JIEKIIUA 3

JIemma 1. ITyemv g — aaemenm epynnuv. G maxot, wmo ordg = n, a m — yeroe “ucao.
Tozda
" n HOK(m,n)
ordg™ = =
HOJ/[(m,n) m

Jloxazamensvemeo. JlokaxkeM 9TO yTBEPKJIEHUE TOJIBKO JJIST TOJOKUTETBHBIX 1M, TaK KaK
ord(g~™) = ord((¢g™)~!) = ord(¢g™), a Taxxe ord(g") = e.

Paccmorpum rpymmy (g). Ilo npeapbiiymieii memme ona usomopdua Z,. Bosee Toro npu
[IOCTPOEHHOM U30MOP(dU3Me STUX I'PYII JEMEHT g cOOTBeTCTBYeT 1 € Z,,, u 3j1ement g™
COOTBETCTBYET m € Z,. Takum obOpaszoM, HaM HYXKHO JOKa3aTb, YTO MOPAJOK m € Z,
paBeH HOILY(Lm,n) = HOKn(lm’"). [Topsiyiok — 9TO Takasi MUHMMAaJIbHAS HATYpaJbHas CTEHEHb K,
B KOTODO# 3JIeMeHT paBeH €. B a/jyimTuBHbIX 06o3HavYeHusX mnoaydaem ord(m) = k, eciu
k — 310 MUHUMALHOE HATYPaJbHOE YUC/I0 Takoe, 910 mk = 0 B Z,. g 1nesix quces
ycJioBue tepenuinercsd kak mk gemurcea Ha n. Ilomxyaaercs, uro mk — obiiee kKparHoe m

u n. Takum obpasom, k > HOKT(T"’").C JIPYTOii CTOPOHBI k = HOKT(’”’”) HOJXONT, TAK KaK

mk = HOKT(m’")m = HOK(m,n) pemurcst Ha n. O

Teopema 1. 1) I[lodepynna yukiuweckol epynnol YUKAUYECKAA;
2) Bce nodepynnov Z umerom eud (k) = k7 = Z;
3) Bce nodepynnovi Ly, umerom 6ud (d) = dZ,, = Lz dasn mexomopoeo d — deaumens n;

4) Iycmo m € Z,,. Tozda (m) = (HOJ[(m,n)).

Jloxazamenvcmeo. 1) Ciegyer u3 mynkros 2) u 3).

2) Ilycrs H — noprpynma B Z. Ecim H = {0}, ro H = (0), 9To yK/IaabIBaeTCsd B yTBEp-
xkuenne sagaqn. [ycrs H # {0}. Ecau h € H — orpuniareibHoOe YUCI0, TO MOJOKUTETHHOE
qucyio —h Takxke jiexkut B H. Snaunt, B H ecTb HaTypasbHble dncia. Boibepem k — mu-
HuMaJjbHoe Harypasbnoe uucyiao uz H. llycts h € H. Torma h = kq +r, tne 0 < r < k.
IIpu srom kq € H, h € H, cienosarenbho, r € H. Eciu r # 0, nojiygaemM npoTuBopevne ¢
BbIOOpOM k. SHaunt, r = 0 u h neaurca Ha k. Orcrioga H = (k).

3) Ilycrs H — moprpynna B Z,. Ecoim H = {0}, To H = (n), 4ro ykiaJIbBacTcs B
yrBep:ienne 3agaqn. [lycrs H # {0}. Pacemorpum MuHIMAIBHOE HATYpaJbHOE THCIO d
Takoe, 4To ero Kjacc jexxut B H. fdcuo, aro d < n. llycts h € H. Torna h = dq + r, rie
0 <r < d Ilpusrom dq € H, h € H, cnenoBarenbto, r € H. Ecim r # 0, nmoxydaem
nporusopedre ¢ BoibopoMm d. 3uauut, r = 0 u h neaurcs Ha d. Orciona H = (d). Tokaxkem,
uro d — mesmresb n. Ecian 3to He Tak, Ton = kd+ s, 0 < s < d. Ho Torya B Z,, BBIIIOJIHEHO
s = kd € H, nuporusopeune ¢ Boibopom d. Utak, d — nenurens n. Ocraioch cka3arh, ITO
nopssiok d B rpytme Z, pasen . 3naunt, H = (d) = Zn.

4) (m) — mukamdeckas rpymma. [lo memme 1, ord(m) =

—n
HOI(m,n) "

m. SHa‘—H/IT ]<m>| =

CrenoBarenbHo, 110 yHKTY 3), (m) = (HO(m,n)). O
Oco0blit nHTEPEC MPEJACTABIAIOT TOMOMOPMU3MBI U H30MOPMU3MBI U3 I'PYIIIILI B CeOs.

Omnpenenenne 1. l'omomopdusm ¢: G — G HasbiBaeTcsa sndomoppusmom. VIzomompdusm
¢: G — G Ha3bIBaETCA ABMOMOPHUIMOM.

JIerko BUJIeTh, YTO KOMIIO3UIUS JBYX SHJIOMOP(MU3IMOB — 3TO SHIOMOPGMU3M, & KOMIIO-
3UIUST IBYX aBTOMOPGU3MOB — aBTOMOpPGhu3M. MHOXKecTBO 3H10MOphU3MOB rpynnsl G ¢
oneparueii kommosuiwn obpasyer morou; End(G) ¢ meiirpasibabiM sstemerToM id. MHOKe-

crBo aBroMopdusMoB rpynbl G ¢ oneparnuei kommnosuiwu obpasyer rpymmy Aut(G).
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IIycts g — snement rpynmsl G. Paccmorpum otobpazkenue ¢4 : G — G, onpeiesieHHOE 10
upasuity @,(h) = ghg™'.
JIemma 2. Omobpaoicenue p, asasemces asmomopphusmom epynnot G.

oxaszamenvemeo. 1IposepuM, 4To o, — roMoMOpdOU3M:
po(hf) = ghfg™ = ghg gfg™" = a(R)p,(f).

To, uro ¢, — GuekIus cieayeT U3 TOro, 4TO CyLIeCTBYyeT 0OpaTHOe 0TOOpazkeHue. A NMEHHO,
obparTHoe K (4, 0TOOparKeHue — 3T0 Pg—1. O

ABToMOpdU3M HA3BIBAIOTCA 6HYMPEHHUM, €CIIL OH UMeeT BH/L (, J1JIs HeKoToporo g € G.

ITpengioxkenue 1. Mroocecmeo 6HymMpernux asmomopPusmos ¢ onepayuet; KoMno3uuuL
o6pasyem nodepynny Inn(G) 6 Aut(G).

Jloxasamenvemeo. /TokazkeM paBeHCTBO @4 O @, = Pgp. i 9TOr0 NPUMEHNM 3TOT TOMO-
MOPGU3M K 3jieMeHTy s € G

—1 -1 -1 —1
g 0 pn(s) = @g(en(s)) = @g(hsh™) = ghsh™ g~ = (gh)s(gh)™" = @gn(s)-
U3 nokazaHHOTO paBeHCTBA cJieyeT 3aMKHYTOCTh Inn(G) oTHOCHTEIbHO KOMITO3uIni. Kpo-
me Toro id = ¢, € Inn(G). Ocranocs nposeputh, uTo Inn(G) 3aMKHYTO OTHOCHTETIHHO
B34THA oOpaTHoro. /I1a sToro 3aMeTnM, UTO 40 Y -1 = P, = id. U
Bamaua 1. 1) Aut(Z) = Zs,
2) Aut(Z,) = 7.
Samevanue 1. Hamomunm, uro ZX — 910 rpyliia oOpaTUMbBIX [0 YMHOXKEHHIO 3JIEMEHTOB
KOJIbI[A BBIYETOB Zy,. I'pylna 7 cocTOUT n3 BbIYETOB B3AUMHO IIPOCTHIX ¢ n. B gacTHOCTH,
2| = p(n), e @(-) ~ dymxiia iirepa.
Onpenenenne 2. [lycte H — noarpyiia rpymimsr G. Pacemorpum siement g € G. Jlegwim
CMEHCHDIM KAACCOM dAeMEHMA g 1o nodepynne H Ha3bIBaeTCsT MHOXKECTBO
gH ={gh | h € H}.
Ipasvim cmesrcnvim Kaaccom anemenma g no nodepynne H Ha3bIBaeTCS MHOXKECTBO
Hg={hg|he H}.

Jlemma 3. 1) g € fH mozda u moavko moeda, xoeda f~1g € H,

1’) g € Hf moeda u moavko mozda, xozda gf ' € H,

2) Jlesvie (npaswie) cmestcrvie Kaaccol — IMo Kkaaccol sksusarenmuocmu. (Boaee mouno,
ommuowenue g ~ f, ecau g € fH asasemea omuowenuem 3K6UBGAECHMHOCTU. )

3) Caedyrougue mowsnocmu odunakosw, |gH| = |Hg| = |H|.

Jlokasameavcmeo. 1) g € fH < g= fh <= f~lg=h.
geHf << g=hf<=gf'=h.
2) JTokazkeM TOJIBKO JIJIs JIEBBIX CMEXKHBIX KJIacCOB. JIisi IpaBbIX aHAJOTUIHO.
Pednekcusnocts: g € gH Tak Kak e € H,
CUMMETPUIHOCTD:

gEfH— flycHe= (f9g) =g 'fec H= fecgH.
TpaHSI/ITI/IBHOCTI)I
geEfH fesH= flgcHs'fcH=s'fflg=s"'gcH

3) Cuestyer u3 toro, uto ghy = ghs TOrIA U TOJIBLKO TOrA, Korua hy = ha. ]



Sameuarue 2. V3 mynkra 2 ciaejyer, 4To JieBble (IpaBble) CMEKHBIE KJIACCHI JIHOO He mepe-
CeKaroTCsd, JIMOO COBITAIAIOT.

Onpenenenune 3. Unjexc nogarpymibl H rpymmsl G — 9TO MOIIHOCTH MHOYKECTBA JIEBBIX
CMEXKHBIX KiaccoB. Obosnadaercs unjekce |G : H|

Bamaua 2. Jlokaxure, uro gH ++ Hg™! — Guexiums MexK1y JIeBLIMI U TPABLIME CMEKHBIMIE

KJaccaMt, U CJIeJOBATEJIbHO MOITHOCTDH IIPABbIX CMEXKHBIX KJIACCOB TaK:Ke paBHA WHIEKCY
noarpynmbl. (To, 9T0 KOJIMUeCTBO JIEBBIX U MPABBIX CMEYKHBIX KJIACCOB OJMHAKOBO JIJI KO-
HEYHOI I'PYyIIIBI OYJIET CJIe/IoBaTh U3 TeopeMbl JlarpaH:ka, HO 9TO BEpHO U /i OECKOHEYHBIX

rpymi. )
Teopema 2. (Jlazpanowc) Hycmv G — xoneunan epynna uw H — nodepynna G. Tozda
Gl = |H]-[G : H]

Joxazamensvemeo. T1ocKOMbKY KaxKJiblii 3JIeMeHT Tpymibl (G JeKHUT B HEKOTOPOM JIEBOM
CMEZKHOM KJIACCE U JIeBbIe CMEXKHbIE KJIACCHI JINOO COBIIAIAIOT, JIUOO HE IIEPECEKAIOTCs, BCs
rpynna (G pa3duBaeTcs Ha HellepeceKarolecs JeBble CMeKHbIE KJIaCChl. TaK KaK MOITHOCTH
KasKJIOr0 CMEXKHOTO KJjacca pasHa |H|, MOIHOCTH Beeli rpymnibl pasHa |H| yMHOXKUTH HA
KOJINYIECTBO CMEXKHBIX KJIACCOB. O

CaencrBue 1. (Caedemeus us meopemuv, Jlazparorca)

1) Hopsdox xonewnot epynno. deaumcs Ha NopAdok ee nodepynnoL.

2) Hopsadox Konewnot epynnov. 0eAUMcs Ha NOPAJOK €€ IAEMEHMA.

3) Jas ar06020 saemenma g konewnoti 2pynno. G evinoaneno g'¢ = e.

4) I'pynna npocmozo nopadka yukiuveckas.

5) (Teopema Diinepa) [ycms m u n — 63aummno npocmule namypasvroe wucaa. Tozda
n?"M) umeem ocmamox 1 npu desenuu wa m.

Jloxazameavcmeo. 1) OueBumno ciejryer u3 reopeMbl Jlarpanka.

2) [lycte g — ssiemenT Koneunoit rpymmnbl GG. PacemorpuM mukimdeckyto noiarpymniy H =
(9). Iockombky ord(g) = |H|, nopsgaok G nenurcs na ord(g).

3) Hycts |G| = ord(g) - k. Torma gl¢! = (gord@)k = ek = e.

4) Tlycrs |G| = p — npocroe uucyo. Pacemorpum g # e € G. TTocKoIbKY TOPSAJIOK ¢
JlesiuT p u He paBeH 1, nosydaeMm ord(g) = p. A suauutr, G = (g).

5) [Ipumenum myHKT 3 K rpymie Z% u ee snementy n. [lomyaaem

AlZ5] — petm) _ 1



