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BHYTPEHHNE ABTOMOP®U3MbBI



OBPA3YIOIIINE U OIIPEAEJIAIOIINE
COOTHOILIEHNA

Kak M0xKHO OBLIO 3aMeTUTHL U3 MEPBBIX JIEKIHI, /I TPYII € T10-
HSITHBIM YCTPOTCTBOM (HAIIPUMED, JIJIsT UKIMIECKNIX ) HEeT HEOOXO 1
MOCTH COCTABJISITH Tab/IUIbI yMHOKeHus (Tabsmisl Kamn). Yenosaast
3alliCh

Ly = {(c| " =e)

JIaeT BCIO HeoOXOAUMY10 HHPOPMAaINio 00 aDCTPaKTHOI LU/IKJIquCKoﬁ
rpye Z, nopsjiKa n; nojpasyMepaercs, uto Z, = {e, ¢, ¢ 1
ST pu s+t > n. C Jpy-
roii CTOPOHDIL, J1100ast UKIMUECKAs IPYIIIIA ABJIACTCA ¢ TOYHOCTBIO JI0

npuueM c’ct = M upu s+t <nuc’d =c¢

M30MOPQI3Ma TOMOMOPMHBIM 00pa30M OJHON-eINHCTBEHHON I'PYIIIILI
(Z,+).

[lycTs Tenepns F,, — npousBojbHasd Ipylia ¢ HeRTpaabHBIM 3Jie-
MEHTOM €, IOPOKJIeHHasl n 00pas3yionuMu fi, ..., f, Tak, 4To KaxK-
JBIi ee sjieMeHT f 3anmcbiBaeTcsd (BO3MOXKHO, MHOTUME CIIOCOOAMH)

B BUJIC
_ 51 £82 Sk ‘
f_fZleQ...ka7 2]6{1,27...77?/}7 SjEZ,
rae 4; # 441 1 ambo s; = sp = -+ = 5 = 0, ;mbO Bce s; OTJIMUHDI
OT HY.JIsI.

[Ipu BLITTOTHEHUHT YCIOBUSI
f=e<=s51=---=5,=0

JUUIsl KaykJioro f, 3allMcaHHoOro B TaKOM BHJE, FOBOPAT, 4To F), — c60-
bodnas 2pynna paraa n, noporcoeHHas n ce0000HLMU 00Pa3YIOUU-
MAU.



Yro0bI J0Ka3aTh CyLIECTBOBAHUE CBOOOIHON I'PYIIIIbLI, PACCMOTPUM
MHO?KECTBO S, cocTosiiee u3 00beIMHEeHNs] MHOKECTB

{w1,29,..., 2, U{z{t ..zt )

Terepb paccMOTPUM MHOZKECTBO BCeX CJIOB B ajiaBute S (BKIOTas
IyCTOE CJIOBO €) C olepalieil KOHKaTeHAIMN U OyjieM CUUTaTh, 9TO

JIBa, CJIOBA
€1 &t M1 Hs _
T .. Ty WXL, TIe Elyvny Ety iy, fbs = 1,

SKBUBAJIEHTHBI, €CJIM U3 OJHOI'0 MOXKHO IIOJIYYUTH JAPYroe 3a KOHeY-
HOE YMCJI0 ITpeo0pa30BaHuil U3 CJIEAYIONIEr0 CIIMCKA:
(1) m3 cI0Ba MOYKHO BBIYEPKHYTH JIDOOE TIOJICJIOBO BIJIA Til; U pimm

1

x, w1 =1,...,n;

(2) B cs10BO B J1I060OM MeCTE MOXKHO BCTABUTD IIOJICJIOBO BUJIA T;X; 1

e, i=1,....n.

I T;

MHOZKECTBO BCEX CJIOB ¢ TOYHOCTBIO JI0 JaHHON 3KBUBAJIEHTHOCTH
obosHauuM vepes Fi,.

[TokazkeM, 4TO MOJIYUUIACH CBOOOHAS IPYIIIIA.

1. BamkHyTOCTH F), OTHOCHTEILHO ONEpaIii KOHKATEHAI[M Ode-
BIUJIHA. ACCOIMATUBHOCTD TOXKE OUEBU/IHA.

2. EJMHIYHBIM 9JIEMEHTOM SIBJISIETCSI IIYCTOE CJIOBO €, U4TO TaKIyKe
OUYEBUJIHO.

3. O6paTHbIM K CIOBY ;! ... T ABIACTC CIOBO Xy ... a; .

4. I'pyna F), (a MBI TOJIBKO 9TO JI0Ka3ajd, 9TO 3TO IPYyIIIa) 1o-
POXKJIAETCA SJIEMEHTAME X1, . . . , Ly,

5. Ecan nMmeercst cj0BO BujIA

[y ly

Ty T

rie Iy, ..., € Z\ {0} u iy, # Gy ipu m = 1,...,t — 1, 1O
OYEBUJIHO, YTO OHO HE MOKET OBbITh SKBUBAJICHTHO IIYCTOMY CJIOBY
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npu t =1, a npu t > 1 umeer 1o KpaiiHeil Mepe JiBe pasHbIX OYKBBI
BHYTpPHU cJjioBa. jisi Toro, 9T0OBI COWTUCH K ITYCTOMY CJIOBY, HaJI0
YMEHBIIUTHL KOJIMIECTBO Pa3HbIX OYKB B CJI0BE, HO 9TO HEBO3MOKHO,
TaK Kak HUKakas 13 omepaiyii (1) ui (2) 9T0r0 He c/le/aer.

SHaYUT, MbI TIOCTPONJIA CBOOOJIHYIO I'PYIIILY.

OueBKIHO, 9TO HPU JAHHOM N JiBe CBOOOJHBLIX rpyiibl F, u G,
M30MOPMHBI, JIOCTATOYHO ITOCTPOUTH B3aUMHO-0JIHO3HATHOE COOTBET-
CTBHUE MEXKIY 00pa3yIoNIIMU.

Ternepsb npeanooyKumM, 9ro F, — cBobojiHas Ipyiiia paHra n, a G
— HeKOTOpasl I'PYIIa, MOPOXKIeHHAas N JIeMEeHTaMU g1, . . . , p.

PaccMmorpum cBobojiHble oOpasyoliue fi, ..., f, 1 IHOCTPOUM I'O-
momopdusm @ : F, — G, 1y KOTOPOro IIPOU3BOJIbHBIN JIeMEHT
(coso) f = filfi7 ... f;} € Fy orobpazkaercs B siement

o(f) =gl .. .9; €G.

OueBuIHO, 4TO Takoe 0TOOpazKeHHe KOPPEKTHO (KayKJOMY 3JIeMeH-
Ty COOTBETCTBYET POBHO OJIMH 00pa3, TaK KaK KayKJIblil 3J1eMEHT 3a-
IMICHIBAETCS B KAHOHUYIECKOM BHJIE OJIHO3HATHO). Takrke 04eBHJIHO,
970 OTOOpazKeHHe CIOPBbEKTUBHO (TaK Kak MpoodpasoM MPOU3BOJIb-
HOTO djlementa g = g;lg;> ... ;" apmsaerca smement fi'fi2 ... fiF).
Hakonerr, orobpaxkenune ¢ sBiaseTcss TOMOMOPQMU3MOM IIPOCTO 110 TI0-
CTPOEHHUIO.

Taxum obpaszom, jgrodasi TPyHa ¢ 1 HOPOXKIAIOIMIUMU SIBJIACTCS
rOMOMOPQHBIM 00pa30M CBOOOIHOIN Ipymibl F,, TO ecTb

G = F,/ker ®.
ONPEAEJNEHUE 1. Ilycts F,, — cBobOomHAas rpymia ¢ . cBOOOIHBIMI
obpasytormumu fi, ..., fn, S = {w;,i € I} — HEKOTOpPOE MOJIMHO-
xKecTBo a1eMentoB wi(fi,..., fu) € Fy, n K = (S') — nanmens-

1mast HopMaJibHast TTorpyIina B F,, cojepkarias S (mepecedenue Beex
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HOPMAJTBLHBIX OArPYTII, cojepzkainux S). [oBopst, ato rpyima G 3a-
JaHa 1 00Pa3yIOMUME Ay, . . . , A, ¥ COOTHOMEHUSIMA W;i(ay, . . . , dy) =
e, 1 € I, ecu cymectsyer sanumopdusm wkF, — G ¢ sjapom K Takoit,
aro m(fr) = ar, 1 <k < n.

[Tpu sToMm numryT

G={(ay,...,a, |wi(ay,...,a,) =e€, i €1)

1 Ha3bIBAIOT (G KOHEUHO OIpejIe/IeHHOM rpyoit, ecim |I| < oo.

Cama rpymma Fj, cBoOO/IHA OT COOTHOIIECHNIT, YeM 1 00bSICHSIETCS ee
Hazpanue. OJiHa 1 Ta »Ke IPYIIa JOIYCKAeT MHOTO PA3HBIX 3a/IaHUil
00pa3YIOIMIMMU U COOTHOIIEHUSIME, XOTsI JIJIs KOHKpeTHO# rpyiibl G
MHOT/Ia, He TaK JIETKO yKas3aTh X0Ts Obl 0j1HO 3ajanue. [Ipodbiaema ere
B TOM, YTO HE CYIIECTBYET ODIIEero ajJropuTMa, KOTOPbIi Obl JI/Isl JII0-
00l KOHEYHO OIIPeJIe/IeHHOI IPYIIIIbI JaBaj Obl OTBET O KOHEYHOCTH
I'PYIIILI, O PABEHCTBE JBYX €€ CJIOB U T. 1.



[lepeiiiem Tenepb K npuMepaM Kak CBOOOJIHBIX I'DYIII, TaK U 3a-
JIAHUS pa3IndHbIX U3BECTHBIM HaM TPYIIT 00pa3yIoNUMI U COOTHO-
HIEHUSIMU.

[TPUMEP 1 (CBOBOJHAMA T'PVIIIIA PAHI'A 1). 9T0 0ueHb POCTO:
Fy = (Z,+) — cobojnas abesieBa rpytiiia paHra 1, Win, 9To TO ¥Ke
caMoe€, 6€CKOH€UIHaﬂ MUKJINYECKad I'PYIIIa.

[TPUMEP 2 (CBOBOJHAS I'PVIIIIA PAHTA 2). [lyers Z[t] — xosnb-
110 MHOI'OYJIEHOB OT t ¢ LiejbIMu Koddbdunrenrtamu. B crennaibHOM
qneiinoit rpyrmre SLo(Z[t]) pacemorpum noarpyiiy F| mopoxjieH-

(et

Hokazkem, uto F' — cBoboHAas I'pyIIIa.

HYIO MaTpullaMu

naykims 1o k mokasbIBaeT, 9TO 3JIEMEHT
W, =AY“B  A%B% a5 40, 1<i<k,
MMeeT BUJI

W 14+ oyt t(- - 4 oporogt?F 1)
PGt a2 ED) T4 ooy agt2ED )

rie op = 1571 ...Q 0k, a ToYKaMu 0003HaYeHbI OJHOUJIEHbl MEHb-
meit crereHn otrHocurTebHo t. fcho, uro Wi #£ E. IIpou3BojibHblil
sJ1eMeHT Ipyiibl F iy 3amuceiBaercs B Buge BPAY # E, mbo B
e W = BOW, A Ecim W = E, 1o Wi, = B A~ uro, oqnako

HEBO3MO>KHO.



[TPUMEP 3 (IPVIITIA JUSJIPA). Paccmorpum rpyiiny
G = {(a,b|a" = b* = abab = ¢)

C JIBYMd 0OpasyoNMI U TPEMsl COOTHOIICHUSIMNA.

Takast rpynma nmeet nopsijiok |G| < 2n, nockonbky ba = a~ 1o~ =
(a™)La"(0?)"! = a" b, orkyna G ucuepubiBaeTcs eMeHTaMu
e,a,a,...,a" 1. b,ab,a’b,... a" 1.

[Ipousseienne JIIOOLIX JABYX TAKUX 3JIEMEHTOB OJIHO3HAYHO OIpe-
JeJIEHO M3 COOTHOIICHUI.

[TokazkeM, 4T0 TaKas I'pyIIa H30MOpQHa Y2Ke U3BECTHON HAM TPYII-
e Jirvipa (JIBIZKEeHHsT TPABUIBLHOTO N-yroJibHuKa) D).

JleficTBUTE/IBHO, COTIOCTABIM MTOBOPOT Ha YTOJI 27T /1 MHOTOYTO.JTh-
HUKA 4epe3 @, a 0OTParKeHre MHOIMOYTOJLHUKA, KOTOPOe OCTAB/ISCT Ha
MecCTe BepIInHy 1 U MeHsieT MecTaMi BepIuHbl 2 U n — 1, — depe3 b.
Torja Bee cCOOTHOICHUS! BBIIOIHEHLI, B IPYIIIE POBHO 2N 3JIEMEHTOB,
OTKY/Ia CJIEJIYeT, YTO HAIIMMU COOTHOIICHUSIMU 3a/[aHa POBHO IPYIIIY

JIM3IpA.



ABTOMOP®U3MDBI I'PVIIII

Hanomuum, uro asmomopgpudmom rpyibl G Ha3bIBAETCsS OUEKIINS
f: G — G, aeigomasicst romomopduzmom. Yepes Aut (G) ob6o3Ha-
YM MHOXKECTBO BeexX aBToMopdu3MoB rpyiibl G.

Jlemma 1. Ecau G — epynna, mo Aut (G) — epynna, A6as0uaACA
nodepynnot epynno, nodcmanosokr S(G), Aut (G) C S(G).

Joxazameavcmeo. Tak Kak NnpousBegeHne aBTOMOPQU3IMOB — aBTO-
MOpGU3M (M3 CBOWCTB TOMOMOP(U3MOB U N30MOP(U3MOB), TO OIe-
paIlisi TPOM3BEJICHUs B I'pyTiiie 1o/cTaHoBOK S(G) Ha MHOXKecTBe GG
He BuIBOJUT Hac uz Aut (G).

AcconmaruBHocTh 910i onepaiun Ha Aut (G) sABJsIeTCS CI1€/CTBH-
eM accoIaTUBHOCTU oliepaln yMHOKeHust B S(G). flcHO, 9T0 TOXK-
JIeCTBEHHOE OTobpazkenue 1¢g saBjsieTcst aBTOMOPMU3MOM 1 HEHTpaJIb-
HBIM ssieMenToM B Aut (G). Ecm f € Aut (G)
ToMopdusM (u3 coiicTB romoMopdusmMoB un nzomopdusmon). Urax,

)

To {71 TakxKe aB-

Aut (G) — rpytina, SBJISIONASICS TTOTPYIIION TPYIIIBI MOJICTAHOBOK
S(G) na muOXKecTBE G. []

[TPUMEP 4 (ABTOMOP®U3MOB T'PVIII). 1) ToxkaecTBernoe 0T006-
pazkenue lg siBjisteTcst aBToMopdusMom Jiroboit rpyiibl G
2) Eciu (A, +) — abesieBa rpytia, To orobpaxkenne a: A — A, rie
ala) = —a i a € A, aBisiercs aproMopdusmom. Jeticmeumenvho,
« — OMEKIUs, IIPU 3TOM
alz+y)=—(z+y)=—v—y=oa)+aly),

T. e. o —romoMopdusm. Mrtaxk, o — aBToMoOpdusM.
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Jlemma 2. o € Aut (G) = O(alg)) =O(g) Vg € G.

Teopema 1. Ilyemv G = G(a) — yukauveckas epynna ¢ 06pas3yro-
wum anemenmom a. Toeda:

1) ecau |G| = O(a) = oo (m. e. ecau G — beckoneunas yukue-
ckasn epynna, G = (Z,+)), mo Aut ((Z,+)) = Zy, |Aut (G)] = 2;

2) ecou |G| = Ola) = n < oo, G = Zy, mo Aut ((Zn,+)) =
U(Z,), | Aut ((Z, +))| = (m), 2de p(m) — dynryua Siaepa.

Jloxasameavemeo. llyers G = (a) — muK/MdIecKast TpyIIa.

Cayuaii 1: G = (a), O(a) = 0o, G = (Z,+), — GeckonevqHast MuK-
qmdaeckas rpynna. BEemm f: Z — 7 — aBromopdusm rpyibt (Z, +),
T0 f TOJHOCTBIO olpejiessieTcs nejbiM duciom n = f(1) € Z, no-
CKOJIBKY

fim)=f(m-1) =mf(l) =mn
aist Becex m € 7. Tak kak f — ciopbekiusi, To 1 = f(t) jjs1 HeKoTo-
poro t € Z, mo3Tomy

L= f(t) = f(t-1) = tf(1) = tn.

Takum obpazom, n = 1. Urax, smbo f = 1z (f(1) = 1), qau-
6o f(m) = —m nasg Bcex m € Z (f(1) = —1). CuenoparesbHo,
|Aut (Z)| =2, 7. e. Aut(Z) = Zs.



Cayuait 2: nyets G = (a), n = |G| = O(a) < oo, f: G — G—
aBTOMOP(U3M.

a) fcno, aro f mosHOCTBIO Onpeseserca snementom f(a) € G,
nockosibky f(a*) = f(a)* s seex k € Z. Tak kak f — usomopcusm,
to O(f(a)) = O(a) = n, = e. f(a)—obpasyoumil UKIHICCKO]
rpymiel G = (a), n nosromy f(a) =a', e 1 < i <m, (i,,m) = 1.

0) Ecmxed € Z,1 < i <mn, (i,n) = 1, To orobpaxenune f: G —
G, f(g9) = ¢' st Beex g € G, aBiisiercst FoMOMOP(MU3MOM, HOCKOJIBLKY
G = (a) — abesieBa rpymma:

fl9192) = (9192)" = 9195 = [(91)f(92)

JUIs BCeX g1, go € G.
Tak kax f(a) =a' n (i,n) =1, T0

Oy =
O(f(a) = Ofa') = o= =,
nosromy f(a) siBistercsa obpasytonium rpymnbl G = (a), U cae1o-
BaresbHo, Imf = G, 1. e. f: G — G — clOpbeKTHUBHOE 0TOOPAa-
kenne. Ho G — KoHeuHoe MHOXKECTBO, IOTOMY f — OMeKIus, T. €.
f e Aut (G).

B) Tax, Mbl onincasin crpoenne Beex apromopdusmos f € Aut (G),
e G = (a), |G] = Ola) = n < oo, G = Z,, 10Kaza, 910
Aut (Z,) = U(Z,, ). Uz sroro onmcanus cieayet, aro | Aut (G)| =
en) g G = (a ), |G| = O(a) = n < o0, tae p(n)— pynkius
Ditnepa. []

VIIPAYKHEHUE 1. Haiimure Bce takue rpymisl G, ato Aut (G) —
TpUBHAJIbHAA TPYIIIA.
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BHYTPEHHUE ABTOMOP®UN3MDbI

ONPEAENEHUE 2. IIyere G — rpynna, ¢,z € G. DaeMent grg ' €
G Ha3bIBa€TCA 9JIEMEHTOM, CONPAHCEHHHIM C INEMEHTIIOM T C NOMO-
wpr0 saemerma g (MHOLa UCHOJb3YeTCs obosHadeHne grg = x9).

Jlemma 3. I[lycmo G — epynna. [as waoscdozo ssemenma g € G
omobpacenue

1

7(9): G =G, 7(9)(x)=gxrg " daa x€QG,

aeasemcs asmomoppusmom epynnoe G- (Ha3v16a€MbIM BHYTPEHHIM
aBTOMOPGU3MOM IpyTiiibl G, WHIYIUPOBAHHBIM 3jieMeHTOM g € ().

Jokazameavemeo. 1) Ecm x,y € G, 1o

T(g)(xy) = glay)g ™ = (gzg ) gyg™") = (r(g)x)(T(g9)(y)).

T.e. 7(g9): G — G —romMmoMopdu3M IpyIIIL.
2) Tak kak 7(¢~ 1) = 7(g9) !, To 7(g) — Gueknms, u nosromy 7(g) —

aproMopdu3M rpyuibl G. ]
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Cobepem BMecTe cBoiicTBa oTobpazkenust 7: G — Aut (G).

Teopema 2 (cpoiicTBa BHYTpeHHHX aBTOMOpdu3MoB). [Tycmo G —
epynna. Tozda:

1) omobpasicenue 7: G — Aut(G), 7(g)(x) = grg™t, g € G,
r € G, asasemcs 20MomopPusmom 2pynn (Ha3vl6aeMvim 20MOMOD-
PUMOM CONPAHCEHUA);

2) 0bpas 2omomoppusma 7: G — Aut (G), m. e. cosorynmnocmo
Inn(G) = {7(9) € Awt(G) | g € G} = Im7 scex snympen-
nux asmomoppusmos 7(g), g € G, asasemea Hopmasvrotl nodepyn-
noti epynnwv. asmomoppusmos Aut (G) (epynna Inn (G) nazwsaemcea
2pYnNot BHYMPEHNUT asmomopPusmos epynnv G);

3) ker(7) = Z(G), m. e. adpo ker(T) 2omomopdusma T cosnadaem
¢ uenmpom Z(G) epynnu G;

4) Inn (G) = G/Z(G), epynna Inn (G) enympennuzr asmomop-
Pusmos uzomoppra paxmop-zpynne epynnoe G no ee yenmpy Z(G).
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Jlokazameavemeo. 1) Ecm g, h € G, To

T(gh)(x) = (gh)x(gh)™" = g(hah™)g™" = 7(g)(7(h)(z))

st Beex © € G. Urak, 7(gh) = 7(g9)7(h) ns Beex g, h € G, 1. e,
7: G — Aut (G) —romomopdusm rpyri.

2) Cosokynunocts Inn (G) = {7(g) € Aut(G) | g € G} Beex
BHYTpeHHUX aBTOMOpu3MoB 7(g), g € G, B rpymne Aut (G) kak
obpas3 roMoMopdusMa T BJsieTcsa o Arpynmoit rpymner Aut (G).

Ecma € Aut (G)ug € G, x € G, 10

S

L

~—
|

7(alg))(z) = alg)ralg)™ = a(g)zal
—a(ga”!(2)g™) = a(7(9) (a7 (1)) ) = (ar(g)a)(@)
II09TOMY
ar(g)a™' =7(a(g)) € Inn (G),

CJIeJ0BaTEJIbHO,

Inn (G) < Aut (G).

3) Duiement g € G npuHANIEKUT siapy ker 7 romMoMopdusMa T
TOTJIa U TOJBKO ToTya, Korja 7(g)(xz) = x mis Beex x € G, T.e.
grg~t = x, wm gr = xg, HO 3TO o3HayaeT, 4yTo ¢ € Z(G). Urax,
ker T = Z(G).

4) B cnty Teopembl 0 ToMOMOpPgU3ME /I CIOP'bEKTHBHOIO TOMO-
mopdusma 7: G — Inn (G) nmeem

Inn (G) = Im7 = G/kert = G/Z(G).
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