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Teopema 1 (Teopema o cTpoeHNEM KOHEYHO TOPOKIEHHBIX abesieBbIX rpyi). [lycmo A —
Konewno mopootcdennas abenesa epynna. Tozda A usomopdra npamot cymme KOHEUHO20
YUCAG YUKAULECKUT 2PYNN.
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Kaotcdas us smur yukauveckur 2pynn Aubo AGAAEMCA OECKoHeuHOl YUKAUYECKOT 2pyn-
noti, Aubo npumaprotll yuksuveckot epynnot. M maxoe pasaootcerue eQUHCMEEHHO € MOY-
HOCTNDBI0 DO NEPECTNAHOGKU NPAMBIL CAALACMDBI.

Jlemma 1. ITycmv Gy, ...,Gy — epynnv u g; € G;. Tozda

ord(g1,...,gx) = HOK(ord(g1), .. .,ord(gx)).

Joxasamenvcmeso. m = ord(gy, . .., gg) — 9T0 MUHEMAJILHOE HATYPAJIbLHOE TUCJIO TAKOE, ITO
(g1,---,9K)™ = (e,...,e). D10 o3Hauaer, uro ¢/ = e jysa Beex 1 < i < k. To ectb m
nemurest Ha Bee ord(g;). Munnmanbhoe rakoe wucio — sro HOK(ord(gy), ..., ord(gg)). O

Jlokasamenvcmso. (JlokazarenbctBo Teopembl 1) CylecTBOBaHHE TaKOrO Pa3JIOKEHUs B
PSIMYIO CYMMY y2Ke J0Ka3aHo (9TO U ecThb BTOpas KaHoHm4Ieckast dopma). Ilyers ectsb 1Ba
TAKUX Pa3JIOXKeHUsT OJIHON U Toit Ke rpymibl A. [Ipexke Bcero jgokaxkeM, 9T0 KOJUIECTBO
OECKOHEYHBIX IUKJIMYECKUX CJIaraeMbIX B 000MX Pa3JIoKEHUAX OJIMHAKOBO. s 3Toro orpe-
JEJTUM CJIETYIONLYIO TTOJTPYIILY

Ounpepnesienne 1. [loarpynna kpyuenus Tor A (abesesoit) rpymmbr A — 1o mogrpymnima,
COCTOMAINAs U3 BCEX JIEMEHTOB KOHEYHOI'O IOPSIKA.

[Tpezkie BCero Hy*KHO OOBICHATDL, ITO MHOXKECTBO 3JIEMEHTOB KOHEYHOI'O MOpsIKa Jefi-
CTBUTEJILHO sIBJIIeTC TmoArpynmnoit. s sroro samerum, aro ecim ka = 0 u mb = 0, 1o
km(a+0b) = 0. To ectb mHOKecTBO Tor A 3aMKHYTO OTHOCHTEIBHO CIOXKeHus. KKpome Toro
k(—a) = 0, ar0 03HaUaeT 3aMKHYTOCTb Tor A OTHOCHTEIHHO B3SATHS TPOTHBOIOIOKHOTO.
Ocrasiocs 3ameruts, uto 0 € Tor A.

DJIeMeHThI KOHEYHOTO TIopsIKa B pasyoxkenun (1) nmetor Bug (xq,...,2N,0,...,0), oae
B KOHEYHBIX CJIArAeMBIX WJIYT JIIOObIE 3JIEMEHTHI Z1, ..., TN, & B OCCKOHEYHDBIX CJIAracMbIX
BCe dJIEMEHTBbI — HyJin. Takum obpazom,
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[To Teopeme o daxTOpU3aIU TPSIMOIO TPOU3BEIEHUS
A/TorA={0}®...0{0}0Zs .. @Z=Z".

Taxkum ob6paszom, daxroprpymnma A/Tor A — sTo cBobOnHAs abeseBa rpyIna paHra T, TJe
7 PABHO KOJIMYECTBY IMPSIMBIX CJIaraeMbIX, H30MOpdHBIX Z B pasnoxkenun (1). [Tockomabky
OTIpe/ieJIeH e IO PYIITBI KDY YeHHs He 3aBUCUT OT PA3JIOKEHNUs U PaHT CBOOOIHOI abesieBoit

T'PYIIIIbI olIpeaesieH O/JHOSHAYHO, II0Jy4daeM, 4YTO eC/Id AJid I'PYIIIIbI A ecrb JAB€ BTOPbIX
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KAHOHNYIEeCKNUX (POPMBI, TO KOJIMIECTBO MPIAMBIX CJIaraeMblX Z B HUX OjuHakoBo. Hazosem
9TO YuCJI0 parzom (abeneBoit) rpymib A.

Pasnoxkenue (1) cocrour u3 Bropoit kanonmueckoi ¢dhopmbl rpymmbl Tor A, K KOTOpPOit
nobassiensl Tk A ciaraembix Z. s Toro, 9To0bl 0Ka3aTh, 9TO ABE BTOPHIX KAHOHUIECKHUX
dbopMbl TpymIbI A COBIAJAIOT, OCTAIOCH JIOKA3aTh, 4TO Jjisd rpynibl Tor A (To ectb jjis
KOHEYHOf! TPYIIIbI) HET JBYX PA3JUIHBIX BTOPHIX KAHOHUYECKUX (DOPMBL.

[Iycte B — koneunas abesieBa rpymmna. s jiroboro HaTypaabHOro dnucia t MOXKHO pac-
cMoTperb romomopdusm ¢i: B — B, ¢y(b) = tb. Jlerko Bugers, uro eciu B = By @ By,
10 (b1, ba) = (tby,tbe) = (¢¢|B, (b1), pi| B, (b2)). Pukcupyem mpocroe ducsio p. Pacemorpum
BTOPOE KAHOHUYECKOE PA3JIoyKeHue Tpynibl B:

B=7,8.. ©LSLp®.. ®Lp®.. OLp®... OLpOLn ®... 0Ly =
=71 OLyD.. OLY ®Ly & ... D Lys.

Bosbmem t = p*, tyie p — npocroe uncisio. Pacemorpum, sajipo romoMopdusma ;. Ilycts
HEKOTOPBIH 9JIEMEHT PA3JIOYKEHUS, YMHOXKEHHBIH Ha p® paBeH HyJ1f0. Torja ero KoopJanHaThl
JIe’KaT B siJ[paxX OUpaHWYIeHnit ToMOMOp(MU3Ma (p; Ha Kaxkjoe ciaaraemoe. [Ipm stom spa
OrpaHUYeHUl Ha Zq;17 ..., Ly PaBHBI HYJIO, TaK KakK { = p* W ¢;' B3aMMHO IPOCTEL. B
rpynne Z,s OIpA yMHOXKEHUH Ha p” B HOJIb HEPEXOJUT

— BCd TpyIIa, ecan § < a.

— noarpynma (p°~*) & Zya, ecn > o

Orcrona

Kerppe =Z," LY & ... L2157 @ Ly © L™ @ ... © Lyt

Takum obpasom,

|Ker Qpp“’ — pm1+2m2+...+(a—1)ma_1+o¢(ma+ma+1+,,,+mk)'

[Tosrygaem

M — pMatMat1+...+mg

|Kergpa—1| '
CrnenosaresbHO,

Mo _ |[Ker 9023“| ) | Ker ‘Ppa|

|Kerppa-1|  |Kerppati]
To ectn
|Ker @pa|?
1 _
Ma = 108p <|Ker po+1| - |Ker @pa-i]

= 2log,(|Ker pya|) — log, (|Ker ppas1|) — log, (|Ker ppa-1]).

3amerum, 4To 3Ta (opMysa BepHa U Ipu « = 1, Torjga @pe-1 = id. dra dopmyra moxa-
3BIBAET, YTO KOJMYECTBO CIAraeMbIX Zye BO BTOPOM KAHOHUYECKOM Pa3JI0ZKEHHU KOHEYHOIT
abeJieBOll IPYIIIbI B He 3aBUCUT OT TOTO PA3JIOKEHUsI. DTO JTOKAZBIBAET TEOPEMY.

O

CaeacrBue 1. Ilepsas karnonuveckas gopma Konewno nopootcdernnoti abenesots epynnv, A
onpedenena 00HO3HAUHO.

Joxazamensvcmeo. Ilycts ecth abeseBa rpymma A, y KOTOpOil ecTh JiBe pas/iMdHBIE TEP-
Bble KaHoHn4deckue dhopMmbl 1 u Py, Tak Kak panr cBobomHoil rpymnbr A/ Tor A onpeesen
OJTHOBHATHO, KOJIMYECTBO MPSIMBIX CJIAraeMbIX Z B 9THX Pa3JI0yKEHUSAX OJIMHAKOBO. SHAYUT,



9T (POPMBI OTJIMIAIOTCH KOHEYHBIMU cjiaraeMbiMu. Torja HaiileTcs mpocToe YuCo P U ero
cTeneHb k Takue, YTO KOJMYECTBO U, Jessmuxcsd Ha p® B onHoit hopme (MOKHO cUMTATH,
aro B P1) crporo Gosbiie, ueM B jipyroii (B o). HamoMuuM, 94T0 110/163y5CH KUTARCKO#T TEO-
peMoit 00 ocTaTKax MOXKHO M3 TIEPBOI KAHOHUYECKO (hopMbI 10Ty IuTh BTopyio. Ho Torma
BO BTOPO#l KaHOHIYIECKOi hopMe, 1osrydeHHol u3 ®; Oyaer Oobie cjlaraeMblX Zpe C yCIo-
BUEM « > k, 9eM BO BTOPOIl KAHOHUUIECKOH hopme, morydeHHoi u3 $o. D10 mporuBOopeanT
Teopeme 1. ]

Omnpenenenune 2. DKCIIOHEHTa TPYIIbI (G — 3TO MUHUMAJIBHOE HATyPaJbHOE IICJIO k Takoe,
gro g moboro g € G Bemonneno g* = e. Ecim Takoro Wmcia He CyIIECTBYeT, TO OyieM
TOBOPHUTB, 9TO 9KcroHeHTa (G paBHa ObeckoHedHocT. O603HAYATH SKCIIOHEHTY OyaeMm exp G.

Jlemma 2. Ixcnorenma 2pynnol pasHa HAUMEHDWEMY 0OULEMY KPATMHOMY NOPAIKOS 2.1e-
menmos. (Mmeemes 6 6udy, wmo ecau ecmv IAemMenm 6eCKOHEUH020 NOPAJKA UAU HEM
KOHEwH020 00U4e20 KPAMHO20 Y 6CET NOPAJKOS, MO IKCNOHEHMA OECKOHEUHA. )

Jloxasameavcmeo. Eciu gF = e, To k nemmres ma ord g. Tak kak exp G — MUHIMAJIBHOE
HaTypaJsbHOe 9nciIo, 910 ¢*PY = ¢ mug Beex g € G, nomygaen, 9To exp G — MEHIMATLHOE
HATypPaJbHOE [HCJIO, JIEJISIeecs Ha MOPSJIKA BCEX JIEMEHTOB. O

IIpensioxkenne 1 (Kpurepuit nukindHocTu KoHedHOW abesieoii rpymmsl). [Tycms A —
Koneunas abesesa epynna. I'pynna A yurxsuveckas mozda u moavko moezda, kozda exp A =

A

oxazameavcmeo. Ilycrs A nukimdeckasi. Toraa ecTh 3J1eMeHT, HOPSJIOK KOTOPOI'O PaBeH
|Al, To ectb exp A > |A|. [lopsinku Bcex smemenToB — Jenuresnn |A|, 3uaqdur, exp A < |A|.
[Momyaaem exp A = |A].
[Tycrs HaoGopor, exp A = |A| = plfl p§2 ...pkm rae p; — mpocteie uncna. Tak Kak exp A —
HaMMeHbIIee 00Iee KpaTHOe TMOPSIIKOB BCeX 3JIEMEHTOB, Jid Kaxkgoro 1 < j < m Haiigercs
k;
bj € A rakoe, uro ord b; = p,’t, ryie t ne genures na p;. O6osHauum a; = tb;. Jlerko BujeTs,

k-
aro ord a; = p;’. PaccMoTpuM a/1eMeHT a = a1 +. . . + Ay, JIOKAZKEM, ITO €0 HOPsI0K PaBeH
|A|. dust sroro 3amernm, aro |A|a = 0 o teopeme Jlarpamxka, Ho

|A]

_ k1 ke kj_l km _
—a=p;'py’...p; pp(ar e ap e ay) =
j
_ k1 ko k=1 km _ k1 ke kj—1 km
=0+...+0+p0'py"...p/  ooppra; + 0+ +0=p0"py*...p . ppra; # 0.
A 3Ha¥MT, IPOCTOE YUCIIO P; BXOAUT B ord @ MMEHHO B cTerenn k;. Tak Kak 9TO BBIIOIHACTCS
JUIsT BCex j, opsiok a pased |A|. CreoBaresibHo, rpymna A MUKIHIECKAs. O

Hamomenm, 9T0 mojieM HasbIBaeTCs MHOXKECTBO F' ¢ /ByMs OMHADHBIMU ONEpAIMSIMUL:

CJIOZKEHUEM U YMHOKCHHEM, Y/IOBJICTBOPAIONIAM CJIC/YIOMINM aKCHOMAM.

1) Va,b,c€ F: (a+b)+c=a+ (b+c),

2) 30 € F': Vx Bomouaeno 0+ =z + 0 = z,

3)Vee F3(—x):x+ (—x) = (—x)+2 =0,
)Va,be F:a+b="0b+a,

5) Va,b,c € F': (a+ b)c = ac+ be,

6) Va,b,c € F: (ab)c = a(be),
)
)
)

W

7) VYa,b € F: ab = ba,
8) de € F': Vx BbINIOJIHEHO ex = T€ = T,
NVr A0 FIxtza =0t =c



[Tose aBngerca JacTHBIM ciIydaeM KoJibla. Mbl pamee roBOpuim, 9TO JJId IIPOU3BOJIb-
HOTO KOJIbIIa R MOXKHO paceMoTperh rpyiy (R*,-), cOCTOANIYIO U3 BCeX 0OpaTUMBIX IO
YMHOKEHHIO 3JIEMEHTOB, ¢ omiepanueil Muoxkenus. s nong F* = F\ {0} u rpynma (F*,-)
Ha3bIBATCA MYAbMUNAUKGMUEHOT 2pynnot noas F.

IIpennoxkenue 2. Koneunas nodepynna 6 MysbMunAuKGMUSHOT 2pynne

F* = (F\{0},)

noas F UYUKAUYECKAA.

Jloxaszamesvemeo. Ilycts G — KoHeUIHAs TOAIPYIIIA B MYJIbTHILINKATUBHON I'PYIIIE OIS
F*. Tlpeanonoxum, aro G He sABJsgeTCd NMUKIMIeckoit. Tak kak F* KoMMyTaTuBHA, €€
noarpynna G Takyke KommyTartubHa. [lo mpesioxkennto 1 skcmonenta G ue paBHa |G|.
Bnaunr, exp G = k < |G|. Torna B noste F'y muorounena z* — e kax munnmywm |G| kopueit
(Bce aeMeHTBI rpyIIbl G ABIAIOTCS TaKuME KOPHsiMH ). OJIHAKO HEHYJIEBOI MHOIOWIEH He
MOKET UMeTh B 10Jie OOJIbIlle KOPHE, 9eM ero creledb. B caMoM jiejie 3To ciiejlyer u3 Toro,
aro, ecau f(c) =0, To o reopeme bBesy f(z) memurcsa na x — c. [losmygaem nporusopeune.
CiteioBaTeIbHO, UCXOIHOE TPEIOIOKeHne, 9T0 (G He MUKINIecKas He BEpHO. O

O4eBUIHBIM CJIEACTBUEM IPEIBIIYIIEr0 IPEIIOKEHNS ABJISIeTCs CAEIYIONee YTBeP K Ie-
HIUE.

C.TIeI[CTBI/Ie 2. Mynbmunﬂunamuenaﬂ 2pynna KOHEYH020 NOAA UYUKAUYECKAA.



