  3ajau
wa | 1 1[-1]-1
g | 2 —2 0 0
u 72.22.
e b b”
wo |1 1 1 1
27 47
) w1 | 2| 2cos 5 2 cos 5 0 HUcnoas3zosars 3agaunm
w2 | 2| 2cos— | 2cos Z?ﬂ- 0
u 72.22.
e | (12)(34) | (123) | (132)
wo | 1 1 1 1
e) p1 |1 1 € e |, rme e KOPEHL TPETHEH CTe-
w2 | 1 1 e’ £
w3 | 3 -1 0 0

nenn u3 1 8 C. Ucnoassosars 3agaqy 72.26.

72.29. Her, Tak Kak CKAIAPHBEIN KBaJIpPaT YKA3AHHOM (PYHKINM HE ABJIA-

eTCA TeJbIM THCIOM.

72.30. B oGosmauenmax k 3agade 72.28, a) F' = 2p4 + 0,51 + 0, 5¢3.
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72.31. B obosHaueHHMAX oTBeTa K 3ajade 72.28, a) sammmem [ = —po +
+ 301+ 22, fo =41 + 2. OTcioaa caeayer, 4ro fi He ABIAETCA XapakTepOM
npeacrapieHus. fa XapaKTep NPAMOH CYMMBbI HEIIPUBOIUMOTO ABYMEPHOTO
IpeACTABIEHUA TPYNNEL S3 U 9eTHIPEX SK3eMILIPOB HETPUBUATEHOTO 0 JHOMED-
HOI'O HPEeACTABICHUA 3TOH IPYIIbL.

72.32. a) Joxasars, 4To orobpaxenne A B C, nepesogsamee y B y(a), npu
HEKOTOpOM a € A ecTh xapakTep rpynnsl A M J0Ka3aTh, UTO BO3HUKAIOIIEE
TakuMm o6pasoMm orobpaxenne A — A ecTh U3OMOPPUIM.

72.33. B) BelBecTn ¢ mOMOMIBIO &) PABEHCTBO

fl@) =Y £ - x(a)

)(E.‘i

1 10KA3aTh, 4TO f MEPEXOIUT B (JA])~* f mpu msomopduame zagaum 72.32, B).
72.34. Ucnomesosats pasenctso (f, fla =3, - i(f, x4,

72.37. Ilpusesem pasaoxenue xapakrepa upejicrapicHua W HA HENPUBO-
JAMMBIE XaPAKTEPHI.

a) xw = Yo+ ¥y + o,

6) xw =Yoo+ ¥ + Vo + Uy,
B) xo = %Yo+ ¥ + ¥y + Us.
72.38. xw=1n"Xao.

72.39. n™ ', /lokasaTh, UTO BCE HENPUBOAMMEIE IIPEJCTABICHAA I'DYII-
ner G exogar B p©™ ¢ 0IMHAKOBOI KPATHOCTHIO.

72.40. a) Xp2 = Uy 4+ Uy 4+ s,
)] Xps = o+ ¥y + 30s.

72.41. Ecmm
= n+1 m_[m]
- 2 ] - ’
n—1
TO KPATHOCTE PaBHA ( . )
m

72.42. PaccmoTpers nNpejcTaBICeHUAC HA IPOCTPAHCTBE KOCOCHMMETPHYICC-
KUX JIBaK bl KOHTPABAPUAHTHBIX TEH30POB.

72.43. B o6o3HaveHHAX OTBeTa K 3ajgade 72.28, a):
a)pri; 6)potw2  Blywotw;  T) it

73.2. a) (? _01) 6) ((1] (1])
5) (é g) r) ([1) —01)
a0 o0

73.3. 6)ur). B) H e).
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73.4. B Tom cayuae, xkorga gaa aobeix k, A B xkopaaHosou gopme Mat-
punbl A GuCa0 KOPAAHOBBIX KJAETOK HOPAAKa k ¢ COOCTBEHHBIM 3HAYCHHEM A
PABHO YUCIY KOPAAHOBBIX KJICTOK MOPAAKA k ¢ COGCTBeHHBIM 3HAYCHHMEM — .

73.5. a) Beakoe mpeacrasienne mveer sug Ry (t) = ™ DA A e M,(O).

6) Beakoe npeacTaBlIeHUe SKBHBAJCHTHO IIPEICTAaBICHHAID BH IA

eln|t|-|A\ 0

Ren = (" wiin): AEMY©O), B eM(O),

(sgnt)e

PacemoTpers o6pas anementa —1 € R* npu gaHHOM NpeacTaBIeHUH, 10Ka3aTh,
4T0 ero coOOCTBeHHBIE MOANPOCTPAHCTBA NHBAPHAHTHEL, U BOCHOAL30BATECA a).

B} Bceaxkoe npeacrapiIeHue SKBUBAJCHTHO IPeACTABJICHMIO BH 14

zh 0

[lokasaTk, 9TO npescTaBieHne aaauTHBHON rpynnel C, noryyaemoe kKak KOM-
nosumus romomopdmama C — C (f — ') u npencrasrerms rpymms: C, mreer
pug Pa (o sagagy 73.1) u ¢4 = E. 3arem gokasare, wro Marpuna A mo-
A00HA UEIOYUCICHHON JUATNOHAILHOU MATpPUIE.

1"} Beakoe NpeacTaBICHUe SKBUBAJCHTHO NPEICTABICHUIO BU A

2k 0

PaccmoTpeTs mpegcTaBIeHMe aliMTUBHOM TPYNNBI noas R, momydaeMoe kak
koMmoamma romomopgmava R — U (¢ — e'), u npeacrapienns rpynnsr U,
3aTeM BOCHOJIL30BATHCA 3agaden 73.1.

73.6. [la; 10ka3aTh, YTO BCAKYIO HEBBIPOK JCHHYIO KOMILIEKCHYIO KBa ApaT-

HYI0 MATDPHILY MOXKHO TPEICTABAT B BUAC €, N BOCTIOIB30BATRCA 3agadei 73.1.

73.7. JIluseunsle 060104Ku HaGOPOB COOCTBEHHEIX BeKTOpPOB qiad A.

73.9. PaccmoTpersh orpaHudenue npeicrasicHua P, Ha DOATPYOOY Iua-
TOHAJBHBIX MaTpPHIL.

73.10. 1) JoxasaTh, YTO PABEHCTBO MMEET MECTO Ha MOJAMHOXKECTBE JIHa-
FOHAJU3UPYEMBIX MaTPHIL.

73.11. 3ameTuTs, UTO

SU2(C) = {A € H| (4,4) =1}.



442 Omsempl u yraszanua

Tokasars, 1To ecau A € SU2(C) mmeer coberpennble spadenud e ¥ | mo omepa-

top P(A) ects nosopor npocrpancrsa Hy ma yroa 2 BOKpYr 0CH, IPOXO0 AN
qepes A — %(tr A)E € Hp.

6) [Joxasars, uro rpyuna R(SU>(C) x SU3(C)) TpaH3suTHBHO JeUCTBYeT
Ha equHuIHOR cepe B H, u BocmoaszosaTeca a).

B) Kommaexendukamua npocrpancrsa Hy ecTs moanmpocTpascTBO MaTPUIL
a b i
BHA (c a) B M2(C). UckoMbi n30MOpPUIM OCYIIECTBAALTCA OTOOpaKe-

HEeM, COTOCTABIAIONIAM TaKOH MaTpHNe MHOTOIeH f(x, y) = —bz”+2azxy+cy’.

73.12, 73.13. Cwm.: Cynpynenxo J.A. I'pynner marpun. — M.: Hayka,
1972. — I'm. V.



[Ilpuroxenue

TEOPETUYECKHWE CBEAEHUA

§ I. ApdurEan n eBKINI0BA reOMeTpPUA

Adpunnvim npocmpancmeon nag noxem K nasesaerca napa (A, V), cocto-
AWAA U3 BEKTOPHOTO npocrpancTtsa V' Hag norem K u muoxkecTsa A, sneMenTs
KOTOPOI'0 HA3BIBAIOTCA mouxamu. Ilpeanonaraercs, yro napa (A, V) cuabxena
ONEpAIHeN CIOXKEHUS TOUEeK U BeKTOPOB

(a,v) > a+v eV,

VAOBIACTBOPAIOIICH CICIVIOUINAM VCIOBHAM:

1) (a+v1) +v2 =a+ (v1 +v2) ama moboro a € A, vi,v2 € V;

2) a+ 0 = a ara moboro a € A;

3) pua moGEIX ABYX TOUEK a,b € A cymecTByeT e JUHCTBEHHEIN BeKTOp U € V
Takoi, 9To a + v = b (3ToT BekTOp 0GO3HATACTCH Yepes ab).

Tepymuu “adduaHOe TPOCTPAHCTBO” YACTO MCIOIL3VETCA MPHUMEHNTEILHO
TOABKO K nepsomy wieny napst (A, V); B sTom cayuae V HassBaeTCa BeKTOP-
HBIM NOPOCTPAHCTBOM, QCCOYUUPOBAHHLIM ¢ AAHHBIM A(GUHHBIM TPOCTPAHCT-
BOM.

Paameprocmbio addunsoro npocrpancrsa (A, V) masmmaerca pasmep-
HOCTB BEKTOPHOIO TPOCTpaHCTBa V.

Beaxoe BekTOpHOE MpOCTpaHcTBO V' MOKHO paccMaTpuMBaTh Kak adpuH-
HOe IPOCTPAHCTBO, ecau moaoxuTh A = V u onpegeinTs cIokeHHe TOYEK U
BEKTOPOB KaK CIOXKEHWe B mpocTpaHcTee V'

Afpunnmm  nodnpocmpancmeom, wm naockocmbio, B addUHHOM
npoctpasctee (A, V) mazemaerca napa (P,U), rge U — noanpocTpascTBO B
V,a P — Takoe HENyCcTOE MOAMHOKECTBO MHOKecTBa A, 410!

1)p+u€ P ana mobeix p € P, u€ U,
2) pq € U paa mo00wIx p,q € P.
Ilapa (P,U) B aTOM caydae cama aBiseTca adpQUHHBIM TPOCTPAHCTBOM.

Tepvun “ad¢punnoe moampocTpaHcTBo”, MIK “IIOCKOCTE”, TaCcTO TPHMe-
HAETCA [0 OTHOLICHUIO TOALKO K mepsomy wieny napsl (P, U). B srom cayuae
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noanpocrpascTso U, 0JHO3HATHO ONpPEIeIAeMOe MHOKECTBOM P, HasbIBaeTcsa
HANPABALOUUM NOINPOCTRPAHEME0M TAHHOTO addUHHONO IOANPOCTPAHCTBA.

Oauomeproe adupuHHOE NMOANPOCTPAHCTBO HA3BIBACTCA Npamoi. Addun-
HOE MOANPOCTPAHCTBO, PasMEPHOCTH KOTOPOI'0 Ha eJAMHHILY MeHBIIe pa3Mep-
HOCTH IPOCTPAHCTBA, HA3BIBACTCA 2UNEPTLA0CKOCITbIO.

Ecan S — HenycToe noaMuoxecTBO adppuEHOr0 npocrpascTsa A, To Ham-
MEHBIIAS ILIOCKOCTL B A, cogepxaman S, uwazeaerca afdunnot oborouxoi
MHOKecTBa S M obo3Hagaerca depes (S). Muoxecrso us k + 1 Touex ag, ay,. ..
...,a; B adduaHOM npocTpaHcTBe A HasbBaeTCA afPuHHO HE3AEUCUMBIM,
dim(ag, ai, . ..,ar) = k; B 3TOM CIy4ae TOBOPAT TAKXKe, 9TO TOYKH Aq, A1, . - . , Ak
HAXOAATCA B 00ULEM NOAOHCEHUU.

Ose nnockocru (Py, Ly), (P2, L2) B adpduanoM npocTpancTse, He UMEIOLIMAEC
O0LMX TOYCK, HA3BIBAIOTCA NaPasdacabibimi, ecau Ly C Lo wma Ly C Ly, u
expewpusawunucs, ecm LN Ly = {0}. B o6wewm cayuae wucao dim(L; N L)
HA3LIBAETCA CIMENENbIO NaPaAiEAbHOCTY JAHHLIX IIOCKOCTEH.

Cuctemon adduaabM KoopauHaT B adduanom npocrpanctee (A, V) Ha-
apBaeTca Habop (ap, €1,...,€y), COCTOAIMH U3 TOYKH ag (Hadala KOOPAUHAT) U
baszuca (e, ..., e,) BeKTOpHOTO pocTpancTea V. Koopauuatamu Touku a € A
OTHOCHUTEJIBHO TAKOU CHCTEMBI CIVKAT KOODJAMHATHI BEKTODA God) B Dasuce
(81, o) 4 ,en).

Afpunnvm omobpancenuem adpdunnoro npocrpancrsa (A, V') B abdunnoe
npocrpanctso (B, W) naswemaerca napa (f, Df), cocromuan u3 oTo0pakeHus
muOXkecTB f: A — B n mamennoro orobpaxkenua Df: V — W, yaosrerso-
patowero yeaosuio f(a +v) = f(a) + Df(v) ana mobeix a € A, v € V. Buex-
THUBHOE apduaHOE 0OTOOpaKkenne apPUHHOTNO IPOCTPAHCTBA B Ce0g Ha3BIBAeTCA
agifunnbin npeobpasosanuem. Tacro Tepyun “addunnoe orobpaxenue” (mwm
“npeobpasoBanue” ) NPUMEHAECTCA MO OTHOMIEHHIO K OZHOMY TOJBKO IEPBOMY
wieny napst (f, Df) — orobpaxenuo f; munemHoe orobpaxenue Df B aTom
CIIYYMAe HABRIBACTCA aumelinot wacmbio wm dugdepenyuacom adbpuaHoro oro-
tpaxenns f.

Bee addunurie npeobpaszosanusa adgp@UHHOrO NpocTpaHcTBa 006pa3yiOT
rpynny, HaseBaeMmylo afifunnott epynnot u oboznavaemyio qepes Aff 4.

Adpdunnoe npeobpazosanne, uddepeRnnaI KOTOPOro — TOXASCTBEHHOE
oToOpakenne, HA3LIBACTCA NAPatieibhbim neperocom. Ilapariersuse mepeno-
cbl o6pasywor noarpynny B Aff A, koropasa oToxaecTBIAETCA ¢ A1 TUTUBHON
TPYNNOH BEKTOPHOTO MPOCTPAaHCTBA V@ KakJIOMy BEKTOpY v € V cooTBeT-
CTBYCT IApALICIbHBIA NepeHoc Lo a — a + v.

Kongueypayueti B adpdunnom npocrpancrse A HA3BIBACTCA YIOPALOICH-
et mabop adpunnpix noanpocrpamcts {Pi,...,P.}. e xoudurypa-
man {Pr,.... P} u {Q1....,Q:} B A HasemBaorca afdunio xonzpysnmubimi,
ecan cymecTByeT adduanoe npeobpasopanne f, 11a koToporo f(P;) = @Q; npn
R A,
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Hanee 6yaem canrarh, 410 (A, V) — addunnoe mpocTpaHcTBO HaJ MOTEM
BeIIECTBECHHBIX YMHCEeJI.

M awobeix Touek a,b € A, a # b, coBokynuocTs To4ex Buga Aa + (1 — A)b,
rae 0 €< A £ 1, vaseBaeTca ompe3kon, coeauHaommM Touku o 1 b. Hemyc-
Toe MHOKecTBO M C A HasbBaeTCA 6uINYKAbIM, €CIA BMECTE ¢ MH00BIMU ABYMA
TOYKAMU OHO COAEPKUT COCAUHAIOUMH UX OTPE30K. Pa3mepnocmbio BEITVKIO-
PO MHOXKECTBA HA3BIBACTCA Pa3MepPHOCTH ero addunnon obomrouxku. Bemykmoe
MHOKecTBO, addunHas 060J04MKa KOTOPOro COBIALAET CO BCEM HPOCTPAHCT-
BOM, HA3BIBAETCS MMEAECHbIM.

Touka BeIMyKI0r0 MHOKecTBa M Ha3BIBaeTCA 6HYymMpeHred, eCIi OHa MPH-
HALI€KAT OTKPBITOMY AApy MHOXKecTBa M B ero adduarON 000J07Ke, U 2pa-
HUUHOT B IPOTHUBHOM CJaytae. Touka BBINYKJIOTI'O MHOXeCTBa M Ha3bIBaAeTCA
Kpaiinel, ecaM OHA HE ABIACTCA BHYTPEHHEH TOYKOM HUKAKOTO OTPE3KA, ETH-
KoM Jexamrero B8 M.

OTkpbiTOE AAPO BBILYKIOro MHOXKecTBa M B mpocrpancTtBo A oGosnaua-
erca 1epes M°. (Ecom M ne teaecno, To M° = @.)

Haumensiiee BBIIYKIOE MHOXECTBO, COACPIKAIIEE JAHHOE HEIYCTOE MHO-
xectso S C A, maseiBaerca swnykaoti obosoukoti Muoxecrsa S u 0603Ha1a-
eTca 1epes conv S. Brimykaas ofoaouka n + 1 Touex, HAXOAAIIMUXCA B 00IIEM
MOJ0XKEHUN, HA3BIBAETCA N-MEPHBIM CUMNAEKCOM.

Mna mobon HemocToAHHON apPUHHON JUHEMHON (PYHKIMKU f HA IPOCTPAH-
cTBe A MHOXKeCTBO, 3agaBaemMoe HepaseHCTBOM f(x) 2 ), BRIIVK/IO M HA3BIBAET-
CA NOAYNPOCTPARCINEOM, OTPAaHMMUBACMbIM TunepmiockocTsio {x | f(r) = 0}.
Kax 1aa rUnepiockocTh OCPaHUYMMBAET ABa MOAYNIPOCTPAaHCTBA. [oBOpAT, 4TO
MHOXKECTBO S aexcurn no oduwy cmopony om 2unepnaockocmu H, ecam oHO co-
JACPEKUTCA B OJHOM M3 OIDAHMYMBACMBIX €10 MOJYIPOCTPAHCTB; €CIU MDY HTOM
SN H = @, To roBopar, 4To S AexuT cmpozo no odwy cmopony om H.

Cunepriaockocts H, uMeromans o61Iyo TOUKY € 3AMKHY THIM BBITYKIBIM MHO-
KeCTBOM M, HABBIBACTCA 0NOPHOL 2UNEPNAOCKOCTILI0 3TOT0 MHOKCCTBA, CCIA
M sgexur no oguy cropony ot H. HenmycToe nepecetenue KOHEUHOIO TUCIA HO-
JAYIPOCTPAHCTB HA3BIBACTCA GLINYKALLM MHOZOZPaNHuKkoMm. VIHATe NOBODA, BEI-
MYKJIBI MHOTOIPAHHUK — TO MHOXKECTBO TOYEK, KOOPIUHATHI KOTOPBIX V0B~
JeTBOPAIOT HEKOTOPOH COBMECTHOM CHCTEMe HeCTPOIHX JMHEHHBIX HEPABEHCTB.
THoamuOXKecTBO N-MepHOro apUHHOIO MPOCTPAHCTEA, 3a/aBAeMOr0 B MOIXO0-
amuten cucteme apUHHEBIX KoopauHaT HepaseHcTBamu 0 < x; <1 (i=1,...,n),
Ha3bIBaeTCA ﬂ-}IeprIM nﬂpﬂ-&ﬂﬂ-‘ﬂeﬂﬂﬂeaﬂ.ﬂ.

ITogmMHOMXKeCTBO BBIMYKJIOro MHOrorpanHmka M, ABagomeecs ero mepece-
9YeHHEeM ¢ OMOPHOU MUIEPILIOCKOCTHIO, HA3BIBACTCA 2Panbio MHOrOrpaHHuka M.
HyabpmepHbie rpaHy HA3BIBAIOTCA 6EPUUHAMU, OTHOMEDHEIE — pefipamu. Beakas
rpaHb BBIIYKJIOIO MHOTOTDAHHMKA TaKiKe ABIACTCA BBITYKJIBIM MHOIOTDaHHH-
KOM.

ITogvuoxkecTBo K HEKOTOPOr0 HpOCTpaHCTBa V' HA3LIBAETCA GLINYKALIM
wonyeom, ecmm x +y € K, Ar € K amn mobeix x,y € K n moboro A > 0.
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BeAKMI BBIMYK/IBI KOHYC ABIACTCA BBITYKJIBIM MHOXKECTBOM B IPOCTPAHCTBE
V', paccmarpusaemoMm kKak adpuHHOE HPOCTPAHCTBO.

Addunnoe nupocrpaucreo (E, V) Haa noreMm BeleCTBEHHBIX YUCE]T HA3BI-
BAETCA £6KAUJOBBLM NPOCTRPAHCTNGEOM, €CIA BEKTOPHOE IPOCTPAHCTBO V' Hage-
JIEHO CTPYKTYPOU €BKJINA0OBA BEKTOPHOrO IPOCTPAHCTBA. B eBKIMAOBOM IIPO-
crpacTBe F BBOIUTCA PACCTOAHME MEXAY ABYMA TOUYKamu: ecam a,b € E, To
pla,b) = |ab|, rae |v] = \/(v,v) — ammma BexTOpa v € V; a Takke paccTosHIe
Mex 1y aByma miockoctavu P, Q) C E:

p(P,Q) =inf {p(a,b)| a € P, beQ}.

Yeoa Mexay OBYMA ILOCKOCTAMH ONpeAeIaeTca KaK yrod MexIy UX Ha-
NPaBIAIIMMI TOANpocTpaHcTBaMu. [[10cKoCTH, Yroa Mex 1y KOTOPBIMH Da-
BeH 7/2, HA3BIBAETCA NEPRENIUKYAADHOLMIL.

Lleuncenuem eBKIMIOBA IPOCTPAHCTEA Ha3bBaeTca adduuHOE Ipeodbpas’o-
BaHMe, TuddepeHnal KOTOPoro ABIAeTCA OPTOTOHAIBHBIM onepaTopoM. [IBu-
wenue [ HasweiBaerca cobemeéenutim, ecan det Df = 1. [IBnkeHua cOXpaHAOT
PACCTOAHMA MEeXKAY ToUKaMmu. Bee gBmkeHns eBkanaoBa npocrpancrsa B oGpa-
ayior rpynmy, obosnadaemyio depes Isom E. I'pynna co6CTBEHHBIX IBUMKEHUN
obo3HavaeTca Tepes Isomy F.

[Be xonpurypaumn {P,..., P} u {Q1,...,Qs} B eBKAXI0BOM IpPOCTpAH-
cTBe F HA3BIBAIOTCA MEMPUUCCKY KOHZDYIHIMHLIMY, €CIM CYHMIECTBYeT JBUKe-
aue f npoctpanctsa F, npu xoropom f(P) =@, (i=1,...,8).

§ II. T'unpenoBepxXHOCTH BTOPOro MOPAAKA

IIycts (A, V) — adgdununoe npocrpancTso Haa noaeMm K. Keadpamuunoi
Pynryued Q: A — K na A nasesaerca GpyHKIMA BUAA

Qlao +2) = gq(z) +1(x) +e,

rae ap — HeKoTopas To4ka adpunaoro npocrpancrea A, ¢: V — K — ksan-
parwanas gpyskuus, [: V — K — mmuennas ¢pyukumsa, ¢ € K. Ksagparuunas
dyHKIMA ¢, He 3aBHUCAIIAA OT BBHIOOpA TOYKH @, HAIBIBACTCA K6adpamuvunol
yacmpio pyaxmum Q. JIunennan GyHKIMA | HA3bIBAETCA JMHENHON 9aCTh (DYHK-
nuu () OTHOCHTEIBHO TOYKU ag. [ Unepnoseprnocmpio BTOPOro mopAaka B A,
Wi K6adpurotll, HA3BIBAETCA MHOKECTBO BHIA

X =Xg ={a€A|Qa)=0}.

B agdunnon cucreme xoopaunart (ao;ei,...,en} KBaaparwaHai (QyHK-
uusa () 3aNUCHIBAETCA B BUJAE

n n
Q(ag -+ .‘l’:) = z a;;TiTj + QZ biz; + ¢

i,j=1 i=1
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rae aij = a;j;. CumBoaom Ag o6o3navaerca MaTpuua (a;;) KBaIpaATHIHON QYHK-

umn ¢ B 6asuce (ey,...,e,), a cumsonom Ao — mMaTpuna
b
A :
Ag = 2 .
b
by ... by |c

Ounpepemmremn marpun Ag u A, ob6oznavaorcea yepes A u § COOTBETCTBEHHO.
Ilpu atom Ag, Ay, A m § 3aBucAT 0T BRIGOPA CHCTEMbI KOODAMHAT (@o; €1, - . .

,€n), 0AHAKO panru Matpun Ao u A, yxKe He 3aBHCAT OT BEIGOPA CHCTEMBI
koopaunat. Ksagpuka naseBaerca mesmponcdennot, ecim A # (0, u ebipooic-
dewnotl, ecin A = 0.

[N'unepniockocTs

n
D (aise§ + bi)(wi —ai) =0
ij=1
HAJBIBACTCA Kacameabnol 2unepnaockocmbio Kk Xg B Touxe a = (xf,..., 20) €
€ Xg, ecom E;—’:l aijz) + bi # 0 a1 mexoroporo i. Ecam 510 ycaosue e Bbi-
MOMHEHO, TO TOYKA (o HAILIBAETCA 0C0001.

Bekrop r = (r1,...,Tn) HA3BIBACTCA GEKMOPOM ACUMNMOMUNLECKOZ0 Ha-
npasaenus, ecan q(r) = 0.

Touka a € () HABBIBACTCA YEHNPAALHOT MOUKOT KBAAPATHIHON dyHKIMK ()
(mm xBagpaTuku Xq ), ecIn IMHeHHAA acTh () OTHOCHTEIBLHO ao PAaBHA HY.TIO.
Ipu srom Q(ap + ) = Q(ao — x) aun Beex x € L. Hewmpon Pynryuu Q (mim
KBaIPUKH X ) HA3BIBAETCA MHOKECTBO €€ IMeHTPAIbHBIX TOUEK.

Konyc {a € A | gla — ao) = 0}, rae ap — HEeHTPATBHAA TOYKA, HE 3ABHCAT
oT BHGUPH QTOI"JI TOYKHM M HA3bIBACTCA ACUMNIMOMUYECKUM KOHYCOM KBa,ﬂpH-
kn Xg.

Hna mobon keaapaTudHon GyHKIMM () cymecTsyeT Takaa adduHHEAA CHC-
TeMa KOOpIMHAT B A, B KOTOpOR () IpUHUMAET OJUH U3 CIeIVIOLMX BUIOB:

a) ecaM ¢ HeBBIPOMKACHHAA, TO
Q(x1,...,20) = Zn:)\iwf +e¢, A,c€EK, MN#O0;
i=1
6) ecan ¢ BRIDOKJEHHAA PaHTa r U MeHTp () HemycT, TO
Q(z1,...,2n) = i)\i.rf +¢  Ac€K, AN#O;
i=1
B} €CIM ¢ BEIPOXKJEHHAs PAaHra r u wertp () mycr,

T
Q(z1,...,2n) = Z,\,-x? + Zrg1.

i=]1
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Han mozeM BelIeCTBEHHBIX YHCEI YPABHEHHE KBAJPUKHM B HEKOTODOU ad-
GUHHOM cUCTEeMe KOOPAMHAT UMEeT OJUH U3 CACAYIOLIUX BUI0B:

(Po): 22+, 422 -2 —. .. —22=1, 0<s<r<m
(Lo): i+ +22—ax2 —...—22=0, 0<s<r<n, s=2r/2;
(ILs): 234+.. . 4+22—22  —... —22=22.41, 0<s<r<n—1, s27/2

§ III. IIlpoekTHBHBIE IPOCTPAHCTBA

IIpoexmusnbim NPOCMPAHCIME0M, ACCOUMUPOBAHHELIM ¢ BEKTOPHBIM IPOCT-
pauctBoMm V' maxg nmoaem K, maseiBaerca MHOxkecTBO P(V) oamOMepHBIX mojg-
npoctpadcTs B V. Daementsl P(V) HasbBaoTCA MOwKAMU TPOCKTHBHOTO
mpocTpaHcTBa. IIPpOEKTHBHOE MPOCTPAHCTBO 0OJIAZAET CJIEIVIOIMMHA CTPYKTY-
paMm.

A) B P(V) Bbijeqensl MOAMHOKECTBa, HASBLIBACMBIE NPOEKIMUGHbLMU N00-
NPOCMPancmeamy WM naockocmamu. [[oAMHOXKECTBO HA3BLIBACTCA NPOEKMUS-
HHLM NOONPOCTPARCIMEOM, €CAH OHO eCTh HOAMHOXKECTBO BCEX OIHOMEPHBIX
MOAMPOCTPAHCTE HEKOTOPOTO MOANPOCTpaHcTBa B V.

B) 3agaHo CeMeNCTBO MHBEKTHBHBIX OTOOpakeHWd ahOUHHBIX IPOCT-
paucts B P(V), HasbBaemblx adidunnvimy wapmamu. Addunnas xap-
Ta p: A — P(V) crponrtes na adgpunnon runepmiaockoctn A B V' (pacemarpu-
BaeMOU Kak adpUHHOE NPOCTPAHCTEO U He cogepxamen Hy.a). Kaxgon rouke
B A coOnocTaBIsgeTCa eqUHCTBEHHOE OJHOMEDHOE MOANpPOCTPAHCTBO B V| ee co-
aepikaliee.

B) Brigeaeno cemencTBo GMeKTHBHBIX oToGpaxenun upocrparacte P(V) B
cefs, HABBIBAEMBIX NPOEKMUSHbIMYU Npeobpa3osanuamu. [IpoexTuBHOE Mpeob-
pazoBaHue a — 210 otobpaxenue a: P(V) — P(V), koTtopoe cTpourca mo
HEBEIPOXK IEHHOMY JuHenHOMY omepatopy A: V' — V taknm o6pasom, ¥To 06-
pa3 saementa uz P(V) npu orobpamenuu o ects 0b6pas npu orobpaxenun A
OJHOMEPHOTO MOATNPOCTPAHCTBA, TPeACTABIAIIIETO DTOT JIEMEHT.

[IpoexTusHOe npeoGpasoBanre MePeBOAUT IOANPOCTPAHCTBA B MOANPOCT-
PAHCTBA U B KOMIO3UIUHA ¢ adpPUHHON KAPTOU AaeT CHOBa addUHHYIO KapTy.
Pazmeprnocmuio mpocrpanctsa P(1) masemsaerca uncao dim V' — 1. IIpoexTus-
HOE IPOCTPAHCTBO PA3MEPHOCTH N JacTo obo3navanT depes P". Ilpu pacemot-
perny aUHEBIX KapT 9acTO OTOXKAECTBIAT adduHHOE mpocTpaHcTBo A u
ero otpas B P(V). KoopamuaTsl, 3aJaHAbIe B HEKOTOPOH adpUAHON KapTe, Ha-
3BIBAIOTCA HEOOHOPOOHLIMU KOOPOUHATIAMY B TPOCKTUBHOM IPOCTpascTBe (OHI
OTIPEeAETCHB] HE Ha BCEM MPOCTPAHCTBE).

Ecaz B npocrpanctee V 3agana cuctema koopameaT (BrOpan 6a3uc), To,
umes Touky B P(V), MBI MOXeM paccMOTPeTh KOOpAMHATEHL 10000 BEKTOPA
3 COOTBETCTBYIOLIEr0 e O0ZHOMEPHOTO MOANPOCTPAHCTBA. JTH KOOP IMHATHI
OIpefeneHbl ¢ TOYHOCTBIO 0 HPOIOPIHOHATLHOCTH ¥ HA3BIBAIOTCA 00HOD00HbI-
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MU KOOPIUHAMAMY TOTKH IPOCKTUBHOIO MPOCTPAHCTBA.

Ecmu B V 3agana cucrema KOOpAUHAT To, L1, ..., T, TO adpUHHAA KapTa,
onpegersenas MUIEPILIOCKOCTRIO ¢ YPABHEHUEM I; = 1, HA3BIBAETCS i-U KOOp-
dunamuot afdunnot xapmoi.

Ecan ¢ — xBagpaTwmyHaa GyHKUMA HA V', TO MHOKECTBO OJHOMEDHBIX IO~
NpPOCTPAHCTB, coAepkaummxcs B konyce q(xz) = (), HaswBaeTca weadpukoil
B P(V).

[l1s YeTHIpex pA3NMYHBIX TOYEK pi, P2, P3, P4 TMPOEKTHBHOH mpamon P!
ompegereHo ux deotinoe ommowenue §(pi, P2, Ps,Ps), KOTOPOE ABIACTCA die-
MEHTOM OCHOBHOTO moas. Jl1a ero BeMMCIeRna 3aja uM Ha P nponssorsnyio
CHCTEMY OJHOPOAHBEIX KOOpAMHAT U obo3HauuM uepes A(p;, p;) onpegeanTens
MATPHIB! 2-T0 HOPAAKA, COCTABICHHBIM M3 KOOPAMHAT TOYEK p; U p;. Torga

8(p1,p2,p3, pa) = Tpilt)  Alpu.p2),
A(ps,ps) Alp1.p2)
IIpaBas TacTh >TOH (POPMYIBI HE 3aBUCAT HH OT BRIDOPA CHCTEMEI KOO IH-
HAT, HU OT BEIOOPA BEKTOPOB, MPEJACTABIAINMX JaHHLIe TOYKU. B HeogHOpOI-
HBIX KOODAMHATAX

(x4 — z1)(x2 — 23)
(za—z3)(22 — 20’

6(p1,p2,p3,pa) =

rae r; — KOOpJAHMHATa TOYKH p;.

Paccmarpusas HexoTOpyoo adpduHHYIO KapTy M ahHUHHYIO CHCTEMY KO-
OPAMHAT B DTOM KapTe, Mbl MOXKEM 331aBaTh MOJMHOKECTBA B IPOCKTHBHOM
NPOCTPAHCTBE YVPABHECHMAMM OTHOCHUTEABHO 3THUX HECOAHOPOIHBLIX KOOPAUHAT.
Taxwme nogMHOXKeCTBa OVAYT I€XKATH BHYTPH KAPTHI, HO B HEKOTOPBIX CIyYadx
HX MOXKHO JONOJHUTE ¥ BHE KADTHL: H0IMHOXECTBO KaPTHI, 32 1aBAEMOE JIHHEH-
HBEIMM YpaBHEHUAMH (T.€. adpdUHHOE MOANPOCTPAHCTEO), O JHOIHATHO JOMOIHA-
eTcA A0 NPOeKTUBHOIO NOANPOCTPAHCTBA; MOAMHOXKECTBO KapThl, ABIAIONICECA
apPUHHON KBAIPUKOH, OJHO3ZHAYTHO JOMOIHAECTCA 10 HPOCKTUBHOU KBAIPHKH.
Takoe pomorHeHMe MOAPa3yMeBaeTCA B HEKOTODEIX 3ajJavax.

To4Yku TPOEKTUBHOIO MPOCTPAHCTBA, HE NMPHUHAIICKANNE 3adaHHON ad-
(UHHON KapTe, HAABRIBAIOTCA OCCKONEUHO YOQAEHHBIMU TIO OTHOMICHWIO K 3TOH
KaprTe.

§ IV. Tensopst

Tenzopom muna (p,q) WIK P pa3 KOBAPUAHMHLIM U § PA3 KOKMPAE APUGHTI-
HbLM MEHIOPOM HA BEKTOPHOM HpocTpaHcTBe V' HaseBaeTcA (PYHKIUA HA

VXx...xVxV* x...x V",

v e

p pas q pas

JIMHEHHAA M0 KaXIOMY M3 p + ¢ aprymenToB. Temsopsr Tuma (p,q) oGpasyor

29 AWM. Kocrpukux
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sekTopHOe npocTpaHcTBo TH(V). OHO ecTeCTBEHHBIM 0OPA3OM OTOXK ICCTBIIA-
eTCA C MEHIOPHbLM NPOU36edenueM

Ve...eVey' ®...eV".

~ ~

q paa p paa

Koopdunamur menaopa T € T{(V) ( B xakom-mmbo Gasuce mpocTpaHcT-
'j(
s

Ecau char K = 0, To B npocrpanctse TH(V) onpegenens muneinsie onepa-
Topst Sym u Alt:

pa V) obosmavaiorcs wepea £

(SymT)(Frr- s f) = = 32 Tlfottysee o fria)s
& gES,
ARTY(fry- s fo) = 75 3 (8RO ot fr)
TES,

ABAAIOIMECH nmpoexkTopaMu Ha noanpoctpanctsa SY(V) u AY(V) cnmmerpu-
YECKUX M KOCOCMMMETPHYECKUX TEH30POB COOTBETCTBEHHO.
Dnementer w3 AP(V) wacto maswBaercs p-sexmopamu (B TOM tmcIe M3
A?(V) — busexmopanu).
- « I e o0 q (1 ‘ w < -
IMpocrpancreo S(V) = ®q:US (V) ¢ omepaumenn yMHOXEHUA Ty =
Sym(x ® y) aeageTca aareGpol, KOTOPaA HA3BIBACTCA CUMMEMPUUECKOU Q-
o , ,- . . — D™ AV ; .
2ebpoti npocmparcmea V. Ilpocrpancrso A(V) = @2, AY(V) ¢ onepauuesn
Ay = Alt(z @ y) asaaerca arreGpon, KOTOPAA HAIBIBACTCA GHewkel aazelpoi
npocmparcmea V unn aazebpot I'paccmana.

§ V. DaemMeHTHI TEOpUHU NpPEJCTABICHUN

A M310KEeHUs OCHOBHEIX OIIPEJeJeHUI U IePBOHAYAIBLHEIX Pe3yIbTATOB B
TEOPHN IPEJCTABICHUN FPYII TPAIULIOHHO UCIOIB3YETCA HECKOABKO PA3BHBIX
cnoco6oB. IIpn ganrbHeNeM pa3BUTHN TEOPHH BBIACHAIOTCA CBA3M MEXKIY pa3-
JUYHBIME BAPHAHTAME OIPeJeJeHIN | BEIPaObaTHIBAIOTCA CIIOCO0bl “IepeBoja ¢
OJHOTO A3BIKA Ha Apyrou” . Ml He mMeeM B BUAY ONPEJICICHHOTO crnocoba mep-
BOHAYATBHOT0 M3J0XKEHUA, CINTAA Ie1ecO00pa3sHbIM 03HAKOMHTE M3YYaiolmX C
OCHOBHBIMH CTIOCOOAMM, IPHHATHIMHA B IUTEPATYPE, U IaTh BO3MOXHOCTE TIpe-
MOJABATEII0 HAUTH 33344, UCHOAB3YIOUWKE yA00HBIC My BAPHAHTHI W3JI0KE-
HUA.

HanmoMHMM B OCHOBHBIX ¥epTax 3TH OCHOBHBIE TIOAX0IbI K IIOCTPOEHHIO Te-
OpPHH MPEJCTABICHUHA WM BADUAHTEI TEPMUHOJIOTHH.

o
A. TepMHHOJIOT A JUHEWHLIX NpPEACTABICHHUN. Juneiinbim nped-
cmasaenuem rpynnsl G Ha mpocTpancTee V HasbmaeTca romoMopduam : G —
— GL(V) rpynnst G' B rpyIIy HEBLIPOXK CHHBIX JMHEHHBIX 0nepaTopos Ha V.
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PasmepHocTE mpocTpaHCTBa V' HA3BIBACTCA PAIMEPHOCTIBIO HIH CINMENEHBIO
npedemasacnus. Iomomopduamom npedemasaenus ® rpynner G Ha npocrpas-
cree V' B npeacrasiaenne ¥ rpynner G Ha npocrpancrse W oHaseBaerca am-
HenHoe orobpaxenue a : V — W, gua xoroporo a(®(g)v) = ¥(a(v)) npu scex
g € G, v € V. Ecim romoMopdusM o ABIAETCHA M3OMOPGHHUIMOM MPOCTPAHCTS,
T0 npegcrasicHus ¢ u W Ha3BIBAIOT u30MOpPHbILMU

ITognpocrpancTeo U B npocrpanctee V' npeacrasienna ¢ rpynnel G Ha-
3BRIBAIOT uneapuanmubim, ecm P(g)U = U npn ncex g € G. Ilpeacrasienne
HCHYJIGBOI/“I CTEIIeHW, HE MMEKIIee MHBAPDUAHTHBIX H()ﬂHpOCTpﬂHCTB, OTINYIHBIX
OT HYJIA M BCEr0 NPOCTPAHCTBA, HABBIBAIOT HENDUB0IUMbIM.

B. TepMHHOIOrMA MATPUYHBIX NPeACTAaBIHUN. Mampuunbim
npedemasaenuem rpynnsl G creneHn n Haj moaeM F HaseBaeTCA DOMOMOP-
¢uam p: G = GL,(F) rpynnet G B rpynny o0paTUMBIX MATPUIL TOPAAKA 7
mag moaem F. [[Ba MaTpPHYHBIX IPEICTABICHUA p U 0 Tpynnsl G OTHOTO B TOTO
Ke TopAfka n Hag F' HA3BIBAIOT 3K6UGA1eHMHLIMY (UI0MOPPHBIMGL), ecar Cy-
mecTByeT Takas HeBBIpoiKIenHas marpuma C € M, (F), wro p(g) = C 'a(g)C
ana Beex g € G.

MaTpuuHoe NpPeACTABICHUE HA3LIBACTCA NPUSOJUMbLM, €CIU OHO DKBUBA-
JEHTHO IPeACTABIeHMIO, B KOTOPOM BCE€ MAaTPHIEI NMEIOT OJUH M TOT Xe “yroi

c
0 B) ,rae Am B MaTPHIBI MOPAIKOB T | 5,
OJMHAKOBBIX A1 Beex g € G.

B. Tepmunojorus JamHedHLIX G-npocTpascTs. IIyers G
rpynna, V — auHenHOE mpocTparcTBo. [oBopaT, uTo Ha V 3ajaHa CTPYKTYpa
mrHeHHOT0 G-TPOCTPAHCTBA, ecan Ha G X V' omnpegereHa omepanus co 3HAMEHH-
avu B V', npudénm oToOpakeHue v — ¢ * U ABIACTCA JUHEHHBIM 0TOOpaKeHreM
npocTpancTBa V B ceba u g1 * (g2 *v) = (g1g2) * v npm Beex g1, 92 € G,v € V.
Jsa G-upocrpancrsa V u W HasbBAIOT N30MOPQHBIMY, €CIM CYLIECTBYET Ta-
KO0 m3oMopduamom npocrpancts « : V — W, aro a(g*v) = g- a(v) aia scex
geG,veV.

ITognpocrpancteo U B G-mpocTpaHCTBe V' HA3BIBAIOT UHGADUAHITIHBIM, €C-
m1 g *w € U npm Beex g € G, uw € U. Henyaesoe G-npocrpancTso V' HaswBa-
0T HENPUB0JUMbIM, €CIM OHO HE MMEET HeTPUBHATLHBIX MHBAPMAHTHBIX IIO-
NPOCTPAHCTE.

Hy7Jer”, T.e. HMeIOT BHI (

T'. TepMmuHOIOrHsa MOgyJIeH Ha g rpynnoson amre6pou. Ipoct-
paHcTBO V HasBIBAIOT Mmodyaesm HAZ rpymmoBon amredpon F[G] wm F[G]-mo-
ayaeM, ecan Ha F[G] x V onpegenena onepamus (a,v) — a-v €O 3HATCHHAMHA B V,
ama xkoTopon ai(azv) = (araz) - v. Isa F[G]-moayan V u W usomopdust, ecan
CYHmIeCTBYET JuHenHOe oToOpaxenue a: V — W, naa xotoporo ala-v) =a-a(v)
npu Beex a € F[G], v € V.

Tlogupocrpanctso U B F[G]-moayae V HaseBaioT nodmodyiem, ecin a-u €
€ U npu Beex a € F[G], u € U, u nenyaeBon MOAYIb V Ha3BIBAIOT Npocmuim
W HENPUuEoduMbiM, 6CIH OH HE HMEET HeTPUBHAILHEIX II0MOIYICH.

29*
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Ormernm, 4o, umesa ctpykTypy F[G]-Mmoayas na V' u paccmarpusas rpyi-
ny G kax noamuoxectso B F[G] (cyMMBL ¢ 0AHUM HeHYIEBBIM KOMDDUIMEHTOM,
pasHBM 1), npu orpasmyennn onepamum Ha G X V' vbr nodygaem ma Vo eTpyk-
typy G-npocrtpanctsa (g,v) — g - v.

HaoGopor, umves Ha V cTpykTypy G-IpOCTPAHCTBA, MBI MOXKEM MOJOKUTE

(Eas-9).v) » Easta+ o),

u a0 npespamaer V B F[G]-Moays.

Eciu & — imueitnoe npeacrasienue rpynnsl G ua V', To onepauus

(g,v) = ®(g)v

3agaeT Ha V cTpykTypy G-IpocTpaHCTBa.
Ecm V' — G-mpocrpanctso u ®(g): v = g * v, To ®(g) — IuHeHHBIHT

onepaTop Ha V, 1 Jerko nokasark, 9To g — P$(g) — amHeHHOE npeacTaBIeHne
rpyvinsl G Ha npocrpascTse V.

Ecam nmeercs muHeNHOe NpejcTaBIeHne IPYNIb (G Ha n-MepHOM IIPOCTPaH-
cree V', To, BeiOupas B V 6a3suc u cONOCTABIAA KaxkI0My daeMeHTy g € G maT-
puiy oneparopa ®(g) B 3ToM Gazuce, Mbl noaydaem orodpaxenue G 8 GL, (F),
KOTOPOE OKa3bIBAETCA MATPUIHEIM IpejcTasieHneM rpynast G. Jpyron sei6op
fas3uca IPUBOAMT K SKBUBAJICHTHOMY MaTPUYHOMY NPEJCTABICHUIO.

Ecau 3agaso n-MepHOe MATPUYHOE IpeacTasieHue p rpymnsl G, TO, como-
CTABIAA KaxA0MY dIeMeHTy g € (G omepaTop yMHOXKEHHS HA MaTpuuy p(g) B
npocTpancTee F7 | MBI mOIy49aeM JUHEHHOE IpeacTasieHue rpynnsl G Ha npo-
crpancTee F".

Herpyano npoBepuTs, 1T0 yKasaHHbIe cioco0sl nepexoia or F[G]-moayeit
K G-IPOCTPAHCTBAM, IMHEHHBIM ¥ MATPUIHEIM PEICTABICHUAM U 00PATHO IIe-
PEBOJAT HENPHUBOIMMEIE 00BEKTH B HENPHBOAMMEIE M M30MOPQHEIE — B M30-
MoOpdHEBIE.

Omnepauua ymuoxenns B F[G] sagaer va npocrpanctee V = F[G] cTpykTy-
py F[G]-moayas; cooTBeTcTBYIOMEE IMHENHOE IpeacTasieHue rpynnst G Ha V
HA3BIBAIOT pe2yasphbim npedemasaenuesm. Mbl MOXKeM Takixke 3aJaBaTh pery-
JIAPHOE IpejcTaBIeHne, paccMaTpusad npoctpacTso V¢ Gasucom (eg4), g € G
u onpegensaa otobpaxenne R : G — GL(V) npasmiom R(h)e; = ey, npu Bcex
g,h € G. Basuc (ey) Ha3BIBACTCA KOHOKUNECKUM 0G3UCOM IIPOCTPAHCTBA PEry-
JAPHOTO TPeICTABICHIA.

HpHBE,f]E.\l OCHOBHBIE Teﬂpel\ibI 0 Hpe,ﬂCTa.B..‘IeHﬂHX r'pyIIm.

Teopema 1. Hyemv G' — wommymanm epynnee G u ¢ : G = GG’
wanonuveckut comomopdusmn. Toeda dopmyaa 1) — oy yemanasausaem s3a-
UMHO OOHOZHAUHOE COOTNEETNCINBUE MEHCIY MHONCECTNBAMU 0OHOMEPHBIE NPED-
emasaenui 2pynn G u G/G'.
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Teopema 2 (Mauxe). ITycms epynna G xoneuna u char F ne deaum |G|.
Tozda eeaxoe Konewnomeproe npedemasaenue 2pynnve G wad noaem F uso-
MOPPHO NPAMOT CYMME HENPUEOOUMBLE NPEICTNAGACHT.

Teopewma 3. [Iycms 2pynna G koneuna, noae F aszebpauuecku 3amunymo
u char F ne deaum |G|. Tozda wucao pasauunniz wenpusodumpiz npedcmasie-
wuil epynnbt G nad noaem F pasno wucay waaccos cCONPANCEHHLIT 34EMERMOB
epynnvy G, a cymma keadpamos pazmeprocmedl smur npedemasacrnull pasra
nopadry epynnv G.

§ VI. Cnucok onpejeeHuR

TIpuBseseM COMCOK OCHOBHBIX MOHATHUH, UCTIOIB30BAHHBIX B 3aJaHUKE.

Auaeebpa 6anazosa — NOIHAA HOPMHPOBaHHAA anrelpa.

Auaeetpa Cpacemara 6EKMOPHOZO NPOCMPARCMEE — BHENTHAA aarebpa mpo-
CTpaHCTBA.

Aazebpa epynnosas (rpynner G Hag moaem F) — MHOKECTBO KOHETHBIX
(OpMATLHBIX IMHEHHBIX KOMOUHAIIA BUAA ), g9 (g € G, ag € F') ¢ ecTecTsen-
HEIM CIOKEHFEM M YMHOKEHHeM Ha 3IeMeHTH Noat F u onepammen yMuOXeH#IA

agg-aph = agangh,

PACHPOCTPAHAKIIENCA HA JUHEMHBIE KOMOMHAIMM 110 3aKOHY AMCTPUOYTUB-
HOCTH.
Aazebpa dufdepenyuaavnms onepamopoé — aaredbpa Bems.

Aanzebpa némeposa (KOMMYTATHBHAA) — KOMMYTaTHBHAA a1redpa, B KOTO-
POH BCAKAsA CTPOr0 BO3PACTAONIAA IIOCICIOBATEILHOCTH MICAIOB KOHETHA.

Aazebpa nopmuposannas (Hag HOpMHpoBaHHOM noreM K) — aarebpa c
dyuxnuein ||z||, € A, npUHEMAOIEN HEOTPULATEILHBIE BENECTBEHHBIE 3HA-
YeHHs, IPHIEM:

a) ||z|| Z 0 u ||z|| = 0 Toraa n Toapko Torga, korja x = 0;
6) llz +yll < ll=ll + llyll;

B) ||Az|| = |A| - ||z||, rae A € K, z € A;

r) [lzyll < ll=ll - [lyll-

Auazebpa noaynpocmas — arredpa, He UMEIOIIAA HEHYIEBBIX ABYCTOPOHHUX
HMAEAT0B, COCTOAIIMX M3 HUILIOTEHTHBIX 3JIEMEHTOB; B KOMMYTATHUBHOM CIydae
anreGpa 0e3 HUIBMOTEHTHBIX 3JAEMEHTOB, OTIAAIHBIX 0T (.

Aazefpa npocmas — anrebpa, He MMEOAA ABYCTOPOHHUX MAEATOB, OT-
mugHbX 0T () ¥ BCen anredpsl.

Aanzebpa Popmasvuvir cmenewnmz pados (0T TEPeMEHHOTO0 T Hag TO-
aem K) — MHOKeCTBO (pOPMATBHBIX BBIpakeHW Buaa ¥, arz’ (ar € K)
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C eCTeCTBEHHBIM CJIOKEeHHMEeM U YMHOXKEHHEM Ha DJIeMEeHTHI IT0JIA Kn ()nepanneﬁ
YMHOXEHUA

oo oo o0
Eak:tk EbkszchIk, rae cp = Z a;b;j.

k=0 k=0 k=0 i+j=k
i20, j20

Anzebpa yewmpaabras — aarebpa, UeHTp KoTopon cosmagaer ¢ 1- K,
rae 1 — eguamna aarebper, K — ee oCHOBHOe TOJeE.

Bexmopnoe npocmpancmeo nopmuposannoe (HAL HOPMHPOBAHHOM IIO-
aem K) — BekTOpHOE mpoCTpaHcTBO ¢ (yHKumen ||z||, npuanvaiomen Heot-
PUIATEILHBIE BEIECTBEHHBIE 3HAMCHWA, TPUUEM:

a) [|z|| = 0 u [|z|| = 0 Torga u Toasko Toraa, xorga x = 0;
6) llz + yll < ll=ll + llyll;
B) ||Az|| =[A] - ||z||, rae AE K, z € V.
Bpowenue — aBUMKeHHe, COXPAHAIOIIEe OPHEHTAIMIO IPOCTPAHCTBA M
MMEIOLIee HEeIlOABIKHYIO TOYKY.
K-gaomcenue — mabekTUBHBIA K-roMoMopdmsM.

Tomomopduszm yrnumaprbili — romomopdusm xoxen (aaredp), Ipu KOTOPOM
€IMHULA TTEPEXOTUT B €INHALY.

K -zomomopduam — romomopduam anredp Hag nogem K; Tepyus ynorpeo-
JIAeTCA B CIydae, Korja arre0pbl paccMaTpPUBAIOTCA OJHOBPEMEHHO HAJ HEKO-
TOPLIM pacimpeHueMm noust K.

I'pynna deaumas — aberesa rpynna, B KOTOPOH 1A JOO0T0 3IeMEHTA @ U
J000T0 IeJ0ro THCIa Nt ypaBHeHHE NI = a UMeeT PelleHne.

I'pynna duadpa D,, — rpynna JBMXKeHUN ILIOCKOCTH, 0TOOPAXKAIOMINX IPa-
BUJIBHBIM N-YTOJBHUK Ha Ce0s.

I'pynna xeamepuuonos Qs — mHOXKEcTBO 3aementToB +1, i, +j, +k ¢
VMHOMXKEHHEM 3JICMEHTOB, KaK B TeJe KBATEDHUOHOB.

Ipynna Kaelina V4 — rpynma mepecTanoBOK
{e, (12)(34), (13)(24), (14)(23)}

¥ BCAKAA M30MOPQHAA el IPynna.

I'pynna nepuoduueckas — TPYNIa, BCE BJICMEHTHI KOTOPOH MMEHT KOHCY-
HBIH TIOPATO0K.

Aeunecenue — oTobpakeHne eBKIMJ0BA IPOCTPAHCTBA B ce6i, COXPAHAIO-
mee pacCTOﬂHKﬂ NIG)K,E[VV TOYKaMH.

Aeticmeue epynnvt wa muoxncecmee — rpynna G 1eHCTBYeT HA MHOMXKECT-
Be M, ecim xaxaoMy ameMeHTY g € (G mOCTaBIeHA B COOTBETCTBHE OMEKIIWA
M — M u gig2(m)) = (g192)(m) ana mobex g1, 92 € G, m € M.
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Aexpemenn nepecmano6ry — PasHOCTE MEXKIY CTENEHbIO NEePeCTAHOBKH
M YUCIOM HUKIOB B €6 PA3I0KeHUM Ha HEe3aBUCUMbIE HUKILI (C Y4eTOM UMKIOB
ATAHEL 1).

Aeaumenr nyaa 6 Koabye — DIEMEHT a, IJIA KOTOPOTO CYIIECTBYET die-
MmenT b # 0 Taxoit, uro ab = 0 (1eBbli geauTeIs HyJIA).

Edunuuybt mampuunme — KpBaapaTHbie matpunst Fi; (6,7 = 1,...,n), y
KOTOPBIX HA TEPeceveHnH i-M CTPOKU M j-To croabua ctouT 1, a ocTaibHbE
DIeMEHTEI paBHEI ().

Hieoa marxcumanbnbili — mieal koabla (aareOpel), HE COLEPXKANMNCA
CTPOTO HE B KaKOM HAeate, OTIMTHOM OT BCEro Koabla (Bcern amrebpsi).

Hoeaa npocmoti (KOMMYTATHBHOIO KOJIbHA) -~ WMAeal, (PaKTOPKOIBIO
(paxToparrebpa) Mo KOTOPOMY HE COACPKUT ACTUTEICH HYIA.

Hoemnomenm — diaemenT KOJbIla, coxzna.,uamnmﬁ CO CBOMM KBadpaTOM.

Hoemnomenmot 0pmo2oHaibuble — UAEMIOTEHTH, TPOU3BEICHUE KOTOPBIX
PaBHO HY.TIO.

Kaamepnuon - DJAEMEHT TeJa KBATEPHHUOHOB.

Ksamepnuon wucmblli — KBATePHUOH, IeHCTBUTEIbHAA YaCTbh KOTOPOIO
pasHa ().

Koavyo Ge3 deaumeaeti wyas — KOABLO, HE COAEpXKALIEE ACIUTEICH HYJIA,
oTaudHex otT 0.

Koavyo  MHOZOMACHO6 OM  HEKOMMYMUPYIOUUL —TNEPEMENNBIE  T1,. ..
ooy Ty (Hag xkoaBIOM A) — MHOXKECTBO (GPOPMATLHBIX BHIDAXKEHUH BHIA

E By ik By oo Bhyy,  (ORgoihey €-A)
k1.ekm

€ eCTeCTBEHHBIMHU ONEePAIMAMHA CAOKCHHA M YMHOKCHHA OJHOLICHOB
ki B By oov Bl Wiy, B8 ooy, =0y by 4 By oes B 85, oo 855

PACTIPOCTPAHACMBIMH Ha CYMMBI TIO 3aKOHY AMCTPUOYTUBHOCTH.

Koavyo wémeposo (KOMMYTATUBHOE) — KOMMYTATUBHOE KOABLO, B KOTO-
POM BCAKAA CTPOTO BO3PACTAIONMIAA MOCIEJOBATEILHOCTE HIEAT0B KOHETHA.

Koavyo npocmoe — KOIBIO ¢ HEHYJIEBBIM YMHOKEHHEM, HE HMEIOIIEe IBY-
CTOPOHHUX MIEAJTOB, OTIMYHEIX OT HYJEBOIO M CAMOTO KOJBIA.

Koavyo yeavis 2ayccoevis wuces — KOIBIO, COCTOALICE M3 KOMILIEKCHBIX
yucen z + yi (z,y € Z).

Koumymanm apynns, — TOATPYTTA, HOPOXK AEHHAA BCEMHA KOMMY TATOPAMI

3JeMeHTOB T'DYIIIHL.

Kommymamop 34eMenmos 2pynnsl T u Y — dIeMeHT TPYIIel ryr 'y .

KoMmymamop roavya r uw Yy — DJIAEMEHT KOJblid T'Y — YI.
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00pdunamol UYCHTNPUYECKUE — K MHATBL Ao, Al,...,An TOYKH T

Koopdunamwt 6a, 2y e oop a Ao, Aly ...y Ap TO

aypuHHOrO NPOCTPAHCTBA  OTHOCHUTEJNBHO CHCTEMbl TOYeK Xo,T1,...
, Ty, HAXOAAIIMXCA B 00IIEM ITOJOXKCHHH, ONPeeIaioImeca PABEHCTBOM

n T
3’=Z'\i$i= rue Z/\,‘ =1.
i=0 i=0

Kopaameprocmsb nodnpocmpanemea — Pa3HOCTE MEXAY Pa3MePHOCTBIO
MPOCTPAHCTBA M PA3MEPHOCTBIO MOANPOCTPAHCTBA.

Kopens (Komnaercroii) uz 1 — KOMILIEKCHOE 9HCIO, HEKOTOPasA CTEINEHb
KOTOPOro ¢ HEHYJIEBLIM MOKalaTeleM paBHa 1.

Kopens (Romnaercnori) uz 1 nepsoobpasnsiti emenenu n — KopeHb u3 1,
He ABAIONMICA KOPHEeM U3 1 CTeneHy, MeHbLICH n.

Mampuya eeprnas (HUHCHAA) MPEY20abHAL — MATPHIA, ¥ KOTOPOH BIe-
MEHTEI, CTOAIIHE HIKe (BEILE) DIABHOHM AHATOHAIM, paBHEL ().

Mampuya I'pama (cncTeMBl BEKTOPOB €1,...,€n EBKIMI0BA MPOCTPAHCT-
Ba) — marpuna ((e;, e;)) nopagka n.

Mompuya xococummempureckas — MaTpuna A, 1mm koropoi ‘A = —A.

Mampuya Kocospmumosa — KOMILTEKCHAs MAaTDWIa, 1A KoTopon 'A =
= —A, rage A — Marpuua, noryyeHHas u3 A 3aMeHOHN eé DIEeMEeHTOB Ha KOMII-
JEKCHO CONPSAXKEHHBIE.

Mampuya Huabnomenmuas — MaTPULA, HEKOTOPAA CTENEHb KOTOPOH PaB-
HA HYJEBOM MATpUUE (HIIBIOTEHTHBIM 3JIEMEHT KOJIbLA MATPHUIL).

Mampuya wuabmpeyzoabhos — BepXHAA (MIM HUKHAA) TPEYTOIbHAA MAT-
pHLA ¢ HYJJIMI HA [JABHOM IHATOHAIMN.

Mampuya opmozonaabhas — Marpuua A, naa koropoir *A = A~L.

Mampuya nepecmanoérxy — MATPUIA, Y KOTOPOH B KaX 10 CTPOKE U B
KA JI0M CTOJ0LE CTOUT POBHO OJUH JJIEMEHT, PABHBIN 1, & OCTATBHBIC DICMEHTHI
pasHEI (.

Mampuya nepuoduueckas — MaTPHIA, HEKOTOPaA CTEIeHb KOTOPOU paBHA
eIMHUTHON MAaTPHIE,

Mampuya npucoedunénnas — MATPUIA, TPAHCIOHUPOBAHHAA K MaTPUILE,
COCTABICHHON U3 aIrefpanvecKux JONOJHEHUN BJICMEHTOB JaHHOU MaTPUIbL.

Mampuya cummempuueckes — varpuma A, qia xoropoi ‘A = A.
Mampuya mpeyzoabras — BEPXHAA WIA HYKHAA TPEYIOJbHAA MATPHILA.
Mampuya ynwumodyaspras — Matpuna ¢ onpegeaurenenm 1.

Mampuua yHUmaphas — KOMILIeKcHaa marpuna A, pun koropon ‘A =
= A" rae A — marpuna, moayueHnas ms ' A 3aMeHOM €8 DIEMEHTOB Ha KOMI-
JIEKCHO CONPAXKEHHBIE.

Mampuya ynumpeyzoavnas — TPEVTOIbLHAA MATPHIA € €IMHWIAMH HAa
IIABHOW [MATOHAJIH.
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Mampuya saemenmapnas — marpuua suga E + (v —1)E;j, v # 0 (marpn-
ua I runa), E + aE;j, a # 0 (II tuna); uaorja HIeMeHTAPHBIMU HA3BIBAKOT
TAKKE MATPHIBL-TEPECTAHOBKH.

Mampuya spmumosa — KommrekcHas Matpuna A, ams kotopon 'A = A
rae A — MaTpmma, moTydeHHad W3 A 3aMeHOU €€ IeMeHTOB Ha KOMILTEKCHO
CONPAKCHHBIC.

Muozouaen xpyeosoii (gerennsa xpyra) ®,(z) — MHOrOWICH

wln)
H (:L‘ e Ek)a
k=1
TAE £1,..., E¢(,l) — HQpBOOGpBﬂHHE KOpHU CTeIICHU 1 U3 1 1

Mnozouaen munumaabhblii aunelnozo onepamopa — MHOTOYIEH HAMMEHb-
med CTeNeHW, AaHHYJIUPYIONMA JAHHBIM ONEPATOD; MUHUMATBHBIA MHOTOYICH
MATPHIBI OTEPATOpA.

Mnozouaen munumaabrbill MAMPUYLL — MHOTOWICH HAMMEHBIIEH CTENeHn,
AHHYIMPYIOMMH JaHHYIO MATPHILY.

Modyav nenpusodumbiii — HEHYJIEBOH MOAY/Ib, HE MMEIOIIAN II0IMOIYIEH,
OTJIMYHLIX OT HYJIEBOTO M CAMOTO MOJIVJIA.

Modyab npusodumbiii — HEHYJICBOH MOAYJIb, HE ABIAIOIMUACA HEIPUBO Y-
MBIM.

Modyan yrumapnwii — MOAYIB, B KOTOPOM €IMHUIA KOJIbIA AEHCTBYET
TOX JECTBEHHO.

Modyap yuxauueckuli — MOAYIb, B KOTOPOM CYIIECTBYET TAKOU DIEMEHT
Mo, YITO A1 M060ro dIeMeHTa m MoAyai M CymecTByeT 3JIeMEHT KOIbLA a
TAKOH, 4TO aimg = M.

Huabpaduras xoabya — HaUOGOIBIINE (B CMBICAE TEOPETUKO-MHOMKCCTBCH-
HOT'0 BKIIOYEHNA) IBYCTOPOHHUH UeaT KOIbIA, COCTOSMIIAN 13 HUJIBIOTEHTHBIX
DEMEHTOB.

Hopmaauzamop nodzpynnst — HauOOIBIIAL IOACPYIIA, B KOTOPOU IaHHAS
NOATPYIIA ABIACTCA HOPMAILHOM.

Hopmaavroe 30MbIKGHUE 34eMENMA 2PYNnbl — HAUMEHBIIAA HOPMATbHAS
NOATPYINA, COACPKANAA TAHHBIA HIEMEHT.

Onepamop kococummempuyueckuti — TMHEHHBIA onepaTop A, 111 KoToporo
(Az,y) = —(y, Az) npm mobeix BekTopax z u y (T.e. A" = —A).

Onepamop KOCOIPMUTMOE — IUHEHHBIM omepaTop A B dPMUTOBOM HpPO-
crpancTse, 111 koroporo (Az,y) = —(z, A*y) npu m06BIX BeKkTOpPax r U Y
(r.e. A" =-A).

Onepamop Hopmaabhblli — IAHEWHBIA ONEPATOD B eBKIXA0BOM WIA MET-
PHIECKOM IPOCTPAHCTBE, MEePEeCTAHOBOYHAIA CO CBOMM COTNPAKEHHBIM ONEPaTO-
poM.
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Onepamop opmozonaabkbiti — JIMHEMHBIA omepaTop A, coxpaHmoumi
ckaaapuoe npoussegenue sexropos ((Ar, Ay) = (z,y) amn mobeix BexTo-
por z my) (r.e. A" =A1).

Onepamop noaynpocmoti — TMHEUHBIN OIIEPATOD, ¥ KOTOPOr0 BCAKOE MHBA-
PUaAHTHOE MMOANIPOCTPAHCTBO Oﬁﬂa,ﬂa’eT HMHBAPDHUAHTHBIM JOIIOJHUTEJIBHBIM I101-
MPOCTPAHCTBOM.

Onepamop camoconpaxrcénnblii — IMHEHHBIM ONEePATOP B €BKINI0BOM MIN
3PMUTOBOM mpocTpancTse, nas koroporo (Az,y) = (z, Ay) npu mobex BexTO-
paxz my (r.e. A" = A).

Onepamop cummempuyeckyli — TUHEHHBIN OMEPATOD B €BKJINJIOBOM WIHA
SPMHTOBOM MPOCTPAHCTBE, 41 KoToporo (Ax,y) = (z, Ay) npn 100bx BeKTO-
pax z uy (r.e. A" = A).

Onepamop conpancennsiii (k omeparopy A) — miHennsm onepatop A*, 11
xoroporo (Az,y) = (z, A”y).

Onepamop ynumaphblli — IMHEHHBIM omepaTop A B BDPMHUTOBOM IPOCT-
PAHCTBE, COXPAHAIMINE CKaIApHOe mpoussegenue BekTopos (Az, Ay) = (z,y)
A5 MIGBIX BEKTOPOB T, ¥) (Te. A™ = A7),

Onepamop 3pmumos — JIMHEHHBIA 01epaTop A B 3pMHTOBOM IPOCTPAHCT-
Be, 1aa koroporo (Az,y) = (z, Ay) npu mo6ex BekTopax z 1 y (T.e. A" = A).

Onpedeaumeas I'pama — onpeaemurens maTpunst ['paMa.

Op6uma 2aeMmenma — MHOKECTBO 00Pa30B BIeMeHTa PU JeHCTBIN BCEMU
2MEMEHTAMH TPYTIIILL

Ompancenue (B npocrpancrse U mapaiielsHO JOINOIHUTEIBHOMY IIOAIPO-
cTpaHcTBY V) — JMHEHHBIA ONEPATOP, CTABALIME KaXAOMYy BEKTOPY & =
=u+v (u€U,v€EV) B COOTBETCTBIE BEKTOP U — V.

Hapaaaeaenuned (CO CTOPOHAMU a1, ..., Gf) — MHOKECTBO JMHCHHEIX KOM-
ey .
Gumammn ) dia; (0< <1 i=1,...,k).
Hepecmanoera — B3AMMHO OJHO3HAYHOE OTOOPANKEHHE KOHEYHOrO MHO-

XKecTBa Ha cels; 10CTaHOBKA.

Hepuod 2pynnsbl — HAMMEHBIIeE HATVPAJIbHOE THCJI0 1, IJIA KOTOPOTro " =e
AJIA JI000T0 DIEMEHTA T'PYIIBL &X.

Hepuoduveckasn wacmb 2pynnbl — MHOKECTBO 3JIEMEHTOB I'DYIIEI, HMeo-
IIIX KOHEIHBIN TOPATOK.

Hodzpynna mokcumaibras — MOATPYINA, HE COAEPKAIIAACA CTPOrO HA B
KaKOM MOACPYINe, OTIMYHON OT BCEH TPYIIIHL.

Iodnpocmpancmeo donoanumeavnoe (K mognpoctpanctsy U) — moaupo-
cTpaHCcTBO V, 444 KOTOPOTO BCE MpOCTpaHeTBO pasho U & V.

Hoednpocmpancmeo eénoane uzomponnoe (OTHOCHTEIBLHO CHMMETPHIECKON
M moryTopammHerHon Gyvakmun f(z,y)) TOATPOCTPAHCTBO, Ha KOTOPOM
f(z,y) npunuMaeT HyIeBoe 3HAYCHUE.
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IMoae PA3AOHCEHUA MHOZ20UAEHA — HAMMEHBIICE PACIICILIAIIEee IIOJe MHO-
rojiaeHa.

Hoae pacuenasrouree MHOZOUAENG — PACIIMPEHUE NOIA KOIPPULIHEHTOB
MHOT'OWJIeHA, HaJ KOTODPBIM OH PACKIaJbIBaeTCA B IIPOM3BEICHME JIHHEeMHBIX
MHOMKHUTCICH.

Hoae pacujenasouee MHOZOUACKHOG — PACIIMPEHEE OXA KOXDDULMCHTOR
MHOTOYJICHOB, HaT KOTOPBIM BCE JAHHBIC MHOTOWICHBEI PACKIAJBIBAIOTCA B MPO-
M3BEACHUC TUHEHMHBIX MHOKUTEICH,

ITonoanenue MEMPUUECKO20 NPOCTNPAHCTEA — MNONOJHEHME OTHOCHUTEIbHO
nociaenopaTeabHocTH Komm.

Hpoexmuposanue (Ha noanpocTpancTso U napaiiessHo J0MOTHATETHOMY
NOANPOCTPAHCTBY V) — MHEUHBIA ONEPaTop, CTABALIMA KaXkJOMY BEKTODY
r=u+v (u€U,veEV) B coorBeTcTBIEC BEKTOD U

Ipouzeedenue noaynpamoe 2pynn G u H — muoxkecTso G X H ¢ onepanuen

('7"1 y)(z,t) = ("'U : ‘F(y)(z)ryt)u

rae ¢ : H — Aut G — HEKOTOpBIM TOMOMOP(HUIM.

Cumson Kponexepa — b;; = 1,8, =0nmpuni# 7 (i,j=1,...,n).

Caed mampuybl — CyMMa 3IeMEHTOB MATPHIEI, CTOANNX Ha [VABHOM THa-
POHAJH.

Caed onepamopa — €Ie[ MATPUIBI JAHHOTO OINEPATOPA.

Teno K6amepnuonos — BEKTOPHOE MPOCTPaHCTBO Hajg moaem R ¢ Hasu-
com 1,4, j, k, rge 1 — eamHMIA YMHOXCHUA, 2 = j2 =k*=-1,ij=—ji=k,
jk=—kj=1i, ki=—ik = j; anrreGpa 060061eHHBIX KBATePHUOHOB Ipu o = 3 =1.

Dynryus Mébuyca — GYHKIMA HATYPATLHOTO THCIA 71, ONpegenseMas pa-
BEHCTBOM

1 npun =1,
p(n) = ¢ (=1)", ecim n — NMpousBeIEHME T PA3MMYHBIX MPOCTBIX YHCET,
0 B OCTAJBHBIX CIyIadx.

Dynryus Idaepa — npun = 1 pasna 1, npu n > 1 paBHa YUCIy HATYpPaIb-
HBIX YHCEI, MEHBIINX 72 ¥ B3AHMHO IIPOCTHIX C 7.

Iewmp 2pynnu (KOabLIa) — MHOXKECTBO 3JIEMEHTOB, MePeCTaHOBOYHBIX CO
BCEMU BJEMEHTAMH IPYINBL (KOIbIA).

Ienmpaauzamop saemenma 2pynnb, — MHOKECTBO SJIEMEHTOB I'DYIIILL, I1e-
PECTAHOBOYHBIX C JAHHBIM DJICMEHTOM.

DAEMEHTN HUALTOMERMHBIT KOAYAQ — DICMEHT, HEKOTOPad CTEIeHb KOTO-
poro pasza (.

Saemenmaprsie nPeodpaz0eanus Cmpox Mampuybl #ad KOAbYOM — YMHO-
AKEeHWe CTPOKHM Ha 00pAaTHBIMA adeMeHT Koabma (I Tum), mpubabienme K cTpoke
APYTOHM CTPOKM, YMHOMKEHHON Ha daeMeHT xoabua (11 Tum).
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p-epynna — TPYINa, BCE DIEMEHTHI KOTOPOM MMEIT MOPAIOK BHIa p"
(n € N).

P-nodepynna cua06cKes — MAKCUMATLHASA NOATPYIIIA, ABIAIOMAACH P-1101-
TPYIIION.

§ VII. Coucox o6o3naveHun

t A — TpaHCTIOHMpOBAHHAA MATDHIA IIA MATPHIE A.
A — npucoeaMHEHHAA MATPULA A0A MaTPHUIBL A.
A" — conpaxéunem onepaTop A AMHEHHOrO oneparopa A.

A, — 3HAKOIEPEMEHHAA TPYIIIA CTeNeH: 7 (FPYIIIA 1€ THBIX IePeCTAHOBOK
Ha MHOXecTBe {1,2,...,n}).

|A| — umcao saemenTos MHOKeCcTBa A.

[A4, B] — xommyraTop AB — BA matpun A n B.

Aut G — rpynma asToMopduaMoB Tpynmel G.

Alt — oneparop amsrepunposanusa B npoctpanctse TP(V).

(a) — maear xKoIbLA, HOPOXK JEHHBIH IEMEHTOM a.

{a) — moarpynna (moakoaso, noaaredpa, NoATPOCTPAHCTBO), TOPOXK 1EH-
Has DIEMEHTOM a.

{a), — mMKIMYecKasa rpynna Hopaika n ¢ 06pa3youMM HIeMeHTOM a.

arg z — apryMeHT KOMILIEKCHOT'O YHCIA Z; cauTaercd, 1To () < arg 2z < 2.

C — MHOKeCTBO (MOIe, a4 MTUBHASL TPYINA) KOMILICKCHBIX THCET.

D, — rpynna gusapa (Cpynna ABHKEHHH IPABAILHOIO N-yCOJIBHUKA).

D, (A) — MHOXECTBO AMArOHATHHBIX MATDUIl MOPAIKA 1 HAT KOIBHOM A,

D — oneparop auddepeHIMPOBAHUA B QYHKIMOHATBHEIX POCTPAHCTBAX.

diag(Ai,...,”A,) — JUArOHAJLHAA MATPULUA C DIEMEHTAMH Aj,..., A, Ha
IVIABHOW JIMATOHAJH.

End A — xoabuo suaomopdusmos abereson rpynnsl A (koasma A).

e — cymmva paga Teitopa ¢yuxmm e” npn ¢ = A (A — maTpuma).

E;; (MarpuvHas eJuHAIQ) — MATPHUIA, Y KOTOPOU BIEMEHT Ha Iepecede-
HUY i~ CTPOKH € j-M CTOJAOIIOM paBeH 1, a 0CTAJbHBIE DIEMEHTHI PaBHEI ().

Fy — moxe u3 g saeMeHTOB.

G, — cTrauumoHApHas NOArpyHNa »ieMeHTa a € M npu JedcTBAM Ipym-
nbl G Ha muOXKecTBe M.

G' — xommyTanT rpynms G.

GL(V) — rpynma HeBRIPOXKJECHHBIX JMHEHMHBIX OMEPATOPOB B BEKTOPHOM
npocrpascTse V.

GL,(F) — rpynna HeBBEIPOXKACHHBLIX JIMHCHHBEIX ONEPATOPOB B 7-MEPHOM
BEKTOPHOM TPOCTPAHCTBE HAJ MoJeM F', TpyIma HeBBIPOXK JEeHHBIX MATPHUI TI0-
paaka n Hag moxeMm F.
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GL,(q) — To xke camoe, uro u GL, (F, ).

H — reno kBaTepHUOHOB.

Hom(A, B) — rpynna romomopdmuamos rpynnet A B abexeBy rpynny B.
K" — rpynna o6paTUMEIX DIeMEHTOB Koabua K.

K(a) — pacumpenne noas K, moryuenHoe IpPUCOEIMHEHHEM DIEMEHTA .

F[G] — rpynnosas aare6pa rpynnst G mag noaem K.
K[z] — x01p10 MHOTOWICHOB OT NEPEMEHHOIO T ¢ KOa(pUUHEHTAMH U3
Koaeua K.

K[&]n — mHOXKecTBO MHOrOwIEHOB U3 KOuabua K [z] crenenu, He Gobiuen n.

K(x) — moze panuoHaIbHBIX (GYHKIMI OT NEpeMeHHOro T ¢ Koddduiuen-
TaMu 13 moaa K.

K[[z]] — xombuo (hOpMaIbHBIX CTENEHHBIX DPAJOB OT MEPEMEHHOTO T €
xondrpunmenTamu u3 xoasna K.

Klz1,...,Tn] — KOIBIO MHOTOYICHOB OT HEPEMEHHBIX I1,...,Tn ¢ KO3(-
unmenTamMu 13 Koabma K.

K{zy,...,z,} KOJBIIO0 MHOTOWIEHOB OT HEKOMMYTHPYIOUIMX IIePeMeH-
HBIX Z1,..., T, ¢ KoappuIHeHTaME U3 Koabia K.

L(V) — MHOXeCTBO TMHEMHBIX ONEPATOPOB B BEKTOPHOM NPOCTpPaHCTBe V.

In A — cymma paga Temropa ¢pysxmmm In(l —z) nmpu z = E — A (A -
MATPHUIA).

M, (K) — xorsuo (amredpa) MaTpuI HOPALKA 7t HAJ KOIbIOM K.

N — MHOXECTBO HATYPATLHBIX “THCEL.

N(A) — mmaspagukan aareOpsr A.

N(H) — nopmamasaTop moarpynnet H.

N,k (a) — #opma saementa a amredper A mag moxem K.

nZ — MHOXKeCTBO LeJbIX YuCe, KpaTHHX ‘Iﬂcﬂy n.

0, (K) — rpynma opTOroHaILHBIX MATDHUIl MOPAIKA 1 Hajg moxem K.

Q — mmoxecTBo (moxe, aJAUTUBHAA FPYINA) PALMOHATLHEIX THCETL.

Q, — moxe p-agMMECKUX UHCE.

R4 — MHOXKECTBO (MyJIbTHILTMKATUBHAL CPYIIA) MOI0KATEILHBIX BEIIECT-
BEHHBIX YIHMCeJ.

rk A — panr maTpuusL.

rk .4 — paur aumnennoro omeparopa A.

(S} — mnoarpynna (nmoakoiblo, mojaiaredpa, IOAMPOCTPAHCTBO) € MHO-
AECTBOM MOPOXK Aaommx S; adduaras 06010Ka MHOKECTBaA S,

S, — CUMMeTpUTECKas TPYNNa CTEHeHu n (Cpylmoa OepecTaHOBOK MHO-
xecTBa {1,...,n}).

Sx — rpynma B3auMMHO 0 HO3HAYHBEIX 0TOOpaKeHui MuoxecTsa X Ha celd.

SL, (K) — rpynna matpur ¢ onpegeantenem 1 nag nozem K.
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SL,(g) — To xe camoe, ato SL, (F, ).

SO, (C) — rpynna OpTOroHAJBLHBIX MATPHUI ¢ OHpejernTeIeM 1 HaZ mO-
aem K.

SU,(C) — rpynna yHUTAPHEIX KOMIUIEKCHEIX MATPHI ¢ onpeemmreneM 1.

SU, — to xke camoe, uro u SU,(C).

S(V) — cmvmeTpuueckas aaredpa BEKTOPHOIO MpocTpaHcTsa V.

SY(V) — g-a cuMMmeTpUUecKad CTeNeHb BEKTOPHOrO MpocTpaHcTsa V.

Sym — oneparop cymmuposanus s npocrpancrse TH(V).

T(V) — Temsopras amredpa BeKTOPHOIO HPOCTpaHcTBa V.

T$(V) — BekTOpHOE MPOCTPAHCTBO TEH3OPOB THNA (P, ) HA BEKTOPHOM
npocTpancTse V.

tr A — caea maTpuner A.

tr A — caex ausensoro omeparopa A.

tra i (a) — caen snemenra a aare6psr A vag noxem K.

U — rpynna KOMIIEKCHBIX HCET ¢ MOgyaeM 1.

U, — rpynna KOMILIEKCHBIX KOPHEH CTeleHn n u3 1.

U, — rpynna KOMIeKCHeIX kKopHen crenenu p” w3 1 (n € N) (p — npoc-
TOe HUCI0).

U° — OpTOroHaIbHOE AONOIHEHHE K MOAMHOXKECTBY U/ BEKTOPHOTO Ipo-
CTPAHCTBA B CONPAKCHHOM IMPOCTPAHCTBE.

Ut — oproroHamnbHOe AOMOTHEHHE K MOJMHOKECTBY U BEKTOPHOTO TpO-
CTPAHCTBA OTHOCHTEILHO 34 AHHOW OMIMHEMHON (DYHKIINN.

UT, (K) — rpynma yHUTPEYTOJIBHBIX MATDPHIl MOPAAKA 1t Hag moxem K.

V4 — rpymma Kaenna.

V" — BeKTOpHOE NPOCTPAHCTBO, CONPAKEHHOE (JABONCTBEHHOE) K MPOCT-
pauncTBy V.
V(ay,...,ar) — 00beM mapalIelenuesa co CTOPOHAMH a1, . . ., Q.

r A Yy — NIpOM3BeJeHUe IeMEHTOB T,Yy B aarebpe I'paccMaHa BeKTOpPHOTO
MPOCTPAHCTBA.

Z — MHOXKeCTBO (KOIbLO, a1 IMTHBHAA TPYIIIA) LMEIBIX THCeT; OeCKOHe HAA
IUKJINICCKAA I'PYIIIA.

Z, IUKIMYIeCKasA TPYIA MOPATKA 7 KOJBIO BEYETOB M0 MOIYIH 1.
Zp — KOIBIO LEJbIX P-aJUIecKAX TUCEL

Z[i] — K0abIO LEJBIX FAYCCOBBIX YHCEIL.

Yz — MHOKECTBO KOMIUIEKCHBIX KODHEH cTenmeHu n u3 uncia z € C.
p(n) — dyuxuua Méduyca.

(@) — MUHUMAJIBHBI MHOIOWIEH AIre6PAMYecKoro HIeMeHTa a.

A(V') — puemmaa anmre6pa (aare6pa [paccvana) BEKTOPHOTO MPOCTPAHCT-
pa V.
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®,(r) — MHOrOWIEH JedeHHUA Kpyra (KpyroBol  MHOTOYWIEH)

f(:l)(r — £k), TAe &, — nepsoobGpasubiil kopens cremenu n ua 1 (k=1,...

().

¢(n) — ¢pyExTHIa JuTepa.

X Al (@, &) — XapaxTepUCTHIECKUH MHOTOICH 2IeMeHTa a anreGpsr A Haa
noaxem K.

1y — ToxaecTBeHHOE OT()ﬁpaxenue MHOKecTBa X.

2X . MHOKECTBO BCex IO IMHOXKECTB MHOXKeCcTBa X .



YuebGHoe U3 gaHme

APTAMOHOB Bauecaas Aaexcandposuu,
BAXTYPHH HOpuii Aaexcandposun,
BHHEBEPI" Spuecm Bopucosua,
I'oJ1O4q Eseenuti Conomonosun,
HCKOBCKHX Bacuauti Aaexceesun,
KOCTPHKHH Aaexceti Heanosuwy,
JATBIITEB Buxmop Huxoaaesun,
MHXAJIEB Aaexcandp Bacuavesuu,
MHIIAHA Awnna Hempoena,
OJBIIAHCKHH Asexcandp Opvesunu,
HAHYHITKHH Aaexceti Aaexceesuwu,
IIPOCKYPAKOB Heopv Baadumuposuu,
PYJAKOB Aaexceli Huxoaaesuu,
CKOPHAKOB Jles Anamoavesuu,
IIMEJBKHH Aavdped Jveosuu

CBOPHHUK 3AJAY ITO AJITEBPE

IMoa penaxmmen AWM. KocTtpukuna

PegaxkTop E.10. Xodan
Opurunanr-maxer H.H. Andpeesa

JIP Ne 071930 ot 06.07.99. IToammucano B megats 25.01.2001.
Dopmar 60 x 90/16. Bymara Tunorpadcekaa. [lesats odcernas.
Yer. mew. . 29. Yu.-usa. a. 32. Tupax 3000 ska. 3akas Ne

Wsparensckan ¢upma “Pusnko-mMareMaTHICCKad THTEpaTypa”
MAWK “Hayka/Wnrepnepuoauxa’
117864 Mockea, va. Ilpodcorwsnasn, 90

Ornevyarano ¢ rorosbix auanosutusos B [IC “Tlomurpaduct”
160001, r. Bomorga, ya. Yemockunues, 3

ISEN 5-9221-0020-3

7859221100205

\Q



