Kparkoe cogepxkxanme Kypca “Aaredpa, 3 cemectp”
(Kazaxcranckwuii dumman MI'Y, nekrop Mapkos B.T., 2017 r.)

IIpenucnoBue

DTOT TEKCT He NpeTeHAyeT HU Ha IOJHOTY H3JIOKEHHs, HA HA JUTEepaTypHbIE JOCTOMHCTBA —
OCHOBHOM IIeJIbI0 aBTOpa ObLIa KpaTkocTh. OH HU B Koell Mepe He MOXKET 3aMeHUTh HU yUIeOHH-
Ka, HU ITOJIHOOEHHOI'O KOHCIHEKTa JIeKL[HfI. B 6OJ'IBH_[I/IHCTB6 CJIydaeB HPpUBOAATCA TOJIBKO Ha6pOCKI/I
JIOKA3aTeqbCTB (HAYAI0 U KOHEIl JIOKA3aTeJbCTBA OTMEYAIOTCs 3HAKAMH <« U B, COOTBETCTBEHHO).
Boccranosienune Bcex jperajieii Bcex 0Ka3aTebCTB — 00si3aTeJbHOE YCJIOBHE W XOPOIHil Criocod
CaMOCTOSTEJILHOM ITPOBEPKU YCBOCHHST Kypca.

Ompenenenus, TeopeMbl, (POPMYJIBI U T.JI. HyMepYIOTCSA ¢ HadaJja KaxKJI0# JEeKIHUH, CCHLIKA Ha
MarepuaJs U3 JPyroil JieKIuyu BKJIIOYAET HOMEpP dTOW JIeKIMH, HalupuMmep, “reopema 5.1”7 o3nauaer
Teopemy 1 m3 jexrun 5.
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Jlekusga 1. Onpenenenne rpynnsl. [Ipumeps! rpymnmn. l'omomopdusm rpynn. 3omopduzm
rpynn. Iloarpynnei. IHukandeckue rpynnst. [loarpynner nukiandecknx rpynmn. Kiaccn-
dbukanuga MUKINIYECKNX rPYIIIL.

Ounpenenenne 1. Muoxkectso (G, ) ¢ oaHoOl OHHAPHOI Omepanueil HA3BIBACTCS 2pynnoti, eCu Bbl-
HOJIHEHBI CJIELYTOIINEe AKCUOMBbI:

1. Ya,b,c € G,a-(b-c) = (a-b) - ¢ (acconuaTuBHOCTS);

2. 3de€ G:Va € G, e-a=a-e=a (cymecrBoBanne HEHTPATBHOTO SJIEMEHTA — eQUHUYbL TPYTIIHI);
3.VaeGIat:a-at =a' - a = e (obparumoctsn).

FEouncemsennocmo e TuHUIBL 1 0OpATHOTO yeMeHTa: € = ee’ = €/, d'a = ad” = e = d" = (d'a)d” =
a'(aad”) =d'.
Koneunsie u Geckoneunbie rpynmnbl. [Topadok epynnuw — uucio eé snementon (obosuagaercs |G).

[pumepst rpyun ((Z,+) u 1., F*, S,, GL(n, F) u T.1.).

Onpepenenne 2. ['pynna GG Ha3bIBaeTCst KOMMYTaTHBHOI (abesieBoil), eciu B Heli BBITIOJHEHO TOXK-
JIeCTBO Kommymamusrocmu Ya,b € G,a-b=0b- a.

Kakwe n3 nepedncieHHbIX TPy KOMMYTATHBHBL !

Onpenenenune 3. llycrs G, H — rpynnsl. Orobpaxkenune f : G — H Ha3bBIBaETCS 20MOMOPHUIMOM,
ecim Va, b € G : f(ab) = f(a)f(D).

[Tpumep exp : (R, +) — (R*, ). Coxparerue enuHUBl 1 0OGPATHOTO JEMEHTA IPU FOMOMOpdH3Me.

Onpepnenenne 4. lomomopdusM TPy, sBISTONIUICS GHEKTUBHBIM (B3aMMHO-OIHO3HAYHBIM) OTOO-
pakeHHeM, Ha3bIBAeTCs u3omoppuamom. Ecau cyiectByer m3omopdusm mexay rpynnavu G u H,

TO OHH HA3BIBAIOTCA U3oMmopPrvimu. Obo3nauenne G = H.
Caoiicra m3omopdubix rpynn (G=G, G=2H=H2G G=ZH& H=2K=G=K.)

Onpepenenune 5. llycts G — rpymmna. [loamuoxkectso H C G HaspiBaeTcd nodzpynnoti, ecnin H —
IpyIa OTHOCUTEJIHLHO onepalnuu, onpejaenaernoi B GG. Obosnadenune H < G.

OxsuBajentno: H copepxur eaunuily, H 3aMKHyTa OTHOCHTE/JIHLHO yMHOXKeHUs u oOparnenus. [Ipu-
Mepbl (nZ — noxarpynna, N — He moarpynma B 7).

CroiicTBa MOATPYIIL: Mepecederne, roMOMOPMHBIT 06pas.

Onpenenenne 6. Ilycte G — rpynna, g € G. Oupesenum Iesble cmenexty JeMeHTa g:

gg...qg upu n >0,
—
n n pa3s
e mpu n =0
(7)™ mpu n <0

MuozxkectBo {g" : n € Z} aBnsiercs moArpymnoii rpynnsl G; 3Ta MOATPYNHa HA3KIBAETCS nodepynnot,
noposcdénnot aremenmom g n obosnadaercs < ¢ >. [pynna G Ha3bIBaeTCs UYUKAUYECKOT, eCin
G =< g > JJIg HEKOTOPOTO djeMenTa g rpymnsl G.

Onpenenenne 7. [lopadkom dneventa g Tpyuibl G HA3bIBAETCH HAMMEHBIIIEe I0JI0KUTETbHOe HCII0
n takoe, 4ro g" = e. O6o3nauenne n = ord(g). Eciiu Takoro duciaa n He CYIIECTBYET, FOBODPST, 9TO ¢
— JIeMEHT beckoneutozo nopadka, ord(g) = oo.

Jlemma. Jlng sioGoro sgnementa g rpynust G, ord(g) = | < g > |.



<« [locrarouno ybeauThes, 9TO pa3/iIMdHbie CTEHEHU jIeMeHTa OECKOHEYHOrO MOPsJIKA PA3JIUIHBI, &
cpean creneneif amementa (G KOHEIHOTO TTOpAAKa 1 pasandnsl e = ¢°, g = g1, ..., g" L.»

Teopema 1. Jliobag noarpyimima Jiro0oft MUKINIeCKO# I'PYIIILI caMa, IBJIAeTCA IMUKJIAIeCKOH IPYIIION.

< Ilycrs G =< a >, H < G. Ecou H = {e}, o H =< e >. Nnaue cymecrsyer k = min{n > 0 :
a" € H}. Torga ecaoim ™ € H, paznesnm ¢ octarkom m Ha k: m = kq+r, 0 < r < k u noxy4nm
a" = a™(a*)"? € H, n B cuny Buibopa k, r = 0, T.e. a™ = (a*)?. 3naunt, H =< a* >.»

Teopema 2 (0 kyaccudukanmuu MUKJITYECKUX TPYNI). DBecKoHeYHas MUKIWIecKas IPYIHa
uzomopdua Z. Hukandaeckas rpymna nopsiaka n usoMopdHa epynne 6uiuemos Ly,.

<« [lycrs G =< a >. Eciu |G| = 00, 10 Bee crenenn a” : n € 7 pa3audHbl DU PA3HBIX TTOKA3ATEISIX
(em. mpenpiaymiyto Jgemmy). [Tosromy orobpazkenne n — a™ — uzomopdusm. A ecan |G| = n < oo,
To Bee crenenu at : 0 < k < n pasimunbl, no3ToMy orobpazkenue [k] — a¥ — uzomopduzm.»



Jleknusa 2. CMmerkHbIe KJjacchl, mx cBoiicTtBa. Teopema Jlarpan>ka u e€ ciaeacrBus. Hop-
MaJibHbIe noArpynnbl. @akTop-rpynna. Teopema o romomopdusme. Teopembr 06 m30-
mopdusme. IIpsimoe npousBesenue rpynn (BHEIIHEe), NPAMOe IPOU3BEAEeHNEe HOArPYIIIL,
n30MopduU3M MEXKIYy HUMMH.

Ounpenenenne 1. Ilycre H < G. Muoxecrso gH = {gh : h € H} Ha3bIBa€TCS AEEVIM CMEHCHBIM
xaaccom daementa g € G o noarpynmne H. MoIHOCTh MHOXKECTBa, CMEKHBIX KJIACCOB IO MOAIPYIIIe
H rpynnsr G vazeiBaercst undekcom H B G (obo3nauenne (G : H)).

JIlemma. Ilycte H < G,g€ Gug € gH. Torna ¢H = gH.

<« ITo ycaosuio, ¢’ = gh nns nekoroporo h € H. Ho hH = H,n ¢ H = ghH = gH.»
CaencrBue. CwmexkHbIe KJIACChl 10 3amanuoit noarpynme H < G obpasyror pazbuenue rpymmst G.

Teopema 1 (teopema Jlarpanxka). Ilycrs G — koneunas rpymma, H < G. Torga |H | | |G]|.

< Bamerum, 4yro Jyis gwoboro g € G, |[gH| = |H|. Bnaaur, |G| = |H|(G : H)|.»
CaencrBue. s mo6oro srementa g kKonednoii rpynmst G, ord(g) | |G]|.
CaencrBue. ['pynmna mpocToro nops/ika sB/IsSeTCs IHKIXIECKOIL.

Onpenenenne 2. [logrpymna H < G HazwiBaeTcs Hopmaavrot, eciu Vg € G : gH = Hg, T. e.
KazK Il JIEBBIIl CMEXKHBIN KJ1ace coBnajaer ¢ npapbiM. Obo3nauenne H < G.

Bameuwanne 1. H <G &Vge G,he H: g thg e H.

Onpepnenenne 3. Ilycre H < G. MHOXKecTBO (HEeBAXKHO, JIEBBIX WJIH MPABBIX) CMEXKHBIX KJIACCOB
gH : g € G c onepamueit g1 Hgo H = 9192 H nassiBaercst gaxmop-zpynnoti rpynnsl G 10 HOpMaJIbHOM
nojrpyuie H.

< Koppexrnocts! Ecoin i H = g1 H n gy H = goH, 1o cymectBytor hy, hy € H, Takue, 910 g] = g1hy
U gh = goho. Buaunr, ¢\ghH = gih1gohaH = 9192 (95 ' h1go)ha H = g1g2 Hw
~—

€H

Onpegenenne 4. [Iycte H < G. Orobpaxenne m : G — G/H, takoe, uro Vg € G : 7(g) = gH,
Ha3BIBAETCH KAHOHUNECKUM 20Mmomopdusmom rpynnbl G Ha daxrop-rpynmny G/ H.

Onpenenenune 5. llycts f : G — H — romomopdusm rpymiu. Adpom romopdusma f HasbiBaeTcs
muoxecTBo ker f = {g € G : f(g) = e}.

3ameuanwne 2. [lycts f : G — H — romomopduswm rpymnm. Torma ker f <1 G. O6parno, ecim H < G,
to kerm = H. Tomomopdusm [ : G — H ssaserca uzomopdusmom < ker f = {e} u f(G) = H.



Teopema 2 (Teopema o romomopdusme nisi rpyunn). Ilycrs f: G — H — romomopdusm
rpymm, 7 : G — G/ ker f — kanoHmdeckunit romomopdusm. Tora: B
1. CymectByer eauncTBenHbiii romomopdusm f : G/ ker f — H, takoii, yro fr = f (cMm. quarpammy)

| A

G/ ker f

2. G/ker f = f(G).

3. CymiecTByeT B3aUMHO-OJJHO3HATHOE COOTBeTCTBHE Mexk 1y MHOKecTBamu L(f(G)) moarpymnm rpyi-
bl f(G) u L(G,ker f) noarpynn rpynnst G, comepxKamux ker f, coxpassioniee BKIOUeHHE (peuue-
MOUHOL U30MOPHUIM).

4. VKazaHHOe COOTBETCTBHE COXPAHAET HOPMAJbBHOCTD MOATPYIIIL.

<« 1. O6oznaamm ker f = K. Ilonoxnm f(gK) = f(g). Tpebytorca oueBumable TPOBEPKH (KOPPEKT-
HOCTh, COXpaHeHue oneparnmuii)!

2. Bamernm: gK € ker f < f(g) =e < g € K < gK = e B dakrop-rpyue.

3. JTwboii noarpynne B € L(f(G)) conocrasum ee nomubiii npooGpas f~!(B), a noxrpynie A €
L(G, K) — moarpynmy f(A).

4. HenocpeacTBeHHas IIpoBepKa. »

Teopema 3 (Ilepasa Teopema 06 mzomopdusme). Ilycrs H < G, K < G. Torna HK < G, n
HE/K =~ H/(K N H).

<« Henocpencreenno nposepsiercst, uto H N K < H. Pacemorpum romomopdusm f : H — G/K,
takoit, ato f(h) = hK. Tormaker f =HNK u f(H)= KH/K.»

Teopema 4 (Bropasi Teopema 06 nzomopdusme). Ilycrs H < G, K < G u K C H. Toraa
H/K <G/K,uecmn H< G, o G/H= (G/K)/(H/K).

<« Ucnonbsyem romomopdusm f : g — gK(H/K).»

Onpenenenne 6. [Ipamvim npouseederuem (enewnum) rpynn G u H Ha3bIBaeTCs TPYMIa ¢ MHO-
kecrBoM djiementoB G X H u ouepanueit (g1, hy) - (g2, he) = (9192, h1hs).

Onpenenenne 7. ['pynna G Ha3BIBACTCS NPAMULM NPOU3EEIEHUEM (SHYMPEHHUM) CBOUX TIOITDY I
An B, ecin

1. A< G, B<«dG,

2. JIroboit smement g € G e ITMHCTBEHHBIM 00Pa30M IpeAcTaBsieTcs B Buae g = ab, tme a € A, b € B.
Obosnauenune: G = A X B.

Teopema 5. Ilycts A <G, B<QG. Torna G =AXx B< (G=AB & AN B = {e}).

< Ilycts G = A x B. Torna G = AB u3 ycaosus 2. Ecmm v € ANB, 0 e = ee = x4, n
u3 eauncTBennoctd x = e. Obparno, eciu G = AB, u AN B = {e}, o moboit snement g € G
npeacraBiaserca B suge g = ab, rme a € A, b € B, n ecm ab = d'b upn o’ € A,V € B, to
ata =bv~' € AN B, nostomy a =a' ub=b.»



Teopema 6. Eciiu G — BayTpennee npsimoe mpousseaenne noarpyun A u B, to G = A X B
< Orobpaxenue (a,b) — ab — Gueknus. [IpoBepuM coxpaHeHUe OIepanuy. 3aMETHM, 9TO €CJIH

r €A ye B, roryr ty ' =xyrty ' € AN B, nosromy xy = yx. Crenosarenwno, (a,b)(a’,b')
—— ——

€B cA
aba't! = aa’bl’' .»

Teopema 7. IIycts A <G, B< H. Tornra AxB<GxH,u(GxH)/(AxB)=(G/A) x (H/B).

<« Pacemorpum romomopdusm (g, h) — (gA, hB).»



Jlekua 3. Komeyno mopoxkaéHHbie abesieBbl rpynmnbl. CBoOOgHBIE abejieBbI I'DYNIHI.
Iloarpynnsl cBOGOAHBIX abejieBbIX T'PYyMII.

[To Tpagunuu, Aag abejaeBbIX DY ACHOJb3YeTCd aJUTHBHAS CAMBOJIMKA: OIlepalis B abesaeBoil
rpymime o603HaYaeTCsS 3HAKOM “+ 1 Ha3bIBaeTCsd CJI0KEHNEeM, COOTBETCTBEHHO HEUTPAIbHBIN 3JIeMeHT
— 3HakoM 0, OOpaTHBIH (MIPOTHBOMOIOXKHBIH) IJEMEHT K JEMEHTY a O0O3HAYAETCS —d, & BMECTO
0003HAYEHUS CTEIEHH 3JIEMEHTa  PUMEHSIOT 0003HaveHue na, rjae n € Z. Takxke BMeCcTo TepMUHA
“npsgMoe Tpou3BeeHne” UCIOIb3YIOT TEPMUH “TipsiMas cymMmMa’ U 3HaK “@”.

Onpenenenune 1. AGenesa rpynmna A HA3BIBAETCS KOHEWHO NOPOHCOEHHOT, €CIIU CYIIECTBYET MO~

MHOZKECTBO {ai,...,a,} C A (cucmema obpasyrwwux), takoe, ato A = {kia; + ... + kpa, : k; €
Z,1 < i< n}. Obosnauenne: A =< ay,...,a, >.
Ounpenenenne 2. Iloamuoxkecrso {ay,...,a,} abenesoil rpynub A HasbiBaeTcs AuHeldHO He3a-

sucumoli cucmemoti, eciim U3 papeHcTsa kia, + ... + kpa, = 0,k; € Z,1 < i < n cjaemayer, 910
kt=...=k,=0.

Onpepnenenne 3. [loamuoxkecTBO {ay,...,a,} abegepoil rpynmbl A HasbiBaeTCs 6a3ucoM, €CIH
{ai,...,a,} — muHeiino He3aBUCHMas cUCTEMa OOPA3YIOMUX TPYIIbl A.

Onpenenenune 4. AGenesBa rpymmna A HA3BIBAETCA KOHEUHO NOPOHCIEHHOT c60000HOT 2pynnot, ecan
oHa mMeeT (KOHEUHBI) Ga3mc.
[Ipumep: Z" = 7% ... B 7.

—_——

n pa3

Teopema 1. Ecan {ay,...,a,} — 6a3uc cBobomHoil abeseBoil rpynmbl A, To st a1060r0 71€MeHTa,
a € A CymecTBYIOT €IUHCTBeHHbIE KODPUnuenTsr ky, ..., k, € Z, takue, 910 a = ka1 + ... + kpa,.

<« CymecrBoBanue K03 UIUEHTOB k1, . . ., k, € Z caeayeT u3 onpeIe/eHns CACTEMbI 00Pa3yIOIIHNX,
a €JJMHCTBEHHOCTb — W3 JUHEHHONH HE3aBUCUMOCTH:

/ / / / / /

klal—i—...—i—knan:k1a1+...+k‘nan:>k1— 1:...:]€n—k’n:O:>k’1:k’l,...,k’n:k’

n

>

Teopema 2. JlioObie jBa Ha3uca KOHEYHO MOPOKJAEHHON abeeBO# IPYIIIbI COJIEPKAT OJIHO U TO YKe
YHUCJIO 9JIEMEHTOB.

<« Ilycrs {ay,...,a,} u {by,..., by} — ABa Gasuca abesiesoit rpyuust A. Jlouycrum, aro m < n.
Torna 3steMenTs @y, . . ., G, MOXKHO BBIPA3UTh Yepe3 by, ..., by:

an, = kn,lbl 4+ ...+ kn mbm
k11 k1.m
Pacemorpum marpuity | ... a1 mojieM Q. Hucsio cTpok 910l MATPUIBL OOJIBITE YHCIA
ki oo kam

CTOJIOIOB, 3HAYUT ee CTPOKH JWHEHHO 3aBucuMbl Haj Q, T.e. CymecTBYIOT palllOHAJIbHBIE YHCIA
A1, .-y Ap, HE Bce paBHble 0, TaKkue, 9TO

MKty oo kim) + oo M(kna, s km) = (0,...,0). (1)



[Tpusenem apobu A, ..., A, K 00IIeMy 3HAMEHATETIO: N; = P;/q, P1,---,Pn,q € Z. YMuOxas (1) Ha
(¢, TOJIy9aeM COOTHOIICHUE

pl(kH, .. -;kl,m> + ... +pn<kn,17 .. .,k’n’m) = (O, .. .,0), (2)

OTKYIa CJEeIyeT, ITO
p1a1 + ...+ Pplp =
pr(kiibr + ..o+ Kb )+
+pn(kn,1b1 +...+ kn,mbm) =
(P + ..o+ Prkpa)bi+

Onpenenenue 5. Yuco snemenTon 6a3uca cBoOo1HOI abeieBoit rpymnmnsl A Oyaem obo3nagars rk A
1A HA3BIBATH PaH20M 3TOI I'DYUIILL.

Sameuanne 1. Ecau A — cBobognas abeseBa rpymma padra n, To A = 7.

< Ecm {ay,...,a,} — 6aszuc cBoboanoii abeseBoit rpymmer A, T0 oToGpazKeHne
kiai + ...+ kpa, — (kla“-;kn)

KOPPEKTHO OIPEJICJICHO U ABJISETCH U30MOPMOU3MOM. P>

Teopema 3 (o moarpynmnax cBobomHoii abeneBoii rpynnbr). Ecian A — KOHEYHO TOPOXKIEHHAS
abesteBa rpymma panra n, B < A — ee nmoarpymma, To B — cBoboaHas abeseBa I'PYIIIa paHra He
bosiee n.

<« Ilposemem mokasarenbeTBo WHAYKIWeR mo n. Ecom n = 1, to A = Z, u qmbo B = 0, aubo
B =rZ, vae r # 0 (Teopema o moArpymnax mukandeckux rpymmn), T.e. rk B = 0 nom rk B = 1. [Tycrp
n>1,u{ay,...,a,} — 6asuc rpynnsr A. Tlomoxum Ay =< ay,...,a, 1 >. Torna Ay — cBoboaHAst
abesteBa rpymma panra n — 1. Pacemorpum romomopdusm f @ A — 7, omnpenesieHHBI TPaBHIOM
f(kray + ...+ kpay) = ky,. Torma f(B) < Z. Ecin f(B) = {0}, to B < Ap, u 10 TpeIHOT0KEHAIO
uHyKuu B — cBoboHas abesieBa rpymna panra He 6osiee n—1. B nporusnom ciyuae f(B) = rZ, rue
r # 0, u Haiinercsa snement b € B takoii, uro f(b) =r, 1.e. b = uja; +. ..+ U101 + 705, 3aMeTHM,
910 < b > — DecKOHeUYHas IMUKINYecKas Ipyima, 3Hadnr < b > 7. [lonoxxum By = B N Ag. 1o
IPeIIOJIOKEHUIO HHAYKINN By — cBobogHas abesieBa rpymma panra m < n— 1. OcTagaock IpoBepuTh,
aro B =< b > ®By. Ucnoaszyem teopemy 2.5 (B ajauruBHOii cumposiuke). CHAYAIA 3aMETHM, UTO
< b > NBy = {0}, tTak kak npu k # 0 umeem kb = kujay + ... + up_1a,—1 + kra, ¢ Ag. C npyroii
croponsl, ecau b’ € B, 10 b = ulay+.. . 4+ul,_ja,_1+r'a,, upuaemr’ = f(b') € rZ = Iq € Z : 1" = rq.
Buauut, b’ = bg + (V' — bq), mpuaem V' — bg = (u) — quyi)ay + ... + (u,_; — quy—1)a,—1 € BN Ay = By.
CnenoBarensio, B=<b> @By 272" ®Z=Z""'um+1<(n—1)+1=n.»

Teopema 4 (HakpbIBaloIiee CBONCTBO CBOGOIHBIX abeeBbiX rPyMIl). JI106ast KOHEUHO TOPOK-
JéHHas abeseBa rpymnna nzoMopdHa QakTOp-rpyIine HeKOTOPOil cBODOAHON KOHEYHO TOPOKIEHHOMN
abesIeBoit TPYIIBI 0 HEKOTOPOI ee MOArPyYIIIe.



< Ilycrs {ai,...,a,} — cucrema obpasywormux abenesoit rpymnmsl A. Pacemorpum romomopdusm
f:7Z" — A, onpenenennsiit papesctom f((ki,...,k,)) = kia; + ...+ kpa,. Torna f — ciopbekTus-
HbIT ToMoMopdu3M, u o Teopeme o romomopdusme, A = 7"/ ker f.p»
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Jleknusa 4. Teopema o CyIIIeCTBOBAaHUU COTJIACOBAHHBIX 0a31MCOB CBOOOAHOM KOHEYHO IIO-
POXKIEHHOI abeneBoii rpynnbl u e€ moArpynnbl. Pa3jiokeHne KOHEYHO NOPOXKIEHHOI
abeJieBOll TPyHIIbI B ONPAMYIO CyMMY OECKOHEYHBIX M NPUMAPHBIX INUKINYECKUX I'PYIN
(cymiecTBOBaHUE M €MHCTBEHHOCTD )

Onpenenenne 1. Ilycrb A — cBobosHas abesieBa Ipylilia paHra n ¢ 0a3ucoMm dai,...,a, 1 B — ee
noArpymna ¢ 6asucom by, ..., b, (BcmoMHEM TeopeMy O HOArpymmax cBOOOTHON abesieBoii rpymis).
Otu nBa 6a3mca HA3BIBAIOTCS CO24GCO8GHHbLMU, €CAU CYIIECTBYIOT TeJjble aucaa di, ..., d,,, TaKue,
gro b; = d;a;, 1 =1,...,m.

Teopema 1 (0 cymiecTBOBaHMU COTJIACOBAHHBIX 6a3ucoB). [liis 060ii KOHEIHO MTOPOXK IEHHOI
cB0OOIHO# abesieBoit rpyibl A u jr000it ee moArpymibl B CymecTByOT UX COrIaCOBAHHbIE OA3UCHI.

<« [l mokazarenbcTBa BRIOEpEM CHAYAJA TTPOU3BOIbHBIE OA3UCH A1, ...,0, B Au by,... b, B Bu
yKarKeM, KaK UX MOXKHO Ipeobpa30oBaTh B COIVIACOBAHHDLIE. 3aMETHM, YTO €CJIM SJIEMEHT a; 3AMEHUTH
Ha 3JIeMeHT a;+7a;j, Tae r € Z, To HoBasd CUCTeMa a1, . . ., 4;+7aj, . . . , G, CHOBA Oy1eT 6a3MCOM I'DYIIIIbL
A. HeficrBurensuo, kyay+. .. +kij(a;+raj)+.. . +kpan =0 kiay +.. .+ kiai+...+(kj+rk)a; =0
Shk=...=k=...=k+rki=...=k,=0,au3 k; =0mnk; +rk;, = 0 caeayer k; = 0,
II09TOMY HOBasl CHCTeMa JnHeiiHo Hezasucuma. C apyroii croponsl, a; = (a; + ra;) — ra;, HOITOMY
< a@y,...,0; +raj, ... a, >=A.

AHaJIormIHBIE 3aMEHBI MOXKHO ITPOBOINTE ¢ OA3UCOM HMOATPYIIIIEL.
CBa3b MexKIy OasucaMi MOYKHO OIpeJeasITh MaTpHIleil, KaK B TPeIblayIeil JeKIuun:

(b1, ... b)) = (ay,...,a,)M,

rie M — HekoTopag IeI0oYNCIeHHass MaTpula pasmepa n X m. llepecranoBke saeMeHTOB 06a3u-
ca ay,...,a, (coorBercTBeHHO, 6azuca by, ..., b, ) OTBEYALT IEPECTAHOBKA CTPOK (COOTBETCTBEHHO,
crosibroB) Marpuibl M, a paccMOTpeHHOMY Bhillle HpeobpasoBanuio Gasnca rpynmsl A (coorser-
CTBEHHO, IPYIIBI B) COOTBETCTBYET MEJOYHCICHHOE SJeMEHTapHOe Peo0dpa3oBaHue CTPOK (COOTBET-
CTBEHHO, €TOJI6110B) Marpuibl M.

PaccMmarpuBaeMble 6a3UCH COIIACOBAHBLI TOIIA W TOJBLKO TOrIA, KOraa MaTpuna M 1uaroHajibHa.
[TosToMy H0CTATOYHO MOKA3aTh, KAK C IMOMOIIBIO MEJOYNCICHHBIX 3JEMEHTAPHBIX Mpeodpa3oBaHmii
CTPOK H CTOJIOIOB TTPOU3BOJILHOMN MEJOYUCTCHHON MATPUILI MOYKHO HPUBECTH €€ K JUATrOHAJIbHOMY
BUY.

Eciu M = 0, To noKa3siBaTh Hedero. B mporuBHOM ciydae BBejeMm mnapamerp d(M), paBHbrii
HaVMeHbIIIeMY MOIY/II0 HEeHyJIeBOro 3jeMenTa MaTpuibl M. IlepecraBiisis ¢TpoOKM M CTOJOIBI, JIO-
obemcs Toro, aro d(M) = |mq;|. Ecian HeKoTODBI 9/0eMeHT My ; He JeJUTCH HA M1, PA3JEIHM €ro
HA My € OCTATKOM: My ; = my1q + 7, 0 < r < d(M). Beranras mepsoiit ¢roaber, yMHOKEHHBIH Ha
¢, w3 i-ro croJbia, noixydaem HoByw marpuryy M’ mpuwaem d(M') < r < d(M). TlocaenoBarenbHO
ymenbinas d(M), HOIyIUM MATPHUILY, Y KOTOPOH BCE 9JIEMEHTHI MePBOil CTPOKW W HEPBOTO CTOJIOIA
Jendarcs Ha myp. Ho Torma saeMeHTapHBIMH NpeoOpa30BaHHSAMH MOXKHO CIeJIaTh U3 Hee MaTPHUILY
mi1

0o M

BH/IQ . 3areM Te ke JeficTBHSA MOBTOPSEeM i MeHbIneidl marpunst M u T.1. »

Teopema 2 (kpurepuil HUKIUIHOCTH HPAMOI CyMMbI KOHEYHBIX LMKJIMYECKUX TPYIIIL,
nim Kuraiickasi reopema o6 ocrarkax). I'pymma Z, @ Z,, saBisercs MUKInYeckoit < (m,n) = 1.

< Paccvmorpum romomopdusm f 1 Z — Zy @& Ly, oupeaenennsiii papeacrsoM f(x) = ([x],, []m)-

fcuo, uro eciu (m,n) =1, o ker f = {r :m | r&mn | r}={r:mn | r} = mnZ. 3uauur, |f(Z)| =
\Zoiin| = | Loy ® Loy, 1€ Lopiry = Loy ® L. OGpaTHOE YTBEDAKIEHHE HAM He TIOHAJIOOUTCS U OCTABJSIETCS
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B KaYeCTBe yIpaKHEHUg.»

Omnpenenenne 2. Koneunas mukimdeckas rpynna A maswisaercss npumaphot, ecin |A] = p*, rie
p — 1mpocToe unciao, k > 1.

Teopema 3 (CyiiecTBOBaHNEe KAHOHUYECKOTO PA3JIOKeHUs ). Eciin A — KOHETHO TOPOK IEHHAS
abejieBa I'pyIlIa, TO CYIIECTBYET €€ KGHOHUUECKOE PA3A0IACEHUE B TPAMYIO CyMMY OECKOHEYHBIX U
NPUMAPHBIX MUKJANIECKUX TPYII:

A2 L ©Ly ® ... O Ly D7 (1)

<« Kak msBectHo, n100asi KOHEYHO MOPOXKIEHHAs abemeBa rpymma A m3omopdHa (hakKTOprpymme
HEKOTOPOit cBOOOIHON KOHEYHO MOPOXKIEHHON rpynmnsl L 1o ee moarpynie B. Boibepem B L u B8 B
COrVIACOBAHHBIE OABKCH A1, ..., 4y U by = dyay, ..., by, = dpa, (Teopema 1). Torga

L=<a1>®.. <04, >B<ap1>B...6<a, >,

B=<diay, >®...® <dpapy > <00, >d...6 <0a, >.
ky

cMros

[To reopeme 2.7, L/B = Zg, @ ... ® Zg,, & Z" ™. Ocraercst 3aMeTUThb, 9T0 ecu d = i
D1, - -+, Pr — PABJUUHBIE IPOCTHIE YUCIA, TO Lg = Zpkl D...oP Zpkr >
1 7‘

rjie

Teopema 4 (EquHCTBEHHOCTH KAHOHNYECKOrO pasiioxkenus). Pasznoxenue (1) npon3BosbHoii
KOHEUHO TIOPOK/IEHHOI TPYNIbl A ONpeIesieHo 0JHO3HATHO, ¢ TOUHOCTBIO JI0 MEePECTAHOBKH CJIATAe-
MBbIX.

< [locTaTovHo J0Ka3aTh, YTO KOJMIECTBO ClaraeMblX Bua Z n Buja Z,x ¢ (PUKCUPOBAHHBIMA D U Kk
B pasnoxkenuu (1) ompeesieHo OHO3HAYHO. [IJIs1 9TOTO MOHATOOATCSI CJIeIyolue O0Iie MOHATHSI.

Onpenenenne 3. Ilepuoduueckot wacmovio, WIH kpyueruem abeaeBoi rpynnsl A Ha3BIBAETCS MHO-
kecTBO T'(A) 9/1eMEHTOB KOHEUHOTO MOPsiIKa B A.

Bamerum, uro u3 (1) caexyer, uro T'(A) = Zplfl ® Zpgg D ... D Ly, cienosaremsno, A/T(A) = Zt,
re. ancao t = rk(A/T(A)) oupenesneno oxnosznadno (reopema 3.2). Ilycrs rTemeps A — komeunas
abejieBa I'PYIIIIA.

Onpenenernne 4. /[ mpocToro 9ucia p, p-nepuoduseckoli wacmovro, WA p-KpyyeHuem TPYIns A
HasbIBaeTCst MHOKeCTBO T, (A) smementos nopsanka p*, k € Z, B A.

fcno, aro T,(A) — 1o cymma craraembix u3 (1), 1y1st KOTopeIX p; = p. IlycTs Temeps A — KoHedHas

— o~ .

abenesa p-rpymna, T.e. A = Ty(A) = Zyw, @ ... D Zy,. Paccmorpum romomopdusm f @ A — A,
Taxoif, uro f(x) = px. Torga aas KazxI0ro ciaraemMoro, n30MophHoro Z,., ero obpas 6y/1er n3oMop-
dben Zyi—1, 3aaunr, |ker f| = p”, u 4uci0 caaraeMbix B pasjioxenun A onpejesneHo ojHozHadno. C
JIPYTO#l CTOPOHBI, YACIO CJIaraeMbIX B pasioxkeHun f(A) paBHO YHCIY CJIAraeMbIX B pa3jiokeHun A,
MIOPSAIOK KOTOPBIX 0OJIbIIe p (c1araeMble TTOPSIIKA p aHHYJIAPYIOTCs ToMoMopdusmoM f). MHmpyKiust
0 MOPSIJIKY TPYIIBI 3aBEPIIAET J0KA3ATETLCTBO. P
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Jlekua 5. IeilictBue rpynnsl Ha mMHOXKecTBe. IIpumepsi. Teopema Kanu. Opbutbr n
crabusim3aTopbl. TeopeMa 0 IeHTpPe KOHEYHOIl P-TPYIIIIbI.

Onpenenenne 1. /leticmeue rpynnbl G Ha HemycToM MHOXKecTBe M — 910 orobOpaxkenune G X M —
M, (g, m) — gm, yI0BIAETBOPSIOIIEE YCJIOBUSAM:

1.Vg,h € G,;m € M : g(hm) = (gh)m

2.Vme M :em = m.

[Tpumepsr: GL(V) wa V| S, va {1,...,n}, G va G jgeBbiMu ¢ABuramMu (gr = gr) ¥ CONPSIZKEHUSIMUA
(29 = gzg™').

DKBUBAJIEHTHOE onpejenenue geiicrsus: romomopdusm G B rpyuny S(M) buekuuii Mmuoxkecrsa M.
HeiictBuresnnro, s awoboro g € G onpeaeanm orobpazxenue f(g) : M — M upasuiom Vo € M :

f(g9)(x) = gx. Torna B cuny 1. f(gh) = f(g) o f(h), a B cuny 1. u 2. f(g7') = f(g)~!, 3nauur,
f(g) € S(M).

Teopema 1 (teopema Kaman). Jliobas rpynna G uzomopdua noarpynie rpynns oueknuii S(G).
B uacrroctu, ecin |G| = n < 0o, 1o rpynna G nzoMopdHa TOATPYIIIe IPYNbl Sy,

<« [leiicTBre JeBbiMu casuramu Jaet romomopdusm f 1 G — S(G). Ipu stom ecam g € ker f, To
f(g)(e) = ge = e, e. g = e. CrnenoBarensuo, ker f ={e}, un G = f(G) C S(G).»

Onpeapenenune 2. [lycrs 3a1an0 gefictsue rpynnsl G Ha MHOKecTBe M. Opbumot snementa m € M
Ha3BIBACTC MHOXKeCTBO {gm : g € G} (oboznauenne Gm wmu orb(m)). Cmabuauszamopom, wiu
cmayuonaproli nodepynnot dnementa m € M wmaspiBaercs moarpynma {g € G : gm = m} (06o-
snadenne: G, uwan St(m)). OpOUTL OTHOCHTEIBHO ACHCTBHS COUPSYKeHUSME HA3BIBAIOTCA KAQCCAMU
CONPAANCEHHLT INEMEHMOG, UIH KAGCCAMU CONPANCEHHOCMU, WK TPOCTO COMPSIZKEHHBIME KJIACCAMH,
KJIACC COPSAKeHHOCTH 3/1eMenta g € G obosnauaerca 1epes g .

CranuoHapHas MOArpyIHa j1eMenTa ¢ € G OTHOCHTENBHO 9TOrO JIeHCTBHS HA3BIBACTCS UeHMPAAU-
3amopom dneMenTa g u oboznadaercs Ci(g).

Jlemma. Ilycre 3anano jgeiicrBue rpynnsl G Ha Muoxkecrse M. Ecoim m € M uw m/ € Gm, To

Gm' = Gm.

<« ITo ycnosuio, m' = gm nyis wekoroporo g € G. Ho Gg = G, u Gm' = Ggm = Gm.»

Caencrue. OpOUTH 71eMeHTOB MHOXKecTBa M OTHOCHTENBHO AeficTBus rpyunbl G 06pa3yor pas-
ouenune MHoxkecTBa M.

Teopema 2. Ilycts 3amano gefictBue KoHewHoit rpymnnbl GG Ha muOXkecTBe M. Torma s Jsiroboro
ajieMenTa m € M,

[orb(m)][ St(m)| = |G|, (1)

<« Pacemorpum orobpakenune ¢ @ G — M, 3amannoe mpasuioM ¢(g) = gm. 3amerum, 410 ¢ €
e lgm) & gdgm=gm & g ldym=m<& g lg € St(m) & ¢ € gSt(m), re. 1 (gm) = gSt(m) u
| (gm)| = |gSt(m)| = | St(m)|. Urax, B KaxKabIii 3JeMEHT OPOUTHI MEPEXOMUT OJUHAKOBOE THCJIO
— | St(m)| — snemenTor rpynusr G, orkyzaa caemyer (1).»

Hnst neficteust conpsizkenusiMu (1) mpuHEUMAaeT BUJL

9°11Ca(9)l = |G]. (2)
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Onpenenenue 3. I[enmpom rpyumsl G HA3BIBAETCS MHOXKECTBO TaKUX 371eMeHTOB 2 € (G, uato Vg €
G : gz = zg (obozmauenne Z(G)).
[Ipumep: Z(G) = G < G — KOMMyTaTHBHAS TDYIIIIA.

Omnpenenernne 4. ITycts p — npocroe uucao. Ipymna G HasblBaeTcsd KOHEUHOH p-2pynnotl, eciau
|G| = p* nns mexoTOpOro HaTypasbHOro UMcIa k.
[Tpumep — rpynna IpocToro HOPaIKa.

Teopema 3 (0 meHTpe KOHEe4YHOM p-rpynusl). Ecan G — koneunas p-rpymma, to Z(G) # {e}.

<« llycrs |G| = p*. Pacemorpum meiictsue G Ha G conpszenuaMu u 0603HaImHM gepes v, ..., g%

BCe KJIacchl colpszKennocTH. Scno, uto [¢%] =1 & g € Z(G). lyers |¢¢| = ... = [g¢] =1, |¢F] > 1

upu i > r. Torma r = |Z(G)| > 1, k. e € Z(G)|. Uz (1) nonyuaem |g¢| = p*, k; > 0 npu r < i < s,
S S

u |G| =|Z(G)| + Z pM, re. wneno | Z(G)| = p* — Z p" nenwres wa p.»

i=r+1 i=r+1
Teopema 4. Ecim G — nekoMmmyTaTuBHas rpymna, To rpynna G/Z(G) ne aBisgercs TUKITIECKOiT.
<« IIpeanonoxum nporusnoe: G/Z(G) =< gZ(G) >. Ilycrs a,b € G. Torna
3,5 € 21 aZ(G) = (92(G)) = ¢ Z(G),bZ(G) = (42(G))’ = ¢°Z(G).

B wacthnoctu, a = g"x u b = ¢°y, vae z,y € Z(G), otkyna ab = ¢"xg°y = ¢"¢°xy = ¢°yg"x = ba, 9ToO
HPOTUBOPEYHT YCJIOBUIO — HEKOMMYTATUBHOCTHU Tpymibl G.»

Teopema 5. I'pynmna nopsaaka p?, rjue p — TPOCTOe YUCI0, KOMMYTATHBHA.
<« Tlo Teopeme o nenTpe Konewnoit p-rpynnst, |Z(G)| > 1. Ecma |Z(G)| = p?, To G — KOMMyTaTHB-

nag rpynna. Bapuaut |Z(G)| = p HeBo3MOKeH, Tak Kak B 9ToM ciydae rpynna G /Z(G) numena Obr
HPOCTO MOPSIOK U ObLIa Obl MUKJINYECKOH, 4ero He MOXKeT ObITh 10 NpeIblyIieil Teopeme.
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Jlekusa 6. Tpu teopemsr CnioBa.
B sroit sekruu p — mpoctoe wncao, G — xoneunas rpymma, |G| = n = pFm, e ptm.

Omnpenenenne 1. Cunosckoti p-nodepynnoti rpynmue G Ha3biBaeTcs TOATpyNTa mopsaaka p* (T.e.
P-TIOATPYIIIa MAKCHMATIBHOTO BO3MOYKHOIO TOPSIIKA).

Teopema 1 (nepBasi reopema CuioBa — reopema cyiecrBoBanusi). CHIOBCKas p-HOArPYIIHa
[IPOU3BOJILHON KOHEYHON IPYHIILI CYIIECTBYET.

<« Jlokazxkem neppyio Teopemy Cumioa muaykmnueit mo n. IIlpu n = 1 mokassiBarh Heuero. Ilycrhb
n > 1wuk > 0. [Ipeacrapum rpynny G Kak o0beguHEHNE KJIACCOB comnpszkenHoctn: G = UlegiG .
Cuuraem, uto |¢F] = 1upu 1 < i <7 wu |¢gf| > 1 upu r < i < s. IIpu sTom r > 1, Tak Kax 110
KpaiiHeil Mepe OIMH OJHO3IeMEHTHBIH K/IACC CYNIECTBYET, a HMeHHO, Kiaacc e©. Bo3MoKHBI 2 caydad.

S

1. Kaugioe us wucen |g¢|,r < i < s memures na p. Torma | Z(G)| = |G| — Z 198| mesmres ma p. Ho

i=r+1
Z(@G) — abeseBa TpyIIa, TOITOMY OHa H30MOP(HA MPAMOMY TPOH3BEIEHUIO IPUMADPHBIX THKIHIe-
CKUX TIOAIPYII. 3HAYHUT, XOTsI ObI OJMH HETPUBUAILHBIN COMHOKHUTEIL H, MOPSIOK KOTOPOrO paBeH
p', tie t > 0. Torna H < G u |G/H| = |G|/p" = p"~'m < |G|. Tipumensist WHAYKTUBHOE P00
xenme K rpymme G/H, maiiiem cutosckyto p-noarpynmy S B rpynme G/H. Ecom m: G — G/H —
KaHOHmYecKuit romomopdmsm, To S = 771(S) — cumosckas p-moarpynma B G.
2. Oano u3 4ucen |g¥|,r < i < s ne gemutca Ha p. OGO3HAYUM ¢; = ¢ M PACCMOTPHM HOAIPYIILY

H = Cg(g). Tlo (2), |H| = |G|/|¢g%] = p*m’ ana mexoroporo marypambuoro wncia m’' < m. Cu-
JIOBCKAsl Pp-TIIOATPYINa B H CyIIecTBYeT 10 [Pe/IIoI0KEeHII0 HHYKIINN U SBJIeTCd TaK/Ke CUIOBCKON
p-noarpynmnoit 8 G.»

Teopema 2 (Bropas Teopema CuiaoBa — TeOpeMa O CONPAYKEHHOCTH ).
1. st moboit p-noarpynnst H < G cymecrByer cujioBckas p-uogarpymma S < G, takas, aro H C S.
2. JIrobbie 1Be CHUIOBCKHE p-NOATPYIILl B (G COMPSIZKEHBI.

<« 1. Ilycts Sy — HEKOTOpast cunoBckas p-noarpynmna B G. Pacemorpum feiicteue H JieBBIMHA CIBUTAME
Ha MHO)KecTBe M JIeBBIX cMexkHBIX KiaaccoB G no moarpymie Sy ( h(gSy) = (hg)So ). OueBuno, uaro
KazKJas opbuTa 3Toro meiicTeus comepxut p' snementos, p' < |H|, n naiigerca xoTd Gbl o1HA OPOUTA,
u3 onHOro 31emenTa (uHade |M| = m Gbuto 661 KparHO p). VHBIMEI CIOBaAME, CYIECTBYET SJ€MEHT
g € G raxoit, aro HgSy = 9Sy. Torna g 'Hg C Sy u H C S = gSpg* .

2. [lyers Sy, S1 — ase cutoBekue p-ioarpymnmns! B G. [Ipumennm npenpiayiee paccyzkiaenne Kk H = Sy.
ITosyuuMm, 9TO Ajd HeKoToporo sjaeMenta ¢ € G, S; € S = ¢Syg~!. Ho rpymner S; u S umeror
OIMHAKOBLIe Hopaaku p¥, sHaunt, S; = S.»

Teopema 3 (Tperbsi Teopema CujioBa — TeopeMa O KOJIUYIECTBE CUIOBCKUAX P-MOATPYIIII).
[Tycts n,(G) — xosmmaecTBo cunosckux p-moarpynn rpynmnst G. Torna n,(G) =1 (mod p).

<« Paccmorpuwm jieiicTBue conpsizKeHUsIMH KaKO#-/THO0 OJTHONW CHJIOBCKO# p-HOJATPYIIILI S HA MHOXKe-
crBe N BCeX CHIOBCKHMX p-HOATpyHI rpynnbl (. JomycTuM, 9TO eCTh KaKad-TO OpOHTa U3 OJHOTO
sjementa {S;}. Dro snadut, uro jist moboro x € S, xSzt = S;. Pacemorpum noamuoxkectso S
n 3aMeTuM, 4To 5T0 noarpymnmna B (. JlefictBurensho, e = ee € SS1, ecomm x,x1 € S, y,y1 € S,
T0 O AoKazaHHOMY TyT1y; = xri(r]'yr)yr € SO m (wy)”t = ylat = a7l (zy aTY) € 99)).
—— ——
€51 €Sy
[Iposepum, aro S; <1 SS; (Vo € S,y € Si, zySi(xy)™t = zSz7! = S)). Ilo nmeppoit Teope-
Me 06 mzomopdusme SS1/S; = S/S; N S. Cuenosarensno, ecim |[S; N S| = pl, 10l < k n
|SS1| = |S1]|SS1/S1| = p*S/S1 N S| = p*pFt = p*~. Tlo onpenenennto k nveem 2k — | < k,
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orkyzaa [ > k. [oaygaem | = k u S = S;. Takum obpaszom, eauHcTBenHast opouta {S} comeput
OJIMH 3JIEMEHT, a MOPAAKH OCTAJbHBIX OPOUT messarced Ha p. 3Ha4dut, n,(G) = |[N| =1+ pg.»

3ameTnM, 4TO U3 BTOPOil I Tperheil Teopem Cuosa ciemyer Takxke, 910 n,(G) | m.
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Jleknuga 7. KommyTaHT rpynnsl, ero cBoiicTBa. Pa3zpenmmebie rpynmnsl, nux cBoiictBa. Pa3-
PEUINMOCTSb I'PYIIIBI BEPXHETPEYTOJbHBIX MaTpun. Pa3zpenimMocTh KOHEYHOM p-IPYNIEBL.
PazpemmMocTh rpynnbl Hopsaaka pg (Tae p,q — NpOoCTbIe YuCJIa).

Omnpenenenne 1. Iloarpynma, nopoostcdénman nodmmoocecmeom S rpyuinl G — 5T0 HAUMEHbIIAs
noarpynna B (G, conepxxkartag S. Obo3Hauernne < S >.

3ameuanne 1.

< S>={aflaf 2l ix, eS8 i=1,...,m, m>0} (1)

m

Onpenenenne 2. Kommymamopom 3jJeMeHTOB x,y rpynnbl (G Ha3bIBAeTCs TE€MeHT [x,y] =
ryr~ty~t. Kommymarmom rpynner G HasBIBaeTCd ee TOATPYTIA, TTOPOXKISHHAS BCEME KOMMYTa-
Topamu ee seMentoB. O6osnadenne G’ wm [G, G).

Bamewanne 2. [r,y]"! = [y, 7],

G = {[z1,y1l[x2, 2] - - [Ty Ym] iy € G, i =1,...,m, m > 0}. (2)

Teopema 1 (cBoilicTBa KOMMyTaHTa).

1. Ecoiim f : G — H — romomopdusm rpynm, to f(G') C H' (dyakropuanpaocts). Ecin romomop-
dusm f cropwexrusen, To f(G') = H'. Ecoim H < G, ro H C HNG'.

2. Jlia mo6oit rpynns G, G < G.

3. G' = {e} & G — KOMMyTaTHBHAS IPYIIIA.

4. Ecim N < G, o rpynna G/N kommyrtarusaa < G’ C N.

<

1. Tlpsimo caeyer u3 (2) u toro, uro f([z,y]) = f(ryx~ty™) = [f(2), f(y)].

2. Cieyer u3 toro, aro Vg, z,y € G : glz,ylg™' = [gzg~', gyg~'].

3Vr,ye G: v,y =e s ayrlyg =e o 2y = yx.

4. Boirekaer u3 1. 3 u 1. 1, 2, IpUMEHEHHbIX K KaHOHUYeCKoMY romomopdusmy 7 : G — G/N. »

Oupenenenne 3. Pad xommymanmos rpynnsl G crpoutced no muaykmun: GO = G, G = (G=DY
npu n > 0.

3ameuanne 3. G < G upu Beex n > 0.
< /ocTaTo9HO 3aMEeTHTD, 9TO I JI060i HopMaabHoil noarpynnsl N <1G u o6oro saementa g € G

oTobpazkenue T — 19 = grg ' apiagerca romoMopdusMoMm u3 N B N, U IPUMEHHTH N pa3 CBOHCTBO
2 KOMMYTaHTa TPYIIIHL. P

Bameuanue 4. Ecmu f : G — H — romomopdusm rpymm, To f(G™) C H™ (byrkropnambrocTs).
Ecmn romomopdusM f ciopbextusen, To f(G™) = H™W, Eerm H < G, 1o H™ C HNG™,

<« OueBnjHast MHAYKIU 10 N ¢ IPUMEHEHHEM CBOcTBa 1 KOMMyTaHTa. P>
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Omnpenenenne 4. [pynna G HasplBaeTcd paspewumoti, ecam cymecrByer takoe n > 0, 410
G™ = {e}.

[Ipumepsr: mobas abeseBa rpymnma paspemnva (n = 1), S3 paspemmma (n = 2), Sy paspermuma
(n = 3).

Teopema 2 (cBolicTBa pa3penInmMbIX TPYIII).
1. Jlrobas moarpynma u Jobast (pakTOP-rpyna pa3peruMoil IPyIbl pa3peIuMbl.
2. Ecoiu N < G, upuuem rpynust N u G/N paspeunumbl, To u rpyuia G paspemima.

<« 1. Pazpenmumocts noarpymmnst H < G caenyer ws H™ C H N G™. Pazpemumocts dakTop-
IDYIIIBL CJIEJIyeT U3 MPe/IBLIYINero 3aMevdaHns, IPHMEHEHHOIO K KAHOHUIEeCKOMY FOMOMODMDH3MY T :
G — G/N, e N 1G.

2. Tycrs (G/N)™ = {e}, N™ = {e}. Paccmorpum kanonumueckuii romomopdusm 7 : G — G/N.
Myeem 7(GMW) = {e} = G™ C N = G+ € N = {e}.p

Teopema 3. ['pynmna T, (F) obparnMbix BepXHETPEYTOJIBHBIX MATPHUIL JHOO0r0 mopsijka n > 1 Haf
IPOU3BOJIBHBIM ITOJIeM F' paspemunMa.

< Crauamna J0KayKeM 10 HHAYKIHA pa3pemuMocTh rpytnsl UT), (F') BepXHUX YHUTPEYTOTHHBIX MAT-
1 *

pHIl, T.e. MaTPUIL BUIA . IlIpu n = 1 sra rpynna tpusmaJsbHa. [Ipu n > 1 paccmorpum

0 1
orobpaxenue [ : UT,(F) — UT,_1(F), conocrapigioniee Marpuiie A ee BepXHUI JIeBbIii yroJ:

*

.
0...0 1

Jlerko mpoBeputhb, at0 f — romomopdusm, u 4rTo ker f — abesneBa (ciiemoBaTesIbHO, pa3pernnmast)
rpymna MaTpUIL, BUIA

1 0 0 ... 0 1w
0 1 ... 0 wu
0 0 0 ... 1 wupy
0O 0 0 ... 0 1

~—

[Mpu srom UT, (F)/ker f =2 UT,_1(F) — paspeniumasi rpyina, 10 npeio/i0KeHut0 nuiayKiuu. 110
cpoiicTBy 2 pazpemumbix rpyui, UT, (F) — paspentumasi rpymnma.

Tenepw pacemorpum orobpaxkenue g : T, (F) — T,(F'), KOTOpoe cOMOCTABIAET KayKI0H MaTpHILe
JIAATOHAJIBHYO MATPUILY:

o % a; O 0

0 (6] 0 (0D)] 0
g —

0 O L%k 0 0 .0

0O 0 ... a, 0 0 ... a,

~Y

CuoBa mposepsieM, 910 g — romomopdusm. Ilpu srom g(T,(F)) = T,(F)/ ker g — rpynna obparu-
MBIX JHArOHAJIBHBIX MATPHIl, KOTOpas KoMMmyTatusHa, ker g = UT,(F) — paspemumas TpyIa, mo
JIOKA3aHHOMY Bbilie, 3uaunt, 1), (F) — paspeniumast rpyuna. »
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Teopema 4. Koneunag p-rpynmna paspernimma.

<« lIlycrs G — xoneunag p-rpymma, T.e. |G| = p*, p — upocroe uucno. [Iposegem unayKiuio 1o k.
Ilpu k = 1 rpynna G nuk/Iu+deckas, CjieJ0BaTeIbH0, KOMMYTATHBHAS U HOJABHO paspemmMas. 1lpu
k > 1 rpymna G/Z(G) umeer menbinuii mopsinok, yeM G (rak kak Z(G) # {e} mo reopeme 5.3),
CJIEIOBATEIIBHO, 110 MIPEJIION0KEHIIO HHIYKIINH, OHA paspemuma, a rpynia Z(G) kommyrarusaa. [To
cBoiicTBy 2, rpynmna G paspemnma.p

Teopema 5. ['pymma nopgjaka pq, T/ie p,q — NPOCTBIE YUCTA, PA3PEITuMA.

<« Ecn p = ¢, 1o rpynnma G KOMMyTaTWBHA, KakK Ipylna nopaaka p® (teopema 5.5). B mporus-
HOM CJIydae NPEANOIOKUM I OHPEAENICHHOCTH, 9T0 p < ¢. 3amernM, 410 Torga n,(G) = 1
(mod q) u ny(G) |p, saaant n,(G) = 1 u cunosckas ¢-noarpynmna S mopmassua B G. [Ipu srom
S u G/S — nmkiInveckue, ceoBaTeNbHO, KOMMYTaTHBHBIE Ipymnbl. [lostomy G — pasperntuMast

rpymma (G = {e}).»
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Jlekmmus 8. 'pynna moacramoBok. IIpocthie rpynmbl. IIpocTrora rpynn A, mpu n > 5.
ITpocrora rpynmnst SO5(R).
N3BectHo, uTo rpymnna .S, HOpOXKIEHA TPAHCIO3UIHIMU.

Onpenenenune 1. IloactanoBka o € S, HA3BIBAETCA UUKAOM OAuHb, K, €CIH CYIIECTBYIOT TaKne
GUCHA G1, . .., 0k, 9TO 0(i1) = ig,0(i1) =i3,...,0(ix) = i1, a npu i & {iy, ... i}, 0(i) = i. Obo3HAUE-
e 0 = (iy,...,10).

[Tpumep: Tpancnosurus (i, j) — IUKJI JIJUHBL 2.

Onpenenenne 2. [Tukabr (i1,...,0;) u (j1,. .., jm) HA3BIBAIOTCA HE3GA6UCUMBLMLU, €CJTH MHOKECTBA,
{i1, ... ig} w {J1,. .., Jm} UMEIOT MyCTOE MEpecedeHue.

Teopema 1. Jliobas mojicTaHOBKa pa3JiaraeTcs B IPOU3BeIeHIE IOMapHO HE3aBUCHMBIX ITUKJIOB, IIPH-
9eM eJIMHCTBEHHBIM 00pPA30M, ¢ TOUHOCTHIO JI0 MEPECTAHOBKU ITUX IUKJIOB (B YACTHOCTHU, HE3ABUCH-
Mble IIHKJIBI KOMMYTHPYIOT).

< Auropur™m passioxkenust: 6epem Jroboe wucsno ¢ € {1,...,n} u cTpouM TOCTETOBATETLHOCTD
i,0(1),0%(i),.... B Hell KOHEUHOE YHCJIO PA3JIMYHBIX JIE€MEHTOB, 3HAYMT, KAKHE-TO JBa COBNAIAIOT,
ckaxkeM, 0¥(i) = o'(i). Torma o'=%(i) = i. [lonyuaem MUK, HAIUHAIOMIHIHCA ¢ i. 3aTeM GepeM TUCIIo,
HE BOIIE/IIIEE B yKe MOCTPOCHHBI UKJI, U CTPOUM CJieayiommuiil mukii, u .. [losiesno 3amerurnb, 4To
6os1ee popMaIbHO HE3ABUCUMBIE TTHKJ/IbI OMUCHIBAIOTCA KaK OPOUTHI JIEHCTBUS MUKJINYECKOW IPYIIIbI
<o >mna{l,...,n}, oTKyIa cleayer eIUHCTBEHHOCTh Pa3jiokeHns. [lepecTaHOBOYHOCTh HE3ABUCH-
MBIX IHKJIOB OYeBHIHA. D
Cuenylolee Ba;KHOE COOTHONICHUE MO3BOJISIET OACHIBATE KJIACCHL CONPAKCHHBIX 3JIEMEHTOB B IPYIIIE
S

Vr €S, ((iy,... ip)m t = (7(i1),...,7(ik)). (1)

Teopema 2. 'pynmna A, npu n > 3 NOpoxKaeHa MUKJIAMH JIAHBL 3.

« Jl100y10 moAacTaHoBKY u3 .S, MOXKHO pa3joKUTh B IpOW3BeJIeHMe TpaHcmosumuil. Yernas moj-
CTAHOBKA, pa3Jjaraercd B IMPOU3BEICHUE YE€THOTO YWCJd TPAHCIO3UIHN, TOITOMY AOCTATOTHO TPE/I-
CTaBUTh B BHUJIE NMPOU3BEJIEHHUS] TPOWHBIX ITUKJIOB IIPOW3BejaeHne JI00bIX JByX Tpancrnosumuii. Ho

(a,b)(b,c) = (a,b,c), (a,b)(c,d) = (a,b)(b,c)(b,c), (¢, d) = (a,b,c)(b,c,d).»

Onpepenenune 3. ['pynna G HasbiBaeTcss npocmot, €CJIu y Hee POBHO JBe HOPMAJIbHbBIE TTOATPYIIIIDL:

{e} u G.
Sameganue 1. KommyTaTuBHBIE TPOCTHIE IPYNIIBI — TO IUKJINIECKHE PPYIIIHI IPOCTOTO MOPSIIKA.

Teopema 3. Ilpu n > 5 rpynna A, gaBisgercs IpocToii.

<« llycte N < A, u N # {e}. Heobxomumo mokazath, ato N = A,.
st 3TOrO0 JI0KarkeM HECKOJIHLKO BCIIOMOIaTe/bHbIX YTBEPZKJICHUII.

Jlemma 1. Ecan xors 0661 0uH UK AAUHBL 3 npuaagaexutr N, to N = A,.
<« Ilycto (a,b,¢) € N. s 166X pazandubix x,y, z € {1,...,n} cymecrByer nojcranoBka m € Sy,

takas, 9ro m(a,b,c)m ! = (v,y,2) (7 = Z 2 o 2 ' )) Ecmu m € A, 10 (2,9,2) € N.
Unave Boibepem uncia u,v € {1,...,n}, ormmvnsie or z,y, z (n > 5!), u 3amenum 7 va 7’ = (u, v)7.

[osyuum 7' (a,b,c)r’™' = (u,v)m(a,b, )7 (u,v) = (u,v)(z,y,2)(u,v) = (x,y,2) € N. Tenepn
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NpUMeHsIeM TeopeMmy 2.»

Jlemma 2. Eciiu B N conepKUTCA [IOJCTAHOBKA, PA3/I0KeHHE KOTOPOH COAEP:KUT IMKJI JIJIMHBI He
Menee 4, to N = A,.

< Ilyerb N > o = (iy,...,ix)01, Ujie 01 — UPOU3BEJECHUE BCEX OCTAJbHBIX HE3ABUCUMBIX
UUKJIOB, BXOAAUMX B pasjioxenue o, u k > 4. Torma N > 0(iy,ie,i3)0 (i1, i0,43)"" =
(i1, ... ig)o1(i1, 02, d3)07 (i1, . . ., ix) " (i3, 2,41 ), W 0 COKpaTTaeTcs. SHATHT,

N> \(il, ce ,ik)(il, ig, ig)(ih ce ,Z'k)_lj(ig, 7:27 21) (:1) (’L.Q, ig, i4)(i3, ig, Zl) = (il, i4, 22) HpI/IMeHHGM JIEMMY
1. » e

Jlemma 3. Eciin B N comep:KuTes IMOICTAHOBKA, PA3JIOXKEHHe KOTOPOH CONECPKHUT JBa MUKJIA JJIAHBL
3, o N =A,.

<4 Ilycte N > o = (iy,is,13)(i4,05,96)01, e 01 — NPOU3BEJEHHE BCEX OCTAJbHBIX He3a-
BUCHMBIX TIUKJIOB, BXOJAAIUX B paszjioxkenue o. Torma N 3 o(iy,d9,04)0 (i1, 49,04) 0 =
(21,12723)(24,25716)(@1722,24)((11712723)(24,15716)) (24,12711) = (22723,25)(14,22721) (OHHTB COKpaTH/IH

-~

01). Beraucass nocseaee npoussenenne, moaydaeM N O (i1, 14, i3, i5,19). Ilpumensgem semmy 2.»

JIemMa 4. Ecin B N cOuepzKUTCS HOACTAHOBKA, PA3JI0KEHUEe KOTOPOI COACPAKUT LIPOU3BELCHUE JIBYX
HEe3aBUCUMBIX TpaHcnozunuii, to N = A,,.

<« Ilyetrb N > o = (iy,i2)(i3,14)01, TAe 07 — TPOM3BEJEHNE BCEX OCTAJBHBIX He3a-
BUCHMBIX IIUKJIOB, BXOAAUX B pasjioxenue o. Torma N 3 o(iy,d9,i4)0 (i1, d9,04) " =

£21,12)(23,24)(21,12,24)(21,22)(13,24)(24,22,@1) @ (i9,11,13)(i4,12,71) (OUSATH COKpATHIU 07). 3HAYHT,

7

-
N 3> (i1,14)(d2,43). Ho MOXKHO BBIODATH HATHIA JEMEHT 45, OTIUYIHBIA OT iy,1s,13,%4, TAK KaK

Ny N N e Nl g N o N N
n = 5. [lonyyaem: N > (12723,25)(21,14)(22,23)(22,13725) 1(21,14)(12&3) = (21,24)(23,15)(21724)(22,13) =

.

(i3,15)(i2,13) = (is,13,42) (cM. OKA3ATeTbCTEO TEOpEMBI 2).p

st 3aBeplieHns J0Ka3aTe/bCTBA TEOPEMbl OCTACTCA 3aMETUTh, 4TO JiIobasd YeTHasd HeTPpUBUAJbHASL
MOJICTAHOBKA YOBJIETBOPSAET YCJIOBHIO IO Kpaiineil mepe ofuoit u3 jgemm 1-4. JleiicTBuTe/bHO, €C/in
B ee Da3JIOKeHNH HeT “IJIMHHBIX" MUKJIOB (CM. JeMMy 2), U HeT JBYX IUKJOB JUIHHBI 3 (CM. JeMMy
3), T0 ocTaércst ubO OJMH MUKJT JTHHBL 3 (¢M. JtleMMy 1), Jn6o Mpou3BeieHHe YeTHOTO YHCJIa TPAHC-
MO3UINH, BO3MOXKHO YMHOXKeHHOe Ha IUKJI JIJINHBL 3, ¥ TOTJAa BBIIOJHEHO yCJIOBHE JieMMbl 4. b

Onpepnenenne 4. Cneyuasvhas opmozonasvhas epynna SO,(R) — 370 rpynma oproroHaJbHBIX
(AT = A™1) BemecTBeHHBIX MaTpUIL IIOPsIKA N C OlpejeaTe e 1.

Teopema 4. I'pymnma SO3(R) sBaseTcst mpocToii.

<« Ilycre N < SO3(R) u N # {E}. Tlokaxem, aro N coBnamaer co Bceii rpynnoii SO3(R).

I3BecTHO, 4TO 06O OPTOrOHAJIBHBIN OIEPATODP HA TPEXMEPHOM HPOCTPAHCTBE €CTh IIOBOPOT Ha
HEKOTODBIii yTOJI ¢ OTHOCHTEIHHO KAKOU-TO ocu (Iepexojist OT IPOU3BOJIBHOTO OBOPOTA K IPOTHBO-
TIOJIOZKHOMY, OYJIeM CYHTATh, YTO YTOJI JHOOOr0 MOBOPOTA MOJOKUTEIEH) U B HEKOTOPOM OPTOHOPMH-
POBAHHOM 0a3uce 3313eTCsi MaTpuIeii

1 0 0
A= |0 cosp —singp
0 singp cose

CutestoBaresibHo, ecyu noArpyia N COAEPKUT MOBOPOT HA, HEKOTOPBIHl YO/l OTHOCUTEJIHHO KAKOH-TO
OCH, OHa COJEPXKUT IMMOBOPOTHI HA TOT K€ YI'OJl OTHOCHTEIbHO J1t000# ocu. [Ipu 3TOoM MOXKHO BHIOpaATH
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marpury A € N ¢ ¢ # 0 (r.e. A # E). BosbMeMm npou3BOIbHYIO MaTPHILY

cos®y —siny 0
D=D(@)=[siny cosyp 0] € SO3(R).

0 0 1
Nnmeem
costY —cospsiny  sinesiny
DA = [sinyY cosgcosy —singcosy
0 sin ¢ cos
u
cosY  cossinty sinsinyY
DA™ = | —sine cospcosty singcosp
0 —sinp cos

Ho [D,A] = DAD™'A~! € N. Paccmorpum dbyHKIuIo

f(@) = tr[D(x), A] = (cos® 1 + cos psin® 1))+
(cos psin® ¢ + cos? ¢ cos? 1) + sin? ¢ cos ¥) + (sin? p cos ) + cos? @) =
cos? (1 — cos )? + 2 cos (1 — cos® ) + cos® o + 2 cos .

Buano, uro f(0) =3 u f(7/2) = cos® ¢ + 2 cos p < 3. Bnaunt, bynxuns f() npuHEMAET Bee 3HATE-
HUsI B HEKOTOPOM uHTepBase [3—e, 3|, rme € > 0. [TockoabKy kaxabiii oneparop [D(1)), A] Takxke ecTh
MOBOPOT HA HEKOTOPBIN yroa w = w(1)), a cjies MATPHUIbl OlepaTopa He 3aBUCHT OT BhIGOpa Oasuca,
nostydaeM, 4ro f(¢) = 1+ 2cosw, u npn usmenennun f(¢) or 3 10 3 — & yron w = arccos(3 — 1) /2
npuHEMaeT Bce 3HadeHust oT 0 10 HeKoTOporo § > (. 3HAaYWT, Bce TaKwe MOBOPOTHI (OTHOCHTENBHO
JIFOBOI1 OCH!) mpunage:kar N. Temepsb Bo3bMeM IPOH3BOIBHbI OBOPOT g € G HA YIOI a OTHO-
CHTEIHLHO MPOU3BOILHOI ocu. CyIMecTBYeT HATYPAJbHOE YHCIO N, JJist KOTOporo a/n < §. Ho Torma
IOBOPOT 1 OTHOCHTEJILHO TOM 2Ke OCH HA yroji a/n npunajjexkur N, a 3uadur, u g = gi' € N.»
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Jleknmusa 9. Ilormarume koJabma. AcconmmaTuBHBIE KOJIBIIA, MIPUMEPHbl KOMMYTATHUBHBIX U
HEKOMMYTAaTUBHBIX KoJeln. Uneanbl. PakToOp-KOJIbIO. Teopema o romoMopdu3mMe.

Onpepnenenne 1. Muoxectso (R, +, ) ¢ 1ByMs GUHAPHBIME OTIEPALUAME ( CAOHCEHUEM U YMHOIHCE-
HUeM) HA3BIBACTCS KOALUOM, €CTH BBHIIIOJHEHBI CIE/YIONHe AKCHOMBbI:

1. (R, +) — abenepa rpynna (addumusnasa epynna) Koibia R;

2.Va,b,ce R,a-(b+c)=a-b+a-cu(b+c)-a=b-a+c-a (qucTpndyTHBHOCTD CJIeBa U CIIPABA).
Ecnm cBepx TOro BHIOJHAETCS AKCHOMA

3.Va,b,c € Rya-(b-c)=(a-b)-c (acconuaTuBHOCTb YMHOKEHUS),

TO KOJIbIO R HA3BIBACTCS ACCOUUATMUSHBLM;

eCJI BBINIOJHEeHA aKCHOMA

4. 31 € R:Ya € R, 1-a=a-1=a (cymecrBoBanne HEATPATIHHOIO JIEMEHTA 110 YMHOKEHUIO), —
KOADUOM ¢ edunuyet;

eCJIM BBIIOJIHEHA AKCHOMA

5.Va,b € R,a-b=>b-a (KOMMYTaTUBHOCTb YMHOXKEHUs) —

KOMMYMAMUSHBIM KOJIHIOM.

Ormernm, 910 akcHoMbl 4 — 5 He3aBucHMbl. B TAHHOM Kypce, €CJau IIPpIMO He yKa3aHOo Hpo-
THUBHOE, CJI0BO “KOJIbI[0” 03HAYAET aCCONMATUBHOE KOJbIO € eauHuneil (He 06a3aTeIbHO
KOMMYTAaTUBHOE).

[Tpumepst: nostst Q, R, C, KoabIo 1ebIxX unces Z, kKoabio Fz] MHorownenos vaj moaem F (KoMmy-
TaTuBHbIE), KOJIbIO M, (F') KBajpaTHBIX MATPHIL MOPSIAKA N (HEKOMMYTATHBHOE).

Onpenenenne 2. [logmuoxkecTBo S Kosblia R Ha3bIBaeTCa nodkoAbU,oM, €CJTH OHO SIBJISETCS KOJIb-
IIOM OTHOCUTEJBHO OTepaIuii cJI0KeH!us U YMHOXKeHHs, olrpeie/IeHHbIX B K. Ecyim paccMaTpruBaioTcs
TOJILKO KOJIBIA C eJUHUICH, HAKIaIbIBaeTCs AOMOJHUTEIbHOE yeaoBue: 1 € S.

Onpenenenne 3. Iloarpynna I agiuTuBHONI TPYNIL KoJblla R HasbiBaeTcs udeasom, ecam Vo €
I.re R: xr el nrx el (obosnauenue I < R).

Onpenenenne 4. ITlycrs R — koubno u [ < R. @akrop-rpynna R/I (OTHOCHTENBHO CJAOXKEHMUs ),
¢ onepanueil yMHOKeHNsT cMexkHbIX KaaccoB (a + I)(b+ I) = ab+ I, HazpBaeTcs @akmop-koavuom
Kosbla R mo ugeasy I.

<« Koppekrnocrs! Ecmm @’ + I =a+Iub+1=b+1,T0d =a+xub =0b+y 11d HEKOTOPLIX
x,y € I. 3nauur, a'b = (a+z)(b+y)=ab+axb+ay+zy=db +1=ab+ 1. »
—_————

el

Onpepenenune 5. [lycts R, S — koabia. Orobpazxkenne f : R — S HazuIBaeTCst 20MOMOPHUMOM,
ecim Va,b € R: f(a+b) = f(a)+ f(b) u f(ab) = f(a)f(b). Ecam paccMaTpuBaOTCa TOJBKO KOJIBIIA
¢ eJIMHUIEH, HAKIAIBIBACTCS JonoaHuTe bHOe yeaosue: f(1g) = 1g. Tomomopdusm koser, siBsito-
muiicss GUeKTUBHBIM (B3aUMHO-OIHO3HAYHBIM) OTOOPAYKEHUEM, HAZBIBAECTCS USOMOPPHUIMOM
[Ipumep: kanonuweckud eomomoppusm ©: R — R/I nua I < R (w(r) =1+ 1).

Onpenenenune 6. [lycte [ : R — S — romomopdusm kostemn. Sdpom romopduszma f Ha3bIBaETCS
muoxectBo ker f = {r € R: f(r) = 0}.

3ameuanwue 1. Ilycts f: R — S — romomopdusm koser. Torma ker f <1 R. O6parho, ecan I < R,
to ker m = I. Tomomopdusm f : R — S asisercs nuzomopbusmom < kerf = {0} u f(R) = S.

Teopema 1 (Teopema o romomopdusme guaa kogen). Ilycrs f @ R — S — romomopdusm
kostent, ™ : R — R/ ker f — kanouuveckuii romomopcusm. Torga:
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1. CymecrByer ejuncrsennbiii romomopdusm f : R/ ker f — S, raxoit, uro fm = f (cM. guarpammy)

| A

R/ ker f

2. R/ker f = f(R).

3. CymecTByer B3auMHO-OIHO3HAYHOE COOTBeTCTBHE MeK 1y MHOKecTBamu L( f(R)) moaKoer KoabIia
f(R) u L(R, ker f) noxkosen koJbiia R, conepxkarmux ker f, coxpansoriee BKIOUeHUe (peuwemounuii
U30MOPPuU3M).

4. YKazaHHOEe COOTBETCTBHE COXPAHAET CBOMCTBO MOAKOJIBIA OBITH HICATIOM.

<« CMm. Teopemy 0 romoMopdusme A rpy. p

Teopema 2 (IlepBas Teopema 06 uzomopdusme g kosen). I[lycrb R — kombio, S < R u
I<R TormaINS<Su(S+1)/1=S/(SNI).

Onpenenenne 7. Diaement a € R nasviBaercsa obpamumvim, ecim Ja ! € R: aa ' = a ta = 1.

MHO)KGCTBO BCEX O6paTI/IMbIX JICMEHTOB KOJIbIA R ABJIAETCA prHHOIU/I OTHOCHUTEC/JIbHO YMHOXKEHUA
(MysvMUNAUKGMUBHAA 2PYNNG KoAbYG) 1 0003HAYaeTcs R*.

ameuanmue 2. Eciu uipean I koabna R cogepKuT obpaTuMbiil saement, o [ = R.

<4 Ecmaclna€ R, toVreR: r=rataclp»
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Jlekuusa 10. Ilonsa. Pacuimpenus noJeii. Teopema o 6amrae nodteii. Ilpucoenuuenne kopHd
MHOTO4JIeHa K 1oJifo. CBoiicTBO MHHUMAJBLHOCTH IIPOCTOTO ajrebpamdecKoro pacriupe-
HUd.

Onpenenenue 1. Tesom, ninm Koavyom ¢ deseruem HA3bIBAETCA ACCOTMATHBHOE KOJIBIO ¢ 1 # 0, B
KOTOPOM KazKIbIl HEHy/IeBOi 3eMeHT obOparuM. KOMMYyTaTHBHOE TEI0 HA3BIBAETCS NOAEM.
[Ipumepsr nosteit: Q, R, C.

3ameuanne 1. B nose mer nneanos, kpome Beero mosst u {0}

Onpenenenune 2. Ecim F u E — noas, npudeMm F — moakoablo B £, 1o F' HazbIBaeTcs nodnosem
nonst B, a B — pacwupenuem nons F.

Eciu E — pacmupenue nong F', To F MOXKHO paccMaTpuBaTh Kak JUHEHHOE TPOCTPAHCTBO HaJ F
(KOHEYHOMEPHOEe U HECKOHETHOMEDHOE ).

Onpepnenenne 3. Pasmepnocts dimp £/ HasbiBaercss CcmMenexvlo pacliupeHus U 0DO3HAYAeTCs
[E : F|. Ecm [E : F] < 00, T0 E Ha3biBaeTCa KOHEIHBIM DACITHperneM mossa F.

Ompenenernne 4. IlocnemoBarenbuocth pacmupennit F' = FEy < By < ... < E, = F naswiBaercs
bawretds ToJIed.

Teopema 1 (o Gamne moseii). ITycrs B Gamue noneit F = Ey < By < ... < E, = F xaxjoe
pacimupenue F; nonst F;_y — xoneunoe, ¢ = 1,...,n. Torna F — Konednoe paciiupenue mnojst F' u
[E . F] = [El . E()HEQ . El] Ce [En . En—l} (1)

< dcHo, uTO gocTaTOYHO JoKazaTh (1) ayst n = 2 W BOCHOJIB30BAThC MHAyKIHed mo n. VTax,

pacemorpuM bamraio F < By < E. llyers ey, ... e, — 6asuc By nan F, fi,..., f,, — 06a3uc E Hax
E;. Iokaxem, ato B = {fie; : i =1,...,m, j = 1,...n} — basuc E nax F. JleiicrBuTe/bHO,
nyctb a € FE. Torma cymecrByior \q,...,\, € Ei, takue, 910 a = A f1 + ... + A\ fm. Haiee,
3almunieM \; = fi1€1+...+ finen, ¢ = 1,...,n, u;; € I. llogcrap/isga u packpabasi CKOOKH, I10JIy9UM

a = Z” i jfie;, T. e. B — cucrema obpasyiomux JimHeltHoro npocrpancrsa E nan F. IIposepum
JIMHERHYIO He3aBUCUMOCTh cucTeMbl B. /lomyctum, 910 Z” ,umfzej =0, p;; € F. llepenumem 310

cootHomenne B une » (>, fiij¢;)fi = 0. Torma npn mobom i@ = 1,...,m, >, pije; € Ey, sHaunr,
u3 JIMHEHHON He3aBucuMoCTu fi, ..., f, Ham Fy, caexyer, 910 Zj = lL; j€j = 0. A yxe w3 nuHeiiHOM
HE3aBUCUMOCTH €1, . . . , €, CHCIYeT, 9To fi;; = 0 npu Bcex j = 1,...,n.»

Teopema 2 (o mpucoeguHeHHMU KOPHA MHOTO4YJI€HA K mouo). Ilycre F — mose, f(x) —
MHOTOYJIEH MOJOKHUTEIbHON cTenenn ¢ Koagdunuentamu u3 F. Torma cymectByer paciupenue F
nouist F') comeprkaiiee HEKOTOPHIHi KopeHb MHOTOUWIeHA f ().

IIpumep: C — pacmupenue nosd R, B KOTOpOM MHOrOYIeH x2 + 1 MMeeT KOpeHb.

<« OueBuano, 910 ecau MHOTOWIEH f(r) pa3iaraercs Ha MHOKHUTETH MOJOXKUTEJIHHONU CTemeHd,
TO JIOCTATOYHO IIOCTPOMTH PACHIMPEHUE, B KOTOPOM XOTs Obl OJUH U3 3THX MHOXKHUTEJEH mmes Obl
KopeHb. [Tosromy Oyjem cuntath f(x) HeIpUBOAUMBIM MHOTOUYTEHOM. Paccmorpum umean [ = (f) =
f(z)F[z] xombna Fz], cocrostmuit n3 muorowrenos, kparusix f(z). Ilycrs m @ Flz| — Flz]/I = E
— kaHoHuveckuit romomopdusm. [Tockonbky F < F[z]| (37€eMeHThl M0JIsi — KOHCTAHTHI), ¥ HU OJIHA
HeHyJIeBasi KOHCTAHTA He JIeXKuT B [, orpanmdenne m Ha F' 3amaer m3zomopdusm mexiay F u w(F).
Mbri oroxectBum vjiementbl @ € Fu w(a) = a+1 € E, rakum 00pazom, Oyjuem cuurars, yro F < E.
[Iycrs E' > g(x)+ 1 # 0. Do o3nagaer, 4o g(z) He neaurcs Ha f(x), HO f(x) HEIPUBOAMM, TOITOMY
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(f(x),g(z)) = 1 u cymecrytor MmHOrOWwIeHb! u(2z) u v(x), mias koropbix u(z)f(z) +v(zx)g(x) = 1. Ho
rorya v(z)g(z) =1 —u(z)f(x) € 1 + I, snauur v(z) + I = (g(x) + 1)~ B E. Crenosarensno, £ —
noJie, u £ — pacmmpenne F. Ilonoxum o = 7(z) € E. Ecomm f(z) = ag + a1z + . .. + a,2™, 10

flo) =ap+arm(z) + ...+ a,m(z)" =7(ap + iz + ... + a,2") = 7(f(z)) =0, Tax kak f(z) € I. »

Onpepnenenne 5. Pacmupenne E = Fx]/(f), tae f(x) — HeupuBoauMbIii MHOIOYJICH, HA3BIBACTCS
npocmuim anszebpauseckum pacwuperuem noias F. Obosnavenme F = F(«), tne o = o + (f) —
kopensb f(z) B E.

Bameuanue 2. Eciun E = F(«), rjie o — KOpeHb HENPUBOAUMOTO MHOroWwIeHa f(z), o [E : F] =
deg f ().

< Eciu deg f(z) =n, 10 1,0, ..., a" ! obpasytor 6azuc E najn F. D10 BHITEKAET U3 TOTO, 4TO J11060ii
muOrowieH g(x) € F|x] moxkno 3amucars B Buze g(x) = f(x)q(z)+r(x), tae degr(z) < n, u o1 oauH
MHOTOUJICH CTEMEeHH MEeHbIe n He geaurced va f(z). »

Teopema 3 (0 MHUHUMAJBHOCTH MPOCTOTO ajrebpamyeckoro pacmmpenusi). Ilycts ¢ :
F — L — romomopdusm noist F' B nome L, f(x) — nenpuBogumblii MHOTOUYIEeH Hajg F u
E = F[z]/(f) — coorBercrByiommee npocroe anrebpandeckoe pacmupenue. i g060ro MHOTOMIEHA
g(x) = bo+bix+. .. +byx™ nonoxum g% (x) = p(bo)+(b1)z+...+¢(by)x™ € L[x]. Ecau maOorowIen
f#(x) mmeer kopenb B L, T0 cymecTByer npojoskenue ¢ @ £ — L romomopduzma ¢ Ha mose E.

< Ilycrb o — xopenb f(x) B E, a f — kopenb muorowiena f?(z) B L, upuuem deg f(x) = n.
Ucnonp3yem npenbiyiinee 3aMedanie W IpoBepuM, 910 orobpakenne P(ag + aja. .. + a,—ja™ ') =
o(ag) + ¢(a1) + ... + @(an,_1)B"" (tme ag,...,a, 1 — NPOU3BOILHBIE 3JEMEHTH MO F) — T0-
momopdusM. Jlocrarouno samerutsb, yro @(af) = B* upu Beex k > 0. [lesnenue ¢ ocTaTKoM Jaér
zF = f(x)q(x) + r(z), rae degr(x) < n (cayuaii r(z) = 0 TpuBHATeH, TOCKOJIBKY Torfa f(r) =z u
E = F). Cneposarensno, (z%)9 = f¢(x)a?(x) + r¢(z). Umeem of = r(a) u g8 = r?(B) = ¢(ak).»
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Jleknusa 11. Tlosie pa3znokeHuda MHOrowieHa. EAMHCTBEHHOCTH TOJIA PAa3J0XKEHUA MHO-
rodjieHa ¢ TOYHOCTBhIO N0 m3oMopdm3ama. Xapakrepuctuka mnonas. [lopgaagok koHedHOTO
nojga. CyliecTBOBaHUE U €AUNHCTBEHHOCTD I10Jid 33/[AHHOT'O IIPUMAaPHOTrOo nopsaaka. Teope-
Ma O CTPOEHUN MYJbTUILINKATUBHON I'PYNNbl KOHEYHOTO moJid. I'pynma aBromopdu3mMoB
KOHEYHOI'0 MOJId.

Ompenenenne 1. Pacmupenne F monst F' HAa3bIBAETCS NOAEM PA3AOHCEHUS MHOTOUJIEHA TTOJTOZKH-
tesibHOI crenenn f(x) € Fx], ecin f(z) pasiaraercs Ha JuHeiiHble MHOXKATe N Haj [, npudem F
— HamMeHblIee noanose B F, cogepxaiiee F' u Bee kKopuu f(x).

[ocTpoenne mosist pasioxKenust: pasaaraeM f(r) Ha HEIPUBOIUMbIE MHOKHUTETH. EcTi Bce HENpUBO-
JIIMbIe MHOYKUTEN JuHelHbe, To F — mose pasnoxenns f(x). Ecan nMeoTess MHOKATEN CTEMeHNT
6osbie 1, npucoeanHsieM KOPeHb OIHOIO W3 HUX W MOBTOPsieM IIPOIECC, MOKA He JOIAeM 10 MOJIs
PA3JTOZKEHUSI.

Teopema 1 (0 MUHIMAJIBLHOCTH IIOJIS pa3joXkeHusi). [lycts ¢ : F' — L — romomMopdusm moJist
F B none L, f(x) — npou3BOJIBHBINA MHOTOUWIEH TIOJOKATEIBHOM cTenenn Hay F' u F — moje pasJio-
keuust muorowiena f(z). Ecan muorowren f¥(z) pasnaraercst Ha JuHefHbIe MHOKHUTETH HAaT L, TO
cyliecTByer npojokenue ¢ @ E — L romomopdusma ¢ na nose E.

« IlocTpoum mpojokenue @, mocjie0BaTe/bHo ucnoab3ysd reopemy 10.3. Ecin Bce nenpuBoumbie
muoKuTesn f(x) quneitasl, 10 E = F u ¢ = . BeibepeM HENPUBOAUMBIH MHOKUTEIb HOJIOKUTEb-
Hoit crerrenu p(x) muorownena f(x). feno, aro p(x) uMeer Kopenb, CKaxeM, oy, B E, 3Ha4uT, mo teo-
peme 10.3, umeerca noganone £y < E, uzomopduoe Flz|/(p). Ho f(z) = p(z)g(x), f? = p¥(x)g*(x)
u MHOrO4IeH p?(x) numeer Koperb B L. ITo Teopeme 1, cymiecTByer npono/izKenue @) roMmoMopdusma
¢ Ha Ey. lanee paznoxum f(x) mvan Ey: f(x) = (z —aq) fi(x), e deg fi1(z) < deg f(z). [Ipumennm
Te ke mocrpoenus K fi(z) € Eyf[z] u T.a. »

Teopema 2 (0 €IMHCTBEHHOCTH TOJs Pa3jioXkKeHus). llose pazjioxkenus MHorouwieHa f(z) €
Flz] enuacrBenso B ToM cmbicie, 410 ecau Ey, FEy — nBa 1Hosisi pa3/iokeHusi, TO CYHIECTBYET H30-
Mopdusm ¢ @ By — Es, ToxkjaecrBennbiii na F.

<« llpumenuM mpeabIIyITyIO0 TeOpeMy K TOXK/IeCTBeHHOMY BioxkeHuto [ B Ej. lloayuum romomop-
dbusm ¢ : By — E,, toxnecrBenusiit na F. [lockoabky f(x) pasmaraercs ua JuHeifiHbIe MHOKHUTETH
uaja Fy, on pazmaraercsa Ha JuHelinbie MHOKuUTe N HAM ) (F) ), mosromy ¥ (FE)) conep:KuT Bce KOpHH
muorowiena f(z) B Ey U 110 OnpeneseHuio moJisi pa3iokeHus coBnaiaer ¢ Fy.p»

Onpepenenne 2. Xapaxmepucmukot noas [ HazbiBaeTcs NOPsJIOK d1eMenTa 1 B a/IIMTUBHON TPyTI-
ne (F,+), ecaim 9TOT MOPSAI0K KoHedeH, n ducyo 0, ecan 1 — semMeHT GeckoHedHOro mopsaka. O60-
snadenue: char F.

[Tpumep: char Q = char R = char C = 0.

Teopema 3. Ecau F' — noJsie u p = char F' > 0, 10 p — 1npocToe 9ucjio.
<« llo onpepesiennto, p -1 = 0. Ecom p = ab, rie a < p u b < p, TO 1O OLpPEJICJICHAIO TOPIKA

saemenTa rpynnsl, a - 1 # 0. Ho torma b-1 = (a- 1) a-1)(b-1) = (a-1)"(p-1) = 0, u pl|b,
OpoTUBOpEYne. p

Sameganume 1. 3jech Mbl BIEpBbE HCIOIB30BAIN TO, YTO B Teje (B YaCTHOCTH, B MOJE)
uer jiesiresieit nyss: ecaun ab =0, To a = 0 nau b = 0.
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Teopema 4. Ilycrs p — mpocroe qucsio (o konma jekiun). Torga Koabuo Boraetos Z, = Z/pZ —
noJe.

<« Ecmmpin, 10 (p,n)=1=Ju,veZ: up+vn=1= [v|[n] =[1] B Z,.»

Teopema 5. Ilose F' xapakrepucruku p > 0 cogepzxur noguose Fy, uzomopduoe Z, (ero Ha3pBaior
npocmoilm nodnosem B F).

< Fy=<1>Brpymne (F,+).»

Teopema 6 (0 4mciie 3;1eMEHTOB KOHEYHOro moJis). llycts F' — mose n3 g < 00 9J€MEHTOB.
Torpna ¢ = p™, rae p = char F' — nupocroe uucjao, un > 1.

<« Tlose F' — KoOHEYHOMEDHOE JIMHEHHOe TIPOCTPAHCTBO HaJl MpocThiM noanosem Fy. Tlycrs [F @ Fy| =
n. Torpa |F| = |F}'| = p".»

Teopema 7 (0 cymiecTBOBaHWU U €JUHCTBEHHOCTHU TOJIsE 33JAHHOTO MPUMAaPHOIO MOPS/I-
ka). Ilycrs p — npocroe uncio, n > 1 u ¢ = p". Toraa cymecTByer eIMHCTBEHHOE ¢ TOYHOCTBIO /10
n3zomopdusma nose F rakoe, uro |F| = q. Tounee, none F' nu30MOpdHO MO0 PA3I0KEHHS] MHOTO-
qrena ¢ — x Han Zj.

<

Jlemma. Ecaun F' — mose xapaktepuctuku p > 0, To orobpazkenue o : ' — F| onpeneneHHoe 1o
upasuiy o(a) = a? Va € F. ssiagercs romomopdusmom. B ciyuae KoHeuHoro mosst F' romomopdusm
0 ABJASIETCS W30MOPMU3IMOM U HA3BIBAETCS asmomopduamom Ppoberuyca.

< Ouesnunno, uro (1) = 17 = 1 u o(ab) = (ab)? = aPb? = o(a)o(b) Va,b € F. Banumem (a +

p—1
p —iyi .
b)Y =a? + E ( al”'b" + bP. Ilpocroit MHOXKUTEIb P HE BXOJAUT B PA3JIOKEHHE 3HAMEHATE/IsI IpOOU
i
i=1

(p) = 'L Bnauur, p | (p) , U (p) a?”'b' =0upui=1,...,p—1. Urak, o(a+b) = o(a)+o(b),
i il(p —1)! i i

3Ha4HT, 0 — romomopdusm. Ecim |F| < oo, To u3 |o(F)| = |F| cnenyer, uro o(F) = F, 1.e. 0 —
aBroMopdusm.p

[Iycts F' — mpomsBosbHOE TOJe W3 ¢ = p' 3jeMeHTOB. 3amerum, ato eciau a = 0, 10 a? — a =

0—0 = 0. Ecim xxe a € F*, 10 9! = 1 no reopeme Jlarpanxa, tak kak |F*| = ¢ — 1. ITycrs
tereps F — noste passoxenust Muorowiena f(z) = x?— x. 3ameruM, 9T0 (bopMaTbHAs TPOU3BOTHAST
f'(z) = (p")x?7 ' — 1 = —1 ne umeer Kopueil B £, nosromy muorowten f(r) me mmeer B F KpaTHBIX

KOpHeii. 3uauut, 4uc/i0 Kopaeit Muorowiena f(x) B £ paBuo ¢. C HOMOIIBIO JIOKA3AHHON BbIILE JIEMMbI
JIETKO IIPOBEPUTH, 9TO MHOXKECTBO KopHeil f(x) — moamose B E. D10 HOALOIE COACPKUT Z),, TAK KaK
a? = a ars 00010 a € 7Z,, 10 JOKA3aHHOMY BBIIIE. JHAYUT, O OHPeJeJeHUIO IO Pa3/I0KeHN ],
E cosmnamaer ¢ muOXKecTBOM KOpHeil f(z), Te. |E| = ¢q. 3omopdusm noneit F' u E ciaenyer u3
TeopeMHL 3.p

ITose u3 g smementoB obo3naudaerca F, nm GF(q).

Teopema 8 (0 cTpoeHHE MYJIBTHUIIINKATUBHON IPYHIBbl KOHEYHOro moJd). Ecim F — ko-
HEYHOe 1ojie, TO F* — nmukjmyeckasa rpyIia.

« F* — KoHeuHag abeJieBa IpylIia, modromy F* = Zpkl P.. .@Zpks, rae pi, ..., Ps — IPOCTHIE YUCJIA.
1 S

dcno, aro |F*| = pMph2 . phs. Ecam, cxamem, py = po, u ki < ky, 10 @ = 1 151 mo6oro a € F* u
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m = pSQ ...pe < q—1. Vapimu ciioBamu, MEOro41eH 2" — 1 umeer 6osee m KOPHe, YT0 HEBO3MOKHO.
3HaunT, BCe MPOCTHIE TUCTA D1, ..., Ds PASTUIHBI, U YTBEPXKICHUE CAEAYET U3 KUTAWCKOH TeOopeMbl
06 ocratkax (Teopema 4.2).»

[Tox0oKUMH paccyzKIeHUIMA MOXKHO JTIOKA3aTh CJIEIYIOMUHA (PaKT:

Teopema 9. Ecm F = GF(q), u ¢ = p", p — mpoctoe, T0 rpymnmna aBroMopbu3MoB moias F —
HUKJIMYeCKas I'PyIiia HopsjKa n, HopoxK/iénHas apromopdusmom @pobenuyca o.

< (Dakynvrarusno) CHavana 3aMeTHUM, 4TO aBTOMODMU3MbI 00 gt

, 814G, ..., 8ig pa3audHbl (ecau
k= ol 0<k<lI F— P gt

o =o', rne 0 < k <[ < n, To BCe 3JIEMEHTHI TOJIsI KOPDHH MHOTOYJIEHA T aP", creneHb

Koroporo menbiie ¢). C apyroii croponst, a? = a ajst aw06oro a € F, T.e. 0" — TOXKJIECTBEHHBIH aB-

romopdusm. Ocranock 3ameruth, uto F' = GF(p)(«), rme o — KopeHb HEKOTOPOTO HEIPUBOIUMOTO

muorowrena f(z) crenenn n Hag GF(p), u soboii aBromopdusm nossi F' 0JHO3HATHO OIIpeessieTcst

06pa3oM «, KOTOPBIi TakzKe J0J7KeH ObITh KopHeM f (). 3HaunT, 4nciao aBToMopdu3MOoB He 0OJIbITe

n. p»
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Jlekusa 12. AnreOpsl Hag nojsieM. Aarebpamdeckue 3j71eMeHThI. KoHeuHOMepHBIE aareb-
pbl ¢ gesenueMm Haj nojieM C. KomMmyTaTuBHBIE KOHEYHOMEPHBIE AJTEOPHI C A€JI€HUEM
Hag nojieM R. Teso KBaTepHHOHOB, €ro 0a3uc, CTPYKTypPHbIe KOHCTAaHTbI. Teopema Ppo-
6enunyca.

Omnpeaenenne 1. Anzebpoti naj nosiem F Ha3biBaeTCst KOJIbIO A, KOTOPOE OJHOBPEMEHHO SBJISETCS
JIMHEHHBIM ITPOCTPAHCTBOM HaJ| F', mpuydeM oneparuu CJI0KeHHs KOJIbIa U TPOCTPAHCTBA COBIAIAIOT,
a omepannuu YMHOXKEHUS YAOBJIETBOPAIOT COOTHOIIEHUIO

Va,be A, A€ F: (Aa)b= a(\b) = \(ab). (1)

Asrebpa, sIBJISIONASICS TEJIOM, HA3BIBACTCS .42e0p0li ¢ JeAeHUEM.
Bce paccmarpuBaemble HU>Ke B 39TOi JieKIIUU ajrebpbl — accoOIMaTUBHBIE aJaTeOphl C
enquannei. OToXKIeCTBUM KaxKplil 37eMeHT A € F' ¢ sjmemerTom A - 1 € A, T.e. OyeM CIUTATH, ITO
F <A

[Ipumepst anre6p way noaem F: Flx], M, (F), moboe pacmupenne E nonst F.

Onpenenenune 2. [Iycts A — anrebpa mazg monem F. DaeMenT a € A Ha3BIBAETCS A.42e0PAUMECKUM,
eCJIM CYIIeCTBYeT HeHyeBoit Muorowien f(x) € Fx], Takoii, uro f(a) = 0. MHOrowen HanmeHbIeii
CTeNeHN ¢ TAKUM CBOHCTBOM (JIJ1sT ONMpPeIeIEHHOCTH MOYKHO CUUTATH, 9TO ero crapiiuii koaddunmnent
paBeH 1) HA3BIBACTCH MUHUMAALHOM MHOZ0UAEHOM SJIEMEHTA @ U 0003HAYAETCs [i, (). (BCOMHEAM
KypPC JIUHEHHO aareGphi)

Teopema 1. Eciu A — anrebpa c jgejenuem, u a — ajredpandeckuii sjiement ajaredpbt A, 10 fi, ()
- HerI/IBO,ZLI/IMbIﬁ MHOT'OYJI€H.

<« llpeanonoxum nporusnoe. Ilycrs p,(x) = f(z)g(x) ndeg f(z) < deg pq(z), deg g(x) < deg ().
Torna u = f(a) # 0, HO ug(a) = 0 = g(a) = 0 — nmporuBOpeyne.»

Onpenenenne 3. Airebpa A Ha3bIiBaeTcst a42ebpaureckoli, €CIu KaxKablii €€ sjeMeHT — aJjredpa-
WYCCKUI.

Ilpennoxkenue 1. Jliobasg koHedHoMepHasd ajarebpa dBISeTCs aJredpanvecKoi.

< Ecmn dimp(A) = n < 0o, TO 17151 1106010 @ 37eMeHTH 1, a, ... a" THHeHHO 3aBUCHMBL. P

Ilpenjyioxkenne 2. MHOXKECTBO BCeX ajiredOpamvecKux 3JIEMEHTOB HPOM3BOJILHON aJredpbl AB/ILeTCs
eé mojaredpoii.

<« /TocTaTovuHo 10Ka3aTh, 9TO CyMMa U IIPOU3BEIEHUE IBYX aarebpandecKuX 3J1eMeHTOB a, b anrebpa-
udeckoii ajnreGpol A apjistiores ajirebpanveckumu sjiementamu. Pacemorpum Fla, b = ({a't? 14,7 >
0}) — nuneitHy0 060JI09KY YKa3aHHONO MHOKecTBa Hal F. Jlerko Buierh, 4T0 B CHIIy KOMMYTATHB-
Hoctu Fla,b] aeagerca nomanrebpoit B A. Ho ecom deg p,(x) = n u deg uy(z) = m, o misa aroboro
i > 0 nmeem geaenne ¢ ocratkoM z° = p,(z)q(x) + r(z), orkyma a' = 0 - ¢(a) + r(a) = r(a), Te. a’ —
NMMHeiiHAg KOMOMHAIMS 9JIeMeHTOB 1, a, . ..,a" ', Anagorudno, i/ — nuHeliHag KOMOMHAIIUS SJeMEH-
ToB 1,b,...,b™ ! u nuueiinoe mpocrpancTBo Fla,b] mopoxmeno mn saementamu. CrenoBaTebHO
dimp Fla,b] < mn < oo, 3maudut, airebpa Fa,b| sBasiercs aarebpamdeckoii, 10 npeaiokeHuio 1.
dcHo, uto ab n a + b npunasexar aarebpe Fla, b].»
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ITpenanoxkenue 3. Muoxecrso anrebpandeckux zHax Q snementon mosst C saBisiercs aaredpandeckn
3aMKHYTBIM MOJIeM (OHO HA3BIBAETCS NOAEM (A2e0paUYecKuT wuces W 0b03HaUIaeTcs depe3 A).

< Hajyio jiokasarh, 9ro Ji06oii MHOIOWIEH MOJIOKUTeTbHOU cTenenn f(x) € Alx] mmeer xKopeHb B
A. Ho eciu f(x) = apz™ + ... + ag, To nosie E = Qlay, . . ., a,] sBAsieTcss KOHEIHOMEPHO# aIre6Gpoit
naa Q (amasormdano jokaszarenberBy npempioxenus 2). Ecan z € C — kopenb mHorodwstena f(x) (ou
cymiecTByer B cuity Toro, uro nose C anrebpandeckn 3amrHyTo), T0 dimpg(FE(2)) < co. TTo Teopeme
o Gamme noseit, [E(z) : Q] = [E : Q][E(2) : E] < 0o, n no nperoxennio 1 z anrebpanden mag Q,
T.e. 2 € Ap

Teopema 2. Jliobas koneunomepHas aaredpa c genenuem uHaa C mzomopdpua C.

« Ilycts A — ykazannas anredopa. Hempusomgumbre muorodsnensr Hat C umeror crenens 1, mosromy
JUTs TI060r0 ssieMenTa a € A MoxkHO 3amucarh fi,(x) = x — X\, tae A € C. Umeem 0 = pq(a) = a = A
Taxum obpasom, A = C.»

Teopema 3. Jliobas koMMyTaTHUBHAsE KOHEYHOMepHasd aJjredpa ¢ jejienueM Ha1 R uzomopdHa Jindo
R, aubo C.

< Ilycte A — ykasamnas anrebpa, a € A. Ecau degp,(z) = 1, 10, Kak moka3aso Bbime, a € R.
Homycrnm, uto a € A\ R. Torna p.(z) = 2° + ax + 3, npuuem o? — 43 < 0. BoiaeageM mOHBII
kBagpat: 12+ ax + 3 = (v + a/2)? + f — a?/4. Tlonoxkum v = /f —a2/4 € R, i = (a + a/2)/7.
Torna C = R + Ri — nopaarebpa B A. TTockosibky anrebpa A kommyTaTuBHa, BeioHsiercs (1) aist
qmoboro A € C. Urak, A — xoneunomepnast aiarebpa ¢ genennem uHaja C, suaunt, A = C. »

Onpepenenne 4. Anzebpoti KeamepHuoros Ha3blBaeTCda YeTbipexMepHad aareopa H vag R ¢ 6aszucom
1,7, 7, k, 371eMeHTBI KOTOPOTO YAOBIECTBOPAIOT COOTHOIIECHUSIM

Ji=—k, kj = —i, ik =—j (2)

Accormuarusaocth aaredpsr H u o, uro H ecth anrebpa ¢ mejieHmeM, MOKHO IIPOBEPUTH HEIOCPE]I-
CTBEHHO, a MOXKHO yKa3aTh CJIeAYIOIee MaTpudHoe mpejcrapiaenne aareopsl H. Paccemorpum muO-

zZ W
KecTBO ‘H MaTpwHIl BUIA __ _ |, rme z,w — MpOU3BOJIbHBIE KOMILIEKCHBIE YHCJIA. JIeTKO BUIETD,
W Z

uro H — anrebpa nax R (Ho we mag C!), u eciu A = _Zw ;U # 0,10 det A = 2> + [w|*> > 0
1 — .
I/IA_lz—i v € H. B H umeercsa 6a3zuc E, [ = ! O. , J = 01 , K =
2P + JwP \@ 2 0 —i ~1 0
(; 8 . Jlerko mpoepsitorcst cootHotennst mexay I, J, K, ananoruansie (2). Snaunt, H = H, n H

— acconuaTuBHas aJjrebpa c jgeiaenneM Haj R.

Teopema 4 (Teopema PpoGenmyca). Jliobas KOHEYHOMEPHAsST HEKOMMYTATUBHAs airebpa ¢ Jie-
neaneM Han R msomopdnua H.

<« Ilycts A — anrebpa ¢ ykasanubiMu cBoiicTBamu. Kak JokazaTeabcTBe TeopeMbl 3, HajijgeM 3Jie-
MeHT i € A, ynosaersopsionuii yeaosuio 12 = —1. Torma C = R + Ri — moganrebpa B A, u A
MOXKHO paccMaTpuBaTh Kak BekTopHOe mpocTparcTBo Hag C. Pacemorpum C-mHelHBIH omepaTop
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na A: A(a) = ai Ya € A. Jlerko Bugers, uro A(l) = 1i = il, 3maunt, 1 — coOGCTBEHHBIH Bek-
Top oneparopa A ¢ cobcreennbiM 3nadenueM i. Janee, A%(a) = ai? = —a, 3Ha4UT, MUHAMAJILHBII
MHOTOUYIeH omeparopa A geant muorodwsen x2 + 1. [osToMy MHHIMAILHBIH MHOTOWIEH ONEPATOPA
A He mMeeT KpaTHBIX KOpPHei, ero MaTpulla B HEKOTOPOM Oa3hce JHMaroHaJbHa, W JUHEeHHOe Ipo-
crpancTBO A mpejcrasiasercsa B Buie mpsmoit cymmbsl A = Ay @ A, tne Ay = {a: A(a) = ia},

A_={a: A(a) = —ia}. 3amerum, uto a € A, & ai =ia, ai = ia = a i =ia"' = a”' € Ay,
a,be Ay = abi = aib = iab = ab € A .. Tlonygaem, aro A, — KOHeUYHOMEPHAsI aaredpa C AeIeHHeM
a1 C, 3uagnTt, mo reopeme 2, A, = C. Ectm A_ =0, o A = A, = C — kommyTaTuBHas aarebpa,

YTO MPOTHBOPEUYUT YCJIOBUIO. SHAUUT, CYNIECTBYET HEHYJIeBOH syemenT b € A_. 3ameTum, 410 0TOO-
paxkenne B : A_ — A, 3anannoe ymMHOKeHHeM crpasa Ha b (T.e. B(a) = ab) nepesomur A_ B A, u
uMeer HyJieBoe sipo: abi = —aib = —(—iab) = iab upu a € A_. Iosromy dimc A_ = 1. B wacruocru,
V¥ € Ay = C, re. V> = a+ Bi, a,8 € R. Ho Torma b*b = ab + Bib, bb* = b(a + (i) = ab — Bib.
[Tockoabky b2b = bb?, momyuaem 8 = 0. IIpu atom o < 0, WHAYE MOIYININ OB HEBO3MOYKHOE PABEH-
ctBo (b — /a)(b+ /a) = 0. 3aaunt, nonarast j = b//—q, moIy9IaeM SJEMEHT j, YAOBJIETBOPSIONIH
yeaopuam j2 = —1 u ij = —ji. Honoxkum k = ij. Ocranbubie cooTHOMEHUA (2) TPOBEPAIOTCA C
UCHOJIL30BAHMEM y2Ke 110J1ydeHHbIX, Haupumep: k? = ijij = i(—ij)j = —i*j% = —1 (ue 3a0biBaeM 0
nekommyrarusrocTu!). Tlockonpky 1, j — 6a3uc A nag C, 1,4, j, k — 6a3uc A nax R.»
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Jlexkuusga 13. Ilpencrasienuns rpynn. [Ipumepsl. DKBUBaAJIEeHTHOCTH IPEACTABJIEHUI, YCJIO-
BIl€ 9KBUBAJIEHTHOCTHN Mpe/CTaBJieHUii B MaTpu4Hoii 3anucu. IlognpencraBnenuss m nH-
BapUMAaHTHBIE IIOAIPOCTPAHCTBA, NPAMbIE CyMMbI npeacrasieHuii. Henpusogumseie mpea-
craBjaeHus. Brosgne mpuBoamMblie Ipe/craBiaenus. Teopema Marrke.

Onpenenenne 1. [lycrs G — rpynna, F' — noste, V' — nuHeiinoe mpocrpancTso Han F. I[Ipedcmas-
Aenuem Tpynmbl G B TPOCTpPAHCTBe V' HA3BIBAETCS MPOU3BOJIbHBI roMoMopdusm p @ G — GL(V)
rpynnsl G B rpynny o6paTUMbIX JIMHEHHBIX OMEpPaTopoB Ha mpocTtpancTse V. Pasmeprocmuvio npes-
CTaBJIEHWS ) HA3BIBAETCS Pa3MEPHOCTH COOTBETCTBYOMIEro npocrpancTrea V. Obo3nadenne: dim p.
[Tpumepsr: ToxaecrBernoe orobpazkerue GL(V') wau mo60ii ee moarpynmst B GL(V'), MoHOMuabHOE
npejcrapienne S, (omeparop p(o) 3anaercs Ha 6asuce eq, ..., e, Tak: p(o)(€;) = eq()).

Ounpepenenne 2. Tomomopdusmom mupeicrasienus p, : G — GL(V)) B npencrasienue py : G —
GL(V;) nasviBaercs smneiinoe orobpazkenue f : V) — Vs, yaoBiaeTBopsioniee yCI0BHIO

Vge G: fpi(g) = p29)f. (1)

O6osznauenue f: p; — po.

Onpenenenune 3. Hzomoppusm upepcraBieHuii — romoMopdusM, 3a1aHHbIH T30MOPPU3MOM COOT-
BECTBYIONIMX JUHEHHBIX TPOCTPAHCTB. 30MOpdHbIe TPECTABICHNS HA3BIBAIOT TAKKE IKEUGCAACHM-
HBLMU.

B caydae npencraBienus pazmeproct n < oo uMeercsa uzomopdusm GL(V) = GL(n, F), nosromy
peICTaBIeHTe MOYKHO PACCMATPUBATH KaK TOMOMOPhU3M Tpynnbl G B IPYNIy 0OPATHMBIX MATPHII
GL(n, F') nopsiiga n (Marpuanas (popMa mpeJICTaBIeHus ).

Teopema 1 (ycioBue 3KBUBAJEHTHOCTH MPEACTABJICHUN B MaTpudHOl (popme). IIpencras-
aenust py - G — GL(n, F) u py : G — GL(n, F') 5KBUBAJEHTHBI <> CYIIECTBYeT 00pATHMasi MaTPHIA
C, Takas, 910

Vg€ Gt pag) = Cpi(9)C7 (2)

<« JT1060it 130MOPMU3M N-MEPHBIX IIPOCTPAHCTB 3a/1aeTCA YMHOKEHHEM Ha 0OpaTUMYIO MaTpPHUILY, U
obpatno. [ogcrasnsis B (1) ymuoxkenue Ha C' BMecto npumenenus: f, moaydaem Cpi(g) = p2(g)C,
oTKysa u caegyer (2).»

Ounpenenenne 4. Ilycrs p: G — GL(V) — upeacrasienue rpynust G. Iogupocrpancrso U C V
HA3bIBAETCS UHBAPUAHMHbIM OTHOCUTEIBHO P, EC/IH

VgeG: p(g)(U)CU. (3)

Bameuanne 1. U3 (3) crenyer, uro p(g~')(U) C U, nosromy p(g)(U) = U nas moboro g € G.

Onpepnenenne 5. Ilycts p : G — GL(V) — npeacrasienue rpynnsl G, u U — WHBapHaHTHOE
noampocrpanctso B V. llpeacrasienne py : g — p(G)|y HasbiBaercs nodnpedemasaenuem IpeicTaB-
JIEHUs p.

Sameuanne 2. Eciu f : p; — py — romomopdusm upejpcrasienuii, r.e. juneiinoe orodbparkenne
f Vi = V4 coorBercrBytomnux npocrpancrs, To f(V)) — mHBapmaHTHOE MOAIPOCTPAHCTBO B Va, a
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ker f — mHBapmaHTHOE MOMIIPOCTPAHCTBO B V).

Sameuanne 3. llycrs U — nHBapHaHTHOE IOANPOCTPAHCTBO OTHOCUTEILHO IpeacTaBienus p : G —
GL(V). llycts ey, ...,e, — 6asuc U, €giq,...,e, — ero gomnosanenue mo 6asuca V. Torga marpuna

pu(g) *>

m06oro omeparopa p(g) B 9TOM Oa3nce uMeeT GJIOUHO-TPEYTOTBHBIN BUT ( 0 .

Onpenenenne 6. Ilycts p : G — GL(V) — npexacrasnenne rpynnst G, Uy, . .., Us — WHBapuaHTHbBIE
nogupocTpancTBa B V, p; = py, npu t = 1,...,s npuuem V = U; @ ... @ U,. Torga upeicraBnenue p
HA3bIBaeTCS MPAMON CyMMOI MOANpPeCTABIEHUIT p1, . . ., ps. OO03HAUEHHE: p = p1 B ... B ps.

Bameuanne 4. Eciu p = p1 B ... P ps, TO B 10x0s11eM Ha3uce MaTPUIA KaxKI0ro oneparopa p(g)

(Q) 0 e 0
) 0 2(g) - 0
umMeeT 6IIO“IHO—,ILI/IaFOHaJH)HbH/I BH
0 0 0
0 0 ps(9)

Ounpenenenne 7. [lpejucrasienune p : G — GL(V) nassiBaercst wenpusodumoim, eciu V. cogepur
POBHO 2 MHBApHAHTHBIX ToAnpocrpancra: {0} u V.
[Tpumep: oHOMEpPHOE TIPEICTABIEHNE BCETIa HEITPUBOINMO.

Onpepnenenne 8. Ilpencrasienue p : G — GL(V) HazbiBaercs enoane npusooumviM, eCIH OHO
pasJiaraercsa B IPSIMYIO CyMMY HEIPHBOIMMBIX ITOIIIPEICTABICHUIA.

Teopema 2 (Teopema Mamke). Ecian G — xoneunas rpymmna, F' — nose, npudem char F' = 0 win
char F' 1 |G|, To mr060e mpejcrapienne rpynibl G HaI moiaeM F BroHe TpUBOANMO.

<« /lokaxkeMm TeopeMy I KOHEUYHOMEPHBIX IpeICTaBIeHUNl MHIYKIUel 1mo pasMmepHocTu. Kax ot-
MEUYEHO BbILIE, Jjis OJHOMEPHbIX HpejcTaBjienuii reopema sepHa. [lycrs p : G — GL(V) — npea-
crapjerune pazmepuoctu m > 1. Eciau p menpuBogmmo, T0 yTBEpKIeHNe BbITOMHEHO. THAYe nMmeeTcs
nHBapuanTHOe noanpocTpanctBo 0 # U # V. [Tycrs U’ — kakoe-1o (MOKeT OBITh, He HHBAPUAHTHOE )
npononrenne U o V,1e. V=U® U ,un:V — U — upoeknus V na U. 3aMeTuM, 4TO [0 YCJIOBUIO
n = |G| # 0 kak stement n - 1 mons F. “IlognpaBum” 7 10 romoMopdusma p — py: paccMOTPHM
JuHeitHOe oTobOpaxkenue 7 : V — U, 3agannoe (popMyioi

= 3 ph)mph () )
heG

Bamernm cravana, uro geficrsurenvio w(v) € U: wp(h ) (v) € U = p(h)mp(h™')(v) € U nna
moboro h € G B CI/LHy MHBAPUAHTHOCTH U. 3aTeM NPOBEpHM, UTO 7 — NpPOeKTHpoBanue: npu u € U,

Zp 7T,0 Zp u):lZu:%nu:u.

n
hEG hEG heG

Tenepw nipoBepum yeaosue (1): ecoim g € Gu v € V, 10

7p(g)(v) == p(W)mp(h™")p(g)(v)
heG
= = 3" ooolg~ Wm(h ) (0) "= —pl0) S plBymplt )
hed teG
= p(9) (1) = po(g)(0)
e
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Tenepsy sicuo, uro 7(V) = U u ker@ = W — uHBapuaHTHBIE OTHOCHTEJIHHO p HOIIPOCTDAHCTBA B
V,opuaem V=W o U: Yo eV : v=(v—70)+7(v) =V =W4+U,uecm v e WnU, ro
—_——— =

ew eU
v ="7(v) = 0. Hockoapky dim U < dimV n dim W < dim V', o npeanonoKennio nHIyKIUn KazK 10e

73 NMPEJICTABJICHNN py W Py BIIOJHE TPUBOANMO. 3HAYNUT W 0 — BIIOJHE IPUBOJNMOE TIPEJICTaBICHAE. P>
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Jlekuga 14. Jlemma IMlypa. KpaTHOCTH HENPUBOAUMOTO IIOAIIPEICTABIECHNSA, €€ NHBAPU-
AHTHOCTb.

Bameuanue 1. Ilycrs p; : G — GL(V1) u py : G — GL(V2) — nenpuBoguMbie IPeICTABICHHS TPYII-
bl GG. Torma s060i romomopdusMm npeacrasaenuit f: V) — Vo 11060 HyIeBoit, 11060 n30Mophu3M.

<« ker f — mHBapumanTHOe moanpocTpancrso B V). 3uauut, mbo ker V) = Vi, w Torna f = 0, aubo
ker f = 0. Bo Bropowm caygae f(V;) = Vi # 0, mosromy f(V) = V,. CrenoBarennro, orobpazkenne f
CIOPBEKTHBHO ¥ HHBEKTHBHO, T.€. ABJSIETCS H30MOPMU3IMOM. B

Onpenenenne 1. s so6bix aByx npeicrasienuit p; : G — GL(Vy) u po : G — GL(V3) rpynnsr
G man noyleM F' MHOXKECTBO BCeX TOMOMOP(HU3MOB p1 B po SIBJISIETCS JIMHEHHBIM TPOCTPAHCTBOM HAaT
F ornocuteibHO OOBIYHBIX ONEpAIUil MOTOYEYHOTO CJIOXKEHUA OTOOParKEeHU U YMHOXKEHHS 0TOOpa-
keHus Ha ckanagp. O6osHaunm 910 mpocrpancTso Yepe3s Hom(py, p2). Ecau p 1 G — GL(V), 10 B
Hom(p, p) ects omepanust kommosuruu orodbpaxkenuii, 1 Hom(p, p) — anrebpa nan F. Drta anredpa
HA3bIBACTCSL aA2eOpol andomopPusmos upejcrasienus p u 0obo3nadaercs End(p).

Teopema 1 (JIemma ITTypa). Ecam p — menpuBomumoe npejcraienne, 7o End(p) — reno.

<« U3 3amedanud 1 caemyer, 9To HeHYJIeBOi roMoMopdusM f @ p — p — m3oMopdusM. OToOparkeHne
/7! € End(p) — obparustii 3mement x f. B

B ciayvae KoHeYHOMEDHBIX KOMILIEKCHBIX Tpencrapiennii (T.e. mpu F' = C) jgemmy Ilypa moxHO
YTOYHHUTH U YCUJIUTD.

Teopema 2. Eciu p — HEIPUBOJANMOE KOHETHOMEDPHOE KOMILIEKCHOe TpecTasienue, 1o End(p) = C.

<« Buitekaer n3 temmnbl Hlypa n Teopemsr 11.2.p»

Teopema 3. Ilycre p; : G — GL(V}) u py : G — GL(V;) — HenpuBomumbie KOHEYHOMEPHBIE
KOMILTEKCHBIE TIpeJICTaBIeHus Irpyunbl G, TOTaa

. 0, ecau ,
dim Hom(p1, p2) = { 1, ecmm zi i Zz (1)

<« Ilepsoiit BapuanT cpasy cieayer u3 3amedanust 1. Bo Bropom cayuae Hom(py, py) — mumneiinoe
npocrpancrso, uzomopduoe Hom(py, p2) = Hom(py, p1) = C, mo reopeme 2.»

Teopema 4 (EQMHCTBEHHOCTHh PA3JIOYKEHUsSI B MPAMYIO CYyMMY HEIPUBOAUMBIX MTPEICTAB-
aenwnit). Ilycts p : G — GL(V) — npejcrasienue, u p = p1 B ... D ps = py ... H p, — 1aBa
PA3IOKEHH B IPAMYIO CYMMY HEIPHBOJAMMBIX IpeacTapaenuil. Torna s =t n mocje HEKOTOPOIl me-
PECTAHOBKH CJaraeMbix p; = ph i =1,...,s.

« Ilycrs Vi, ..., Vou V], ... V] — mogmpocTpancTBa, COOTBETCTBYIOMINE 33/ TAHHBIM HEMPUBOINMBIM
npejicrapiaeruaM. [aa onpegenennoctu OygieM CYUTaTh, 9TO s < t, U IPOBEAEM HHIYKIUIO IIO S.
Ecmu s = 1, to V' — menpuBogumoe mpejcrasiaenne, 3uadut V = V) u t = 1. Beibepem nan6osin-

mee noamuokectBo J C {1,...,t}, Takoe, aro V1 N @V}’ = 0. Ecoim V; & @Vj’ £V, 10
jeJ jeJ

CYIIECTBYET XOTs OBl OJIHO TIOJNPOCTPAHCTBO V), KOTOpOe He cojep:xkurcs B Vi @ (@jej Vj/) Ho B
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CUJIy HENPUBOJUMOCTH pj, TOrAa Vi B @VJ/ NV, = 0, smaunr, V; N @ Vj/ = 0. D10
jeJ JeJU{k}

IPOTHBOPETIUT MaKCUMAIbHOCTH MHOXKecTBa J. CienoBarenbro, V) @ @ V}’ = V. Paccmorpum
j€J

npoexnuio V Ha Vo @ ... & Vi. Ilo nokazannomy Vo & ... 5V, = @ Vj’ . [To npesamosioxkeHuo
jed
MHIYKIAN s — 1 = \J ] U cJIaraeMbie pg, . .., Ps B30MOPGHBI COOTBETCTBYIOIIMM CJIaraeMbIM U3 MHO-

xectsa p;, j € J. Amajorudno, p; & @p;c , 3HAUWT, UMEeTCsl €INHCTBeHHBIH uHAeKC k & J u
keJ
/ ~
P = P1-»
N3 noxazamHoit TEOPEMBI BBITEKAET KOPPEKTHOCTH CJIEAYIONIETO OMPe e/ IeHUs.

Onpepenenne 2. [lycth p — BHOJHE TPUBOIUMOE KOHEUYHOMEDHOE TTPEJCTABICHUE, & Py — HEKOTO-
poe HelpHUBOAMMOEe TpejcTasienue rpynnsl G. Kpammocmoo HEIPUBOIUMOIO IPEJCTABICHALA Py B
IPEJICTABJICHAN ) HA3BIBAETCS KOJMIECTBO CJIATAEMBIX, M30MOPMHBIX po, B (IPOH3BOJBHOM) PA3JIo-
KEHUHU p B IPIMYIO CYMMY HEIIPUBOJIMMBIX IIPeICTaBJICHUI.
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Jleknua 15. KpaTHOCTh HEIIPUBOAMMOIO IIPEIACTABJEHUSA B PETYJIAPHOM KOMIIJIEKCHOM
npeacrasjienuu. Popmyna BepHcaiina. KoMiiekCHbIe TTPeACTABJIECHUA KOMMYTATUBHBIX
KOHeYHbIX rpynn. O HOMEDHBbIE KOMIIJIEKCHBIE IIPEACTABJIEHNA IPON3BOJIbHBIX KOHEYHbBIX
rpyIi.

Jlng 9acTHOTO ciiyvas KOMILTEKCHBIX MPEICTABICHUN MOYKHO YKA3aTh CIOCOD BBIYUCTEHHS KPATHO-
CTH, KOTOPBIl TApAHTUPYET KOPPEKTHOCTb ONpEeIeeHNSI.

Teopema 1. Ilycth p — KOHEYHOMEPHOE KOMILTEKCHOE Tpe/CTaBIeHNe, a Py — HEKOTOPOe HelpH-
BOJINIMOE KOMILIEKCHOe mpe/craBienue rpynnbl G. Torma KpaTHOCTH HMpEJACTaBICHUSA Py B P PABHA
dim Hom(p, po)-

« Ilyctb p=p1 B ... B ps, tpuueM p; = ... = p
npejicTaBaeHus py B p. Torma B cury Teopembr 14.3

>~

v = poup; Z po ipu i > k, T.e. kK — KpaTHOCTH
dimHom(p,po) =1+...+1+0+... +0=Fk.»
k\pjas S—Erpag

Onpepenenne 1. [Iycrs G — koneunast rpymnmna, F — nose. Pacemorpum npocrpanctso F'G, co-
crosiiee u3 GOPMATHHBIX CYMM BHIA Z aph, ap € F. bBasuc 3Toro nmpocTrpancTBa — MHOXKECTBO
heG
9JIEMEHTOB Bujaa 1h + Z 0t, KOTOpble eCTeCTBEHHO KOPOTKO 3amuchiBaTh mpocto h. Ha mpocrpan-
t#£h
crBe F'G ecTecTBEHHO ONpe/ieiseTcsl YMHOKeHHe, npespaiiaoiiee F'G B anrebpy (0OHa Ha3bIBAeTCs
epynnosoti anzebpoti rpynubl G wan F). Peeyaaproim npedcmasaenuem rpyunsl G Hag F HasbiBa-
eTcs TNpeACTABICHUe pre : G — GL(FG), onpeneneHHoe Ha yKa3aHHOM BhIIIe 6asuce GopMy/I0ii

Preg(9)(h) = gh.

Teopema 2. Tlycts p: G — GL(V) — npencraBienne konednoit rpyumnsl G. Torma

[a¥)

Hom(preg, p) = V.

<« Paccmorpum orobpazkenne ¢ : Hom(preg, p) — V/, onpenenennoe pasencrsoM ¢(f) = f(e). fcno,
4TO0 (p — smHeitHoe orobpazkenue. 3amernM, uro f(e) =0=Vg e G : f(g9) = f(ge) = fpreg(g)(e) =
p(g)f(e) =0, 3raunt f =0, r.e. ker ¢ = 0. Jlas so6oro v € V 3anagum romomopbusm f, : FG — V
na Gazuce F'G: f,(h) = p(h)v. Yeaosue (12.1) mposepsieTcs HenmocpecTBeHHO, Tpu 3ToM v = ¢(f,).
3HAYNT, ¢ — MHBEKTUBHOE U CIOPLEKTUBHOE JIMHEHHOE 0TOOpazKeHHe, T. €. N30MOp(U3M JHHEHHBIX
OpOCTpaHCTB. P

Teopema 3. KpaTHOCTH HENPHUBOIUMOTO TPEJICTABICHUS B PETYIIPHOM KOMILIEKCHOM ITpeIcTaBe-
HAM KOHEYHOH I'PYNIbl paBHA €r0 Pa3MepPHOCTH.

<« Ecim k& — KpaTHOCTH HENPHBOANMOIO MPEICTABIEHUS D) B Preg,
1 .. 2 ..
10 k = dim Hom(preg, po) = dim V.»

CaencrBue. Koneunas rpynmna uMeer JIUITb KOHEYHOE YHCJIO HETTPUBOINMBIX KOMILTIEKCHBIX TP~
CTaBJIeHUH (¢ TOYHOCTBIO JI0 n30MOpdu3MAa).

<« Bce takwne nipejicrapiernst n30MOPQHBI MPSIMBIM CJIaraeMbIM PA3JIOKEHNsT PEryJISTPHOTO TPeICTaB-
JIeHUd. »

Teopema 4. [lyctb pq, ..., ps — TOJHBIE HAOOP HEIPUBOIUMBIX IIOHAPHO HEM30MOPMHBIX KOMILIEKC-
HBIX TIpeJicTaBiaeHuit Koneunoit rpynnst G, k; = dimp;, i = 1,...,s. Torna
2 2 __
ki+...+ k=G| (1)
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<« U3 mpeapiaymieit Teopemsr nveem |G| = dim(FG) = ky dimpy + ... + kg dimp, = k3 + ... + k2.
Cootrorrenue (1) gacto HazuBaIOT opmyaot Beprcatida.

Teopema 5. Bce HenmpuBomMble KOMILTEKCHBIE TIPEICTABIeHNS KOMMYTATHBHOR KOHETHOM T'PYIIITBI
OJIHOMEPHBI, U UX YUCJIO PABHO HOPSJIKY I'DYIIIbI.

<« Opaomepnoe mpeacraBaenne — 310 romoMmopdusm G B C*. 13 Teopembr 12.1 caenyer, 9To of-
HOMEpHBIe MPeJICTABIEHNS MPOU3BOJIBHON TPYNIBI U30MOPMHBI TOT/Ia W TOJBKO TOT/A, KOT/Ia OHH
copnagaror. [locrpoum n = |G| 0OJHOMEPHBIX MPEJICTABICHHI KOHEUHON KOMMYTATHBHOU rpymibl G.
[pynma G uzoMopdHa TpsIMOil cyMMe IUKJINUeCKUX rpyni (Teopema 4.3). JIJist KazKI0ro CJIaraeMoro
Zq, BXOJAINETO B 9Ty CyMMY, MOKHO 0T00pa3uth [1] B sr06oii kopenb crenenu d u3z 1 B C, a Takux
kKopHueil d. KombuHUpys BCEBO3ZMOXKHBIE TOMOMOPMU3MBI HA CJIArA€MbIX, IMOJIY4YaeM BCErO N PEJICTaB-
nenuit. Ho Torma u3 (1) caeayer, aro ky = ..., k, = 1, a 6osiblire B cymme KBaaparos (1) caaraeMbix
OBITH He MOXKET. P

Teopema 6. Yuc/i0 0JHOMEPHBIX KOMILJIEKCHBIX IIPejicTaB/ienunii koneunoit rpyunst G pasuo |G/G'|.

<« Ilyctb p : G/G' — C* — ognomepHoe nipeacrasienune rpynnst G/G', m: G — G /G’ — kanonunde-
ckuii romomopdusm. Torma pr : G — C* — oxromepHOoe npeacrasiaenue rpynnsl G. O6parHO, eciu
p : G — C* — omHoMepHoe npejicTaBierue, To ker p O G’ (Teopema 7.1, coiictso 4). Ciie1oBaTesIbHO,
romomopdusm p : G/G' — C*, takoit, uro Vg € G, p(gG") = p(g), onpeaenen KOppeKTHO, U pTT = p.
TeM CaMbIM YCTAaHOBJICHO B3aMMHO-OAHO3HAQYHOE COOTBETCTBHE MEXK/AY OJHOMEPDHBIMHU IIDEACTABJICHN-
mu rpytn G u G') M MOXKHO HCIOIB30BATH TeopeMy 5.»

Teopema 7. Hucjio HENPUBOIUMBIX KOMILIEKCHBIX IIPEICTABICHUN KOHeUHON rpynnbl G paBHO YUCTY
KJIACCOB CONPSI?KEHHBIX 3J1eMeHTOB (.

« Brruncienne ayms crocobamMu pasmepHocTH IeHTpa rpymmopoit aaredpor CG. C ognoit cropo-

HBI, 2 = Zahh € Z(CG) & Vg €G, g =29 Vg€ G, 2=gzg ' & Vg <G, Zahh =
heq heq

Zahghg_l, OTKyIa ap = Qgpg-1 Vg,h € G, 3naunt, dim Z(CG) coBuagaer ¢ 4ucIOM KJIACCOB

heG
COIPSIXKEeHHBIX y1eMeHToB. C npyroii ctoponsl, no TeopeMe 2 CG =2 End(preg). Ecam p1,...,ps —

OJTHBIH HAOOP HEIPUBOANMBIX MOMAPHO HEM30MOPMHBIX KOMILJIEKCHBIX MpeacTaBaeHuii rpymnmnsl G, u

ki =dimp;, i=1,...,s, 10 CG = End(pyeg) = M, (C) & ... & My, (C), n dim Z(CG) = s.»
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