JIEKITS 7

ITEPNOINYECKAA YACTD

ITPUMAPHBIE KOMITIOHEHTDBI

KOHEYHDBIE ABEJIEBBI I'PVYIIIIDBI



I[IEPMIOINYECKAY YACTh ABEJIEBOI I'PVYIIIIEI

Kax Mbl Bujie/ii, COBOKYIIHOCTD
T(G) ={g € G| Olg) < oo}

9JIEMEHTOB HEKOMMYTATUBHON I'PYIIILI MOXKET He OLIThH MOJIPYIIIOil
(manpumep, T(GLy(Z))). Hnst abeneBbix rpymin A sieMeHTBl KO-
HEUHOIO MOPSIIKA 00pa3yIoT MOArPYIIILY, HA3BIBAEMYIO Nepuoduieckot
yacmoto Tpytbl A. [epuonnaeckas gacts T(A) abesteBoit rpyiib —
BAyKHBI MHBAPUAHT IPYIILL A.

Ecim T(A) = 0 (B rpymme A Bce HeHyJIEBble 3JIEMEHTHI HMEIOT
OeCKOHeUHbI TIOPsJIOK), TO OyJeM MOBOpHUTbH, 4To rpyima A — 6e3
KPYIeHUSI.

Teopema 1. [Iycmv A — abeaesa epynna,
T(A)={a€ A|Oa) < o0}—
ee nepuoduveckas wacmo. Tozda:

1) T(A) — nepuoduueckan nodzpynna epynnovi A;

2) T(A/T(A)) = 0 (dpyeumu caosamu, AJT(A) —zpynna bes
KDYHEHUA ).



Joxazameavemeo. 1) Ecmu a,b € T(A), ra=0=sb, r >0, s > 0,
r,s € N, To

rs(a+b)=s(ra)+r(sb)=0+0=0, r,s>0,
r(—a)=—ra=0, r>0,

n nostomy a + b € T(A), —a € T(A). Takum obpasom, T(A) —
nojrpyiia rpymnibl A. Koneuno, T(A) — nepuojnaeckast rpyiiia.
2) Ecom a+T(A) € T(A/T(A)), T0
s(a+T(A)) =sa+T(A) =0=T(A), s>0,
nostomy sa € T(A). CrenoBaresbHo,
r(sa) = (rs)a=0, r>0.

Tak kak rs > 0, 0 a € T(A), u nosromy a + T(A) = T(A) =
Nrak, T(A/T(A)) = 0.

[] &

SAMEYAHME 1. DTa TeopeMa 00bsCHIET, I0YeMy CTPYKTYpHasl T€O-
pusi abeJIeBbIX T'PYIIT pa3dUBaeTCcd Ha TPU YACTU:

1-4 wacmb TocBdIIeHa N3y YCHUIO MEPUOINICCKIX abe/IeBbIX TPYIII
(korga T(A) = A);

2-5 wacmb 3aKII0YAETCS B U3yYeHnN adesieBbIX Ipyin A 6e3 Kpy-
genns (korya T(A) = 0);

3-A wacmov aHAJU3UPYET B O0IEM ciydae paciinpeHe

0—TA) - A—A/TA) =0

nepuojndeckoii rpymibl A ¢ nomonisio rpymisl A/ T(A) 6e3 kpyue-
HISL.



ITPUMAPHDBIE KOMIIOHEHTBI

Teopema 2 (0 pas/oXKeHNH EPUOJINIECKOi abeIeBoii TPYIIIBI B MTPsi-
MYTO CYMMY ITPUMapHbIX KOMIIOHEHT). [Tyemv A — nepuoduveckan abe-
NEBA 2PYNNA.

1) Ecau p — npocmoe wucao,
A,={ac A|Ola) =p", k>1)

— p-IpuMapHasl KOMIIOHeHTa epynnue A, mo A, — nodepynna epyn-
not A;

2) A:@Ap;
p

3) ecau A = P A}, 2de A — abeaesa p-zpynna (m. e. 6ce neny-
P

NEBHLE INEMEHIBL 2PYNNDL A; UMENM NOPAIKU, ABAANOULUECA CIMENE-
I _
HAMU NPOCNO20 YUCAL D), TO A, = A,



Jlokasamenbemeo.
1) Ecm z,y € Ay, px = 0, p"y =0, m > 1, n > 1t =

max(m, n), To:

plx+y) =part+py=0+0=0,
p"(—z) = —p"e =0,

1 nosromy x + y, —x € A,. Takum odpasom, A, —nojarpyumna rpy-
el A.

2) Ectma € Aun = Oa) = plfl...pfr, LI P, ..., Pr— Pas-
JIMIHBIE TTPOCTHIE THUCTa, TO ducia (n; = n/p% B3aUMHO IIPOCTDI, 1
II03TOMY

l=timy+...+t,n,, t; €.

Tora )
a=1-a= Zti(nia),
i=1
rjie nia € Ay, HOCKOJIBKY pfi (n;a) = na = 0. Takum obpazom,
r
a € Z A, C Z A,.
i=1 p

Urak, A=) A,
p

Ecan

TO



Ecmu q & {p1,...,pr} — Apyroe mpocroe 9ucjio, OTJIXIHOE OT P;, TO

AN(A, +...+4,)=0.

A=EP4,
p

Nraxk,

/
3) fAcuo, uro A, € A, st moboro npocroro uucia p (A, cojep-
JKUT BCE 9JIEMEHTBI, IIOPSAJIKIA KOTOPDIX ABJISIOTCS CTEICHSIME IIPOCTO-
ro 9HcIa p).

Ecm 0 # x € @ A}, 10
P
a::xp1+...+a:pkEZA;i, Ty, 7 0,
i

l l "
unostomy O(z) =pi'...pft 1 > 1. Ecm 0 # x ¢ A7 1o naiijiercst
pi # p (unave v = x, € A)), u Torjia x ¢ Ay, HOCKOIBKY B A, Bee
9JIEMEHTBI UMEIOT CBOUMU HOPSIKAMU CTEICHU IIPOCTOrO Yucia p.

Wrak, A, = A,. O



B cuiy jokazaHHOII TeopeMbl TEOpHs IEPUOIMIECKUX abe/IeBbIX
I'PYIIIT CBOJAUTCS K TEOPUU IPUMAPHBIX abe/IeBbIX T'PYIIIL.

Teopema 3. Koneurno nopoostcdennas nepuoduseckas abesesa pynna

KOHEUHA.
Jloxazameavemeo. Iycrs A = (ay, . . ., a,) — nepuojuieckas abesie-
Ba I'PYIIA, MOPOKJIEHHAST JIEMEHTAME a1, . - . , Gy, O(a;) = m; < 00,

Ecmua € A, 10
a=Fka +...+kya, 0<Ek<m;,

u nostomy |Al < mims...my,. (]

SAMEYAHUE 2. 151 Heabe1eBbIX IepuojInyecKuX IPYIIL OJHON 13
OCHOBHBIX ObLa cieayioliad mpobdaeMa bepHcalifa: KoHeUHa U KO-
HEYHO MopoxKaeHHad rpyina G, B KoTopoit " = e g Bcex ¢ € G7
Orpunarebioe perienne ObL10 moaydeno C. 1. Angnom u 1. C. Ho-
BUKOBBIM.



KOHEYHBIE ABEJIEBDI I'PVYIIIIBI

Kiaccudukanus (¢ To9HOCTBIO /10 n30MOpdU3Ma) KOHEUHBIX abe-
JIEBBIX IPYIIIT BOCIPUHUMAJIACH KaK OJIMH 13 TpuyMdoB aaredpnr XIX
BeKa W Cpasy Hallljla MPUJIOXKeHUs B ajiredpe, TEOPUU JHcesi, TOIO-
JIOTHH, KoMOnHaTopuke. B KaKOM-TO CMBIC/Ie 9TO YHUKAJIbHBIN (haKT
TeOpUN adeJIeBbIX I'PYII, TO, YTO yAaJ0Ch KOHCTPYKTHBHO OINCATD
CTpOeHNe KOHEUYHBIX 00beKTOB. CoBceM He Takasi IpocTasi CUTyallns
¢ KJaccudukalmeil KOHeIHbIX 00bEKTOB KaK B TEOPUM HEKOMMYTa-
TUBHBIX I'PYII (OTMETHM JINIb OJUH U3 CAMBIX KDYIIHBIX MaTeMa-
TUYECKUX IIPOEKTOB, CBI3aHHBIN ¢ KjaccuduKalyeil KOHeUHbIX 1PO-
CTBIX TPYII), TAK U B TEOPUE KOJIET] (OIMCAHIe CTPOEHNST KOHEUHBIX
10JICeH — 9TO JIMIIH HAdaJI0 3araJoIHoil nCTopunr 00 ONMCaHUN CTPOe-
HUST KOHETIHBIX KOJIEI).

Teopema 4 (0 pasozKeHUN KOHETHON abesIeBOil IPYIIbI B IPSIMYTO
CYMMY MPUMAPHBIX KOMIIOHEHT). [Tycmos A — xoneunas abesesa epyn-
na nopadka |Al = n = pi'...pt, ede p1, ..., pr — pazaunmbie npo-
cmuie wucaa, ; = 1. Tozda:

1) A=A, ®...® A, 2de|A,|=Dp"

2) 2mo npamoe pasrodcerue xoneuHol abeaesoti epynnve A edun-

/
r.
cmeenno, a umenno ecau A = By @ ... @ By, 2de |B;| = p,’, mo
! y —
ri =1 das ecex 1 <1<t uB;=A,).

Jlokxazamenbcmeo, KOHETHO, HEITOCPEICTBEHHO CJIEJIyeT U3 TEOPEMbI 2
0 pasJIoXKeHUHu J1000# mepuoamieckoil abeaeBoil IPYIIILl B IPAMYIO
CYMMY TIPUMapPHBIX KOMIIOHEHT. ]



SAMEYAHME 3. /lanHasi TeopeMa CBOJUT U3y4YeHUE KOHEIHBIX ade-
JIEBBIX I'DYIII K pAaCCMOTPEHUIO UX IPUMapPHBbIX KOMIIOHEHT, ABJISIIO-
IMIITXCsSI KOHEUYHBIMU TPUMapPHBIMHI a0eJIEBbIMEI TPYIIIIAMHA.

B cienyroreit K/1to4eBoii 1jeMMe Mbl COCPEJIOTOUNM BHUMAHKE Y2Ke
Ha KOHEYHOI MpUMapHOil abesieBoil rpyiie.

Jlemma 1. ITyecmv A — xoneunas abeaesa p-epynna, a € A — ane-
menm. ¢ maxcumaavivm nopadkom Oa) = p~ 6 epynne A. Tozda
A = {(a) ® H daa nexomopot nodepynnuw H (dpyeumu crosamu,
YUKAUNECKAA N0Depynna {a), nopoHcIennas INEMEHMOM @, AGAACTI-
CA NPAMOIM CAG2AEMBM 2pynno, A).

oxasameavemeo. Beibepem B Hallleil KOHEUYHOH Ipyiie A Makcu-
MaJIbHYIO noarpyuny H cpejn Bcex IHOJAIPYII co cBoiictBom H N
(a) = 0.

Pacemorpum nogarpynny (H,a) = H ® (a) = Ag. Ecim Ay = A,
TO Hallla JeMMa JIOKa3aHa.

HormycTum ternepb, uro Ag # A, n npuBejieM 3T0 HPEIIIOI0KeHIe
K nporuBopeunio. Tak kax Ay # A, 1o BeibepeM B A \ Ay s/1eMeHT
Haumenvue2o nopadka. Tak Kak B p-rpyiie A

O(x)
p
10 pr € Ag = (a) ® H, u nosromy

O(pz) = < O(z),

pr=Ila+y, l€Z, yeH.



Tak Kak p" — HAMOOJIBIINI TOPSIJIOK 9/IEMEHTOB Hallleil p-rpymibl A,
TO

pr—lla _|_pr—1y _ pr—l(px> _ pTZU — 0.

CiiegoBaTe IbHO,

pa=—plycla)NH=0.

[Tosromy p" ! nemurea na p” = O(a), u Torna | = pg. Taxum
obpaszoM,

pr =la+ 1y = pqga+y,
U TI03TOMY
p(r —qa)=y € H.

Ho x — qa ¢ H, nockosibky eciin © — ga € H, 10
r€qa+ H C (a)+ H= Ay,
9TO MPOTUBOPEUUT BBIOOPY 2jieMeHTa & ¢ Aj.

lTak,
H < {(x —qa)+ H,

IIO9TOMY B CHJIY MaKCUMaJIbHOCTU BbIOOpa HOArpymibl H

({(x —qa) + H) N {a) # 0.

CuiejtoBareibio, Haiijayres yuciaa k,m € 7Z n siuement y' € H,
JIJIsT KOTOPBIX
m(x —qa) +y' = ka # 0.

10



Orcroa cjeyer, 94To
/
mx —mqa+y = ka,
1 II09TOMY

mx = (mq+k)a—y' € (a) + H = A,.

Ecmm p genut dnciao m, m = pt, TO, MOCKOJIbKY
p(r —qa) =y € H,

nMeeM
m(x — qa) = tp(x — qa) =ty € H,

1 [O3TOMY
ka=m(x —qa)+y € H+ H = H.

Urak, ka € (a) N H = 0, HO 9T0 poTuBOpevnT TOMY, 910 ka # 0.

CJiej10BaTe/ILHO, M HE JEJIUTCA Ha P, U II03TOMY
1= (p,m)=up+ovm, u,v€Z.

[Tockosbky pxr € Ag u ma € Ay, NIPUXOJUM K IPOTUBOPEUNIO C BbI-
OOpOM 3jIeMeHTa I

= (up +vm)x = u(px) +v(mz) € Ay + Ay = A. []

11



B kauecTBe HEOCPEICTBEHHOTO CJIEJICTBUA JIEMMBI T10JIydaeM Teo-
peMy O CTPOEHUN KOHEUYHOI abeeBOil p-IPyIIIbL.

Teopema 5. 1) Kaoicdasa xoneunasn abenesa p-epynna A, |A| = p”,
r > 1, pasaazaemca 6 npAMYIO CYMMY P-NPUMAPHOIT UUKAUYCCKUT
epynn (dasee ne passodcuUMbT 6 NPAMYIO CYMMY)

A=A ...B A, Ai:<az~>, O(ai):p?, 1< ... < q,
‘A’ :pT:pcl—l-CQ—i-...—l—ck, T=C1+Cz+...—|—ck,

AT & ... & L.

2) nocaedosamesvbnocmy SIEMEHTAPHBIX JIe/IUTe el

c c
plv“')pka Cl<02<...<0k

(cosnadarowasn 6 9mom cayuae ¢ noOcAed0BAMEAHOCTIDIO UHBAPUAHN-
nol muoorcumenet 1 < dy = p | dy = p2 | ... | dp = p*) onpede-
AEHA OOHOZHAMHO, G UMEHHO: CCAU

k

l
A= @chi g@z &>

1=1

12



Jlokasameavcmeo.
1) B cuy JoKazaHHoil JeMMbl:
A={(a)® H, acA,

O(a) — MaKcUMAJIBHBIN TOPSIIOK 9j1eMeHToB Tpyinbl A. [Iposenem
WHYKIHEO 110 | Al.
[IycTh, B CUly MHJYKTUBHOIO HIPEJIIIOJIOKCHNUSI,

H=A4®.. &A1, Ai=(a), Oa)=p" 1<a

/N
/N
=
|

npu sroM ph-1 < O(a). Tonarast ay = a, p* = O(a), Ar = (a),
TOJIYIAeM, UTO

A=A1®.. ®A._1D A,
A = (ai), Oa;) =79 1<a<...<c1 <o,

1 cjie10BaTeJIbHO,

|A’ _ pr _ pcl—l—cﬁ—...—l—ck7 r=c+...+ Cl,

Agchl@...@chk.

Kak Mbl ormevasn, npsgMble ciaraemple A; = Zye, dBidiolye-
CeA IPUMAPHBIMU [MUKJINYCCKUMU I'PYIIAMHU, JIaJdee B HETPUBUAJIBHY O
MPAMYIO CYMMY y2Ke He pasjiaratoTc.

13



2a) Ilycrn

IIZ

l
@ch.,

1 p

j=
/ /
< <...< .

N\

k
1=,
<Ck=

1<Cl\...

H

)

s nokazarenbcrBa paBeHCTBa k = [ BBIYUCINUM, HCIIOJIL3Ys 9THU
JiBa MpsIMbIX passioxkenust, noarpynny Alpl = {x € A | px = 0}
rpyunbl A, 3Has1, 9T0

[Tosromy |Alp]| = p* = p', u crenosarensuo, k = I.

14



20) HomycTuM npoTUBHOE, T. €. ITO MOC/IeJI0BATE/ILHOCTH (C1, - . . , Cf)
u(ch,...,c.), k=1, pasininsl.

[TycTh w — Takoil nnjeKce, 94To
0 7 /
Cl =Cly.,Cy—1 = Cy_1,Cy F Cy,
CKazKeM ¢, < .

Tax Kak p“Zye; = 0 g ¢; < ¢, TO, UCHOJIb3YS 1IepPBOe Pa3JIOozKe-
e u 77, moydaem

k k
pCuA ~ @pcuzpci = @ chi*CU7
1=1 i=u+1
rje
Cu+1_cu<6u+2_cu< SO — Gy

(311€Ch k — u HEHYJIEBBIX MPSIMbIX CJIAraeMbIX).

HOCKOHBKY C, = C;; JLJI41 ’l < unu Cy < C;N TO, I/ICHOJH)3YH BTOPOE
p&BﬂO?KGHI/Ie, HOﬂyqaeM
k=l =l
pCuA ~ @pcuz o = Z —eu
) D J J
J=1

. p
1=U

rje

1<c;—cu<c;+1—cu<...<c§€—cu, k=1

(3mech k — (u — 1) = (k — u) + 1 HeHyseBbIX MPSIMbBIX CJIATAEMbIX ).

Takum obpaszom, JijIsi KOHEUHOI abejieBoit p-rpymmbsl pA 1mosy-
JUJIN JIBA PA3JIOXKEHUsT B IPAMYIO CYMMY HEHYJIEBBIX pP-IIPUMAaPHBIX
MUKJITIeCKUX TPYIIIL, COJEP/KAIIX PA3HOe YUC/I0 caaraeMbix (k—u u
(k —u) + 1 coOTBETCTBEHHO), UTO HEBO3MOYKHO B CHJIY Y2KE JJOKA3AH-
HOTO yTBepyK/ieHns 2a). TeM caMbIM MbI IPUILIH K TPOTHBOPEINIO,
9TO 3aBepIIaeT JI0KA3aTe/IHLCTRO. ]

15



Tenepb Mbl TOTOBBI cOOpaTh BMECTE BCe MOy YeHHbIe (DaKThbl, chop-
MYJINPOBATh U JOKa3aTh OCHOBHYIO TEOPEMY O KOHEYHBLIX abe/leBhIX
rpymniax.

Teopema 6 (0 crpoennn u KjiaccudUKaIUN KOHEUHBIX abeIeBbIX
TPYIII).

1) Koneunas abeaesa epynna A nopadka n = |A| = pi'py? ... py,
ede {p1,p2, ..., Pt} — 6Ce pasaunmHvie npocmole JeAUMENU YUCAG T,
ri = 1, 1 < 1 < t, pasaazaemcesa 6 nNPpAMYO CYMMY NPUMAPHOLT
UUKNUNECKUT 2PYNn

t ki
A=D| DAy), Ay=lay), Olay)=p",
i=1 N j=1

ede

I<epp e <. < gy

I<en <o <o < oy,

t ki
Cll+---+clk1 Cgl—l—...—l-CQkQ ct1+'--+ctkt Cij
n=|A|=p, P Dy =111]7»"
i—=1 j=1
"M =C1+ ... T Cliyy---y Tt =C1 -« T Cfgy-

Taxum obpaszom,

ZCU .

t kj
-1 Pj

A= .

1=1 J

16



2) Tabauya snemenmapnoir desumenets

€11 ,.C12 C1kq

Py Py 55D 5, 1< << < gy,
€21, €22 C2ks

Do s Py 53Dy -, 1< o1 <o < Lol < Copy,
ct1 , Ci2 Ctky 1< < <

pt 7pt 7---;pt 9 \Ctl \Ct2 ~X \Ctkt7

npAamo20 passoocenus 6 n. 1) onpedesera 00H03HaAHO U 0OHO3HAY-
HO onpedeasem Koneunyro abeaesy epynny A (¢ mounocmuio do u3o-
MOPPUIMAQ).

17



Joxazamenvbcmeo.
1)B CI/IJIy TGOpeMbI 0 pa3JI0yKeH KOHEUHOI abesieBoil rpyibl A,
Al = pi* ... p;t, umeem

t
A:@AM? ’Api‘ :p?'
1=1

[Ipumenss K KaxK /101t KoHeUHOIl abesieBoil p;-rpy1ie A, Teopemy o
O CTPOEHNN KOHEYHBIX abeseBbIX P-IPYIIII, MOJIydaeM

ki
Ay, = @Aijv ij = {ai), Olaij) = p;”,
j=1

e
1<en <cp< ... <cigy, |4 = CZH ek P =p.
Taxum obpazowM,
t k;
A=D( D4y). Aj={ay), Olay)=p".
1=1 J=1

I<en e <. < iy,

1<Ct1<ct2<"-<ctkt7

A c11+-- +Clk1 co1+.. +62k2 Ct1+"'+ctk:t
n=|Al=p'...p'=p Do - Dy ;
I03TOMY

rMm=Ci+...+TCky, s "t =0C1+ ...+ Cty-

Orcroa cjieyer, 9To
ki

A @ @z% .

j=1

18



2) [ycro

d d dy

p1117p1127"'7p1 17 1<d11<d12< <d1117
d d dy

p2217p2227 ey Po 27 1 < d21 < d22 < < d2l27

dyn d dy
ptﬂ)ptt27"°7pt tv 1<dt1<dt2<---<dtlta

— TabJinia 3/1eMenTapHbIX JIeJINTeNeil JIPyroro pasyioKenns KOHed-
HOM abesieBoit TpyIbl A B IPSIMYIO CYMMY IPUMAPHBIX HUKJITIECKIX

['PVYIIII,

t l;

dy

A:@(@A;j), A = la). Ol ="
i=1 N j=1

d11+ +d1l1 d21+...+d2l2 dt1+"‘+dtlt
n—|A\— . pt—p Do Dy ,
rm=dy+...+dy,..., t=dg+...+dy,.
ﬂﬂﬂ KayKJI0I'0 IIPOCTOr0 4Yucjaa p; € {pl, ... ,pt} BBIUUCJIUM OJI-

HOBHAYHO OLIPEJIeICHHYIO p;-IIPUMAPHYI0 KOMIIOHEHTY A, KOHEeYHOI
abeJieBoil TpyIIbl A; 110 IEpBOMY U BTOPOMY DA3JIOXKEHUSIM (CM. Teo-
peMy O €JIMHCTBEHHOCTH PA3JI0yKEHIA B CyMMY IIPUMAaPHBLIX abeIeBbIX
PPYII IO PA3HBIM [POCTHIM YHUCTIaM):

@B

1<er <...<cyy, 1<dy <. <dy,

o Ci1+'-~+ciki . dzl—l-...—l—dilz.
|Ap| = pi" = p; =P, :

Ayl =", A =

)
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K p;,-ipumapHoii KOHeUHOI abesieBoil rpyiiie Apz. [IPUMEHUM TeO-
pPEMY O €JIMHCTBEHHOCTHU II0CJI€I0BATE/IbHOCTU dJIeMEeHTaPHbIX JIeJI1-
Tesei):

= di,

7

— dy.

2

]fz = lz‘, Ci1 = dzl, ey Cig,

7

Taxum obpaszoMm, Tabymia s7eMeHTapHbIX JIeTuTeNel, ornpeaessio-
masi pa3joyKeHne KOHEeIHO abes1eBoil IPYIIbl B IPSIMYIO CyMMY IIPHU-
MapPHBIX IUKJIMIECKUX TPYIII, OlpejiesieHa OJHO3HAYHO. ZICHO, 4To
JIBE MIPsIMbIe CyMMBI IPUMAPHBIX MUKJINIECKUX I'PYII ¢ OJHONI 1 TOi
yKe TabJInIeil /1eMeHTapHbBIX JleJIuTe el m30MOPQHbI. []
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