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TEOPEMA ®POBEHUNUYCA

TEOPEMA 1 (TEOPEMA OPOBEHUYCA). Had noaem
R cywecmeyem moavko mpu KOHEMHOMEPHBIE ACCOUUA-
museHnwie anzebpo. ¢ deaenuem: R, C u H.

[Tpexie, dem JlI0Ka3bIBaTh TEOPEMY, UCCIEyeM aJl-
JIUTUBHYIO CTPYKTYPY aareopsl ¢ jpeneHuem A.

Kak Mbl BWje M, y KaxKJoro sjeMenta n3 A ectb
HEKOTOPBLIT MUHUMAJILHBIN aHHYJIUPYIONINN MHOIOYJIeH
[ta(t), M3 paccy K IeHI TTPOILIONO MPEJIOZKEHIs BIJIHO,
9TO OH 00S3aTeTbHO HEITPUBO/INM.

Tax kKaKk MHOT'1JIEHBI MBI paccMaTpuBaeM HaJL 11ojieM R,
TO HEIIPUBO/IMMbIe MHOIOYJIEHbI UMEIOT BIU/I

Na(t) =t—a,
60
Ua(t) - t2 — 20t + ﬁa
rjie
o’ < B.
B nepsoMm ciydae a € R. Ecian 910 He Tak, To 1mojo-
KUM b = a — @, IOJIyYuM TOIJIA

po(t) = t* + (8 — o).



SHaUUT, KaxKIblil 2/1eMeHT aareOpbl A nmeeT BUJL v+
yrmea€R y=0mwmy?=~<0,vecR.

st nanbHeiero JokasaTeJbCTBa HaM I10HAI00UT-
csl JIeMMa.

JIEMMA 1. IHodmmnroorcecmeo
A={uecAlu*cR u* <0}

ABAAEMCA 8EKMOPHBIM nodnpocmparcmeom 6 A.

Jloxasameavemeo. fcno, uro ecoim u € A, a € R,
0 au € A’, mosToMy J10CTATOYHO YOEIUTHCA, 9TO 13
u,v € A’ cnegyer u+ v € A’ 1yt 1ByX IPOU3BOJILHBIX
HEIIPOIIOPIIMOHAILHBIX BEKTOPOB U, V.

CrauaJjia IpoBepUM, UTO JIMHEHHasl 3aBUCIMOCTE
u:av+/67 C‘57/66]:&7

HEBO3MOZKHA.
B camowm zesie, o yesosuio uv # 0, u

w=~<0, v*=6<0.
[TosTomy
u=ov+p = v =1u’=(aw+p)* =’ +2apv+ [
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Tak kak v ¢ R, 7o a8 =0, Te. wm o = 0, wm 5 = 0.
Ecmm a =0, 70 u € R, a ecsim B =0, TO u npomop-
[uoHasbHO v. Obe BO3MOYKHOCTU ObLIN MCKJIIOUECHBI.

Nrak, nuneiiHast He3aBUCUMOCTL U, v € A’ npusogur
K JUHEeHo HezaBucuMmoctn 1, u, v. Oba sj1eMenTa u—+v,
U — U — KOPHM KBaJIpaTHbIX YPaBHEHUIi, T.€.

(u+v)? = plut+v)+q, (u—v)* =r(u—v)+s, p,q,r,s€R.
lcrionb3ysa cooTHOIIEHNA
(uE+v)* =u? %+ (uv +vu) + 0%, u?=7v,0° =4,

OyIeM UMeTh

v+ 0+ (uv+vu) = plu+v) +q,
v+ 60— (uwv+ovu) =r(u—v)+s.

CkJ1a/ibIBasi, HaXO/ UM
(p+ru+(p—rv+(g+s—2y—25) =0.

Ho, xak MblI Bujean, u, v, 1 JUHEHHO HE3aBUCUMBI, 10~
sTromy p =1 = 0.

Bnaunt, (u+v)* = ¢ € R, a tak kak u +v ¢ R,
T0 ¢ < 0. D10 U 3HauuT, uro u +v € A, 1e. A" —
IIOJIIPOCTPAHCTBO B A. O



Terepb MbI MOXKEM TePeNTH K JIOKa3aTeIbCTBY caMOoi
TEOPEMBI.

Hust u € A’ 3anmiem

u? = —q(u),

rie q(u) € Ry,
Kpowme Toro, ¢(u) = 0 < u = 0. OueBujiHo, 9T0

glau) = o’q(u)

flu,v) = q(u+v) = g(u) — q(v) = —(uv + vu)

— cUMMeTpruYHay Ounnneiinag dopma Ha A, oTBedaio-
1asl TOJIOYKUTEIHLHO OIIpeIe/ICHHON KBaIpaTHIHO hop-
Me (.

Ecin A = R, To paccyKaeHusl 3aKaHINBAIOTCs.

[Tycrs A # R. Torma A’ # 0 u Mbl MokeM BBIOpaTh
BekTOp i € A, s Kotoporo ¢(i) = 1, re. i = —1.
C TOYHOCTBIO JI0 M30MOpPMU3Ma, ITOJTyIaeM PABEHCTBO

Rli] = C =R+ Ri.
Ecin A = C, To Hamm paccyzK/JeHnsl 3aKaHINBAIOTCSI.
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Teneps 1pejmonokuM, 4ro A — mmpe, deM KOM-
IJICKCHBIE TUC/Ta (KAK MbI BHJICIN, Mbl MOYKEM CUUTATD,
aro C C A).

B srom ciyuae A" — mupe, gem Ri, 1o3romy MOXKHO
BeIOpaTh 3ement j L Ri, ¢(j) = 1.

B stom ciydae j2 = —1 u ij +ji = —f(i,j) = 0,
Te. ij = —ji. [omarag k = ij, nmonyunm k? = —1,
ik + ki = 0 = jk + kj.

Caenosarensno, k € A" u k L 1,j. Bnauur, 1,1,j,k
JIMHEMHO HE3aBUCUMbBI 1

R+ Ri+Rj+Rk=H

— aJirebpa KBaTEPHUOHOB.

Eciun A mmupe, 1em ajrebpa KBATEPHUOHOB, TO CyIIle-
cryer 1 € A’ takoe, aro ¢(1) = 1ul L i, j, k. Ipyrumu
CJIOBaMH,

li=—il, 1j=—jl, Ik=—Kkl.

OJIHAKO B CUJIy aCCOIMATUBHOCTH YMHOXKeHus B A 1ep-
BBIC JIBA COOTHOIICHUSA JAIOT

Ik =1(ij) = (1)j = —(i)j = —i(lj) = i(j1) = (ij)1 = k1.
[Torygaercs nporuBopeune. 3HAUNT,
A= H.
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IMPEJACTABJIEHNA I'PVIIII:
OINPEAEJIEHNA N ITPUMEPDI

ONPEAEJEHUE 1. Ilycts G — rpynma, F — nose. To-
ria Ji0boit romomopdusm ¢ : G — GL,(F) = GL (V)
Ha3bIBACTCS N-MepHvLM npedcmasaeruem 2pynnot G Had
nosem . Ecian ose F — 9T0 m10o/1€ KOMIIJIEKCHBIX YHCET,
TO IIpeJICTaB/IeHIE HA3bIBACTCS KoMnaekcHvim. Ecin sji-
po romomopdusMa @ TPUBUAJIBLHO, TO IpEJICTaB/ICHNE
HA3bIBACTCSI MOYHbIM.

[TPUMEP 1. s rpynnst G = S, u jrobdoro nojist F
MOYKHO PACCMOTPETh TOUHOE N-MEpPHOEe IIPejiCTaB/IeHne
9TOI I'PYIIIBI, IPX KOTOPOM IIOJCTAHOBKA O [EPEXOJUT
B MATPUILY

(Gio(i))-

[TPUMEP 2. I'pymmia SL,(F) umeer n-meproe Tounoe
npejicrapienne naj oseM F pi KOTOpOM Kazk1asi MaT-
pUIa ePEXO/UT TOZKIECTBEHHO B cebsl.



[TPUMEP 3. IIpousBosbHas KoHedHas MUKJITIecKas IPyTI-
na Zi, UMeeT POBHO N PA3HBIX KOMILIEKCHBIX OJHOMEP-
HBIX [IpeACTaBJICHUI: 00pa3yIoNuii IepexoIuT B KOPEHb
N-11 CTEIeHN U3 eUHUIDI.

[TPUMEP 4. ITocTpoum nByxXMepHOE TOUHOE IIPEICTaB-
JieHue rpyiibl KBarepHuoHoB Qg:

+1 0
ilr—>(0 il)’
iir—>i(z O.);

0 —2
. 0 1Y\
iJH:l:(_l O)’

ikr—>i(q Z).
1 0



HEITPUBOJAMUMBIE ITPEJICTABJIEHUA

ONPEAENEHUE 2. [lycts ¢ © G — GL (V) — Heko-
TOpOe KOHeIHOMepHoe Iipejicrapienne rpyibl G. [Toj-
npocTpancTBo U mpocrpancTBa V' HasbIBaeTCd UHBa-
PUGHMHOLM OAA npedcmasienus ©, ecau Jiist J11000ro
g € G nojanpocrpancTBo U siBjsieTcsi MHBapUaHTHBIM

Jist oriepaTopa ©(g).

[IPUMEP 5. Eciaun paccmaTpuBaTh IIpejicTaBlIeHne UX
IePBOTO TpUMepa (TpeJICTaB/eHne TPYIIbl S, MOHO-
MUATBHBIMI MATPHUIIAMHI), TO WHBAPUAHTHBIM IO/ITPO-
CTPAHCTBOM SIBJISIETCSI IIPsiMasi, HATIHYTas Ha BEKTOP
e+ ey + -+ - + e,. HeiicrBuTenbHo, Tak obpas Jrodoi
I0JICTAHOBKU 0 € S,, 1lepecTaBJisieT Da3UCHbIe BEKTOPLI
COOTBETCTBEHHO JIAHHOH I10JICTAHOBKE, TO

po)(er+--Fey) =e)+ -t epm) =
=€+ e+ -+ €.

[TPUMEP 6. PaccmoTpuM Tereph IpejicTaBIeHIe IPYII-
bl Qg 3 geTBepTOro npuMepa.



HpQ,ZLHOJIO}KI/IM, q9TO YV 9TOI'O IIpeJCTaBJ/ICHUA €CTh HETPU-

BrasibHoe (He paBHoe 0 1 BceMy pocTpaHcTBy V') mpeji-
crapyienre. Tak Kak Bce HpejcTaBIeHne JByXMepHO, TO
JAHHOE UHBAPUAHTHOE IIPOCTPAHCTBO J0JZKHO OBIThH OJI-
HOMEPHO, TO €CTh €I'0 BEKTOPbI — COOCTBEHHDIE JIJIs BCEX

oGpazos ¢(g), g € Qs.

Y oneparopa (i) = diagli, —i] cobcTBeHHBIE TIPSI-
MbIE — 9TO TOJILKO (e1) u {(e9). OyiHAKO 06€ ITH MPsIMbIE
He $IBJIAIOTCSI MHBAPUAHTHBIMU JIJIsT OTIEPATOPa

| 0 1
el =1_1
BHB}H/IT, Yy JaHHOI'O IIpeAaCTaBJ/JIEHUA €CTh TOJIbKO TPUBU-
aJIbHbIE€ MHBapHaHTHBIE ITOAIIPOCTPaHCTBA.

ONPEJAEJEHUE 3. Ecimm y npejcrasienus ¢ © G —
GL (V) ectb HeTpUBHA/IbHOE HHBAPUAHTHOE MO/ [IIPOCTPAH-
CTBO, TO OHO HAa3BIBAETCSI NPusodumvim. B mpoTuBHOM
cJiydae MpeJICTaBICHIe © HA3BIBACTCA HENPUBOOUMDLM.
[IpescraBiienne Ha3BIBACTCSI BNOAHE NPUBOOUMDBLM, €CIIH
IPOCTPAHCTBO V' PACK/IaIbIBACTCS B IIPSMYIO CYMMY HH-
BApUAHTHBIX OTHOCUTEIBLHO ¢ MOJAINPOCTPAHCTB, Ha KO-
TOPBIX (p STBJISICTCST HEITPUBOIUMBIM (T. €. [IpeJICTaB/IeHIe
© SIBJISETCSI MPSIMOI CYMMOMR HEIIPUBOIMMBIX IIPeICTaB-
JIeHuit ).
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[TPUMEP 7. JIioboe ogHoMepHOE TpeJICTaBICHIE TPYII-
bl HEIPUBOANMO. KaK MBI BUJEN BbIIIE, IPUBEIEHHOE
JIByXMepHOe IipejicTaBiienne rpyiibl Qg HenpuBomMo.

[TpumepoM TPUBOJIMMOrO MPEJICTABICHNST MOYKET CJIY-
YKATH JIByXMEpPHOE IIPEJCTaB/IeHIE IPYIIILI HEJIbIX Y-
cea 2, Ipu KOTOPOM

H171
n 01

Brosie mpuBoanMoe IpeJicTaBaeHAe TPYIIIbI Zy:
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ONPEAEJEHUE 4. /IBa JuHERHBIX IIpe/ICTaBICHUS
¢0:G— GL,(K)uvy:G— GL,(K)

HA3BIBAIOTCS 9KEUBANCHMHOLMU (U30OMOPPHBLMU, N0D00-
HOLMU ), €CJTH CYTIIECTBYET HEBBIPOZKIEHHOE JINHEHHOE 0TO0-
paxenne C' € GL,(K) Takoe, 1aTo

woA=Ao,

[IPEATOYKEHHUE 1. OmHuouwenue sx8U8aNeHMHOCTU NpPeO-
cmasAeHutl 0eticmaumenvro ABAALMCS OMHOULEHUEM K-
BUBANEHMHOCTTIU.
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IMPEJCTABJIEHNA ABEJIEBBIX I'PVIIII

[TPEJJIOYKEHUE 2. Ecau epynna G abenesa, a nose F
aN2e0PAUMECKY 3aMKHYMO, MO Henpusodumvimy Had I
npedcmasaenuamu epynno, G ABAAIOMCA MOALKO 00HO-
MEPHBIE NPEICTNABAEHUS.

oxazameavcmeo. Tak kax rpynna GG abejieBa, TO Bce
oriepaTopbl ©(g), g € G KOMMYTHDYIOT.

OJ1HAKO MHOXKECTBO KOMMYTHPYIOLINX OIIEPATOPOB BCE-
rj1a uMeeT oOIInii COOCTBEHHBI BEKTOP, TO €CTh Y JlaH-
HOT'O [TpeJICTaB/IeH s (€C/TH OHO He OJTHOMEPHO) eCTh C00-
CTBEHHas MHBAPUAHTHAsI IIPAMAasi.

Taxum obpazoM, JIMIIb OJIHOMEPHBIE ITPEJICTAB/ICHNS
MOT'YT OBITH HEIIPUBOJIMBI.

Ha Bcaxuii caydail HalloMHUM, KaK JOKa3bIBaCTCH,
4TO Y MHOZKECTBa KOMMYTHUPVYIOIIUX OIIEPaTOPOB €CTh
o0IINiT cCOOCTBEHHBIN BEKTOP.

Ecim jBa oneparopa A m B kommyTupyiot, noje [F
aJiredpandeckKn 3aMKHYTO, PACCMOTPUM HEKOTOpOe o0~
CTBEHHOE MOJIITPOCTPAHCTBO VAA orneparopa A ¢ cobcTBeH-
HBIM 3HAYEHUEM .
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PaccMoTpuM HEKOTODBIIT BEKTOp ¥ € VAA.

Torna
BA(v) = B(A-v) = AB(v) = A(B(v)).

Takum obpasoM,
B<U> S VAAa

TO €CTb HOJIIIPOCTPAHCTBO VAA — WHBapUaHTHO U JJId
orepaTopa B,

SHauuT, y oreparopa B Ha 3TOM IOJIPOCTPAHCTBE
eCTb COOCTBEHHBIN BEKTOP %, KOTOPBIH aBTOMaTHICCKH
OKasKeTcst cOOCTBEHHbIN u st A.

J171s1 TPOM3BOJILHOIO MHOXKECTBA BEKTOPOB JIOKA3a-
TEJILCTBO AHAJIOTMYHO. []

[TPUMEP 8. Haji mosiem R jieficTBUTEIBHBIX YCET YTBED-
YKJICHUE TTPEJIBIIYIIErO TIPEeJIJIOXKEHUST He OYJIeT BBIIOJI-
HSIThCsT: Yy abejieBoil TpyIibl Z, (n > 2) MOXKHO pac-
CMOTPETD JIByXMEPHOE MPEJICTABICHIE, TIPH KOTOPOM

cos2m/n  sin2w/n
—sin27/n cos2mw/n

k —

DTO NpejcTaBIeHne, 09eBUIHO, OYAET HEIPUBOJIIMO.
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OnuireM Terepb Bce HEIKBUBAJICHTHLIE HEIPUBOJIH-
Mbl€ IIpeJCTaBJIeHNs] KOHEUHO MOPOXKJIEHHON abeseBoi
rpyunbl A HaJ| 11071eM KOMILIEKCHBIX THCeT.

Kak MbI y:Kke 3HaeM, Bce OHU OJHOMEPHEI.

[Tpu sToMm rpynma A packiaibIBAETCs B IPAMYIO CYM-
MYy KOHEUYHBIX U OECKOHEIHBIX HMUKJINYECKUX I'PYIIIL.

[IycTh, U onpeeIeHHOCTH,

A= L DLy D DLy,

ObozHaumM obpasyione 6eCKOHEIHBIX MUKINIECKIX I'PYIII
uepes ay, . . ., G, & 00pasyiomue rpyut Ly, , ..., Ly, —

Nm

gepes by, ..., by,

[TonsTHO, 9TO HAM TpedyeTcd IOCTPOUTD BCE PA3IN-
Hble roMoMopdu3Mbl u3 rpyuisl A B rpynmny C*.
151 aTOr0 HY2KHO 3a/J1aTh TOMOMOPQU3M Ha, 00pa3y-

FOIITUX.
ObpaszyoIue aq, ..., a; IepPeBOJIATCs B IIPOU3BOJIb-
HbIe v1eMeHThl I'pyIbl C*, asj1eMenTsl by, . . . , by, 101K~

HBI [IPY TOMOMOP(U3ME [ePEXOIUTh B KOPHU UX €JIHI-
bl CTEeNeHel Ny, ..., M, COOTBETCTBEHHO (n; BapuaH-
TOB JIJIs1 KaxKJI0r0 b; ).

Jlasee orobpazkeHue OJHO3HAYHO IIPOJIOJIKACTCA JI0
roMoMopgu3Ma.,
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3aMeTnM B cKOOKax, 4To ecjiu rpyiia A Oblia KoHed-
Ha, TO y Hee OyJieT pOBHO | A| pa3/ImaHbIX KOMITJIEKCHBIX
HEITPUBOJIMMbBIX IPEJICTABICHUI.

JIEMMA 2. Jlas a06020 odnomeprozo npedcmasaerus,
@ epynnot G (Had Npou3soOLLHBIM NOAEM) KOMMYMAHM
epynnot G codeporcumes 6 Adpe .

Hoxazameavemeo. Tak xkak rpymmna C* abesesa, 10 01-
HOMepHOe IipejcTapiienne rpyuibl G — 3TO TOMOMOP-
bu3M 3 HEKOTOPOIl IPyIIIEI B abeieBy Ipymiry. Kak Mbl
3HAEM, B 9TOM CJlydae sJJpo TOMOMOpPMU3Ma, COINEPAKUT
KOMMYTAHT. []

Taxum ob6pasom, 4TOOBI TOCTPOUTHL BCE OJHOMEPHDIE
npejcrapiaeHust rpymibl (G, Hy»>KHO PACCMOTPETh I'PYIIILY
A — dakrop rpyuibsl GG 110 ee KOMMYTAHTY U HOCTPOUTD
BCE OJIHOMEPHbIE IIpeIcTaB/IeHUs 3TOI abesieBoil rpyIi-
IIbI, YTO MBI Y2Ke yMeeM JiejIaTh.
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