JIEKITUS 16

EJIMHCTBEHHOCTD PA3JI0O-
KEHNA HA MHO2KUTEJIN B
KI'

TEOPEMA O COI'JTACOBAH-
HBbIX BASUCAX

TEOPEMA O CTPOEHUU

2KOPJJAHOBA ®OPMA

ITOJIA



EINMHCTBEHHOCTD PA3JIO2ZKEHUNA HA
MHO2KUTEJIN B KI'

Ha mpornwtoit jiekium Mbl JJOKa3aJIi, YTO B KOJIbIE TVIABHBIX Hea-
JIOB JII000#1 9/IEMEHT MOXKHO Pa3JI0KUTh B IIPOU3BE/IEHIE IIPOCTHIX
MHOKHUTEJIC.

Tenepnb JI0KaxkKeM 1 €IMHCTBEHHOCTDH PA3JIOYKEHUs Ha ITPOCTHIE
MHOYKHUTEJIA B KOJIbIE INIAaBHBIX UJI€AJIOB.

JIEMMA 1. B xoavue 2aaenbr udeanos R ecau snemenm a ne de-
AUMCA HA NPOCTNOTE INEMER, D, O OHU B3AGUMHO Npocmvl (M. e.

(CL,p) — 1)'

Joxazameavcmeo. 1lycrs p — Kakoit-mbo IPOCTOit 9JIeMEHT KOJTh-
na R (T.e. Takoil 9JeMeHT, KOTOPBIH HeJIb3sl Pa3/JoKUTh Ha JiBa
HeoOpaTHMbIX MHOKHTEs1). Torma miaean (p) MakCHMaJeH, Tak
KaK eCJII OH CTPOTo cojiep:kuTest B uearne (q) (a Beab KaxKblil
HJTICAT SIBJISIETCS TVIABHBIM ), TO P = T, T TaKrke HeoOpaTnm (umade
njeasinl (p) u (q) coBrajas Obl).

Pas uiean (p) sBisercs MakCHMAIbHBIM, TO JI000E €ro pac-
npenne (KOTOPBIM siBJIsieTcst ujieas (a,p)) COBIAJAET CO BCEM
KOJIBIIOM R W COJIEPKUAT €JINHUILY. ]

JIEMMA 2. Ecau 6 xoavue 2aauux udeanroé R npoussedernue ab
desumes na npocmoti anemenm p € R, mo aubo a deaumca na p,
AU00 b deaumes wa p.



Jloxasameavcmeso. Ilycrs ab pgenurest Ha p, HO a He JEIUTCS Ha
p. Torna (a,p) =1 u

l=ax+py, =z,vye€R.
JIoMHOXKUM 5TO paBeHCTBO Ha b:
b = abx + pby.

[IpaBast 9acTh 9TOr0 paBeHCTBa, JEJINTCsI Ha P, TaK Kak ab peanrcest
Ha, P.
SHauuT, b AeauTC Ha P. H

Orcroga oueBUIHBIM 00pa30M CJIeJlyeT TeopeMa O €JIUHCTBEH-
HOCTH pa3JIOKEHMs Ha IPOCThble MHOKMUTEIN B KOJIbIaX IJIaBHBIX
1/1eaJ10B:

TEOPEMA 1. B koavue 2aasnvix udearos R pasisoorcerue snemen-
Ma Ha NPOCMvLe MHOACUMENU COHUCTNEEHHO 6 CACOYIOULEM CMbLC-
AE.

Ecau

a=DP1...Pm=4q1...qn
PA3NOIACEHUE INEMEHMG G WA NPOCTNDIE MHOACUMENU DBYMA CNO-
cobamu, Mo M = N U INEMEHMDL (1, . . . , §p MOHCHO MAK NEPEH-
MEPOBAMDB, YMOOLL P1 = Q1q1, ..., Pp = QnQp, 20€ Q1,...,0p —
obpamumwie aaemernmol xKoavua R.

TEOPEMA 2. Bce basucw, c600001020 R-modyasn L codeporcam 00-
HO U MO HCE YUCAO INEMEHMOB.



Joxazameavcmeo. Ilycrb p — Kakoil-mmbo mpocToit 9JIeMEHT KOJTh-
na R, Torga mieas (p) MakCHMAEH.

Buauut, R/(p) — nose, a L/pl — BeKTOpHOE TPOCTPAHCTBO HAJT
srum nosieM. Ecin {ey, . . . e, } — 6asuc mogynst L, 1o {[e1], ..., [en]}
(rae [x] osmauaer kirace x 4+ pL) — Ga3uc 9TOro BEKTOPHOTO MPO-
crpancrBa. CrenoBarenbio, n = dim L/pL, a jjisi BEKTOPHOTO
IPOCTPAHCTBA ITO THUCJIO OMPEJIEIISETCS OTHOBHATHO.

[]

Yucsio saemeHToB 6asuca ¢BOOOIHOINO MOyt L Ha3bIBACTCSI
ero paHroM u obosHadaeTcs depe3 rk L.

TEOPEMA 3. Ilycms u uv — 63GUMHO NPOCMBLE INEMEHMBL KOAb-
ua enasnoir udeanos R. Tozda

R/(uwv) = R/(u) © R/(v).

oxazameavecmeo. Orobpazkenne
fiR—=R/(u)®R/(v), aw(at(v),a+(u)),

sIBJIsIeTCsl roMOMOPdu3MOM KoJiell. IlycTsb a n b — Takue s71eMeHTbI
Kosbla R, aro au + bv = 1. Torna

fov) = (1 + (u),0+ (v)), flau) = (0+ (u),1+ (v)),

OTKYJIa CJiejlyeT, 4To romoMopdusM f ciopbekTuBeH. OdeBuHO,
aro ker f = (uv). DT0 u 1aeT HyKHBIM HAM H30MOPQU3M. O



TEOPEMA O COI'VIACOBAHHBIX
BA3UNCAX

TEOPEMA 4. Beaxuti nodmodyass N c60b600roz0 R-modyss L pan-
2an ABAAEMCA c60000HBM R-M0dysem parea m < n, npuvem cy-

wecmeyem makot basuc {ey, ..., ey} modyaa L u maxue (neny-
AEBDIE) INEMEHNDL UL, . . ., Uy € R, wmo {urey, ..., upen} — ba-
auc nodmodyas N u ui|ujp npui=1,...,m — 1.

Jloxaszameavcmeo. TlepBoe yTBepzKieHe TeopeMbl pu n = 1 —
9TO OTpeJIeJICHIe KOJIbIA [VIABHBIX UJICATOB (BCSKHUIT MOAMOILYJIH
KOJIbIa R, T.e. BCAKMil ujeas Koiblia R sBJsieTcst CBOOOIHBIM PaH-
ra He BBIIIE OJIHOIO, T.€. IIOPOXKJIEH OJHUM 3JIEMEHTOM, T.€. IJlaB-
HBIM ).

[Ipu n > 1 yTBep:KIeHne J0Ka3bIBACTCI TOYHO TaK Ke, KaK 1
g R = 7.

HamoMHuM J10Ka3aTe1bCTBO IJIsI yI0OCTBA.

[Iycte n > 1 u {ey,...,e,} — Gasuc momysst L. Pacemorpum
noamoysib Ly = (e, ...e,—1) C L. D10 cBObGOMHBIT R-MOIyIH
panra n — 1.

[To mpemooxkennio nuayknuu Moayab Ny = N M L aBiagercs

cBo6OHBIM R-Mmoymem panra m < n — 1. Ilyets {f1,..., fi} —
ero dasuc.

Paccmorpum nocsieine KOOpAUHATHI BeexX djeMeHToB u3 N B
basmuce {ey,...,e,} Momyns L.

Onu obpasytoT ujeas B KoJiblle [, KOTOPHBIil 110 Olpe/Ie/IeHITO
KOJIbIIA IVIABHBIX HjieasioB umeer Buj Ra, a € R. Ecin a = 0, To
N = Nj u Bce J0Ka3aHo.



Ecmn a # 0, To nyctb fy,, 11 — Kakoi-HUOYIb 3s1eMeHT u3 NV, 1o~
cJieTHsAsT KoopauHaTa Kotoporo pasaa a. Torga {f1,. .., fi, fmi1
— Oazuc Moyt N, n TakzKe Bce JJ0Ka3aHo.

TakumM 06pa3oM, 1epBasi 9acTh TeopeMbl (IOJAMOJLYJIb CBOOOI-
HOT'O MOJLYJIsi CBOOOJIEH) JIOKA3aHA.

JlokazaTe/ibcTBO BTOPOTO yTBEPXKJEHUs, KaK U Juid R = Z,
OCHOBAHO Ha MpuBeJeHIE MaTpuilbl C' repexoja oT 6a3mca MOJTy-
g Lk 0asucy mojynas N K JuaroHaJIbHOMY BHJY C HOMOIIBIO
9JIEMEHTAPHBIX TPeobpa3oBaHuil ITHX OA3UCOB.

B ciyuae, korja R — eBKJINIOBO KOJIbIIO, 3JIeMEeHTaPHBIMU I1pe-
00pa30BaHUsIMI CUCTEMbI 3JIEMEHTOB R-MO/IyJIsi Ha3bIBAIOTCS:

1) mpubasjieHne K OJHOMY 3JIEMEHTY JPYroro, YMHOKEHHOTO
Ha JIeMeHT KoJibla R

2) TepecTaHOBKA JIBYX HJIEMEHTOB;

3) YMHOXKEHIE OJIHOTO 3JIeMeHTa Ha OOPATUMBbIiT 9JIEMEHT KOJIb-
na R.

[Ipusesenne marpuipl C' K IHATOHAJBLHOMY BHJIY B 9TOM CJIy-
“qae MOXKeT ObIThb OCYIIECTBJICHO Tak »Ke, Kak U Jjisi abeeBbIX
TPYTIII, C TOH OTOBOPKOIf, UT0 MHHUMU3HPOBATH HAJIO HE CaM JJIe-
MEHT €17 (9TO He MMEET CMBIC/IA), & €r0 HOPMY.

B ob1miem citytae HonsATHe 3/eMeHTapHOro IIPeodPa30BAHNS CJie-
ayet pacumpnts. HazoseM ksasuanemenmaprvim npeobpasosaru-
eM CHCTEMBI 3JIEMEHTOB {Z1, ..., L)} Kakoro-mmbo R-Moyis 3a-
MeIHy JBYX 9JIEMEHTOB X; U Xj UX JUHEHHBLIME KOMOMHAIIMSAMI

ax; + bx;, cx; + dxj,



a b
c d
(06paTHMOCTb MATPHIIBI PABHOCUIBLHA OOPATUMOCTH €€ OIPe/IeTH-
TeJIs).

rje — obpaTumMasl MaTpulla C JeMeHTaMu U3 KoJiblia R

fcHo, uTo npeodbpazoBaHme, 0OPaTHOE K KBa3UIJIEMEHTapHOMY,
TaKzKe KBa3mdJIeMEHTapHO, U UTO dJIeMeHTapHbIE 11Pe00Pa30BAHIA
SIBJISIIOTCSI KBa3MAJIeMEHTAPHBIMI.

JIrobyto napy siaementoB {z,y} camoro Kosbiia R ¢ TIOMOIIBIO
KBA3U3JIEMEHTAPHOIO IIPeodpa30Baiust MOXKHO IPUBECTU K BULY
{d,0}, tne d = (x,y).

B camowm serte, cyiiecTByoT Takue a,b € R, aro ax + by = d.

Paccmorpum Mmatpuity

a b
—y/d z/d

Omna obparuma, Tak Kak ee ompejennre/ib paBed 1. CoorBeTCTBY-
[olee  KBasmdJieMeHTapHoe npeobpasoBatue nepesoiut {x,y} B

{d,0}.

CiieoBaTesIbHO, €CJIM B KAKOM-TO CTOJIOIE M KaKOW-TO CTPOKE
MaTpuiibl C' UMEIOTCsI 3JIEMEHTBI X, %/, TO C IIOMOIIbIO KBa3WdJjIe-
MEHTapPHOT'O IIPE0OPA30BAHMSI CTPOK MM CTOJIOIOB U3 HIX MOXKHO
HOJIYIUTD 3JIeMeHTHI d, (.

Taxoro pojia npeobpaszoBaHuii JOCTATOUYHO, YTOObI, CIEIYs aJl-
rOPUTMBI KaK B abeJIeBbIX IpyIiax, npusect MaTpuily C' K HCKO-
MOMY JIHArOHAJILHOMY BH/LY. ]



TEOPEMA O CTPOEHUU

Vzyunm Tenepb cTpoeHne Mpou3BOJbHBIX KOHETHO MOPOK,I€H-
HBIX R-Momyeit.

Besiknii HeTpuBUAJIBHBIN MUKJINYECKN R-MoIyib m3oMopdeH
6o R, 6o R/(u), rjie u — HeoOpaTUMBbIil HEHYJIEBOI 9JIEMEHT.

Ecmm (u,v) = 1, 10 msomopdusm Koserr
R/(w) = R/(u) ® R/(v),

IIOCTPOEHHBII HAMI paHbIIIe, sIBJISIETCsI, KaK JIeI'KO IOHATb U U30-
Mopdusmom R-Mmotysieii.

CrietoBaTesibHO, €Clin U = p]fl ...pY — pasnoxenue sjemen-
Ta U Ha IIPOCTbIe MHOXKUTEIN, TO UMeeT MeCcTo m3omMopdusMm R-
MOJyJIei

R/(u) = R/(p") & --- & R/(p}*).

ONIPEJEJEHUE 1. Koneuno nmopo:xieHnblit R-momynb M, anmy-
JIITOP KOTOPOI'O COJEPKHUT CTEIEeHb IIPOCTOro 3jeMeHTa p € R,
HA3BIBAETCHA NPUMAPHHM I P-NPUMAPHBIM.

Taxum 06pazoM, BCAKMIT TepUONIECKUil TUKINIeCKnit R-MoTy/ib
paszyiaraeTcs B IPAMYIO0 CyMMY MPUMAPHBIX MUKJIMTIECKIX TOIMO-
JyJIeit.



TEOPEMA 5. Beaxutl konewrno nopootcdermnviti R-modyao M pas-
AA2AEMCA 8 NPAMYN CYMMY NPUMAPHHLT U CE0000HBIT UUKAUYC-
CRUT NOOMOOYAEL, NPUUeM HADOP GHHYAAMOPOS IMUT NOOMOOY-
A€t onpedessemcs 00H03HAUHO.

Jlokazamenvemso. Ilycrs {x1, ..., x,} — cucrema mopoKaroImx
monyast M. Pacecmorpum romomopdusm

o:R"— M, (r1, .. yTn) = 121+ -+ 1T
[To Teopeme o romomopuszMe J1j1st MOJTy et
M = R"/kerp = R"/N.

Momayns N sgBisgercs TMOJMOJYIeM CBOOOTHOIO KOHEUYHO TOPOXK-
JIEHHOTO MOy st M, TTO9TOMY 110 TIpeIbLIYIeil TeopeMe OH SIBJIS-

ercsi CBOOOJIHBIM, TIPH 9TOM CYIIECTBYeT Takoii basuc {ey,...,e,}
Mofysist M u Takume 37eMeHTHI 11, . . ., Ty, (M < m) Kousbiia R, aro
{re1,...,rmen} — 6azuc Moy N, Ipu 9TOM 75|74 1.

Paccmorpum roMoMopdusm
V:R" = R/(u)® - ®R/(up) DR®--- ® R,
IPU KOTOPOM
wey + - upen = ([Uiley, - [Wmnle,, Uity - ooy Up).
OueBnjno, uro ker ) = N. Orcroja cienyer, 4To

M=ZR/(\)® - -@&R/(up) PR®--- B R.

Takum oOpazoM, Mbl Pa3JIOXKUIN MOy Ib M B KOHEUHYIO CyM-
MYy CBOOOJIHBIX IUK/JIMIECKUX MOJYJIEH U NePHOJNICCKUX ITUKJIN-
JecKnX Mojrysieil. Karkiplil mepnomaecKil MUKJIMIecKnii MOTYJIb,
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KaK Mbl [MOKa3bIBaJIU BbIIIE, PACKJIQJIbIBAETCA B CYMMY IIPUMap-
HBIX IUKJINYECKUX MOJLYJIEL.

Taxmm 06pa3oM, MBI JJOKa3aJI1 CyIIeCTBOBAHIE, OCTAIACH €JTNH-
CTBEHHOCTD.

st mokazaTe/ibCcTBa €INHCTBEHHOCTH PACCMOTPUM TTOMOJTYThH
KpyJIeHnst

Tor M :={x € M | ax = 0 jyia nexoroporo a € R,a # 0}
i, JIJTs KazKJI0T0 [IPOCTOrO 3JIeMeHTa p € R, OIMO/IyIIb p-KpyYeHns
Tor ,M := {x € M | p*x = 0 nna nexoroporo k € Z, }.

Kak u jst abesieBbix rpyii, jgokasbiaercs, 1aro M/ Tor M —
9TO MOJIyJIb 6e3 KPYUeHNsT, KOTOPbIii OKa3bIBaeTCsi CBOOOHBIM (& B
9TOM CJIydae MbI 3HAEM, YTO KOJINIECTBO CBOOOIHBIX ITUKJIMTIECKITX
CJIAPAEMbIX OIPEJIEISIeTCs] OJTHOZHATHO).

EinHCTBEHHOCTD pa3/IoKeHnsT IPUMAPHOTO0 MOJYJISA B IPSIMYIO
CYMMY IPUMAaPHBIX HUKIXIECKUX TOAMOJIYJIeil T0KA3bIBAETCS 110
UHIYKINAN, KaK 1 JIJIs a0eIeBbIX I'PYIIIL.

OpnHako cooOpazKeHne, NCI0/Ib30BaBIIee OPSAJI0K I'PYIIILL, TYT
He paboTaer.

BwmecTo Hero MOyKHO IIPUMEHHUTD CJIe/IyIONIee CooOpazKeHune: ec-
i Mojysib M paziioykeH B IPSIMYIO CYMMY pP-IIPUMAPHBIX K-
JIMIECKUX MOAMOJIYJIell, TO 9ICJIO CIaraeMbIX PABHO Pa3MEePHOCTH

noamonyist {x € M | pr = 0} KaK BEKTOPHOTO MPOCTPAHCTBA HA/T
nojieM R/(p). O
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2KOPIAHOBA ®OPMA

B ciyuae R = F[t] (F — nosie) jokasanuasi TeopeMa OIiChiBa-
eT CTpOeHIe JIMHEHbIX OllePATOPOB B BEKTOPHBIX IPOCTPAHCTBAX
Ha1 rtosieM IF.

Ye10Bre KOHEYHOM TTOPOZKJIEHHOCTH YK TOUHO OYJIeT BBIIOJIHE-
HO, €CJIN BEKTOPHOE MPOCTPAHCTBO KOHEUHOMEPHO. BoJee Toro, B
9TOM CJIydae OTCYTCTBYT CBOOOJHBIE CIaraeMble, Tak KakK CBOOOJI-
HBI TIMKJITIecKuit Moty ib HaJt F[t] mveer GeckoHewHy0 pasmep-
HocTh Hat IF.

Pesyibrar BBITJIAIUT OCOOEHHO IIPOCTO, ecin 1oJje [F ajiredpa-
MUIECKU 3aMKHYTO.

JleiicTBUTE/ILHO, B 9TOM CJlydae IPOCTHIMU MHOYKUTEISIMU SIB-
JISIIOTCS OJTHOUJIEHBI (£ — A), TPUMAPHBIMU MHOXKUTEJISIMI — MHO-
rousersl (¢ — \)™, a mpuMapHble MUKIMIECKIE MOJIYJIA HMEIOT
BII

Flt|/((t—\)™), AeT.

Taxoit MOJTYJIb SIBJISIETCSI M-MEPHBIM BEKTOPHBIM IIPOCTPAHCTBOM
Haji F ¢ 6asucom

{[(t o )‘)milL T [t - )‘]7 [1]}7

rje [f(t)] obosnausaer knace f(t) 4+ ((t — \)™).
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OnepaTop yMHOXKeHUs Ha T 3aIMChIBACTCS B 9TOM Ha3mce XKop-
JTAHOBOI KJIETKOI1

P
)
o O
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> =

13 BCcex npeablAyInx pacccyxgeﬂm‘/’l BbITE€KacT

TEOPEMA 6 (TEOPEMA O YKOPIAHOBOI HOPMAJIBHOI ®OP-
ME) Beaxut aunetinoir onepamop 6 KoHeUHOMEPHOM GEKMOPHOM
npocmpancimee Haa aﬂ266pauuec7§u 3AMKEHYIMBIM TLOAEM 6 HEKOTINO-
POM Oa3UCE 3ANUCHLEAEMNCA HCOPAAHOBOT MAMPUUET, NPUMEM IMA

Mampuuya 07?,]76@6/11671@ 00HO3HAYHO € MOYHOCTIBIO 00 nepecmaros-
KU KAEMOK.

YTIPAYKHEHUE 1. [lonyunTe KaHOHUYECKWIT BUJ MaTPUILHI JIN-
HeITHoro orepaTopa Ha/l TOJIeM BEMeCTBEHHBIX YNCe.

12



