JIEKIUA 1
Hamomuum cjeayromue olpeaejaeHmnd.

Ounpepnesienne 1. ['pynmna — 10 MHOXKecTBO (G ¢ GuHApHOI oneparueil (obo3HaTaeM ee
YMHOKEHUEM ), YJIOBJIETBOPSIOIIEHl TPEM aKCHOMAaM
(1) (ab)c = a(bc) mns Beex a,b, ¢ € G;
(2) cymecrByer e € G (HeHTpaJIbHBIN 3JIEMEHT /€IMHUIA) TAKON ITO jist Jitoboro g € G
BBITIOJIHACTCS €9 = ge = §;

(3) muis kaxtoro g € G uaiifercs (obpaTHblil 31eMenT) g~ ! Takoit, uTo gg !

= g_lg =e.

Onpepesienne 2. ['pynna G HasbiBaercs abesieBoii (KOMMYTATUBHOI), €I JJisl BCeX g1 U
g2 13 G BBIIIOJTHEHO §1J2 = (o201 -

Hamomaum pa3/IMIHbIE 00603HaAYCHUA JJIgl Ooll€epaliuy I'PYIIIIbI.

obrme MYJIbTUILINKATUBHbBIE A IUTUBHbIE
0b0o3HaYeHUsT 0b03HaYEHU S 0b03HaYEHU
[IPOU3BOJIbHAST MIPOU3BOJIbHAS abejieBa
rpyIia rpyIiia rpylIima
oriepalns * YMHOXKEHHE - cJIOXKeHue +
HENTpaJIbHBII 3JIEMEHT € eJINHUIIA € HOJIb ()
o0paTHBI oOpaTHBI ITPOTUBOIIOJIOYKHBIH
sj1eMenT g ! SjeMenT g ! SJIEMEHT — ¢

Onpepesienne 3. [Mopsiok rpynmbst G — 9TO KOJIMIECTBO 371eMeHTOB B 310l rpymie. (To
ecTb MolbHOCTH MHOXKecTBa () Ilopsmok rpymmsl G obosHadaercs |G.

B nepBoMm cemecTpe MbI JIOKa3bIBAIN CIeJCTBUsT akuoM rpytibl. ([Jokaxure camu, ecin
He moMHuUTE!)

e (O6o6mmennast acconuarusuocTs) Ilyers (G, %) — rpynna. 1 nyers gq,...,9x € G.
Torna kak O6bI HU OBLIN PACCTABJIEHBI CKOOKU B BBIPAYKEHUH (1 % Jo * . . . % J PE3YIBTAT
Oy/leT OJIMHAKOBBIM.

e B rpymne ectb euHCTBEHHAS €IMHATIA.

e B rpymme jyist KaxK10ro /1€eMeHTa eCTh € IMHCTBEHHbBI 00PATHBII.

e Ilycrs (G, *) — rpymna. ITycts a, b € G. Torga ecim axb = e, To b = a~. Ananoruuno
ectt bxa = e, To b = a~!. (To ecTb POBEPATH, YTO 3/IEMEHT OGPATHBIN MOMKHO
TOJIBKO C OJTHOH CTOPOHBI)

e Ilycrs (G, *) — rpynmna, a,b € G. Torna (a*xb)™' =b"txa™l.

e Ilycrs (G, *) — rpynna, g € G. Torma (g71)~! = g¢.

KoHeunyo rpyminy MOXKHO 33/[aBaTh € TOMOIILIO Tab/uiibl Kamu (Tab/uIbl yMHOKEHHUS ).
Tabiuia yMHOXKEHHS — 9TO KBaJpaTHasdg TaOJIUIA, CTPOKU M CTOJOIBI KOTOPOil COOTBET-
CTBYIOT 3JIeMeHTaM TpPYyIIbl. A Ha TepeceveHun CTPOKHU U CTOJIONA CTOUT ITPOU3BEIEHNE
9JIeMEHTa, COOTBETCTBYIOIIETO CTPOKE, U JIEMEHTA, COOTBETCTBYIONIETO CTOJIOILY.

IIpumep 1. IHocmpoum mabauyy croocerus das epynno, (Zz,+) = {0,1}




dAcno, aro Tabmuna Kamu cummerpudHa (OTHOCHTEIBHO TJIABHON JMATOHAJIM) TOTJA U
TOJIBKO TOTJIa, KOT/Ia I'PYIIIa KOMMYTATUBHA.

Ounpenesnienne 4. [logvuoxkecrso H rpynmst (G, %) HasbiBaeTcss nodepynnot, eciu (H, x)
ABJIAETCA I'PYION.

[Tomvmoxkectso S rpymnst (G, *) HA3BIBACTCH 3AMKEHYMbIM OMHOCUMEALHO ONEPALUL *,
ecym Jist MOOBIX a, b € S Bemoseno axb € S. Ilogmuozkectso S rpynmsl (G, *) Ha3bIBACTCS
BAMKHYMBLM OMHOCUEADHO 63ANUA 00paMN020, €Ccl i Joboro s € S saeMent s '
TaKKe MPUHAICKUT S.

IIpennoxxenne 1. Henycmoe nodmmoocecmeo H epynnw (G, %) asasemea nodepynnot
moada u Moavko moeada, K020a 0HO 3AMKHYMO OMHOCUMEALHO ONEPAUUL U 3AMKHYMO OM-
HOCUMEALHO 83AMUA 00PAMHO020.

Jlokasameavcmso. Ecim (H, %) — rpynmna, To omepanusi *« KOPPeKTHO onpejejeHa Ha H.
Suagut, H 3aMKHYTO OTHOCUTETHLHO onepannn *. [lycTb e — HefiTpabHBIN 9/IeMEHT TPYIITHI
G, a s — nefirpasbubiit sstemenT rpyunsl H. [omydaem sxs = s. B rpymme G ectb oOpaTHbIit
K § 9JeMeHT s~ . YMHO)Kasg Ha Hero cjeba Hpebliyllee PaBeHCTBO, HoaydaeM s = e. To
ectb equHuInl y rpynn G u H coBnayator. /s kaxiaro g € H ectb oOpaTHbBIi 3JIeMEHT
¢ ! B rpynue G u ectb obpaTHBIl 31eMeHT obparHblil ssement ¢¥ B rpymne H. Torma
gxg ' =e=gxg'. YMHOXKUB cieBa Ha ¢ !, moaydaem ¢+ = ¢'. Taxum obpasom, H
3aMKHYTO OTHOCUTE/IHLHO B3SATUsI OOPATHOIO.

[IycTs Tenepnb moaMHO)KeCTBO H 3aMKHYTO OTHOCUTEIBHO OMEPAIUN U B3ITH OOPATHOTO.
[TockorbKy acconmaTuBHOCTD BbIoiHEeHA B (G, TO OHa BhIoHeHa 1 B H. [logmuoxectBo H
He mycTo. Bosbmem astement h € H. Tak kak H 3aMKHYTO OTHOCUTELHO B3ATUS 0OPATHOTO,
h=' € H. Ilonb3ysach 3aMKHYTOCTBIO H OTHOCHTEIBLHO olepanui, moaydaeM hx h™! =e €
H. Takum obpazom, B H jexur enunuiia rpymnmbl (G, KOTOpas SBJISETCH HEHNTPAJIHHBIM
snemenTom H. [Tockonabky H 3aMKHYTO OTHOCHUTEJIHLHO B3ATUS 0OpaTHOro, B H 151 1106010
sJeMeHTa Haiiaresa obparubiit. Utak, H — rpymma. 0

IIpumepsl TpyTII.
la) Yuc/ioBble ajIMTUBHBIE TPYIIIIBL:

(2,4),(Q,+), (R, +), (C, +).

Heiirpanbubrit s;iemenT 0, 0OpaTHBI K 3JIEMEHTY & — 9TO —x. BhINOIHEHNE aKCHOM CJIeTyIOT
U3 CBOWCTB CJIOKeHus uncesl. Bee qaHHble rpyHIbl OECKOHEYHBI U KOMMYTATUBHBI.
16) YucsioBble MyJIBTUILINKATHBHBIE TDYIIIIBL:

QX = (Q \ {0}7 ')7RX = (R\{0}7 ')’CX = (C\{O}’ )

Heiirpanbublii 3ieMeHT 1, 0OpATHBII K 9JIEMEHTY X — 9TO % Beimoinenne akcuom ciieryioT
U3 CBOWCTB YMHOXKeHUs ducesi. /JaHHble rpymnibl OECKOHEUHbI 1 KOMMY TATHBHEI.

O6o6mmenue npumepa 16) [lycts R — koutbIio ¢ eaunureir. O603HAINM MHOKECTBO 00pATH-
MBIX 3JIEMEHTOB 4Yepe3 R*. Paccmorpum rpymniy obparuMbix ssementos (R*, ). Helirpasinb-
HBII 9JIEMEHT — emHuIa KoJibila. OOpaTHbIe 3JIEMEHTHI CYIIECTBYIOT Tak Kak R* cocTout
3 00paTUMBIX 37eMeHTOB. Ecin R — KOMMyTaTUBHOE KOJBIO, TO R* — KOMMyTaTHBHAs
rpytma.

Bamaua 1. [IpuBegure nmpumMep HEKOMMYTATUBHOI'O KOJIbIla R Takoro, uro R* — KomMyTa-
TUBHas T'PYIIIa MOpsaKa OoJibiie 1.



2) a) I'pynma BLIYETOB 110 MOJLYJIO N 10 CJI0KeHUIO (Z,, +). Heitrpanbubiii saement 0,
OOpATHBIH K 9JIEMEHTY T — 9TO —Z. BBIOJTHEHIEe aKCHOM CJIEYIOT U3 BBIMOJTHEHUS aKCIOM
B rpymre Z. /lanHast rpyIina KoHedHa (COCTOUT U3 1 9JIEMEHTOB) M KOMMYTATHBHA.

6) I'pynma o6paTuMbIX BBIYETOB IO MOJLYJIIO 1 10 YMHOXKeHUIo 7. B s10ii rpyme ¢(n)
9JIEMEHTOB (M3BECTHO, YTO OOPATUMBI [0 YMHOYXKEHHIO T€ BbIYEThI U3 Z,, KOTOPbIE B3aUMHO
[POCTBI C N).

3) I'pymisl nepecTaHoBOK.

a) MHo»XKecTBO S,, BCEX TEPECTAHOBOK 71 3JIEMEHTOB C Ollepaliyeii KOMIIO3UIUU O SIBJISIETCST
rpynmnoii. /lokaxkem 3ro. HelTpasbHbBI 97IEMEHT 3TOIl IPYIIILI — 3TO TOMXKJIECTBEHHAS ITe-
pecTaHoBKa, OOPATHBIN 3JIeMeHT — OoOpaTHas IepecTaHOBKa. ACCOIMATUBHOCTD CJIE/lyeT U3
CJICJIYIOIIEA BazKHOU JIEMMBI.

Jlemma 1. Ilycmov ecmv wemwipe mmoorcecmea: X, Y, Z u W. U nycmov durcuposarivt
omobpasicenus mencdy amumu muodicecmeamu p: X — Y, Y — Z uw (: 4 — W.

Tozda (Cotp) o= (o (o).
Zloxazameavcmeo. Boszbmem anement x € X. Torma

(Cov)op(x) = (Cov)(p(x) = (C(W(p(x))).

C apyroii ¢cTOpOHBI

Co(Yoyp)(z)=((Wop)(z) = (C((W(p())).
U

[Ipumensig ganuyto jgemmy K ciaydaio X =Y = Z =W = {1,2,...,n} noxygaem acco-
MUATUBHOCTD S,,. [lopsiok rpymmsr S, pasen n!. Ilpu n > 3 rpynna S, He KOMMYTATHUBHA.

6) MHOKecTBO A,, 9€THBIX IIEPECTAHOBOK U3 S, C OlepaIiieil KOMIIO3HUIN 00pasyeT 2pyn-
ny wemuur nepecmanosok. JJokaxkem, aro A, — moarpyima S,. JTO CIeayeT U3 TOro, 9To
[IPOM3BEIeHIE TeTHBIX [TEPECTAHOBOK — UeTHAasl IepecTaHOBKa W obpaTHAasi K IeTHOM mepe-
craHoBKe dernasd. ['pynna A, ne KomMmyTtaTuBHa npu n > 4.

B) I'pymna Kieiina Vj. PaceMoTpuM MHOXKeCTBO MepecTaHOBOK (B BUJIe MPOM3BEICHUS
nesaBucnMbix 1mkioB) {id, (1,2)(3,4), (1,3)(2,4), (1,4)(2,3)}. Hecmoxuo mposepurs,
YTO 9TO MHOYKECTBO 3aMKHYTO OTHOCHUTETHHO KOMIIO3UIIUU U UTO KaXKJias [MePECTAHOBKA U3
9TOro MHOXKecTBa obOparHa camoii cebe. Ilosyuaem, UTO MaHHBIE IEPECTAHOBKU 0OPA3yIOT
HOArPYNIY B Sy, KOTOpas obo3HavaeTcsd V4. DTa rpylina KOMMYTATHBHA.

r) (O606menune mpumepa 6a) [ycrs X — HEKOTOpOE MHOKECTBO (BO3MOXKHO GECKOHETHOE).
Pacemorpum mHOXKecTBO S(X) Omeknmit X — X ¢ omeparueit komnosunuu. Ecom | X| <
00, TO TOJIyYaeM TPYIILY MePecTaHOBOK. B obmeM ciydae MOJydaeM 2pynny CumMmemul
mmoorcecmea X . HelirpaibHBI 3JIeMEHT — TOXK1eCTBeHHOE peobpasopanne. OOpaTHBII —
obparnoe mpeobpazoBanue. AcCOMUMATUBHOCTD CJIEYET U3 JIEMMBI 1.

4) Marpuunsie rpytist. [Tycrs K — mose.

a) GL,(K) — MHOXKeCcTBO HEBBIPOXKIEHHBIX MaTpuil n X n ¢ jaementamu u3 K. Jlerko
BHUJICTh, YTO 3TO MHOYKECTBO 3aMKHYTO OTHOCUTEIHLHO YMHOYKCHUS MATPHIL. Y MHOXKEHUE
MaTPUIL ACCOMMATUBHO, eUHUIHAST MATPUIA — HEHTPAIbHBIN JIEMEHT U BCE HEBBIPOXK ICH-
Hble MaTpHIBl obpaTuMbl (06paTHas Takke HeBbIpokeHa). CienoBarensho, (GL(K),-) —
rpytma.

6) SL,(K) — mHO)kecTBO m X m Marpuil ¢ omnpejeauteaeM 1 ¢ smementamu 3 K. Do
noamuokectBo B GL(K 3aMKHYTO OTHOCHTEILHO YMHOXKeHUsT U B3siTHsi obpaTHoro. Ciieno-
BaTeJILHO, 3TO MOJrPYIIIA.



B) O,,(K) — MHO>XKECTBO OPTOrOHATIBHBIX MATPUIL 1 X 1 ¢ 1eMeHTaMu 13 K. D1o mojmuo-
xkectBo B GL(K 3aMKHYTO OTHOCHTEILHO YMHOXKeHUsI U B3sAThs 0OparHoro. CrieoBaTe/bHO,
9TO MOJIPYIIIA.

OTHU TPYIIB KOHEYHBI TOTJIa U TOJBKO TOra, Korja mnoje K konedno.

5) I'pymnmsr mpeobpasosanuit BekTopaoro npocrpanctsa. (Iloarpymmst B rpymme S(V'), rie
V' — BEKTOpHOE TIPOCTPAHCTBO. )

a) ['pymma ob6paTuMbIX JHHEHHBIX TpeobpasoBanuii V.

6) I'pynma opToroHa bHBIX JIHHEHHBIX TpeobpasoBanuii V.

B) I'pynna obparnmbix adbduaHBIX TpeobpazoBanuii V.

r) I'pynma jBurkennii eBKmoBa npocrpancTsa V.

Bo Bcex aTux rpymnmnax HeWTpaabHBII 3JIEMEHT — TOXKJICCTBEHHOE MTpeobpa3oBanme, a 00-
pATHBI 3JieMeHT — 0OpaTHOE TPeodpa3oBaHue. DTU IPYIILI KOHEYHBI TOT/Ia U TOJIBKO TOI/IA,
KOIJIa T10JIe, HaJl KOTOPbIM V' — BEKTOPHOE ITPOCTPAHCTBO KOHEYHO U PA3MEPHOCTD V' KOHEe'-
HA.

) Ipynma nuzkeHuit eBKINIOBa IIPOCTPAHCTBA V| COXPAHSIONMX HEKOTOPYIO (hUrypy
(MmHO)KeCTBO TOUEK) F' C V.

e) Yacrablii caydail npepayiero myakTa. ['pynma gusapa D,,. Pacemorpum npaBuib-
HBIT n-yrosbauK. ['pynna gusgapa D, — 970 rpyia Beex ABUKEHU IJI0OCKOCTH, COXPAHSIIO-
[IIIX 9TOT N-YTOJHHUK.

Yupaxkuenne 1. a) Jlokaxure, uro B rpymue D, poBro 2n smementoB. Cpeau HUX N1
IIOBOPOTOB U 1. OCEBBIX cuMMeTpuii. Bece ocu cumMeTpuilt IpoxoasaT yepes3 MeHTP N- YIoJib-
nuka. Ecim n 9eTHo, TO 1MOJIOBUHA CUMMETPUI ITPOXO/IUT Yepe3 2 BEPIIUHbBI, a MOJOBUHA —
qgepes3 ABe cepuauHbI ITPOTHUBOIIOJIOXKHBIX CTOPOH. ECJH/I K€ 1 He4YEeTHO, TO BCE€ CUMMETPUU
IPOXOAT Yepe3 OJIHY BEPIINHY U CEePEANHY ITPOTUBOIIOJIOXKHON CTOPOHBI.

6) Haiimure, kak ycrpoena omeparus B rpymie D,, TO ecTb 4eMy paBHA KOMIIO3HUIIUS
JIBYX TIOBOPOTOB, JIByX CUMMETPHII U TIOBOPOTA C CUMMETPHEI .

6) I'py1ina KOMIUIEKCHBIX KOPHEli u3 exuHutpl n-oit crenenu. [lycrs C,, — MHOXKECTBO Beex
KOMILJIEKCHBIX KopHeii crenern n u3 1. Torma (C,,, ) — abeseBa rpymma mopsiaka n. Toka-
keM 310. st Toro, 9Tobbl JIoKa3ark, 910 C, — I'PYIIa Mbl BOCIIOJIB3YEMCs, TEM, UTO 3TO
ITOJAMHOXKeCTBO B n3BecTHOil HaMm rpymie C*. Ham Hamo jmmb npoBeputhb, 910 C,, 3aMKHYTO
OTHOCUTEJIbHO YMHOXKeHUs U B3sTusi obparuoro. [lycts a,b € C,, To ectb a” = b" = 1.
Torpa (ab)" = a™b" = 1, 3naunt, ab € C,. Msl mokazanu, aro C, 3aMKHYTO OTHOCHTEIHHO
ymuozxenust. C apyroii croponst (a™h)" = (a™)™' = 171 = 1, crenosarensuo, C, 3aMKHYTO
OTHOCHUTEJILHO B3ATUdA oOpatHoro. To, uro rpymma C, abejieBa cjiejlyeT U3 TOIO, YTO OHa
sIBJIieTCs OArpyInoil B abesnesoit rpymnme C*.

Eunnmna sroit rpynmnsl — 310 1, 0OpaTHBIA K 9J1eMEHTY T — 9TO %

7) Ipynma kBarepHnoHoB (Jg. PaceMoTpnm MHOXKECTBO U3 8 9J1EMEHTOB:

{]-7 _]-7 ia _Z.ajv _ja ka _k}

YMHOXKeHIEe YCTPOEHO CJIEIYIONNM 00pa30M: 3HAKN YMHOYKAIOTCS OT/IEIbHO,



st Toro, 9TOOBI 3alIOMHUTH MIPABUIJIO YMHOXKEHUS JIEMEHTOB %, j U k yI00HO M300pa3uTh

X B BeplInHaX TpeyroJbHUKa. .
J

1 k
Tenepb, ecyit MbI XOTUM YMHOXKHUTD JIBA 3JIEMEHTA, TO, €CJIM HAIpABJICHUE JIBUXKEHUE OT TIep-
BOT'O KO BTOPOMY II0 YaCOBOI CTpeJIKe, NOJIydaeM TPeTUil JIEMEHT, & €CJIA ITPOTUB YacOBOI
CTpeJIKH, TO MUHYC TPETHI.

Jlerko BusieTh, 9T0 1 — HERTPAJIBHBIN SJIEMEHT, U KaK bl 3/1eMeHT obpaTtuM. B camom Jie-
J1e, 9jeMeHThI 1 1 —1 gBJIstioTcst 00paTHLIMU K caMuM cebe. A Jijist J1I000ro JIpyroro 3jieMeH-
Ta, ¢ BBIOJHEeHO 2~ ! = —x. JIyig Toro, 9Tobbl yTBEP:XKIaTh, 9T0 (g — IPYIIIa, HEOOXOINMO
ITPOBEPUTH ACCOITUATUBHOCTD.

Onpepenenne 5. Ilycrs (G,*) u (H, o) — aBa MHOXKecTBa ¢ onepanuamu. OTobpazkeHue
¢: G — H nasbBaercs 2omomopguzmom, ecim p(gr * g2) = ©(g1) © ©(g2)-

Yame Bcero Mbl OyleM paccCMaTpUBATh TOMOMOPH3M TPYIII, TO €CTh TOMOMOP(U3M
¢p: G— H,rne G u H — rpynmbl.

Omnpenenenne 6. Buekrupabiii ToMmoMopdusm p: G — H Ha3bIBaeTCSA U30MOPHUIMOM, &
anrebpandeckue CTPYKTYphI (MHOXKecTBa ¢ oniepanusamu) G u H tpu Hajmanu uoMopdus-
Ma MEKJIy HUMU HA3BIBAIOTCS U30MOPPHHBILMU.

JIerko BUJIeTh, UTO €CJIU olepalus B OJIHON U3 M30MOPGHBIX CTApyKTyp 00J1a1aeT HEKO-
TOPBIM ajredpandeckuM (T.e. (bOPMYIUPYEMBIM TOJBKO B TEDMUHAX OTEPAIIH) CBOFCTBOM,
TO ¥ BO BTOPOIl CTPYKType omepalns o0a/1aeT TeM ke cBoiictBoM. Hampumep, ecim onna
omepalys accolmaTiBHA, TO U BTOpas TOXKe U T.II. Kcian ojHa m3 CTPYKTyp Ipylia, TO 1
BTOpas TOKeE.

Teriepb MBI TOTOBBI JIOKa3aTh, 9TO (Jg — IPYIIIIA.

ITpennoxkenue 2. Qs — epynna

Alokasamenvcmeo. PaccmoTpum ciesryroriee MHOXKECTBO U3 8 KOMIIJIEKCHBIX MaTPHIL, KOTO-
poe MBI 0003HAIIM ()g.

o8 =6 2) (o) = o)y

BJech 1 — 910 MHUMAs eIUHUIA (KOMILIEKCHOE YUCIIO).
Paccmorpum Ouekimio ¢ Mexay Qs 1 Q.

10 . i 0 . 0 1 0 i
:I:lr—>:|:(0 1),1»—):&(0 _i),ji—>:i:(_1 O),k»—>:|:(i 0).

Jlerko y6enuThCs, 9TO ¢ MEPEBOUT YMHOXKEHUE B (Js B MATPHUIHOE YMHOYKEHUE. Y MHOXKE-
ure B (Qg, ) acconuaTuBHO, Tak Kak 310 yMHO)KeHUEe B GLo(C). Bnaunt, ymaOKeHHE B (g

accorarusao. Torma Qg — rpymma, nzomopdHast (rpyiire) Q. O



