JIEKIIUS 5

OBPASYIOIINE 1N OITPEAEJIAIOIINE
COOTHOILIEHNA

ABTOMOP®U3MBDBI I'PVYIIII

BHYTPEHHNE ABTOMOP®U3MbBI



OBPA3YIOIIINE U OIIPEAEJIAIOIINE
COOTHOILIEHNA

Kak MO»KHO OBLIO 3aMEeTUTh U3 IePBbIX JEKIHil, 0 TPYIII C I10-
HSITHBIM YCTPOHCTBOM (HAIIPUMED, JIJIsT UKTMIECKNUX ) HEeT HEOOXO,TH-
MOCTHU COCTABJIATH TabJIUIBI yMHOZKeHus (Tad/uibl Kam). YeioBHast
3all1Ch

Ly = {(c| " =e)
JIaeT BCIO HeoOXOAMMY10 MHPOPMaInio 00 adCTPpaKTHO LLHKJIM%CKOI‘/’I
rpyuie Zy, HOpHLLKa n; noJpasyMepaercs, uto Z, = {e, ¢, ¢ 1
npuueM c’c’ = ¢S upu s+t < nuc’c = " npu s+t > n. C JIpy-
IOl CTOPOHBI, J1100ash IUKJIMIEeCKas IPYIIIA ABJISIeTCsI ¢ TOUHOCTBIO JI0
130MOpdu3Ma FOMOMOPQHBIM 00PA30M OJIHOI-eTMHCTBEHHO IPYIIIILI
(Z,+).

[Iycts Teneps F,, — Hnpou3BoJibHasI IPYIIa ¢ HEATPAJIbHBIM 3JIe-
MEHTOM €, IOPOKJIeHHasl n 00pas3yionuMu fi, ..., f, Tak, 4TO KaxK-
JBIT ee 91eMeHT f 3ammchiBaeTes (BO3SMOYKHO, MHOTUMIE CITOCODAMN )
B BHU/IE

f=Fn il ie{l2.on} s €L

LA 15 7 j41.
[Tpu BBITIOTHEHUY YCIOBUS

f=e<=s51=---=5.=0

JUUIsl KaykJioro f, 3allMcaHHOro B TaKOM BHJE, FOBOPAT, 4TO F), — c60-
b0d1aA 2pYnNa parea n, NopPorHcoeHnas n c60000HbLMU 00PA3YIOULU-
M.

OueBUIHO, YTO NPH JAHHOM N JBe CBOOOJHBLIX rpyuibl F, u G,
M30MOPQHBI, JJOCTATOYHO TOCTPOUTH B3AMMHO-0JIHO3HAYHOE COOTBET-
CTBHE MEXKJIy 00Pa3yIOIIMU.



Teneps npejnooxKuMm, aro F, — cBobojHas rpyina panra n, a G
— HEKOTOpasl I'PyIiiia, IOPOXKJIeHHAs N SJIeMEeHTaMU g1, . . . , Jp.

Paccmorpum cBobojgHbie obpasyiomue f1,..., f, 1 IOCTPOUM IO-
mMomopdpusm @ : F,, — G, jjsi KOTOPOIro IIPOU3BOJILHBIN 3JIEMEHT
(cioso) f = filfi}F - f;’“ € F,, orobpazkaeTcst B 3JIEMEHT

O(f)=gilgr .. 9;f €G.

OueBuIHO, 9TO Takoe OTOOpazKeHHe KOPPEKTHO (KayKJOMY DJIeMeH-
Ty COOTBETCTBYET POBHO OJIMH 00pa3, TaK KaK KayKJIblil 3J1eMEHT 3a-
IMICHIBAETCST B KAHOHUIECKOM BHJIE OJIHO3HATHO). Takrke 0UeBHJIHO,
970 OTOOpaykKeHHe CIOPBEKTUBHO (TakK KakK MpooOpasoM MPOU3BOJIb-

51 52 Sk

81 £52 Sk
HOTO dJIEMeHTa § = §; §; .- ¢; ABIACTC SJICMEHT 1t flk ).

17122
Hakonerr, orobpaxkenue ¢ siBiasieTcs TOMOMOPQU3MOM IIPOCTO 10 10~
CTPOEHUIO.

Takum obpaszom, jrodasi IPyIIa ¢ 1 IOPOXKIAIOIMIUMU SIBJIIETCS

rOMOMOPQHBIM 00pa30M CBOOOIHOI Ipymibl F),, To ecTb

G = F,/ ker .
ONPEAEJNEHUE 1. Ilycts F,, — cBoOOMHAS TpyIIIa ¢ 1 CBOOOIHBIMI
obpasytormumu fi, ..., fn, S = {w;,i € I} — HEKOTOpPOE MOJIMHO-
KecTBo a1eMentoB w;i(fi,..., fu) € Fy, n K = (S') — nanmens-

1mast HopMaJibHast Torpyiia B F,, cojepkanias S (mepecedenue Beex
HOPMAJTBLHBIX HOArPYTII, cojepzkainux S). [oBopst, ato rpyima G 3a-
JaHa n 00Pa3yIOMNUME Ay, . . . , A, ¥ COOTHOMEHUSIMA W;i(ay, . . ., dy) =
e, 1 € I, ecim cymectsyer snumopdusm ik, — G ¢ sjpom K Takoit,
aro m(fr) = ar, 1 <k < n.

[Ipur sToM mumIyT

G=(a1,...,a, | wia,...,a,)=e, i €1I)
1 Ha3biBalOT (G KOHETHO OIpejiesieHHOl rpymoii, ecian || < oo,
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Cama rpymma Fj, cBoOO/IHA OT COOTHOLIEHUIT, YeM 1 00'bsICHSIETCSI ee
HaspaHnue. OJiHa 1 Ta »Ke I'PYIIa JOIYCKAeT MHOI'O PA3HBIX 3a/IaHnil
00PAa3YIOIMIMMU U COOTHOIIEHUSIME, XOTsI JI/IsT KOHKPeTHO# rpyuibl G
MHOT I8, He TaK JIEFKO yKas3aTh X0Ts Obl 0J1HO 3ajanue. [Ipodbiema ere
B TOM, 9TO HE CYIIECTBYeT ODIIEero ajJropuTMa, KOTOPbIi Obl JI/Isl JIH0-
00ii KOHEYHO OIpeJle/IeHHON IPYIIIbI jlaBaJl ObI OTBET O KOHETHOCTHU
I'PYIIIbI, O PABEHCTBE JBYX €€ CJIOB U T. 1.



[lepeiiiem Tenepb K npuMepaM Kak CBOOOJIHBIX I'DYIII, TaK U 3a-
JIAHUS pa3IndHbIX U3BECTHBIM HaM TPYIIT 00pa3yIoNUMI U COOTHO-
HIEHUSIMU.

[TPUMEP 1 (CBOBOJHAMA T'PVIIIIA PAHI'A 1). 9T0 0ueHb POCTO:
Fy = (Z,+) — cobojnas abesieBa rpytiiia paHra 1, Win, 9To TO ¥Ke
caMoe€, 6€CKOH€UIHaﬂ MUKJINYECKad I'PYIIIa.

[TPUMEP 2 (CBOBOJHAS I'PVIIIIA PAHTA 2). [lyers Z[t] — xosnb-
110 MHOI'OYJIEHOB OT t ¢ LiejbIMu Koddbdunrenrtamu. B crennaibHOM
qneiinoit rpyrmre SLo(Z[t]) pacemorpum noarpyiiy F| mopoxjieH-

(et

Hokazkem, uto F' — cBoboHAas I'pyIIIa.

HYIO MaTpullaMu

naykims 1o k mokasbIBaeT, 9TO 3JIEMEHT
W, =AY“B  A%B% a5 40, 1<i<k,
MMeeT BUJI

W 14+ oyt t(- - 4 oporogt?F 1)
PGt a2 ED) T4 ooy agt2ED )

rie op = 1571 ...Q 0k, a ToYKaMu 0003HaYeHbI OJHOUJIEHbl MEHb-
meit crereHn otrHocurTebHo t. fcho, uro Wi #£ E. IIpou3BojibHblil
sJ1eMeHT Ipyiibl F iy 3amuceiBaercs B Buge BPAY # E, mbo B
e W = BOW, A Ecim W = E, 1o Wi, = B A~ uro, oqnako

HEBO3MO>KHO.



[TPUMEP 3 (IPVIITIA JUSJIPA). Paccmorpum rpyiiny
G = {(a,b|a" = b* = abab = ¢)

C JIBYMd 0OpasyoNMI U TPEMsl COOTHOIICHUSIMNA.

Takast rpynma nmeet nopsijiok |G| < 2n, nockonbky ba = a~ 1o~ =
(a™)La"(0?)"! = a" b, orkyna G ucuepubiBaeTcs eMeHTaMu
e,a,a,...,a" 1. b,ab,a’b,... a" 1.

[Ipousseienne JIIOOLIX JABYX TAKUX 3JIEMEHTOB OJIHO3HAYHO OIpe-
JeJIEHO M3 COOTHOIICHUI.

[TokazkeM, 4T0 TaKas I'pyIIa H30MOpQHa Y2Ke U3BECTHON HAM TPYII-
e Jirvipa (JIBIZKEeHHsT TPABUIBLHOTO N-yroJibHuKa) D).

JleficTBUTE/IBHO, COTIOCTABIM MTOBOPOT Ha YTOJI 27T /1 MHOTOYTO.JTh-
HUKA 4epe3 @, a 0OTParKeHre MHOIMOYTOJLHUKA, KOTOPOe OCTAB/ISCT Ha
MecCTe BepIInHy 1 U MeHsieT MecTaMi BepIuHbl 2 U n — 1, — depe3 b.
Torja Bee cCOOTHOICHUS! BBIIOIHEHLI, B IPYIIIE POBHO 2N 3JIEMEHTOB,
OTKY/Ia CJIEJIYeT, YTO HAIIMMU COOTHOIICHUSIMU 3a/[aHa POBHO IPYIIIY

JIM3IpA.



ABTOMOP®U3MDBI I'PVIIII

Hanomuum, uro asmomopgpudmom rpyibl G Ha3bIBAETCsS OUEKIINS
f: G — G, aeigomasicst romomopduzmom. Yepes Aut (G) ob6o3Ha-
YM MHOXKECTBO BeexX aBToMopdu3MoB rpyiibl G.

Jlemma 1. Ecau G — epynna, mo Aut (G) — epynna, A6as0uaACA
nodepynnot epynno, nodcmanosokr S(G), Aut (G) C S(G).

Joxazameavcmeo. Tak Kak NnpousBegeHne aBTOMOPQU3IMOB — aBTO-
MOpGU3M (M3 CBOWCTB TOMOMOP(U3MOB U N30MOP(U3MOB), TO OIe-
paIlisi TPOM3BEJICHUs B I'pyTiiie 1o/cTaHoBOK S(G) Ha MHOXKecTBe GG
He BuIBOJUT Hac uz Aut (G).

AcconmaruBHocTh 910i onepaiun Ha Aut (G) sABJsIeTCS CI1€/CTBH-
eM accoIaTUBHOCTU oliepaln yMHOKeHust B S(G). flcHO, 9T0 TOXK-
JIeCTBEHHOE OTobpazkenue 1¢g saBjsieTcst aBTOMOPMU3MOM 1 HEHTpaJIb-
HBIM ssieMenToM B Aut (G). Ecm f € Aut (G)
ToMopdusM (u3 coiicTB romoMopdusmMoB un nzomopdusmon). Urax,

)

To {71 TakxKe aB-

Aut (G) — rpytina, SBJISIONASICS TTOTPYIIION TPYIIIBI MOJICTAHOBOK
S(G) na muOXKecTBE G. []

[TPUMEP 4 (ABTOMOP®U3MOB T'PVIII). 1) ToxkaecTBernoe 0T006-
pazkenue lg siBjisteTcst aBToMopdusMom Jiroboit rpyiibl G
2) Eciu (A, +) — abesieBa rpytia, To orobpaxkenne a: A — A, rie
ala) = —a i a € A, aBisiercs aproMopdusmom. Jeticmeumenvho,
« — OMEKIUs, IIPU 3TOM
alz+y)=—(z+y)=—v—y=oa)+aly),

T. e. o —romoMopdusm. Mrtaxk, o — aBToMoOpdusM.
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Jlemma 2. o € Aut (G) = O(alg)) =O(g) Vg € G.

Teopema 1. Ilyemv G = G(a) — yukauveckas epynna ¢ 06pas3yro-
wum anemenmom a. Toeda:

1) ecau |G| = O(a) = oo (m. e. ecau G — beckoneunas yukue-
ckasn epynna, G = (Z,+)), mo Aut ((Z,+)) = Zy, |Aut (G)] = 2;

2) ecou |G| = Ola) = n < oo, G = Zy, mo Aut ((Zn,+)) =
U(Z,), | Aut ((Z, +))| = (m), 2de p(m) — dynryua Siaepa.

Jloxasameavemeo. llyers G = (a) — muK/MdIecKast TpyIIa.

Cayuaii 1: G = (a), O(a) = 0o, G = (Z,+), — GeckonevqHast MuK-
qmdaeckas rpynna. BEemm f: Z — 7 — aBromopdusm rpyibt (Z, +),
T0 f TOJHOCTBIO olpejiessieTcs nejbiM duciom n = f(1) € Z, no-
CKOJIBKY

fim)=f(m-1) =mf(l) =mn
aist Becex m € 7. Tak kak f — ciopbekiusi, To 1 = f(t) jjs1 HeKoTo-
poro t € Z, mo3Tomy

L= f(t) = f(t-1) = tf(1) = tn.

Takum obpazom, n = 1. Urax, smbo f = 1z (f(1) = 1), qau-
6o f(m) = —m nasg Bcex m € Z (f(1) = —1). CuenoparesbHo,
|Aut (Z)| =2, 7. e. Aut(Z) = Zs.



Cayuait 2: nyets G = (a), n = |G| = O(a) < oo, f: G — G—
aBTOMOP(U3M.

a) fcno, aro f mosHOCTBIO Onpeseserca snementom f(a) € G,
nockosibky f(a*) = f(a)* s seex k € Z. Tak kak f — usomopcusm,
to O(f(a)) = O(a) = n, = e. f(a)—obpasyoumil UKIHICCKO]
rpymiel G = (a), n nosromy f(a) =a', e 1 < i <m, (i,,m) = 1.

0) Ecmxed € Z,1 < i <mn, (i,n) = 1, To orobpaxenune f: G —
G, f(g9) = ¢' st Beex g € G, aBiisiercst FoMOMOP(MU3MOM, HOCKOJIBLKY
G = (a) — abesieBa rpymma:

fl9192) = (9192)" = 9195 = [(91)f(92)

JUIs BCeX g1, go € G.
Tak kax f(a) =a' n (i,n) =1, T0

Oy =
O(f(a) = Ofa') = o= =,
nosromy f(a) siBistercsa obpasytonium rpymnbl G = (a), U cae1o-
BaresbHo, Imf = G, 1. e. f: G — G — clOpbeKTHUBHOE 0TOOPAa-
kenne. Ho G — KoHeuHoe MHOXKECTBO, IOTOMY f — OMeKIus, T. €.
f e Aut (G).

B) Tax, Mbl onincasin crpoenne Beex apromopdusmos f € Aut (G),
e G = (a), |G] = Ola) = n < oo, G = Z,, 10Kaza, 910
Aut (Z,) = U(Z,, ). Uz sroro onmcanus cieayet, aro | Aut (G)| =
en) g G = (a ), |G| = O(a) = n < o0, tae p(n)— pynkius
Ditnepa. []

VIIPAYKHEHUE 1. Haiimure Bce takue rpymisl G, ato Aut (G) —
TpUBHAJIbHAA TPYIIIA.



BHYTPEHHUE ABTOMOP®UN3MDbI

ONPEAENEHUE 2. IIyere G — rpynna, ¢,z € G. DaeMent grg ' €
G Ha3bIBa€TCA 9JIEMEHTOM, CONPAHCEHHHIM C INEMEHTIIOM T C NOMO-
wpr0 saemerma g (MHOLa UCHOJb3YeTCs obosHadeHne grg = x9).

Jlemma 3. I[lycmo G — epynna. [as waoscdozo ssemenma g € G
omobpacenue

1

7(9): G =G, 7(9)(x)=gxrg " daa x€QG,

aeasemcs asmomoppusmom epynnoe G- (Ha3v16a€MbIM BHYTPEHHIM
aBTOMOPGU3MOM IpyTiiibl G, WHIYIUPOBAHHBIM 3jieMeHTOM g € ().

Jokazameavemeo. 1) Ecm x,y € G, 1o

T(g)(xy) = glay)g ™ = (gzg ) gyg™") = (r(g)x)(T(g9)(y)).

T.e. 7(g9): G — G —romMmoMopdu3M IpyIIIL.
2) Tak kak 7(¢~ 1) = 7(g9) !, To 7(g) — Gueknms, u nosromy 7(g) —

aproMopdu3M rpyuibl G. ]
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Cobepem BMecTe cBoiicTBa oTobpazkenust 7: G — Aut (G).

Teopema 2 (cpoiicTBa BHYTpeHHHX aBTOMOpdu3MoB). [Tycmo G —
epynna. Tozda:

1) omobpasicenue 7: G — Aut(G), 7(g)(x) = grg™t, g € G,
r € G, asasemcs 20MomopPusmom 2pynn (Ha3vl6aeMvim 20MOMOD-
PUMOM CONPAHCEHUA);

2) 0bpas 2omomoppusma 7: G — Aut (G), m. e. cosorynmnocmo
Inn(G) = {7(9) € Awt(G) | g € G} = Im7 scex snympen-
nux asmomoppusmos 7(g), g € G, asasemea Hopmasvrotl nodepyn-
noti epynnwv. asmomoppusmos Aut (G) (epynna Inn (G) nazwsaemcea
2pYnNot BHYMPEHNUT asmomopPusmos epynnv G);

3) ker(7) = Z(G), m. e. adpo ker(T) 2omomopdusma T cosnadaem
¢ uenmpom Z(G) epynnu G;

4) Inn (G) = G/Z(G), epynna Inn (G) enympennuzr asmomop-
Pusmos uzomoppra paxmop-zpynne epynnoe G no ee yenmpy Z(G).
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Jlokazameavemeo. 1) Ecm g, h € G, To

T(gh)(x) = (gh)x(gh)™" = g(hah™)g™" = 7(g)(7(h)(z))

st Beex © € G. Urak, 7(gh) = 7(g9)7(h) ns Beex g, h € G, 1. e,
7: G — Aut (G) —romomopdusm rpyri.

2) Cosokynunocts Inn (G) = {7(g) € Aut(G) | g € G} Beex
BHYTpeHHUX aBTOMOpu3MoB 7(g), g € G, B rpymne Aut (G) kak
obpas3 roMoMopdusMa T BJsieTcsa o Arpynmoit rpymner Aut (G).

Ecma € Aut (G)ug € G, x € G, 10

S

L

~—
|

7(alg))(z) = alg)ralg)™ = a(g)zal
—a(ga”!(2)g™) = a(7(9) (a7 (1)) ) = (ar(g)a)(@)
II09TOMY
ar(g)a™' =7(a(g)) € Inn (G),

CJIeJ0BaTEJIbHO,

Inn (G) < Aut (G).

3) Duiement g € G npuHANIEKUT siapy ker 7 romMoMopdusMa T
TOTJIa U TOJBKO ToTya, Korja 7(g)(xz) = x mis Beex x € G, T.e.
grg~t = x, wm gr = xg, HO 3TO o3HayaeT, 4yTo ¢ € Z(G). Urax,
ker T = Z(G).

4) B cnty Teopembl 0 ToMOMOpPgU3ME /I CIOP'bEKTHBHOIO TOMO-
mopdusma 7: G — Inn (G) nmeem

Inn (G) = Im7 = G/kert = G/Z(G).
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