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KOJINMYECTBO HEIIPUBOJINMBIX
[TPEJICTABJIEHUN

JIEMMA 1. ITycmv I’ — uenmpanrvras Gynxuus 1a xo-
neunot epynne G, ¢ : G — GL (V) — nenpusodumoe
KOMALKCHOE NPEICTNAGACHUE C TAPAKMEPOM X ».

Toz2da Oasn Aunetinozo onepamopa

or=> T(h)p(h):V =V
heG

umeem mecmo or = AE, 20e

(Xs@a F)G

Hoxasameavcmeo. Tak kaxk ' — nenrtpasnbHasg (yHK-
IS, TO

o(g)ere(g) ' =Y T(h hp(g") =

heG
= T(ghg Dplghg™") =

hed
=Y T(®)e(t) = er.

teGG



Urak, pre(g) = o(g)er nia seex g € G. Jlemmva
[Ilypa, npuMmenennas K cjiydalo o = @, HOKa3bIBaeT,
970 Wr = AE.

Borancisist cien onepaTopoB, CTOSIUX B 00enX va-
CTSIX 9TOIO PABEHCTBA, HAXOUM

AXp(e) =AdimV = tr \E = tr<pp =

—ZF Jtro(h

heG
1
= |G| (W PRI )) Gl(x, T)
heG
[]
[TPEAJIOYKEHUE 1. Xapaxmepol X1, - .., Xs 6CEX NONAP-

HO HEIKBUBANEHMMHBLT HENPUBOOUMDLE KOMNACKCHOIX NPEO-
cmasaenuti Koneunotll 2pynno. G 06padyrom opmonop-
MUPOBAHHBIT, OA3UC NPOCMPAHCINGG BCEX UCHMPANADHLL
dynryud uz G ¢ C.

Joxazamenvcmeo. Kaxk MBI yuKe 3HaeM, cICTeMa XapaK-
TepPOB



OPTOHOPMUPOBaHA, ¥ €€ MOYKHO BKJIOUYUTHL B OPTOHOP-
MUPOBAHHBIN 6A3UC IPOCTPAHCTBA HEHTPAILHBIX DYHK-
nuit X¢(G). Ilyers I' — npousBosibHas HeHTpaJibHAS
(DYHKIWS, OPTOrOHAJILHASA KO BCEM X

(Xi7 F)G = 0.
(4)

Torga o npeaplyieil semMMe JTHefiHbI onepaTop @,
OTBEYAIOIINN IIpeJICTaB/ICHUIO go(z) C XapaKTepoM X;, pa-
BEH HYJIIO.

[To Teopeme Malke BesgKoe KOMILIEKCHOE IIPEJICTaB-
JIEHUE  MOYKHO Pa3JIOKUTh B IMPAMYIO CYMMY

Sp = mlgp(l) + o .. + msgp(s)

HEIIPpUBOJINMBbIX Hpe;LCTaBﬂeHI/H‘/’I C HEKOTOPbIMU KPaTHO-
CTAMU M, ..., Mg. B coorBeTcTBUM JUJId 9TUM Pas3JIozKe-
HIEeM JIJI ollepaTopa r, OlpeleIeHHOIO COOTHOIIIEHN-
cM
or =Y T(h)p(h),
heG
nMeeM

or = miph) + -+ mypl) = 0.

B gacTHOCTH, 3TO OTHOCUTC K JIMHEHHOMY OllepaTo-
py pr, IJe p — peryaspHoe IpejcTaB/IeHIeE.
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Ho B TakoMm ciydae Oyjiem nmeTsb (0603HaUAST BDEMEH-
HO eJIMHUYHBII 3/1eMeHT rpyiibl (G cUMBOJIOM 1, 9TOObBI
130e2KaTh COUCTAHUS €, )

0 =pr(er) = Y T(h)p(h)er =Y T(h)e, = T(h) =0.

heG heG

1o BepHo 1pu Jrobom h € G, nostomy ' = 0 u, cite-
noparesbHo, ' = 0. []

TEOPEMA 1. Hucao nenpusodumovlr nonapro Heskeu-
BANEHMHBLT KOMNACKCHBLT NPEOCMABACHUT KOHEWHOT 2DYn-
not G pasHo 4uUcAy ee KAGCCO8 CONPANCEHHBIT INEMEH-
mos.

Joxaszamesvemeo. Hucio Kj1accoB CONPSIzKEHHOCTH IPYII-
11l G MOZKHO MHTEPIIPETUPOBATH KaK PasMePHOCTD 11PO-
crpancTBa X¢(G) Beex MEHTPaIbHBIX (QYHKITHI HA TPYTI-
e G. Tak Kak XapakTepbl Pas3/JIMIHbIX HEIPUBOINMBIX
IpeJIcTaB/JIeHil 00pa3yroT 0a3nuc 3TOro MPOCTPaHCTBA,
TO UX POBHO MCKOMOE YUCJIO. []



PASMEPHOCTU HEINNPMBOJIMMBIX
[TPEJICTABJIEHUN

TEOPEMA 2. Kaotcdoe nenpusodumoe npedcmasieriue
©; BTOOUM 8 PABNOAHCEHUE PE2YAAPHO20 NPEICTNABAEHUA P
C Kpamuocmuio, pachoti e2o pazmeprocmu n;. Tlopsadok
|G| u pasmeprocmu ny, ..., N, 8CET €€ HENPUSOOUMDLT
nPedcmasAeHuUtl C6A3AHBL COOMHOUEHUEM

-
> =IGl.
i=1

Joxazamenvcmeo. st qokasarebeTBa PAcCMOTPUM 00-
J1ee MoAPOOHO pery/isipHoe MpejicTaBIeHne, BBeeHHOe B
IIPOJIOHN JICKITUU.

Obos3HauuM ero depes

(pv <6g ‘ g € G>C>

Ob6ozHaunM 4epe3 Rj MaTpuily JUHEHHOrO oleparopa
p(h) B nannom Gasuce {e, | g € G}.
Tak kak p(h)e, = €j4, TO BCe JlArOHAJIBHbIE JIEMEH-
Tl MATpUIibl Ry, ipu h # e pasubl Hysto u tr Ry, = 0.
Taxum obpaszom,

Xo(€) = |G|, x,(h)=0upu h #e.

6



[Tycte Teneps (¢, V') — mponsBo/ibHOE HEMPUBO/IU-
moe npejicrasienne rpynnbl G Hag C. Kak mbl nom-
HIUM, KPATHOCTL BXOXKJIEHUSI @ B p PaBHA CKAJISIPHOMY

IPOU3BEJIEHUIO (X0, X )G

1 - 1 — .
= @Xp(e)Xsom) = @‘G’XsO(@) = dim V.

Taxum obpaszoM, MbI BUJIUM, UTO KaxKJ0e HEIIPUBO-
JIUMOE TIpeJICTaB/IeHne BXOJAUT B PEryjsipHOe ¢ KPaTHO-
CTbIO, PABHOE CBOEIl pa3MepPHOCTH.

[To npenplIymieii TeopeMe UMeeTCs 7 MOTapHO HedK-
BUBaJIEHTHBIX HEIIPUBOJIMMBIX IIPeJICTaBJIeHN

P1y- -5 Pr

(7 — 49HC/I0 KJIaccoB CONpPsiKEHHOCTH TpyTibl ), KOTo-
PBIM COOTBETCTBYIOT XaPaKTEpPhl

X1y---5 Xr

pasMepHOocTen
Ny, ...y Ny

Taxum 0b6pa3oM, MbI J0Kaz3aau, ITO

p=mprt -+ ey,



OTKY/1a
Xp = N1X1+ -+ X

B gacTHOCTH,

Gl = x,(e) = nixale) + -+ +nx,(e) = ni + - +nj.

ITPIMEPBI

[IPUMEP 1. Haiigem Bce HEIPUBOJANMbIE KOMILIEKCHBIE
IpeJicTaBIenns ITPYINb! amdapa D,

s mavasia HaifjieM Bce OJJHOMEPHBIE IpeJICTaBIe-
HIIST.

KommyTanT rpyninsl D,, — 9T0 Hnoarpyiiia, I0pozK-
JIeHHasI TIOBOPOTOM @ JIJIsi HEYETHOIO 7, U IOJrpYIIIIa,
OPOZK ICHHAST TIOBOPOTOM @°, — JIJIsl Y€THOTO M.

Taxum obOpasoM, JId HEYeTHLIX 71 (paKTOp-TpyIa
110 KOMMYTAHTY U30MOPdHa Zs, TOSTOMY OJHOMEPHBIX
IpeJICTaBIeHUH POBHO JIBA: €JMHUYHOE (BCE 9JIEMEHTHI
D,, oTobpazkaroTcs B eJIMHKILY ) 1 TAKOEe, ITO MOBOPOTHI

0TOOpaXKaloTCd B eMHUILY, & OTpaykeHus — B —1.



s geTHBIX N dpaKTop-IpyIIa 10 KOMMYTAHTY 30~
mopdHa rpymme V4. Takum odpaszoM, IMeeTcsi YeThIpe
OJIHOMEPHBIX PE/ICTaBICHNUS:

— eMHUYHOE;

— TakKoe, 4TO BCe IIOBOPOTHI IEPeXodsT B 1, a orpa-
KeHuss — B —1;

— TaKoe, 9TO BCe YETHBIC IOBOPOTHI MEPEXosdT B 1,

ka

HedyeTHble — B —1 oTpazkenus Bujga a“"b — B 1, oTpa-

Kenust Buga a2 th —p —1:

)

— TakKoe, YTO BCe 4YeTHbIe TOBOPOTHI IepexojidT B 1,

HeueTHble — B —1 oTpaKkenus Buja a* 1 —

2k g —1.

B 1, orpa-
JKEeHUsS BUJIa @

Tenepb OCTPOUM JIBYXMEPHOE HEIIPUBOIUMOE IIPE/I-
cTaBjienne Ipynnsl D,
[ToBOpOT a nepeBesieM B MaTPHUILy

&0
0&7)

rjie £ — 9TO HEeKOTOPbIfi KOPeHb U3 eJINHUIbI N-if cTe-
nenn (He paBubil 1w —1).

Orpazkenne b iepeBeieM B MaTPUILY

01
10



Torpa mosydennoe orodbpazkeHnue

SIBJISIETCS 1IPEJCTABICHUEM, TaK KaK BCE COOTHOIICHMS
Ha 3JIEMEHTBI @ ¥ b BBINOJIHSIOTCS JJIsd 00pa30B 3THUX
3JIEMEHTOB.

3aMeTuM, 4TO Mbl IIOJIYYUJIA He OJHO [IPEeICTABICHHE,
a LeJIbli KJ1ace MpejicTaB/IeHnit:

— €CJIM N HEYETHO, TO Mbl TAKUM CIIOCOOOM IOJTYIUM
(n — 1)/2 He 9KBUBAJIEHTHBIX JPYT JPYTY HEIPUBOJIH-
MBIX JIBYXMEPHBIX [IPEeJICTaBIeHNIT (TaK Kak JJist IByX He

PaBHBIX JIPYT JPYTLY U He 00paTHBIX JPYT JPYTry KOpHeii
n-ii creneHu u3 eIuHUIbLI &1, 9 CIEAbI COOTBETCTBYIO-

i warpt pasr — & + 1/€ £ &+ 1/6);

— eCcJIN N, 9eTHO, TO MOJIyIuM (n — 2)/2 He 9KUBUBa-
JIEHTHBIX JIPYT JIPYTY HEITPUBOUMBIX JIBYXMEDHBIX [TPE/I-
craBeHri (Tak Kak MpejCTaBIeHusI, JIJIsT KOTOPBIX & =
1 win —1, TpUBOUMBI).

CyMMa KBaJpaToB pa3MEpHOCTEHl BCeX HaliIeHHBIX
pejcTaBiennii paBHa HOPSAJAKY IPYIIILL J/Isd 9eTHOI'O
n = 2k MBI nMeeM 4 OJHOMEPHBIX IPEJACTABICHUS U
k — 2 IByXMEpHBIX; JIJIsI HeueTHOro n = 2k -+ 1 MblI nmMe-
eM JIBa OAMEPHBIX IPEeJICTaBIcHIA U k IBYXMEPHDIX.

SHaYUT, Mbl HAILJIM BCE HEIIPUBOIUMBIE TIPEJICTABIIC-
Hug rpynnel D,,.
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[TPUMEP 2. Tenepn HaiijieM Bce HEMPUBOIUMBIE TTPE/I-
CTaBJIEHUs] I'PYIIIIbLI 1I0JICTAHOBOK Sy.

Kax MbI yke 3HaeM (Tak Kak KOMMYTAHT Sy — 9TO
nojrpymna Ay HHJEKca J[Ba), 9TO y IPYHIbL Sy POBHO
JIBa OJIHOMEPHBIX IPEJICTaBICHUS: eIUHIIHOE U IIPEe/I-
crapjieHne “3Hak’ (YeTHBIE TTOJICTABHOBKHU TTE€PEXOJIAT B
eJINHUILY, & HedeTHble — B —1.

Y Tpynmel Sy MATH KJIACCOB CONPSyKEHHBIX dJ1eMeH-
TOB, II09TOMY Y JIAHHOU I'PYIIILI €CT TPU HEIIPUBOUMBIX
TpeJICTaBIeHUS pasMepHoCcTH, 6o1bIneit ogroro. C apy-
I'Oil CTOPOHBI, PA3MEPHOCTHU N1, N2, N3 ITUX IIPEJICTaBIe-
HUN YJIOBJIETBOPAIOT COOTHOUIEHUIO

n%+n§+n§:22.

Acno, 9T0 MBI JIOKHBI HAWTH JIBa TPEXMEPHDLIX 1
OJTHO JIBYXMEPHOE TpeJICTaB/IEHUE.

[ ByxmepHoe npejcTaBieHne MOKHO ITOCTPOUTD U3 CJIe-
JIVIOIIETO OOIIEro cooOparKeHMsI.

[IpescraBum cebe, uto ecthb rpyia (G, a y Hee nMe-
eTcst HopMaJibHas rmoArpymmna H.

Pacemorpum dakrop-rpymnny Gy = G/ H.

JI100oe HelpuBoMMOe TIpejicTaBeHne rpyibl (G ecre-
CTBEHHBIM 00Pa30M JOCTPAUBAETCSI JIO HEIPUBOJIIMOIO

11



npejcrapieHust rpynnbl G TOR »Ke pasMepHOCTH: BeCh
cMeXKHbIIT Kace gH B npejcrapienun rpyunsl G nepe-
XOJIUT TYJIa Ke, KyJa B UCXOJHOM IPEJICTABJICHUN T'PYII-
bl G’ epexojiniI 3TOT »Ke KJIACC KaK 3JIEMEHT.

Taxum obpazom, y IpPyHIbl Sy ecTh IpeJcTaBIcHHE,
IPOJIOJIZKEHHOE 13 ee (PpaKTOPrPYIIIILI

Si/V,=Ss.

Y rpyuibl S3 ecTb JBa OJHOMEPHbLIX IIPEeJICTaB/IeHUSI
(koTOpbIe HaM y’Ke He HYXKHbBI, TaK KaK Mbl HX pac-
CMOTDEJTH BBIIIE), & TAKXKE OJTHO JIBYXMEPHOE MPe/ICTaB-
jeHue (OMUCAHHOE B TMPEJbLIYIEM I[pUMepe, Tak Kak

S; = D).

DTO IpejcTaB/IeHne u OYJIeT HPOJOJIZKEHO JI0 JIBYX-
MEPHOI'0O IPEJICTaBIeHUS IPYIIIBL Sy.

Yrobbl HailTH IepBoe M3 TPEXMEPHBIX IPEe/ICTaBIe-
HUI Sy, BCIIOMHUM, 9TO Sy — 3TO I'PYIIIA BCEX JIBUZKE-
HUI 1IPABUJILHOIO TeTpaspa.

Tax kax TeTpasap — TpexmepHas purypa, To JIBUZKe-
HUY 3aIIUCBIBAIOTCA TPEXMEPHBIMU MaTpPUIlAMU, OTKY/Ia
CJIJIyeT, YTO MBI [I0JIy4aeM TpeXMepHOe IIpeJicTaB/IeHne
I'PYIIBL Sy.
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OcraeTcs TOJIBKO MMOKa3aTh, YTO JaHHOE MPE/ICTaBIC-
HIE HEeIIPUBOJIMMO.

HeitcTBuTeIbHO, ecau ObI OHO ObLIO NPUBOIUMO, TO
ObLIO OBl W BIOJIHE NPUBOJAMMO, TO €CTh Pa3JIoyKIIOCh
Obl Ha JIBa IIPEJICTABJICHNS: JIByXMEPHOE U OJJHOMEPHOE.
DTO O3HAYAET, YTO Y IIPeICTaBICHIs CyIIecTBOBAIA Obl
cOOCTBEHHAsI MIPsIMAas.

OJiHaKO y IIOBOPOTa BOKPYI' OCHU, HPOXOJSIIeil de-
pe3 Bepuinny A terpasapa ABCD, nepneHnukysisip-
Ho 11ockoct BC' D, naBapuaHTHA TOJILKO 3Ta OCh, & Y
IIOBOPOTa, BOKPYT OCHU, IIPOXO/IsIeil uepes B repren -
Ky/sipHO 11ockoctu AC' D, ennHCcTBeHHAsT COOCTBEHHAS
npsiMas — 9TO UMEHHO TaKasl ochb. JlaHHbIe mpsMble He
COBIIQJIAIOT, OTKY/Ia CJIEJIYET, UTO IIpe/ICTaBIeHIEe HeIlIPU-
BOJIMIMO.

Bropoe TpexmepHOe HEIPUBOAMMOE IpEJICTAB/ICHNE
MOYKHO TIOJIVUUTH U3 TOTO, 9TO S4 M30MOPQHO T'PYIIIE
cOOCTBEHHBIX JIBMXKeHUI KyOa. laHHOoe IpejicTaBieHue
HEIIPUBOJIMMO M TeX Ke CaMbIX COOOPayKeHUi, 4To U B
IpeJIbIIYIIEM caydae, IPHU 3TOM OHO He MOXKET OBITh
9SKBUBAJICHTHO IPEbIIYIIEMY IIPEACTABICHNIIO, TaK KaK
BCE MATPUIIBI, €My COOTBETCTBYIOIINE, 00s3aTe/ILHO IMe-
0T orpeJie/iuTe b 1 (Tak Kak ABJSIOTCS COOCTBEHHBIMIE
JIBIZKCHUSAMIE ), & TIPU JIBUYKEHHUSIX TeTPasipa BO3SHUKA-
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0T OTpazKEHUA, ABJIAIOININECH HECOOCTBEHHBIMU JABUZKE-
HUAMNU U UMEIOIIMMU OlIpeAe/INTEJIb —1.

YTIPAYKHEHUE 1. [lycTh j1aHbl JiBe KOHEUHbIE TPYIITHI
G'1 1 Go, 1)1 KOTOPBIX U3BECTHBI BCE UX HEIIPUBOINMBIC
npejcTapiaennd. Kak HallTu Bce HEIPUBOJIMMBIE IIPEI-
crapjieHus rpymibl Gp X Go?
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