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Jlekiimsa 1. OcHoBHBIe mapaMeTpbl KOJOB: Pa3MEPHOCTb, pac-
cTogHrMe X3MMUHra, UCIpaB/ieHne ommbok. JImHeliHble KOJbI.
T'paruna Cunriarona. M/IP-koapl, nux cBoiicTBa. I'panuma XsMm-
muHra (rpanuna cdepudueckoii ynakoBku). CoBepIlleHHBIE KO-
abl. JIBonunsiit kog Xsvmvuura. I'paauna [lnorkuHaa. DkBuan-
cradTHbIe KOAbl. CUMMIEKCHBIH KOJI.

oz, Koavyom B HaIeM Kypce OyZeT MOHUMATHCA KOHEIHOE ACCOIUa-
THUBHOE, KOMMYTATHBHOE KOJIBIO C €IWHHIEH, T.€. KOHETHOE MHOKECTBO
(R,+,") ¢ aByms OGuHapHbIMU oneparusaMu (i ya1o0CTBa UX HA3BIBAIOT
CITOXKEHWEM W yMHOXKEHHEM ), YAOBJIETBOPSIONIAMHE CJIEIYIOMHAM AKCHO-
MaM:
1) (R,+) — abesnera rpynma ¢ HeRTpaIbHBIM dsieMeHTOM 0 (aJanTHRHAS
IPYTIIa KOJIbIA);
2) BBIMOJTHEHBI TOXKIECTBA JUCMPUOYMUSHOCTIU:

VYa,b,ce R, alb+c¢)=ab+ac, (a+b)c=ac+ be

3) (R,-) — momyrpymra, T.e. OMepalus - aCCOIMATHBHA;

4) B 'R nMeercs HeHTpaIbHbIH OTHOCHTETHHO YMHOKEHUs 3j1eMenT 1 (nim
e, un 1R, KOryia IPUXOANTCA TOBOPHTH OJHOBPEMEHHO O PA3HBIX KOJIb-
nax);

5) Va,b,c € R, ab= ba, r.e. onepauus - KOMMyTaTUBHA.

Omnpenenenune 1.1. Ilpagvim modysem Ha KOJTBIOM R, WA MPABBIM
R-momynemM, HasbiBaercst abenesa rpynma (M, +) ¢ onpeneséHHbIMI Ha
Hell omnepanusMi YMHOMKEHHUsI CITPaBa Ha 3JIEMEHTHI KOJIBIEA TR, KOTOPHIE
YIOBJIETBOPSIIOT TOXKIECTBAM

a(rs) = (ar)s, (a+b)yr=ar+br, a(r+s)=ar+as,a-1=a
nns Beex a,b € M, r,s € R.
AHATIOrMYHO MOXKHO OLIPEAEIUTH JEeBbIH R-MOILYIb.

Onpenenenne 1.2. ITodmodyasv npousBosibHOr0o Moayias M — 3to ero
MOJIMHOYKECTRO, cofeprkaiiee 0 ¥ 3aMKHYTOE OTHOCHTENIHHO OTepartmit
CJIOJKEHWST, B3ATHS TPOTUBOIMOJIOXKHOTO JJIEMEHTa U YMHOXKEHUST Ha DJIe-
MEHTBI KOJIbIIA.

Onpenenenne 1.3. Buemnsg npamas cymma My & ... & M, R-
mopyeit My, ..., M, — MHOXECTBO BCEX CTPOK (M1, ..., My, ), TAe m; €



M; Vi e {1,...,n}, c TOKOMIIOHEHTHBIMH CJIOYKEHHEM ¥ YMHOXKEHHEM Ha
3JIEMEHTBI KOJbIa R.

B wacrroctu, ecnmm My = ... = M,, = M wmbt Oyaem paccmarpuBatbh R
Moaynb M™ cTPOK JJIUHBI N.

Omnpegenenne 1.4. Orobpaxenue f : M — N mpaBbix MOJIyJei Ha,
KOJIbIIOM R HA3bIBAETCS 20MOMOPPHUIMOM, ECIIHA

Va,be M, reR, f(a+b) = fa)+ f(b), flar) = f(a)r.

T'omomopduam Moryseit Ha3bIBAETCA USOMOPHUSMOM, €CITU OH SBIISETCS
OMEKTHBHBIM OTOpazkeHneMm. V3oMopdu3M MOIy/Ist B cebs HA3BIBAETCS
a8mMoMOPH3MOM.

1°. OcHoBHBIe TapaMeTpPhl KOJOB: Pa3MEPHOCTh, PaCCTOSHUE
X3MMHHra, UCOpaB/ieHue OIMMoOoK. JInHeliHbIe KOIbI.

Onpenenenune 1.5. Ilycrb (2 — HEKOTOPOE KOHEYHOE MHOXKECTBO, || >
1, — aagasum. Ilyctb n — HarypasbHoe uuciio, Q" — nekaproBa cre-
TeHb MHOXKECTBA (). DJIEMEHTHI MHOXKECTBA (2" OyIeM HA3BIBATD CAO0EGMU
daurv, n B andasure ().

Onpenenenue 1.6. Paccmosnuem Xommunza MEXKIy CIOBAMHU a =
(a1y...,an) ub=(by,...,b,) uz Q™ HA30BEM YKCIIO

dla,b)=[{i:1<i<n& a; #b}.

Herpyano uposepurs, uro (27, d) — Merpudeckoe HpocTpaHcTBO, KOTO-
POE ¥ HA3LIBACTCA NPOCMPAHCINGOM XIMMUHZA.

Onpenenenue 1.7. IlpousBosbHOE HEMyCTOE TOAMHOKECTBO C TPO-
cTpaHcTBa (2" HA3BIBAETCS kK0dom daunve 1 HAM ajdasuTom ().

Onpenenenune 1.8. Pasmeprocmuvio (6ojiee TOIHO, KOMOUHAMOPHOU
pasmeprocmoio) Koma C HasbiBaerca jeiicrBuresnbHoe uncio dim(C) =
log, [C|, Te ¢ = |2

Onpegenenne 1.9. Paccmoanuem (TOIHEE, MUHUMAALHOLM DACCTNOA-
nuem) Koga C upu |C| > 1 HA3BIBaETCSA YUCTIO

d(C) = min{d(a,b) : a,b € C & a # b},

PaCCTOAHUE KOJA U3 OJHOTO CJIOBA MOXKHO CUYUTATH PABHBLIM 0.



Ecnu xox C wam ajdaBuTOM MOITHOCTH ¢ WMEET IJIUHY 7, pa3Mep-
HOCTH k u paccrosuue d, roBopsar, 910 C ecTb [n, k, d],-xox. Hekoropsre
U3 3THX IapaMeTPOB MOXKEM OILyCKaTb, €CJU OHU HEU3BECTHBI WM HECy-
LIECTBEHHBI.

Tlepenaay wabOpMaIIKA MO KAHAJIY CBSI3UW MOYKHO OIMUCATH CJIEIYIO-
M 0Opa30M:

KaHaJl CBSA3M ,

Eciu w' # w, rosopsr, 4ro npyu Lepejade JaHHbLX LIPOM30LLIa Omub-
ka. B mpocreiiimem ciydae MOXKHO CUUTATH, 9TO HMCKAKEHUS JIOOBIX
JIByX CHUMBOJIOB — DAaBHOBEPOSTHbIE HE3ABUCUMbBIE COObITUsA. 2Keare/ib-
HO, 9TOOBI IPUEMHUK MOT OOHAPY?KHBATH M, IO BO3MOKHOCTH, UCIIPAB-
JIATH CJIOBO W', MOJIydas HCXOMHOE CJIOBO W.

JJ1st 91010 NpUMEHSIOT IIPOUECC KOAUPOBAHUS /IEKOIMPOBAHUS, KO-
TOPBI MOYKHO ONUCATH TAK.

IMycts M — u3BECTHOE MHOXKECTBO BXOIHBIX CJIOB (KaK MPABUIIO,
M = QF nna mexkoroporo maTypambpHOro uncia k). Boibupaercs Heko-
TOpOE MHbBEKTUBHOE orobpaxkeHue (komauposanue) ¢ : M — Q") rie

= (M) — nekoropsblii ussecrHblii Koj. Jouycrum, HaJI0 nepesarb
coBo m. BMecTo Hero mo KaHayly CBsI3WM MepesasTcesi CIoBo w = ¢(m)
U TIOJIyYEHHOE CJIOBO w’ TPOBEPSeTCs Ha, MPUHANIEKHOCTH Koay C. Ec-
g w' € C, cauraercs, 9To nepesano (OJHO3HAYHO ONPEEIEHHOE) CII0BO
o Hw'). Ecim xe w' ¢ C, Bbibupaercs Gimkaiimee (B cmbiciae Xam-
vmaTa) K W' oo w” € C. Ecam Takoe CI0BO OMPENENeHo OTHOZHATHO,
IPE/IIONAraeTCs, YTO Iepejano caoso ¢ L (w) (npunyun maxcumans-
1020 npaedonodobus). Ecin ke Ha MUHUMAIBHOM PACCTOSAHUY OT CJIOBA,
w’' HAXOAWTCA HECKOJLKO CJIOB, puHasyIexammx koay C, To dpukcnpy-
eTcs omubKa, KOTOPYI0 HEBOZMOXKHO MCIPABUTD.

Teopema 1.10. Ilycts d — paccrosame Xammunara koma C, 2r < d u
s < d. Torma kox C obHAPYKUBAET § OMIMOOK U MCIPABJSAET T° OMUDOK.

<« Ouesngno, uro ecmu m € M, d(w',o(m)) = s < d(C) m w' € C,
to w' = @(m). 3amernm, uro maa moboro cmosa a € Q" cymecrBy-
er He 6osee OmHOTO cIo0Ba ¢ € C, IJIsT KOTOPOTO BBHITIONIHEHO HEPABEHCTBO
d(a,c) < r. JeificTBUTeNBHO, TIYCTH ¢1, ¢ € C, d(a,c1) < rmnd(a,co) <r.
Torma d(cy, cz) < d(c1,a) +d(a,c) < 2r < d, orkyma ¢; = co. [Tockomb-
Ky, 10 mpeamonoxkennto, d(w’, p(m)) = r u p(m) € C, monygaem, 9To

w” = p(m) u p~t(w”) =m. »



Ipumepot.

1. Iosropenue ciosa. Ecau ar060e cioBo w = (wy, .. ., W) KOAUPOBATH
ciosom (w|w) = (wi,. .., Wk, w1,...,wk), T0 noaydaerca |2k, k,2]-kozm.
Buano, uro on 06HAPYKUBAET OJHY OIMIMOKY W HH OTHOI HE MCIIPABJISIET,
a 00bEM meperaBaeMoit HHMOPMAIINY YBETMINBACTCST BIIBOE.

2. Kon mpoBepku Ha 9éTHOCTH. [lycTh Ha MHOXKecTBe §) 3amana TpyTo-
Bas onepanus “+” (He 00sg3aTeIbHO KOMMyTaTHBHAd ). Torma ¢jioBo w =
(w1, ..., Wk) MOXKHO KOJUPOBATH CJAOBOM (W1, . .., W, —(wg + ... +w1)).
Torpa nomnyuunrcs [k + 1, k, 2]-kox, HO ckOpocTb 1epegadu uHMOPMALH
(T.e. oTHOmEHNUE k/N) y KOIA MPOBEPKU HA YETHOCTD BBIIIE, €M y KO
YIBOCHHUSI.

Omnpenenenne 1.11. Ilycts M — KOHEYHDIN IpPaBbI# WX JIEBBIH MO-
JLyJb HAJ KOJBIIOM R, M| > 2. JTunetnvoim K000M AumbL 1 HAT MOLYTIEM
M ma3bIBaeTcss MpOU3BOJBHBIN TOAMOIYIH R-Momynsa M™.

OcHOBHBIE YaCTHBIE CJIyYau:
M =Rgr nmu M = g'R — TOBOpPAT O KOJE HaJ KOJbIOM R.
M = R, tne R = F, F — koneunoe nosie. B satom ciygae rosopsr o
JUHEHHBIX Koaax Ha mojeMm [F.

ITpumepoi. [Tourn Bee KOBL, KOTOPbIE MbI IIOCTPOUM B JIAHHON JIEKIIMI
— JiHefHbIe KO/bl Hayy 1oJieM (ABOuYHbI Ko XoMMUuHra, 06001EHHbLI
kox Puna—CotoMoHa, CUMILIEKCHBIN KOJI).

Omnpenenenne 1.12. Ilycte M — xoreunbiit moaysib. Hazosém eecom
cioBa a = (a1,...,a,) € M™ unucno

lal| = [{i: 1 <i<n&a; #0}|

Ou9eBUIHBI CTEYIONHE COOTHOIEHNS:
1) YVa,b € M™ :d(a,b) =|ja—b||;
2) VC < M™:d(C) = min{||al]| :a € C\ {0}}.

2°. I'paannia Cuarirrona. MJIP-koapl, ux cBoiicTBa.
Teopema 1.13 (I'panuna Cunrnrona). Ecnu C ects [n, k, d]-xoz, 10
d<n-—k+1. (1.1)

<« IIycrs m = |C|. Tlepenymepyem Bee cioBa koma C: a; = (a;1, - . -, Gin ),
1 < i < m. CocraBuM W3 HUX MATPWUILY, B KOTOPOIl BBIIEJWM TEPBBIE
d — 1 cronbuos:

)



IMockonbky d(C) = d, TO B BBIIEJIEHHON IpyIie mocae aux n — d + 1
CTONONOB TOH MATPHUIHI JIIOOBIE IBE CTPOKK pasiwdnbl. CremoBaTernb-
HO, KOJIMIECTBO KOJOBBIX CJIOB HE IPEBOCXOJNAT KOJIMYECTBA PA3TAIHBIX
crpok gymnbl 1 — d + 1 B andasure Q, re. m < ¢ e ¢ = |Q].
Jlorapudmupyst 10 OCHOBaHUIO ¢, TTOJIyIaeM TPEOYEMYIO OIEHKY. P

Omnpepnenenne 1.14. Kox C Ha3bIBaeTCSI K000M € MAKCUMAALHO JOCTNU-
orcumvim paccmosnuem, nin M/IP-kodom, ecim C ectb [n, k,n — k + 1]-
ko1, T.e. HepaseHncrso (1.1) obpaiaercst B paBeHCTBO.

Tpusnanpabivu npuMepavmu MJIP-kom0B aBaSOTCS:

— [n, n, 1]-kom Q";
— [n,1,n]-xon xoucranr C = {(a,...,a) € N"};
— [n,n — 1, 2]-K01 MPOBEPKW HA YETHOCTH.

IIpumep. Ilycrs F — komeunoe mone, ¢ = |F|, M = Flz|k] =
{f(z) € Flz] : deg f(z) < k}, ®1,...,T,, — PA3IUIHBIE DIEMEHTHI TIOJIS
F, tme n > k. u1,...,u, — oOparumble 3meMeHTHI [F, oTobparkeHue
¢ : Flz|k] — F"™ 3amano npasuiom

p(f(@)) = (wf(21), - unf(zn)).

O6pas p(F[z|k]) nassBaercs o606wénnvim [n, k]-Kodom Puda—Coromona
HaJ riojieM [F u gaét MeHee TpuBHaabHbIN npuMep M/IP-koma.

IIpengioxxenne 1.15. O6obwgnuslii [n, k]-xkon Puga—Conomona siBist-
ercss M/IP-komom.

< Ecmm f(z) € Flz|k] n f(x) # 0, To o Teopeme Besy uucio kopueit
muorousena f(x) cpeau 1,...,T,, pasaoe n — d(o(f(z)),0), yuaosie-
TBOpsier Takxke HepaseHcTBY 1 — d(p(f(x)),0) < deg(f(z)) < k, orkyna
d(p(f(x)),0) > n — k. Bo-nepspIx, orciona BuaHo, uto ker ¢ = 0, mo-
sromy dim ¢(F[z|k]) = dim F[z|k] = k. Bo-BropsbIX, Gepst B KadecTse
f(z) pasHoCcTh JOOBIX PA3MUYHBIX MHOrOWwIeHOB u3 F[x|k], yOekmaem-
cd, 9TO paccrosuue d JAHHOTO KOJA TAKIKE YIOBIETBOPSET HEPABEHCTBY
d > n — k, aro, B cuny rpanuupl CHHIATOHA, BO3MOXKHO JIAIIb DU
d=n—-k+1.»

3°. I'panuna Xsmmunra (rpaauna chepudeckoit ynmakosku). Co-
BepIleHHbIe KOJbl. /IBouuHbIi Koa X3>MMUHTA.



Teopema 1.16 (I'panuna XsMmMunra, uiu rpanura chepudeckoil yma-
koBKH). Ilycts C ects [n, k, d|,-koxm Hax andasurom Q u d > 2r. Torga

<L e s nyr) = i(q — i (’Z) . (1.2)

~ sq(n,T) —

<« Herpynuo BUmETD, ITO i-€ CIIATAEMOE B Sq(Nn, ) — THUCIO0 TOUEK HIPO-
crpancTBa ()7, JIeXKaIuX HA PACCTOSHUN i OT MPOM3BOILHON (DUKCHPO-
BAHHO} TOYKH @& 9TOr0 IPOCTPAHCTBA, O3TOMY Sq(n, 1) = |Or(a)|, rme

Or(a) ={b e Q" :d(a,b) <r}.

B cmy mepasencrsa Tpeyroapauka O,(a) N O,.(a') = @ npu a,a’ € Cun
a # a’, clemoBaTeIHHO,

¢"sq(n,r) = |Clsq(n,r) U O.(a)| <|Q"| =q".
aeC

Onpepenenne 1.17. Kox C Ha3bIBAETCS coBEPUEHHBIM, €CTTH HEPABEH-
crBo B (1.2) obpauiaercs B paBeHcTBo (pu 310M 06s3aresibuo d = 2r+1).

Ipumep. dponunpiii kox Xommunra Ho(l) mmune n = 2! — 1 — muo-
JKeCTBO CJIoB a € ZY, ynosrersopatomux yciosutio Ha® = 0, rne H —
MAaTPHIIA, CTOJIOIBI KOTOPOil — BCE HEHYJIEBbIE CTOJIOII JIUHBI | HAT Zo.

IIpengoxxenne 1.18. JIpowunslit kox XoMmmunra Ho(l) sBisercs Ju-
HeHHBIM [n,n — [, 3]2 COBEPIIIEHHBIM KOIOM.

<« Jluneitnocts odeBmmna mo moctpoenuio. llockosnbky marpuna H
COZIEP;KAT BCE HEHyJIeBbIe CTOJOIBI BBICOTHI [, To TkH = [, OoTKyza
dimHqo(l) =n — 1.

Taxk xkak marpuria H He CONEp:KUT HYJIEBOTO CTOJIONA ¥ JIIOOBE 1Ba
€€ CcTosI0Na Pa3INIHbI, TO HUKAKOE HEHYJIEBOE CJIOBO Beca < 2 He yIo-
Brersopser yciosuio Hal = 0, smaunt, d(Ho(l)) > 3. C apyroit cro-
ponbl, Marpuna H comepxut cronbusr el , el el + el (zmecr el =
(0,...,0,1,0,...,0)7 — cronben ¢ egunuULeH Ha S-OM MeCTe), TIOITOMY
kon Ho (1) comepskur cioro Beca 3 n d(Ha (1)) = 3.

B pasencree (1.2) musi d = 3 umeem r = 1, k = n — 1, s2(n,1) =

22(2 — 1)1 <7Z> =1 +n = 1 + (2l — 1) = 2l, HO3TOMy Qn_l = m nu



KOJ, Ho(l) sIBIISI€TCSA COBEPITIEHHBIM. B

4°, T'pauumna IldoTkuHa. DKBUIUCTAHTHBIE KOJbl. CHUMILIEKC-
HBII KO,

Teopema 1.19 (I'pamuma Ilmorkuna). Ilycrs C ects [n, k, d]4-kox. To-
raa
ng" q—1) q-1 [

d< = n 1.3
<« IIycts C C Q7 tae |Q] = {wr,...,wq}, M = |C|. Obo3HamM Tepe3
m; npoekuuo 2" uHa -0 Koopauuary (r.e. mi((ay,...,a,)) = a; upu
i=1,...,n) U HOJIOKUM

mij:|{a€C:TrZ _w]}| Zém(a )wij
aeM

ITo ompenenenuto, s moboit maper a,b € C mpu a # b umeem d <
d(a,b). Cymmupys 10 BCeM mapam, moJIyduM

MM —-1)d< > d(ab). (1.4)
a,beC

C mpyroit croponst, d(a,b) = > (1 — 5ﬂ,i(a),m(b)). Takum obpasom,
upaByIo yacTb HepaBeHcTBa (1.4) MOXKHO mepenucaTb B BUJE

Z Z mi(b)) —"M - Z Z(sm(a),m(b

a,beC i=1 a,beC i=1
n n q
2 E § § 2 E § 2
= nM — (Sﬂ'i(a),w(sﬂ'i(b),w = nM — mij.
i=1 a,beCwe =1 j=1

Temepr mpumenum HepapeHCTBO Komm—ByHIKOBCKOroO K BeKTOpaM
(]., ]., ey ].) n (mil,mig, Ce ,miq):

Tpu kaxaom i = 1,...,n, > 1, my; = M, nosromy

1
M(M —1)d < nM? — n/qM? = nM2L——.



|

Ecnu mepasencrso (1.3) obpalaercs B paBeHCTBO, TOBOPSIT, ITO KO, Jie-
KUT Ha rpanune llmorkmua. Kak BuAHO U3 JOKa3aTesibCcTBa TeOPEMBI
1.19, HeoOXoauMBIM (HO HE JOCTATOYHBIM!) YCIOBHEM STOrO SBIISETCS
9KBUIMCTAHTHOCTh KOJA B CMBIC/IE CJIEJYIOLIErO ONPe/Ie/IeHus.

Omnpenenenne 1.20. Kox C nasbiBaercs 9x6uducmanmmsim, €Ciiu BCe
PACCTOSTHUS MEXKy PA3IUIHBIMU CJIOBAMU KO/a C OJIMHAKOBBI.

OueBUIHBIM TTPUMEPOM KBUIUCTAHTHOIO KOIA SABJIAETCS yIKE YIO-
MSHYTBIN KO, KOHCTAHT. BoJjiee CI0yKHO yCTPOEH CJIe Iy OITuit

Ipumep. Ilycrs F — xoneunoe moue, |F| = ¢, V' — nuneitnoe mpo-
crpauctso naja F, k = dimp V. Ionoxum n = ¢* — 1 u kak-nubynnb
3aHyMepyeM HEeHYJIEBbIe BEKTOPBI HPOCTPAHCTBA V'

VA{0} ={v1,..., 0.}

PaccmoTpum majee comnpsizKEHHOE TPOCTPAHCTBO V'*, cocTosiee U3 Jiu-
neitapix Gynknuit V — F un cocraBum Ko

C=Sp(k) ={(f(v1),...., f(vn)) : f €V}

deno, uro [C| = |V*| = [V| = ¢*,ad(C) = n—(¢" 1 1) = ¢* —¢" 7!, max
KakK siIpo Jii000# HEHyJIeBOM JUHEHHON (DYHKIUA — IOAIPOCTPAHCTBO
pasmepuoctu k— 1 mpocrpancTsa V. Takum 06pa3oM, BEIUUCIsIS TPABYIO
qacth (1.3), umeem

ng* (g 1)

Fo1 = ¢"(qg—1)=d(C).
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3amaun K Jiekiun 1.

Bagaua 1. Ilycrs C ects [n, k,d]-kox Han andasutom Q u d > 2r,
qn

sq(n, 1)

3amava 2. Onumwure coBeprennbie M/ IP-komab.

npuaém ¢~ = (em. (1.2)). Iokaxwure, uto d = 2r + 1.

3amaua 3. Onummure sxkBugncTanTHBIE MJIP-KOIDBI.

3agaua 4. [lpuBeaure npumMep 3KBUIAMCTAHTHOIO KOIA, JJIsi KOTOPOTO
HepaseHcTBo (1.3) ABIAETCS CTPOTUM.

Bapmaua 5. s kona C = {(a,b,a+b)|a,b € Z,,} Haligure pasmepHOCTH
k m MumHEMAaJbHOE paccTosuue d mjs oobmero m. Ilpu kakux m komx C
apnsgerca MIP-kogom?

3amaua 6. ccnenyiite cymecrBoBanne auaeinbx M/IP-Kom0B AHHbBI
n = 4, pa3MepHOCTH k = 2 HaJ KOJBIOM Zj4.
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Jlekiusa 2. V3omerpuueckme mnpeodpa3oBaHUS MNPOCTPAHCTBA
Xsmmuura. Teopema A.A. Mapkosa.

1°. O6umii coay4aii.

Onpenenenune 2.1. Ilycts () — andasur, n € N. Buektusnoe orobpa-
xenue @ : Q" — Q" HaspBaeTCd uzomempueti, ecin

d(p(a), p(b)) = d(a,b)

ISt JIIOOBIX ¢JI0B a, b € ™ (MHaue TOBOpSI, eCIN ¢ COXPAHSIET PACCTOs-
Hre X9MMUHTA).

Onpenenenune 2.2. Ecim Q = M — wmomynb Han KOAbIOM R, TO
u3omerpus ¢ : Q" — Q" HA3BIBAETCH AUHEUHOU U30OMEmpPuel, eCiiu
p: Q" = Q" — romomopduzm R-moyei.

Bamerum, 9To uzomerpun S(™) COCTABIAIOT MOAIPYIIY TPYIIIbI
Son Bcex OMEKTHBHBIX IIpeobpa3oBaHuii MHOKecTBa 2" B cebsd.

W3zomerpuun npocrpancresa XoMMUHIA yCTPOEHbI OY€HBb [IPOCTO, KAK
TTOKA3bIBAET CJIE Ty IONIAs

Teopema 2.3 (A.A. Mapkos, 1956 r.). Buekiua ¢ : Q" — Q" apmus-
€TCsl U30METpUeil TOrIa U TOJIBKO TOT/A, KOIJA ¢ 33JaTCs CJIe Ly IOIIUM
IPABHIOM:

Va = (al,...,an) € Qn, <p(a) = (7‘(’1(@0(1)),...,Wn(ag(n))), (2.1)

rme o € Sy, m € Sq, 1 =1,...,n, a Sq 0bO3HAYAET TPYIITY BCEX OUEK-
TUBHBIX O0TOOpazkeHuii MHOXKecTBa ) B ceDs.

< IIpeobpazosanusi, 3amanabie npaBuioM (2.1), HA3BIBAIOTCI MOHO-
MUuaAbHoLMU. OYEBUIHO, 9TO MOHOMUAJIBHOE ITPEOOPA30BAHUE SABJIAETCS
U30MeTpUeil.

1. Ormerum, 4ro MOHOMUAJIbHBIE HpeobpazoBanus M(Q™) obpasy-
o1 moarpymmy rpynnbl G(Q"). TelcTBUTETHLHO, OUEeBHIHO, UTO TOXKIE-
CTBEHHOe OTOOparkeHne MoHOMHasbHO. Ecim ¢,¢ € M(Q™) n ¢(a) =

(771 (ao(l))a s 77Tn(a<7(n)))7 ¢(a) = (pl (ar(l))’ s ’pn(aT(n)))a TO

¢¢(a) = 1/’(”1(%(1)), s 77Tn(ao(n))) =
= (p1(Tr(1)(@or(1)))s - - 5 Pr(Tr(n) (Aor(n)))),
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TaKKe sIBJISIeTCs] MOHOMHUAJIbHBIM TTpeobpa3oBanneM. OTcioa Takke cie-
JIyeT MOHOMMAJILHOCTH OOPATHOrO K MOHOMHUAJIBHOMY OTOOPasKeHUIO:
¢71(a) - (7'(;_11(1)((10,1(1))’ s 77T;—11(n) (0071(71))).

2. Mycts p € S(Q") — npousBosibHasg u3oMmerpus. B cuiay cka-
3aHHOTO BBIIIE JIJIsi TOrO, 9TOOBI J0KA3aTh MOHOMUAJIBHOCTD O, JOCTa-
TOYHO JIOKA3aTh MOHOMHAJBLHOCTH HPEOOpPA30BaHUs BUIA 1)1z, L€
N1, M2 € M(2"). D10 mMo3BOMUT HAM JaJiee, He OrPAHWYMBAsi OOIIHOCTH
CYUTATh, YTO ( 00JIATaeT KAKUM-TO TPEOYEMBIM CBOHCTBOM, JOOUBIIHCH
TOr0, YTOOBI 1)1 P72 UM 0DJIATATIO.

3. Ilepeobosna4us 6yksbl andasura, OyueM caurarh, 410 ) = Z§ =
{0,1,...,q— 1}. ITomoxum 0 = (0,...,0).

Moxuo cumrars, uro ¢(0) = 0. HeiicrBurensuo, ecaun ¢(0) =
(c1,.-.,¢n) muarexi=1,...,n, uro ¢; # 0 BO3bMEM B KadecTse v; € Sq
rparcnosunmio (0, ¢;), i OCTaBIIMXCs ¢ HOJOKUM V; = id. B3sgs MOHO-
MHAJTbHOE TPE0OPA30OBAHEE 7)1, COOTBETCTBYIOIIHUE MOJCTAHOBKAM ; € Sq
U TOXKJIECTBEHHOHN 0 € Sy, nosy4daem, uro 71¢(0) = 0.

4. Kaxk u B JUHEHHOM CIydae, 0003HAUNM 34 ||a|| IuciIo HeHyIeBbIx
KoopauHaT ciaoBa a € Q". Vmeem

llp(a)l| = d(p(a),0) = d(¢(a), ¢(0)) = d(a,0) = |[a]|.

5. B wacrnocru, aisg e = (0,...,0,1,0,...,0) c eqununeii Ha s-om
mecre, s = 1,...,n, u3 ||es|| = 1 nouyuaem, uro ||p(es)|| = 1, orkyzna

@(es) = Us€y(s),

rae ue; 0D03HAYAET CJIIOBO C U HAa, 1-OM MECTe W HYJISAMH Ha OCTAJIb-
meix, us € Q\ {0}, w : {L,...,n} — {1,...,n}. Ilokaxkem, 4TO
w € S,. Hycrs p,qg € {1,...,n},p # q. Torna d(ep,e,) = 2, orxyzna
d(upey(p); Ugu(q)) = 2. Cremoparensno, w(p) # w(q), Te. w — WHB-
eKTUBHOE OTOOpaxKkeHue, modromy w € Sp. g us # 1 B3gB Tpanc-
nosnunn 7s = (l,us) € Sq, IJIST OCTABIIMXCS $ TOJOXKUB Ts = id M
ornpeiesisiss MOHOMHUAJIBLHOE MPEOOPA3OBAHUE 7)o, COOTBETCTBYIOIIEE IO
CTAHOBKaM T; € Sq W TOXKIECTBEHHOW 0 € S),, U JOMHOXKHUB (p HA 72,
MOJTy9aeM, 9TO
p(es) = eys), wE Sn.

6. s mo6oro s € {1,...,n} u moboro u € N\ {0} umeem
llp(ues)l| = [lues|| =1,

d(p(ues), ew(s)) = d(ues, es) = 1.
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Orcroma moydaem, 9To
o(ues) = ms(u)e,(s), ms: Q= Q,m(0) =0,7s(1) = 1.

IIpu srom 75 € S mus kaxgoro s € {1,...,n}. HeiicrBuresnbro, eciu
u,v € Q,u # v, TO

d(ues,ves) = 1 = d(p(ues), p(ves)) = d(ms(u)ey(s), Ts(v)ew(s)),

3HAYNT, T5(u) # ms(v), T.e. Ty — MHBEKTHBHOE OTOOParKeHWe, MOITOMY
Ts € Sq-

B3sB MonOMHIabHOE OTOOPA2KEHHE 1)3, C TIOJCTAHOBKAME, OOPATHBIMHI
K T=1(1)s - -+ s Toy—1(n) ¥ W, U YMHOKHB €ro Ha , Gy/ieM CYuTaTh, 4TO

p(ues) =ues, YVu e Q, se{l,...,n}.

7. Jokaxkem, 910 (0 = id — TOXKJIECTBEHHOE TTpeoOpa3zoBanue Ha 2.

IIpeamosnoxkum nporusHoe: nycrb ¢(a) = b, b # a s HEKOTOPBIX
a,b € Q" Ilpu srom mo nokasanuomy B myekre 4, ||b|| = ||a||. ITo
nocrpoennto a; # b; ana mexoroporo i € {1,...,n}. Umeem npe Bo3-
MOZKHOCT.

Cayuwati a; = 0. Torma b; # 0, oTkyza
d(a,bie;) = |lal[ +1 = [[b][ + 1,
C APYrOii CTOPOHBI,
d(¢(a), p(bie;)) = d(b, be;) = |[b]| — 1.
IIporuBoOpeYwe ¢ TeM, 9TO @ — U3OMETPHUS.
Cayuwati a; # 0. Torma
d(a, a;e;) = [la]| =1 = [[b]| - 1,
C APYrOii CTOPOHBI,
d(p(a), p(aie;)) = d(b, a;e;) = |[b]].

[IpoTuBOpeUme ¢ TEM, UTO (P — M3OMETPHUSI.
[Tonydennnie MpOTHBOpEYNs ITOKA3BIBAIOT, 9TO ¢ = id, TOITOMY
MOHOMHUAJILHO. P>

2°. JIuneiinbiii caydgaii. [Tycrs QQ = M — moaynb vag kosbnom R. Jlu-
HellHoe MOHOMUAJILHOE Tpeobpa3oBanue — mnpeobpasosanue Buga (2.1),
Jst Koroporo s € Aut(M), s € {1,...,n}.

JlokazkeM JimHeHHYIO Bepcuio TeopeMbl A.A.Mapkosa.
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Teopema 2.4 (A.A.Mapkos). Bueknusa ¢ : M™ — M" tne M — mo-
Iyab HaJ KOJBIIOM R, ABIAETCS JUHEIHOW W30MeTpueil TOraa U TOJIbKO
TOIIA, KOTJIA OHA SIBJISETCS JTHHEHHBIM MOHOMHUATHHBIM ITPEOOPA30BAHY-
eM.

<« Ilycrb ¢ — smneiinoe MonomuasibHOE peobpaszoBanue Buia (2.1). To-
raa

<p(a + b) = (ﬂ—l(aa'(l) + ba(l))v s 77rn(aa'(n) + ba‘(n))) =
= (m1(ao1)) + T1(be(1))s - - s TnlAo(n)) + Tn(bom))) = w(a) + ¢(b)

<p(ar) = (771(0‘0(1)7’)7 s 77T7l(aa(n)r) =
- (7T1 (aa(l))r7 s aﬂ-n(a’a(n))r) = @(a)r

s mobbix 7 € R,a,b € M™. CienoBarenbHO, ¢ SABISETCS JIUHEIHHON
U30MeTpueit.

O6parHo, nycrb ¢ — smHeitHas usomerpus. 11o Teopeme 2.3 ¢ saBiis-
ercs MOHOMMAJIbHBIM 1IPE00PAa30BAHUEM.

Ilo nuneitnocTH @ mys a00BIX T € R,a, b € M™ umeem

(m1(a0(1) + bo(1)); -+ Tnl(Go(n) + bom))) = @(a+b) =
= @(a) + (p(b) = (7T1 (aa(l)) + 7r1(1)(7(1))3 s 77Tn(ao(n)) + 7Tn(bzf(n)))

oTKyJa nomydaeM, 410 m;(a 4+ b) = m;(a) + m;(b) ms m06bx a,b € M u
ie{l,...,n}.
Anajornuno,

(771 (ao(l)r)v s 77Tn(aa(n)r)) = go(ar) =
= Qa(a)r = (71—1 (aa(l))ra EER 7rn(aa(n))r)a

oTKyJa nosmydaem, 4ro m;(ar) = m;(a)r gna mobeix a € M, r € R u
ie{l,...,n}.

CanenoBarenbho, m; € Aut(M) ans Beex ¢ € {1,...,n}, moaromy @
SIBJIIETCS JIMHEHHBIM MOHOMUAIBLHBIM MPEOOpa30BaHUEM. P

Paccmorpum Baxkubiit yacTHbIil cay4dait, korga M = R, T.e. tuHeiinbe
KO/l HaJl KoJboM R. JIio6oii sugomopdusm 7 (romomopdusm B cebs)
KoJbiia R onpezensiercst snemenToM 7 (1), nockoabky m(r) = w(1)r. Ipn
sroM T € Aut(Ry) Torma u ToiabKo Toraa, korga w(l) € R* — obparu-
MBI#A 3JIEMEHT KOJIbIa K.
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CuneroBaresnbHO, /1Jist 11000 TUHEHHOW n30MeTpun ¢ Moayis R™ cy-
MIECTBYIOT YJIEMEHTHI U1, ..., U, € R* u o € 5, Takue, 9TO @ 3a7AeTCs
OPaBUIIOM

n . —
VaeR": p(a) = (u1as(1); - - > Unlg(n))-

Ounpenenenune 2.5. [pa (auneiinbix) koga Cr u Co Ayiubl 1 Ha anda-
BUTOM () HA3BIBAIOTCA (AUHETHO) ISKEUBAAEHMHBLMY, €CIIU CYIIECTBYET
(smHeitnast) m3omerpus ¢ : Q" — Q" rakas, aro ¢(C1) = Ca.

Cpazy 3amMeTuM, 9TO BCE MapaMeTphbl SKBUBAJEHTHBIX KOJIOB OIWHA-
KOBBI.

Ounpepenenne 2.6. IToarpynmna Aut(C) = {o € 6(") : 0(C) = C} nHa-
3BIBACTCHA 2pYnnoti asmomoppusmos Koma C.

Oupegnenenune 2.7. Ioarpynna LAut(C) = Aut(C) N Aut(M™) nasbl-
BAeTCS 2pYnnoli AUHETHBE a6MmomopPusmos muraeiHoro Koma C.

Ucnonp3ys Teopemy Jlarpanxka u CBsf3b OpPOMT W CTAOUIU3ATOPOB
JIefiCTBUSI, MOXKHO MOJIY YU Th

Teopema 2.8. Yucno komos C' € Q" skpupasenTHoix komy C € Q"
pasuo ungekcy [S(Q") : Aut(C)] noarpyunst Aut(C) B rpyune &(Q").
Ecmu C' = o(C), 0 € &(Q"), To Aut(C’) = o~ Aut(C)o.
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3amaun K Jiekiun 2.

Bagaua 1. Tlokaxkure, yro rpynma &(Q™) Bcex uzomerpuil mpocTpas-
crBa Q" — 310 nosynpsaMoe npoussenenue (Sq)" X Sy,.

Bagaua 2. [Mokaxkure, uro mig nqoudnoro asidasura (Q = Zs) rpyumna
JITHEAHDBIX M30MeTPHUil COBIAIAET C TPYIOil BCEX MPeodpa30BaHuil BUIA
xT = PxT 4+ vT, rne P— Marpung LepecTaHOBKH KOODAUHAT U V' —

bUKCHPOBAHHBIN BEKTOP-CTOJIOEII,

3amava 3. 3amerum, 4TO JUHEHHAS M30METDPUS ¢ HAJ KOHEYHBIM TIO-
nem F — 310 nmHeliHbI onepaTrop Ha mpocTpaHcTBe F™. Ykaxknure BU
MaTpPHIIbI 3TOrO OIlepaTopa B CTaH apTHOM Oa3uce.

3amava 4. [lokaxkure, 9T0 rpynna JIMHEHHBIX U30METpPUil IAefiCTByeT
TPAH3UTUBHO HA MHOXKECTBE CJI0B (PUKCUPOBAHHOIO Beca m (i1ist Jiro6oro
0 <m < n), r.e. wig n00OBIX CJIOB a, b OIUHAKOBOIO BECA M CyLIECTBYeT
M30MeTpust ¢ Takas, uto o(a) = b.

3agauga 5. HaiiguTe rpynmy aBToMOpdI3MOB MPOCTOTO TBONTHOTO KO,
C ={(0,0,0),(1,1,1)} anuusr 3.

Sagaua 6. Haiimure rpymmy asToMopdu3MoB Koma KoHCTaHT C =
{(a,...,a) € Q"} nnsg npousBONbHBIX ) U N.

3amava 7. Haiiaure rpynmy aBToMOphU3MOB JBOMIHOTO KOAA XIMMUH-
ra 7‘[2 (l)
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Jleknusa 3. PeanbHas aiamHa koma. Teopema Mak-Buaabsavc o
IPOJIOJI>XKEHUN M30METPHUUN JIMHEHHBIX KOIOB.

Omnpegenenne 3.1. Ilycts F — npoussosbhoe KonewHoe modte. JInneii-
mele KoOpl C, L < g™ aunetino usomempuums, €CIU CyIIECTBYeT H30-
MOP)U3M THHEHHBIX TPOCTPAHCTB

7:5C — gL (31)

TAKOU, 4TO

d(a,b) =d(r(a), (b)) V a,b € C. (3.2)
Onpenenenue 3.2. Peaavhotl daunol xoda C HA3BIBAETCS YUCIIO
C)=1{ie{1,...,n}: Ja=(as,...,an) €Ca; #0}|.

Cragasa IOKaskeM BCIOMOTATENIbHYIO JeMMY.

Koz C B 3TOM Ciiyuae MoxkHO paccMmarpusaTh Kak kKou Jymsbl [(C),
upu 31oM [(C) MUHAMAJIBHOE TAKOE YUCIIO.

PeasibHag yIMHA KO TAKXKE CBA3AHA M C JIPYIMMHU KOJOBLIMH IIa-
pamerpamu. JJoKarkeM IBa yTBEPKICHUS O €€ CBA3M C BECAMU KOIOBBIX
CJIOB B JIMHEHHOM CJIydae.

IIycrs C < F™ — nuHeitnbrit Kom Hag momeMm F.

Ouesuzgo, uro d(C) < |la]| < I(C) pna moboro ciosa a € C\ {0},
T.€. MEUHMMAaJbHOE KOJOBOE PACCTOSHHME M PeajbHasd JJIMHA KOua CJIy-
JKAT TPAHWIIAMP BECOB KOJOBBIX CJIOB. 110 ONMpemesennio MUHRMAILHOTO
paccrognusg cjioso Beca d(C) B kome C Bcerga cogepxkurcs. Cremyromee
pEe/JIOKEHNe OKa3biBaeT, kKoraa B koje C ectb cyioBo Beca (C).

IIpengioxkenme 3.3. Ilycts F — xomewnoe mose morHOCTH ¢. Torma
1.i060it smneiinbiii ko C < F™ umeromuii peanbuyio miuny [(C) < g,
comepxkut c1oBo Beca [(C);

2. st 1000To TaKoTo [, 9TO N > | > ¢, Cpeiu KOJIOB JIJIMHBI N ¥ peaTbHOM
JIJIMHBI | CYIIECTBYIOT KOJbI, HE COIEPIKAIIIE CIIOB BECa, [.

< Tlonoxkum | = [(C). s npocToThl 0003HAYEHUI MyCTh HEHYJIEBbIE
KOOPAMHATHI CJIOB 3 C pacmoIOKEHbI B MO3UIHAX 1, ..., 1.

1. IIycrs | < g. O6ozuaunm a(i) = (a(i)y,...,a(i)y) € C, Tak 410
a(i); #0,i=1,...,1L.

Joka3aTenbcTBO IPOBEIeM WHIYKIuei 1o (.

Basa undyrkyuu. Ilpu [ < 1 yTBEpIKIeHWE BEPHO.
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Hlaz undyryuu. domyctum, aro [ > 1 u gna [ — 1 yTBepxkiaenne
JIOKa3aHO.
9ro o3Hadaer, 4ro cymecrByer cioso a € (a(i)| i = 1,...,1 — 1)
rakoe, aro ay # 0, k = 1,...,1 — 1. [JeficTBUTEIbHO, TPE/INOIOKEHAE
nuaayKoun npumennmo K komy C' = (a(d)| i = 1,...,0 — 1), rae a(i)y, =
a(t)m, mpu m # 1, n a(i); = 0. Ipu srom B C’' cnoBo a meca | — 1
-1
BbIPAKAETCH KaK JiMHefinas koMbunamus a8 = » . «;a(j). Torga Moxuo
i=1
-1
B3Tb a= y oja(j)uar=ar #0mpu k=1,...,1 -1
j=1
Hobasmsiem k paccMorpennio cioso b = a(l).
Ecian a; # 0, 10 ||a]| = I n9aT0 Tpebyemoe ciioBo; ecim b; # 0 mJis Beex

i=1,...,1, To ||b|| = | u 310 Tpebyemoe cji0BO. B mporuBHOM CiIydae
paccmorpum cioBa a+ ab, a € F, a # 0. Ilycrs y;(z) = bjx + a;, @ =
1,...,1 — 1. Ilpu kaxKa0M i O TOCTPOEHUIO a; # 0, 3HAYUT ypaBHEHHE

y;(x) = 0 mmeer B F me Gonee oguoro pemenus. [Ipu srom cioo b umeer
HYJIEBYIO KOODJAWHATY B mos3unmsx [1,1], 3HaunT 1o KpafiHeil Mepe O7HO
u3 ypasHenwuit y;(z) = 0 mecoBmecrro. Crenosarensro, ecin X = {x €
F| 3 e {1,...,1 =1} yi(z) = 0}, 0 | X| <[ — 2. U3 ycnoBusa Ha 4uciio
9JIEMEHTOB 110Jist cyiefyer, uro Haiinérea o € F, a # 0, uro o ¢ X, mee.
a; +ab; #0, i =1,...,1. Cioso a+ab € (a(i)| i = 1,...,]) u ectp
HCKOMOE.

2. Ilyctb n > | > ¢q. Pacemorpum C = (a,b) < F", rne as = ... =

alzl,alzal+1:...:an:O,blzl,bgzbq+2=...:bn=O,
bs,...,bg+1 — BCe pasnmHIHBIE HeHy/eBble dmeMeHTs nonda F. Torma nna
soboro o € F* umeem nomep t = 3,...,q+ 1, uro o = —b;. Ilosromy B

crmose b + cva ma mMecte t crout 0 m 3HAUNT, ero Bec MeHbITe [. Bee cona
B ko1e C KparHbI a, b, 6o b + ca, mosromy comepxkar 0 HA MTO3UIUAX
[1,1]. Takum ob6pazom, B Kome C peanbHOi JyuHbL [ HeT cJI0B Beca [. »

I mokazarenbcTBBa TeopeMbl Mak-BunabsaMc cHadama moKazKeM
BCIIOMOIaTEJIbHYIO JIEMMY.

Jlemma 3.4. Ilycts F — komeunoe moste moraocTu ¢. Torma s aio60ro
smuedinoro koma C < F™ crnpaBeaInBO paBeHCTBO

S fal| = %ﬂcuw).

acC
< s kaxaoro ¢ € {1,...,n} pacCMOTPUM TTPOEKIHIO

m F* = F, m(a) = a;.
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ITockosbKy 7; — roMmoMopdu3M mpocTpaHcTs, TO 7;(C) siBIsieTcst moA-
npocrpancrsoM FF, coorBercreenno, m;(C) € {0,F} u

IC)={ie{l,...,n}: m(C) =T}

Kpowme Toro, ecim paccMOTperh siIpO OrpaHuYeHus roMoMopdu3ma m;
ua npocrpanctso C: K; = Ker(m;|¢), To no Teopeme o romomopdusme

IC] {lg, ecnu 7;(C) =T,

ICi = =
il |7:(C)] IC| ecu m;(C) = 0.

CrpaBeJinBbI PABEHCTBA,

S al =3 el =303 Jadl

acC acC i=1 i=1 aeC

ITpu ycnosuu 7;(C) = F upoobpas B C kaxaoro suementa a € F npu
romomopdusnme 7;|¢ umeer MoHOCTH |KC;|, noaromy

q—1
D lladll =Y lm@)l = 1Kl D llall = [Kil(g — 1) = =—C].
aeC acC ackF q
ITpn ycmosun m;(C) = 0 umeem Y ||a;|| = 0.

acC
B urore,

S5 fall = %W(Q

i=1 acC

Caencreue 3.5. Ilycts F — koneunoe mose. Ecian sKBuInCTaHTHBII
sunedinbii kox C < F™ jexur wa rpanune [Tnorkuna, To [(C) = n.

<« Bcunomuum, uro ko Jexkur na rpanune llnorkumna, ecom d =
q=1_[C|

g Jer1’t
Juist 9KBUAMCTAHTHOIO JIMHEHHOro Koja umeeM ||a|| = d s siroboro
a € C\ {0}, orkyzma mo semme 0 cy™MMe BecoB moaydaem Y. ||a|| =

acC

(Ic] - 1d = 2=L[cli(e) n d = =2 ic).
IIpupaBHuBas 3Tn fABa BbIpaxKeHUsA s d moaydaeMm Tpebyemoe pa-

Berctro [(C) = n.»

Ilepeiiném K OCHOBHO# TeopeMme JaHHOI JIEKITUH.
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Teopema 3.6 (Teopema ®. Mak-Bumabamc, 1962). Ilycrs F — mpous-
BOJIbHOE KOHeYHOe moJsie. Torna sobast anHeitnas ndomerpus (3.1) anHeii-
HBIX KOZOB HaA F mpomonxkaercs 10 nmueiHOro Hax F MOHOMEATBEHOrO
upeobpazosanus (2.1).

<« Kax 0b110 IOKa3aH0 B Teopeme 2.3, MOHOMUAIBHBIE TTPEOOPA3OBAHIS
M(F™) obpasyitor rpymimy. [TosTomy Jjisi JOKa3aTENIbCTBA CyIIECTBOBA-
HESA IPOJOJKEHHS T, JOCTATOYHO MOKA3ATh PE3YNbTAT I MPOH3BEIe-
HHUA T U HEKOTOPBIX MOHOMHAJBHBIX MIPe0Opa30BaHHi.

Iposeném nokazarensberso unykuueii uo [(C) > 0.

Basa undyryuu. Ecan [(C) = 0, To C = 0. B aToM ciyuae yTBep: K e-
HUE OYEBUIHO: B KAYECTBE TPOIOJIKEHNs T MOXKHO B3ATh IIPOU3BOJILHOE
MOHOMHAJIBHOE Ipeobpasosanue n3 M (F™).

Ilaz undyxyuu. Ilycrs Teopema BepHa Jis Bcex komos C, L < F™
upousBosibHON ayuabl 1 € N rakux, uro 0 < [(C) < | mis HEKOTOPOro
l € N. [Tokaxewm eé st [(C) = [. Beugy numeiinocTr 0TOOpaskeHUs T HA
npocrpascTse C yciosre (3.2) 95KBHBAJIEHTHO

lIr(@)l] = lla]| va e C.

ITo nemme 3.4 orciona creayer, aro (L) = I(C).

IMockonbky [(C) =1 > 0, 10 m;(C) = FF ny1s1 HeKROTOPOTO 4 € {1,...,Nn}.
YMHOKUB 1P HEOOXOAMMOCTH T CIIPaBa HA MOHOMUAJIHLHOE IIPeo0paszo-
BaHWE, MEHSIOIEee MECTAMHU -yIO W TEPBYIO KOODAMHATHI, 0€3 OrpaHuye-
HUAS OOIIHOCTH MOYKEM CUNUTaTh, 9T i = 1. Torma kox C COmEPKUT CIOBO
a; = (1,%,...,%). Bcnomuum, uro mna K; = Ker(m|c¢) cupasenimso
dim Ky =dimC -1, |K4] = f—‘, q = |F|. Bomee Toro,

C=TFa; ® Ky,

T.K. a; ¢ K1 1o mocrpoenuio. IIOCKOIbKY MO ONPEIEICHNIO IEPBBIE KO-
opaumHATHI BCeX ¢jI0B B K1 pasubl mymo u Ky C C, 10O

K <i—-1<1.

Pacemorpum numueitasiit kox, 7(Ky) C 7(C) = L. ITo nemme 3.4 or-
ciona caeayer, aro [(7(K1)) = (K1) < I. Crenosarensuo, cymecrsy-
er mugexc j € {1,...,n} rmaxoit, uro 7;(£) = F, wo m;(7(Ky)) = 0.
YMHOKUB IIPU HEOOXOJUMOCTH T CJI€Ba HA MOHOMHIAJIBHOE IIPEoOpa30Ba-
HUE, MEHSIOMEE MECTAMHU j-YIO W MEPBYI0 KOODIMHATBI, 0€3 OrpaHmde-
HusT OOIIHOCTH MOZKEM CYUTaTh, uto j = 1. Paccmorpum nommpocrpan-
crBo L1 = Ker(m) N L. Umeem 7(Ky1) C L. ockonsky m1 (L) = F, To

[£1] = % = % = |K1|. Caenosarensno, 7(K1) = L.
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Iockosmbky T — Gueknust w3 C B L, 7(K1) = £ nw a3 ¢ Ky, 10
T(a1) ¢ L1. BuauwT, 7(a1) = by = (8, %,...,%), 8 € F*. Orkyna umeem
pa3oKeHne

,C:]Fbl @ﬁl

st mpon3BOIbLHOTO "Hucaa ¢ € [ u3 auHeliHOCTH T CIEIYeT, ITO
T(car) = cr(a1) = cby = (cf,*,...,%).

Tornma Ji1st TPOU3BOJIHLHOIO cJjioBa a € C moJiyyaem

a=aa;+ (0,dh,...,a,), 7(a) = arr(a1) + 7((0,a5, ..., a,)),
npuuém 7((0,a5,...,al)) € L1, oTKyaa
7(a) = (@18, m2(a),...,m(a)),
rne; : C =T, i€{2,...,n} — nuneiinpe GbyHKINN.
[lokaxkeM, 9TO JuHEHbIE DYHKIUA To, ..., T, HE 3ABHCAT OT TEp-

BOil KoOpamHATHI BeKTOpa a € C, Te. ana mobbix a,b € C, ecau
as =by,...,a, = by, ro T;(a) = 7(b), 1 € {2,...,n}. Ecau a; # by, TO
[la—b|| = 1. Hockonbky T — nuueiinas u3omerpus, to ||7(a)—7(b)|| = 1.
ITpu sTom (7(a)); = a18 # b1 8 = (7(b))1, caenoBaresbHO, BCe OCTATB-
HbIE KOOD/IMHATHI 9THX BEKTOPOB 00S3aTEIHHO PABHBI.

Beeném obo3naueHmst

' ={(az,...,an) cF*': 3a; € F(a,az,...,a,) ecy,
L' ={(bs,...,b,) €F*": Tby €F(by,bo,...,bn) €L},
u 337a0uM oTobpaxkerne 7' : C' — F*~! ycaosumem
' ((ag, ..., a,)) = (12(a), ..., () Y(azg,...,a,),

rae a; € F upousBosibHasi KOHCTAHTA, JJisi KOTOPOii (a1, as, ..., an) € C.
ITo nokasaHHOMY BBIIIE OTOOPAKEHUE T' ONPEIESIEHO KOPPEKTHO (HE 3a-
BUCHUT OT BbIGOpPa a1). ITockombKy 7 : C — L — OUeKIus, TO U3 PABEHCTBA
7(a) = (a18,72(a), ..., (a)) 3akmogaem, uro 7' (C’') = L', 1.e. 7/ — u30-
mopdusm mmrelinbx npocrpancts C' u L. TlockombKy

vacC: [[r(a)l| = [lall = [lax]| + [[(az, . .., an)ll

Ir(@)I = [lasBl| + |17 (az, - .- an)ll;
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TO
va'e (' [lr'(@)]] = |la’l].

Takum obpasom, 7' : C' — L' — nuneiinag msomerpus. 13 onpenenenus
npocrpancrsa C’ rakxke creayer, uro [(C') = 1 — 1 < [. CoorBercrBen-
HO, MOYKHO TTPHMEHUTHL TPEINON0KEeHNe WHIYKIAN: JTUHEHHAS H30MeT-
pust T/ TPOTOJIKAETCA JO JIMHEHHOTO MOHOMHUAJIBLHOTO MPEOOpa3OBaHUsS
o' :F*=t — F*=Ll ¢ noncranoskoit p' € S, Ha MHOXKecTBe {2,...,n}
u 0OpaTUMBIMUA KOHCTAHTAMU Ug, . .., U, € F*. Torma npomomxenuem 7
OyaeT MOHOMHAJBbHOE mpeobpasoBanme ¢ : F" — F". ¢ momcraHOBKOIM
p €Sy, p(1) =1, p(4) = p'(j), 7 €{2,...,n}, m OOPATUMBIMHA KOHCTAH-
Tamu [, Usg, ..., U, € F*. »
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3amaun K Jeknuu 3.

Bamaua 1. Ilycts Q = Fo, n = 4, C = £ C F3 — xox mposep-
ku HA 4YérHOCTH M T : C — L jwHeiiHOe OTOOpaXkeHue, OnpeIeIeH-
Hoe Ha Oasmce 7((1,1,0,0)) = (0,0,1,1), 7((1,0,1,0)) = (1,0,1,0),
7((1,0,0,1)) = (0,1,1,0) u npogoskenHoe no nuneiinocru. a) Jokaxu-
re, uro 7 : C — L — u3omerpus; 6) MOCTPOITE JTUHEHHYIO W30METPUIO
o € &(FF3), TpOIOMKAIOTIYIO T; B) YCTAHOBUTE, CKOJIBKO BCETO JIMHEHHBIX
nzomerpuit G(F3) aBAAOTCA TPOIOTKEHUAMHI T7

3anaua 2. IlpuBenure npumep KOIOB U UX U30OMETPHUH, A1 KOTOPHIX HE
BBINOJIHAETCS yTBepzk/eHne Teopembl Mak-Buiibsamc o npomomkennu.

Bamaua 3. (O 3amene yciaoBug JIHHEHHOCTH Ha MOIIHOCTB). Ilycrs
Q = Fy, n = 3. Haiipure munumasnbaoe takoe m € N, qro jobas uzo-
metpusa 7 : C — £ TPOM3BOIBHEIX KOIOB 13 §13 MOMIHOCTH He MeHee m
IPOIOIPKAETCA 0 MOHOMHATIBHOTO Mpeobpa3oBanua Ha §)°.

Bagaua 4. (O 3amene ycjIoBus JIMHERHOCTH HA O0JIACTH OIPEJIJICHHUA).
IIycte Q = Fo, n € N. Ilycts C = {0,eq,...,€,} C Q", L C Q™
ITokaxkure, aro so0bas n3omerpus 7 : C — L NPOJOIKAETCH IO MOHO-
MHUAaJIBLHOrO 1peobpasoBanus Ha ()™,
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Jleknus 4. IIpoBepouHasi 1 MOpPOXKJaroliast MaTPUIbl, FTapaHTH-
PY€EMbIil paHr U paccTosHHE JHMHeAHOro Koga Haj noJjem. IIpo-
BepodYHas M IIOPOXKJAloMias MaTpPHUIlbl B CTaHIapTHo ¢dopMme.
JIBOiiCTBEHHBIIl KO, €ro IpoBepOYHas M MOPOXKIAIoIlas MatT-
punbl. Koapl, nBolicTBEHHbIE K JBOUYHOMY KOJAY X3MMHUHra W
K 000bmeénnomy koxay Puma—CoisromoHna.

1°. IIpoBepoyHas U MOPOXKJAIOIass MAaTPUIIbI, TAPDAHTUPYEMBbIit
PaHT M paccTossHMe JUHENHOTo Koja Haxg noJsgeM. IIpoBepounas
¥ HOPOXKJAIoIasi MaTPUIbl B cTangapTHO dopme.

Onpenenenne 4.1. Ilycts S — mpoW3BOIBHOE MHOXKECTBO IJIEMEHTOB
npaoro mouyis M Hazg koibuoMm R. Hammenbmumil (10 BKIIOYEHUIO)
noamounyib (S)r Momyns M, conepxkaiuuii MHOXKECTBO S, HA3bIBAETCS
noOModYAeMm, TOPOHCIEHHBIM MHOHCECTNEOM S.

Ecim N = (S)g, roBopsT Takxke, 40 S — cucmema o6pasyrouus
nodmodyss N .

IIpenmnoxenne 4.2. Ilycts S — npou3BOIHHOE MHOKECTBO JIEMEHTOB
npasoro moxyns M wmam xkombrnoMm R. Torma

Oupenenenne 4.3. Ecuu caosa g; = (gi1,---,gin), ¢ = 1,...,m no-
poxxpaor kon C AJMWHLL N Ha MomyaeMm M, To Marpuna

HA3BIBAETCS Noposciarwel mampuuet koma C.

Onpenenenne 4.4. Ilycte M — neBorit R-momyas u C — xox wHag M
anuust n. Marpuna H = (h;;) pa3Mepa X n HAL KOTbIOM R Ha3bIBAETCS
nposepounoli mampuuyetd kona C anunbl n vag M, eciu

C={aeM": Ha" =0}. (4.1)

MoKHO 3aMETHTDL, YTO AJI9 KOJAOB HAJ MOJYJIAMHU W JaKe HAJI KOJTb-
I[AMU NTPOBEPOYHAs MATPHUIA CYIIECTBYeT JajieKo He Bceraa. OHako, n3
KypCa JIMHEHHOI ajareOphbl CJIEAyeT, 9TO B CJIydae JIMHEHHDBIX KOIOB HaJI
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nojiem F (M =R = TF) mob6oii ko (T.e. moanpocrpancTso B F™) 3amaér-
Csl HEKOTOPOI OIHOPOIHO¥ CHCTEMON JInHeHHbIX ypaBHenuil Busa (4.1),
KOTOPOI 3aBEJIOMO YIOBJIETBOPAIOT CTPOKH MOPOXKIAIOMIEH MATPHUIIBI KO-
Jla ¥ HE YIOBJETBOPAIOT HUKAKHE JAPyrue BeKTOPLL. 1103ToMy HOJIydaem
cJaeayomuil Kpurepuii.

Teopema 4.5. Ilycre G u H — marpuiipl HaJl nojieM F pa3MepoB 7 X n
u m X M, COOTBETCTBEeHHO. Torna cjaemyomime yCIOBUS SKBUBAJIEHTHbI:

1. G u H — mopoXJaiolas U IMPOBEPOUYHAs MATPHUIILI HEKOTOPOrO
koga C anmubl n HAI IF;

2. HGT =0 u tk(G) + rk(H) = n.
ITpu srom pasmepuoctsb kozxa C pasua rk(G).

U3 (4.1) u reopembr 4.5 JIErKO CJI€Ayer, YTO €CJIU YMHOXKHUTH PO-
Bepounyio Marpuiy H (coOoTBeTCTBEHHO, IOpOXKAaILy0 Marpuly G)
kouna C cieBa Ha obparumyio marpuny A, (coorsercrsenno, B) noiy-
CTUMBIX PA3MEPOB, TO OMPENEIsIeMbIi KasKI0H U3 HUX KO, He U3MEHUTCS
(r.x. AH(BG)T = AHGT B = 0). B 9acTHOCTH, 37eMeHTapHEIE TPeos-
pasoBanus crpok Marpurn, H u G, T.e. mpubaBiieHHe K CTPOKE APYroi
CTPOKHU, YMHOKEHHOU Ha 3JIEMEHT TI0Jis, IePECTAHOBKA CTPOK U YMHO-
JKeHUEe CTPOKM HA HEHYJIEBOW 3JIEMEHT TI0JIsl, He MEHSIOT MHOXKECTBA Pe-
wenuit cucrembt (4.1) (coorBercrBeHHO, JMHEHHON 000JIOUKU CUCTEMbI
CTpOK MaTpuIpl (), MOITOMY MOXKHO CUMTATH, YTO KAXKJAAsd U3 HUX CO-
JIepKUT HabOp CTOJIONOB eAuHuYHOi Marpunbl nopsaakos n — rk(C) u
rk(C), cooTBETCTBEHHO, U YKMCJIO CTPOK KaxKJOil U3 HUX PABHO €€ PaHIy.

IIpumep. Ko mpoBepkr Ha IETHOCTH HAJ TOJIEM 33a6TCST MATPHU-
aMu

100 ... 00 -1
010 00 -1
H=(1 1 DuG= ...
00 10 -1
00 01 -1

ITepecTtanoBka CTOIOIOB MOPOXKIAOIIEH MATPUIIHI JIUHEHHOTO KO,
COOTBETCTBYET MEPeXOy K HEKOTOPOMY JIMHEHHO 3KBUBAJIEHTHOMY KO-
ay. Ilpu 3T0M TPOBEPOYHYI0 MATPHUILy HOBOIO KOAA MOYKHO MOJYYHUTH
TOI ke nepecTaHoBkoil crosibnos. CieoBaTebHO, JIO00N JIMHEITHBIN
KOZIT HAJ TOJIeM JINHEWHO SKBUBAJIEHTEH KOIY C MPOBEPOYHON MaTpu-
neit cmandapmnozo euda: H = (H'| — E), tne F — eauHWYHAS MaT-
puna nopanka n — k, a H' — mekoropag marpuna pasMmepa n — k X k.
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CMBICHT 9TOi 3amUCH B TOM, YTO TIEPBbIE k CHMBOJIOB JII0OOTO KOJOBOTO
cioBa (ay, .. .,ay) ABJIAIOTCS ONPEIEJSIONIUME, & OCTAJbHBIE BHIYUCIIS-
10TCa Kak (Ay1,---50n) = (a1,...,a;)(H)T.

Ecau kon C mmeer npoepounyio marpuily H B cranmaptaOil ¢dhop-
me, 10 yenosuam HGT = 0, tkH + rkG = n y[oBiersopsier MaTpHUIa,
G = (E|(H")T) pasmepa k x n, rne E — euHuvHas MaTpuIia TOPAIKa
k. Ona Ha3BIBAETCS MOPOXKIAIONIEH MaTpurei cmandapmmozo éuda. Co-
OTBETCTBEHHO, JTI000# TUHEHHBIH KO HA ITOJIEM JTUHEHHO SKBUBAIEHTEH
KO/Iy € IMOPOXKJAIOLIEH MaTpuLeid CTaHIapTHOTO BUAA.

Onpenesenne 4.6. [apanmupyemvim parzom TPAMOYTONBLHON MATPH-
upt A nan nosem F naspiBaercs 4ucio s(A), paBHOe MaKCUMAJIbHOMY
YHUCITY § TAKOMY, UTO JIIOOBIE § CTOJIOIIOB MATPHUIIHI IMHEHHO HE3aBUCHMBI
(eczm A comepxkut HyJ€eBoit crosber, canraeM, 4ro »x(A) = 0).

OueBngro, uto tk(A) > 3(A).

Ilpennoxxenmne 4.7. Ecan H — npoBepodHass MaTPUIA HEHYJIEBOTO JIH-
Heitroro koza C Haz nosem, To d(C) = »(H)+ 1. Kox C sBasiercs M/IP-
KOJIOM B TOYHOCTH TOrja, Korna »(H) = rkH.

<« Hanmune B xozme C cnoBa Beca d pAaBHOCHJIBHO TOMY, 9TO HEKOTODBIE
d cron6buos marpunst H nuueitno 3aBucumbl, otkyga d(C) > »(H). C
JPYTO#l CTOPOHBL, IO OLPEIEJICHUIO TAPAHTUPYEMOrO PAHIa, CyLIECTBYET
JIMHeiHO 3aBucnMast ciucrema u3 »(H)+1 croabios marpunsl H, oTkyna
d<sx(H)+1.

Heiicreurensro, d(C) = »(H)+ 1 un —k+ 1 =rkH + 1. TTosromy
d(C) =n — k + 1 B rounoctu npu cosuanenun »x(H) = rkH. »

Ilpensoxkenue 4.8. Jluneiinbiit kox C HAJ [IOJIEM € IPOBEPOYHON MAT-
puneit H = (H'|—E) crangapraoro Buza sisasiercss MJIP-komom rorma n
TOJILKO TOTIA, Korma B Marpunie H' Bce KBaIpaTHBIE TIOAMATPUILI HEBBI-
POZKI€HBI.

<« Corsacuo npenpiaytiemy mpeamoxkenuio, C ectb MJIP-kox Torma u
TOJIBKO TOT/Ia, KOTIa Ji00as CHcTeMa u3 1 — k cTOI0IOB MaTpuibl H ju-
ueitno mesasucuma. Ilycrs H'[iq, ..., is|j1,. .., Js] momMarpuna pasmepa
s X s marpulbl H', cocrapjeHnas U3 3/1€MEHTOB, CTOAIIUMX Ha llepece-
YE€HUU CTPOK C HOMEPAMH i1, ...,Is U CTOJOIIOB C HOMEPAMHU ji, ..., Js-
Paccmorpum cuctemy cTosionos marpunsl H ¢ HOMEpaMmu ji, ..., Js, k +
is+1,...,k+in_k, TJI€ Cgqly---sin—k € {1,...,717 k}\{ll, .,is}. T.e.
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9TO CTOIOIBI C HOMEPAMM J1, . . . , js W3 MATPHAILI H' 1 cTOIOILI ¢ HOMEpa-
MH G541, - -, in_f U3 MaTpuibl —FE. Ilo ¢popmyse pasznoxenus onpesenn-
TeJIst 110 CTOJIOLY onpeaeauTenb Marputibl (n—k) X (n—k), mocrpoeHHsbIit
Ha 3THX cTonbuax, pasen +det H'[i1,. .., i5|j1,...,js|. CremoBarensno,
JIMHEMHAsS HE3aBUCUMOCTDH ITUX CTOH6HOB PaBHOCUJIbHA HEBbIPDO2KIECHHO-
cru noxmarpuubl H'[iy, ... is|d1,...,Js]- »

2°. JIBoiicTBEeHHBI!l KO, €ro MpOoBepOoYHas U TOPOXKJAF0IIas
martpuiibl. [lycre F — xoneunoe mose. QupenesnM CKalspHOE YMHO-
JKeHue BeKropoB a = (ai,...,an),b = (b1,...,b,) € F™ upasusiom
ab=a1b; +---+a,b, €F.

Onpenenenue 4.9. Kodom, deotlicmeerntvim K asunetinomy xody C < F™
HA3BIBAETCA KO

C°={beF":bC =0},
(nox bC = 0 nonumaercs, uro ba = 0 jis Jsoboro a € C).

Teopema 4.10. ITycrs C — nunedinstii [n, k]-koz Haz norem F ¢ mopox-
maroreit marpuneit G u npoBepounoit marpureit H. Torma

1) C° ecrb Jsumeiinbiii [n,n — k]-kox nan F ¢ nopoxnaromeil marpureit
H u nposepounoit marpurneit G;

2) C°° =C;

3) mns moboro muHelHOro Koma L < F™ crnpaBeiuBbl DABEHCTBA
(C+L)y=CcnNnL, (CNL)P=C°+ L.

< 1) Ycnosue bC = 0 9KBUBAJIEHTHO CHCTEME JIMHEHHBIX yDaBHEHUI
GbT = 0. Iosromy marpuna G 6yser nposepounoit jus kona C°. Co-
OTBETCTBEHHO, U3 TeopeMbl 4.5 moaydaeM, ¥To H — ero mopoxaaroras
marpuna u dimC° = n — k.

2) Ilonyuaercs u3 1) MOBTOPHBIM IIPUMEHEHHEM TeOpeMbl 4.5.

3)(C+ L) ={belF":b(C+ L) =0}. B gacrnocru, C,L C C + L,
bC = 0ubL = 0, uosromy (C+L)° C C°NL°. O6parno, eciiu b € C°NLC,
To bC =0 u bL =0, 3naunt, b(C+ L) =0wu (C+L)° D C°N L. Bropoe
YTBEPKIEHUE JTOKA3BIBACTCS AHAJIOTUYHO. P

Vreepxkaenue (1) reopembt 4.10 siBiisiercss S5KBUBAJIEHTHBIM OIIPEJIe-
JIEHUEM JBOMCTBEHHOTO KO/Ia.

IIpengoxxenne 4.11. Ilycrs C — nuneiinstii [n, k,n — k + 1] MIP xox
Hay nosieM F. Torma C° ectw nunedinstii [n,n — k, k + 1] MJP xox Haz
F.
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<« MoxHo cuntarh, 9T0 C UMEeT MPOBEPOYHYI0 MATPHUILY CTAHIAPTHO-
ro suga. Torma mo mpengoxkenuio 4.8 B marpune H' Bce KBaapaTHbIE
noAMAaTpHIET HeBbIpoz bl 1o Teopeme 4.10 marpuma G = (E|(H')T)
ABJgercs mposepounoit 11 kona C°. B marpune (H')T Bee kBagparubie
MOAMATPHUILLI TOXKE HEBHIPOXKICHBI, 3HAYUT 1O npeayoxenunio 4.8 kox C°
takxke aBagerca M/IP komom.»

Omnpenenenne 4.12. JIuneiinsnii kox C < F™ Ha3bIBaeTCa camoopmozo-
Hasvuvim, eciu C C C°, u camodsoticmeenmnvim, eciu C = C°.

IIpennoxkenue 4.13. Ilycrs C — snmneiinbiii [n, k] camonBoiicTBeHHbII
ko Hau noseMm F. Torna n obg3arenbHo 4yéTHOE yucao u k = 2

PR

<« Umeem C = C°, 3uaunr k = dimC = dimC°. C npyroit cTOpOHbI, MO
reopeme 4.10 dimC°® = n — k. Orkyna, n — k = k, wim n = 2k.»

3°. Koxa, gBoiicrBeHHBII K 0000mménHomy koay Puma—

Cosomona. Ilycre F — komeunoe mone, ¢ = |F|, M = Flz|k] =
{f(z) € Flz] : deg f(x) < k}, ®1,...,2, — DA3IUIHBIE STEMEHTHI OIS
F, tme n > k. u,...,u, — oOparumble 3meMeHTbI [F, oTobparkeHue

¢ : Flz|k] — F"™ 3agano npasuiom

p(f(@)) = (wf(21), - unf(zn)).

Hamomunm, uro obpas ¢(F[x|k]) HazbBaeTCss 0600wénmbiM [N, k]-K0dom
Puda—Conomona uan monem F. O6osuasum ero GRS, (n, k). Ero mopox-
JAIOIIAS MATPHIA NMEET BUJL

U1 U N Un
U1 U2X9 . UnTp
G =
ulx]fl uQxlz‘“‘*l e unac’,?b_l

IIpennoxxenne 4.14. GRS,(n,k)° = GRS;(n,n — k).

<« PaccmoTpum asieMeHThI

n

vi = [[(i —2;)”
ot
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U MaATPUILY

V1 (%) e Un
V11 Vo2 N UnTn
H =
T A 0 R T

Koz, ¢ nopoxparoweit marpuneit H sisisiercss xonom GRS,(n,n — k).
Hocrarouno mokaszars, uro H — mposepounas st koga GRS;(n, k),
MMOCKOJIBKY O TeopeMe 4.10 3TO JOKa3bIBAET, YTO OHAa MOPOKIAIOIIAS
Js gBoiicTBeHHOTO Koza. Ilo mocTpoenuto odeBuano, uro rkH = n — k,
CJIeZI0BATEIBHO, JOCTATOYHO 10Ka3aTh pasencTso HGT = 0.

Daement na nosuruu (s,t) marpunst HGT pasen

n

n

s—1 t—1 s+t—2
E Vi, Ui T; = E YiZ,; .
i=1

=1

Bospmém marpuny Bammepmonma

1 1 1
I T2 Tn
V=V(z,...,0,) = .
n—1 n—1 n—1
Ty ) Tn
NUmeem |V =[] (21— xs), anrebpandeckue JOMOTHEHUS SIEMEHTOB

1<s<t<n
TMOCJIeTHEH CTPOKH 3TOW MATPUIIHI UMEIOT BU/,

Vn,j = (_1)n+] H (.’Et — .’ES).
1<s<t<n

s, t#]

Otmerum, 9TO

Vn,i - _
V] = H(l’z — ) Y=y

Otkyna
n n
ol = VI Y =0
i=1 i=1

danpumBoe pasnoxenue onpenenuTeis BangepMoHaa (37€MEHTHI B3si-
THI U3 CTPOKHU ¢ HOMepOoM s+t—1 < n—1, a aaredOpandeckue AOMOJTHEHUS
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JUUI N-Oif CTPOKU.) B

4°. Kom, nBolicTBEHHBII K JBOMYHOMY KOJAy X3MMMHTIA.

Ounpenenenne 4.15. Kox My(l), nBoiicrBeHHbI K JBOUYHOMY KOZIY
Xommunra Ha(l), HassBaerca xodom Maxdonasva.

IIpennoxkenue 4.16. Kox Maknonanbaa Mo (1), noiicrBeHublii K ABO-
naHOMY KOy Xommumura Ha(l), sBASeTcs JTUHEHHBIM 9KBUAMCTAHTHBIM
[n,1, 2" )o-komom, meskamum wa rpanmme [L1oTkEHA.

<« Jluneitnocts oueBnga 10 mocTpoenuio. [lockonpky maTpuia H, mpoBe-
POYHAS JIJI KOJA XIMMUHTA, COIEPKUT BCE HEHYJIEBBIE CTOJIOIBI BHICOTHI
[, o dim My(l) = rkH = 1.

Boruucaum paccrosaue kona Ma(l) U JOKaKeM €ro SKBHIMCTAHT-
HOCTh. [locKobKY MaTpuna H comepKuT Bce CTOIOIbI leICOTbI l, Kpome

i 2 _
HYJIEBOT'O, TO JiI00asi €€ CTPOKA, COAEPAKUT B TOTHOCTHU 5 = 21 e numm.

IIpoBeaem masbHelinee 10KA3aTEMILCTBO UHAYKIHEH 110 [.

Basa undyrkyuu. Tpn | = 1 nmeem n = 1, H = (1) n cnoso (1) Beca
1 ABJISIeTCS €AMHCTBEHHBIM HEHYJIEBBIM CJIOBOM B Koze Ma(1).

Hlaz undykyuu. Iycrs [ > 1 u ajs Bcex m < | yTBEpXKIEHUE BEPHO.

IMycrs H' — nopoxpatomas marpuna koga Mos(l — 1), cocraBiennas

U3 BCEX HeHyJseBbIX €Tos1610B BbicoThl [ — 1. O603nauum 0 = (0,...,0),
H o H

1=(1,...,1). Torna H = < o 1 1 ) (renyseBoii cronber BbI-

COTBI | MOYKHO MOJYyYUTh OO M3 HEHYJIEBOrO CTOJONA BBICOTHI [ — 1
npunucbiBanuem 0 miam 1, b0 €IMHMIY MOMKHO TaKyKe MPHUIIACATH K
HyJIeBOMY CT0JI0LLY).

JIroboe HewyneBoe cioBo a € Ms(l) — cymMMa HEKOTODBIX CTPOK
marpuitet H. Eciiu B cymMMe He y4acTByeT MOC/IEHsIS CTPOKA, TO a =
(a’,0,a’), rme a’ € Ma(l — 1) \ {0}. Ilo mpeAmoIOKEHNIO UH/LYKIIAH

[|a’|| = 2!=2, coorsercrrenmo, ||al| = 2||a’|| = 2!~!. B nporusHOM CiTy-
wae, a = (a’,0,a’) + (0, 1,1). Bamerum, uro |[a’ +1|| =271 — 1 —||a/||.
Otxyna, ||a|| = ||| + 1+ 271 — 1 — ||a’|| = 2!~!. Caenosarenswo,

BECa BCEX HEHYJIEBBIX CJIOB JMHEHHOro Koma Ma(l) oIuHaKOBBI, MO3TO-
My OH SIBJISIETCSI SKBUIUCTAHTHBIM KOZOM C MAHUMAJIBHBIM PACCTOSTHAEM
d=2"1
BemomunM, 9ro Kom Jsexkumr Ha rpanune Ilnorkuma, ecim d =
-1 |
a1 I\, B nammom ciyuae ¢ = 2, n = 2! — 1, IMa(D)] = 2, orky-

q [C]-1
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Ja .
g—1 | 20 i1
T g 2 ) =2 = dMa).

>

Bamerum, uto |[Ma(l)| = 2! = n + 1. OxazeBaeTcs, 9TO MOITHOCTE KOZIA
Mak1oHATIb A ABJISETCA MAKCHMAJIBHO BO3MOXKHOI Cpeu MOObIX IKBU-
JCTAHTHBIX JTMHEHHBIX N-KOJIOB.

Teopema 4.17. IIycre C — sKkBuAMCTaHTHBIN JMHEHHBI Kou B FY, Torna
29

ICl <n+1.

<« IIycts C = {c1,...,Cs}, n mpn 31oM d(c;, ¢j) = d, 1715 BCEX @ # j.
Jnst moGbix pasmmasbx a,b € {0,1}" nmeem

n n

d(a,b) = lai—bil =) (a; —b;)* = ||al| + ||b]| — 2ab

=1 i=1

(BCce BBIYMCIIEHUS], B 9ACTHOCTH, MOIYJsl U CKAJSPHOTO MPOU3BEICHUS
Boosasorca Han R). Orkyna ana a,b € C \ {0} moxyuaem, uro d =
2d — 2ab n ab = %. Be3 orpannyenust oOITHOCTH MOYKHO CUNTATH, UTO
C1 = 0.

Boraucium onpezenuresib I'paMa j1jis BEKTOPOB Cg, . . . , Cg KAK BEKTO-
pos B R™ (musg (0, 1)-BekTopoB Bec X9MMUHIA COBIIAIAET CO CKAJIAPHBIM
KBa/PaToOM):

g % 2 1 1
4 d gl g1 102 1| gs—1
o =5 N b r=h e
g ¢ d L1 .02
T.€. Cg,...,Cs JUHEHHO HE3ABUCUMBI HAT R.

Urak, umeem s— 1 JinHEHHO HE3aBUCUMBIX BEKTOPOB. B mmpocrpancTse
R™ moxker ObITH He GoJiee N JIMHEHHO HE3AaBUCUMBIX BEKTOPOB, 3HAUUT,
s—1<numus<n+1. »
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3amaun K Jiekiuu 4.

3agaua 1. Ilpusenure npumepsbt marpul, A, B 6e3 HyJIeBbIX CTOJIOIOB,
qutst Koropbix #A = rkA, »xB < rkB.

Bagaua 2. (Kpurepuii MUHOPOB HaJl KOJIBIOM, 00O0IIEHUE IPEIJIOKE-
nus 4.8) okaxkure, uro eciu G — k X n Marpuna HaJ| KOJIbIOM R u Bce
MUHOPBI HOpsAKa k Marpuipl G oOparumbl B R, TO KO, C IOPOK IAFOILIEH
Marpuieit G ssasercsas M/IP-komowm.

3amava 3. llokaxkwute, 9TO B MpEIbIAyINel 3a/Jade yCIOBHE “MUHOPBI
nopsiika k He paBHbI HYJIIO  HE JIOCTATOYHO: TIPUBEINTE TpuMep [n, k| He
M/IP-koma Ha Zg, TaK 9TO BCE MUHOPBI TOPSIKa k €ro MOpOoXK Jaolei
Marpuibl G HEHyIeBbIE.

3amaua 4. Ilpuseanre npumep CaMoOaBONCTBEHHOIO KOA.

3amaua 5. IIpuBeaure mpuMep caMOOPTOTOHATBLHOIO KOJA, HE SIBJIAIO-
[IErocs CaMO/IBOMCTBEHHBIM.

3agauya 6. Bo3moxkHO 1 momobpaTh mapamerpsl ¢,n, k, Ti,...,Tn,
UL, ..., Up TaK, 4T00bI KO GRS, (N, k) ObL1 camousoiicrBenubiM?
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Jleknusa 5. IloctpoeHne HOBBIX KOJOB W3 3aJaHHBIX. I'panuiia
I'paiicmepa.

1°. /TobaByieHMe KOHCTAHT

Omnpegenenne 5.1. Kox C C F™ codeporcum xoncmarnmaot, €Ciid OH CO-
JepKuT Bce cioBa Buja (a,...,a), a € F. Jnsa jgudeliHOro koma 310
yCJI0BHE paBHOCHJIBHO BKJodenuio 1 = (1,...,1) € C.

Onpenenenue 5.2. [lns mpou3Bonbubix o € F ua € F™ obo3naunm de-
pe3 S (a) KOMMYIecTBO KOOPAMHAT B CJIOBE &, PABHBIX (v. TakKe MoJIoKuM
Smax = max{sq(a): aeC\ {0}, a € F}.

Omnpenenenne 5.3. [Iycrs C < F"" — nuHeiiHbIN KO, HE COMEpIKAIAit
koucrauT. Torga roopsit, uro kog C¢ = C + F1 noayuen u3 xoda C
dobasaenuem KOHCMAHM. 3aMETHM, 4TO J0OABJIEHHE KOHCTAHT K KOIY
PaBHOCHUJIBHO IPUIUCHLIBAHUIO CTPOKHU 1 K €ro mopoKIAI0IIel MaTpHIe.

IIpennoxenune 5.4. Ilyctes C < F" — nuneitasiit [n, k, d|,-Kox, He co-
nepxkamuii koucrant. Torma kox C¢ = C + F1 ecrb smneitasiii [n, k +
1,d']-xon ¢ paccrosiuueM d' =N — Smax < d.

<« ITo nocrpoenunto kox C¢ ecrb nuneitnstit [n, k+ 1],-xox. Beraucaum ero
paccTogHUE.

IIpoussomnbHoe citoBo b € C° mpencrasisiercs B Buge b = a—al, roe
a € C,a € F. ITo mocrpoeruto ||b]| =n — sq(a) > 1 — Smax. Beipaxkenue
N — Smax > 1 B cuity Toro, uro xKox C He comepkuT KoHcTauT. OTKyzna
BUJHO, 9TO d' > N — Syax. BoiOupas takue a € C \ {0} u a € F, uro
Smax = Sa(a), Momydaem, 9to ||b|| = n — Smax ¥ d =N — Smax.

Hepagernctso d’' < d cneayer u3 skmouenns C < CC. »

2°, JTobaBjieHUEe MPOBEPKU HA YETHOCTDH

Omnpegenenne 5.5. Kox C C F" codeporcum nposepky ma wémmocmao,
ec/i ero JapoiicrBeHHbiii Kog C° couepKkuT cjioso 1.

Omnpegenenne 5.6. IIycts C < F" — nuueiinstii [n, k, d],-Koz ¢ mpoBe-
pounoii Marpuneii H pasmepa ! x n. Torma rosopdr, uro xox C < Frtl

C OPOBEPOYHON MaTrpuuei
-~ 1 1
(o)
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noayuer ud koda C dobasaeHuem nposepku Ha YEMHOCMD.

IIpennoxxenme 5.7. Ilycts C < F" — sjmmeiinstit [n, k, d],-xkox ¢ mpo-
Bepounoit marpuneit H pasmepa l X n. Torma smHeifiHbIi KO C < Fntl,
noyTenHbiit w3 koja C 1obaBeHnem MPOBEPKH Ha YETHOCTh, €CTh JIi-
uefinslit [n + 1, k,d],-xon ¢ paccrosumem d € {d,d+1}. Ecau xox C
COJIEPKUT MPOBEPKY HA YETHOCTD, TO d=d.

<« ITo mocrpoennto rkH = rkH + 1, mosTomy dimC = n+1—rkH =
n—rtkH = k. R R R

Beraucium paccrosuaue koxa C. Benomunm, ro d(C) = »(H)+1. 3a-
merum, 4o Jjiobbie 3(H) croabuos Marpuiibl H nuueiino HE3aBUCHAMBI,
[HOCKOJIBKY JIFOOBIE Hus [EPBBIX 12 CTOJIOIOB Oy YeHbl TPUIUCHIBAHUEM
1 K IMHEHHO He3aBUCUMBIM CTOJIOIAM MaTPHUILl H, a mocaeannii croibers
HE BBIPAXKAETCH Yepe3 OCTAJBHBIE, €CJIM OHU TaKXKe JIMHHEHO HE3ABUCH-
MBI. R

C apyroii croponbl, eciu Mbl BoO3bMéM B Marpune H »(H)+1 cron6-
[[OB U3 IIEPBBIX N TaK, YTO COOOTBETCBYIOIIHE CTOIOIbI TUHEHHO 3aBUCH-
MBI B H, TO UX JuHeiiHas KOMOMHAINS C TeMHU yKe KOI(DPUIIMEHTAMK TACT
croiben, TpONOPIMOHAIBHBIN nocaexremy. Cre0BaTeabHo, B MaTpHIIE
H ecrb »(H) + 2 nuueitno 3aBucuMbix croibua, u »x(H) < »(H) + 1.
Takum obpazom, d < cjg d+1.»

CaencrBue 5.8. Ecan ¢ = 2 u d HeuéTHO, TO d=d+1.

<« Ecim ¢ = 2, To Bce csioBa koza C UMEIOT YETHBIN BEC, MOITOMY d 94ET-
HO, 3HAYUT HE PABHO d B JAHHOM CJIy4ae.p

3°. Pacmmpenue Koja

Onpegenenne 5.9. Ilycrs C < F" — jmueiinstit [n, k, d],-kox. Torma
po xox C¢%t, momy4ennsit u3 xkoga C 106aBIeHneM KOHCTAHT U IPOBEPKI
Ha 46THOCTH, TOBOPAT, 9YTO OH €CThb pacuwuperue koda C WU pacusupet-
Holi K00 C.

CaencrBue 5.10. Ilycrs C < F" — juneitusiit [n, k, d],-xox, e conep-
skammit Konerant. Torna kox C*! ects mumeitnstit [n+1, k41, d**| ~xon,
rae d**t =n — spax + 6, 6 € {0,1}.

4°. JlekapTOBO IIpOM3Be/leHNEe KOJIOB
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Omnpegenenne 5.11. Ilycrs C; — muneitnsie [n;, k;, d;]-KOIbI Ha 1IO-
aem F, ¢ =1,...,m. Torma o koae

C = Cl X e X Cm < Fn1+~-+mm,

COCTOSITIIEM M3 BCEX CJIOB BUAA (aj,...,a;), a; € C;, i = 1,...,m, roBo-
PAT Kak 0 dekapmosom npoussedenuts x0006 Cy, ... ,Cyp,. [Ipu 3TOM KOIBI
C; Ha3bIBAIOT Komnoxnenmamu Koxa C.

IIpennoxxenue 5.12. Koz C ectb [ng + -+ N, k1 4+ - - + ki, d] g-KOT,
mas d = min{dy,...,d,}. C — nuHEHHBI KOX TOTAA U TOJBKO TOTAA,
KOTJ]a BCE €r0 KOMTOHEHTHI JInHeitHel. IIp1u 3TOM mpoBepovHas MaTpHILA
koma C 3a1a€TCsI PABEHCTBOM

H, 0 0
0 H 0
H= . ,
0 0 H,,
rae H; — uposepounas marpuua koxa C;, i =1,...,m.

5°. Ten3zopHoe npousBejieHNE KOJOB

Onpenenenue 5.13. Teusopuvim npouseedenuem mampuy A €
My n(F) u B € My, (F) HaspiBaercs Marpuma
(luB . (llnB
AQ®B = S Mmk,nl(F)
amiB ... amnB
Omnpenenenne 5.14. Ilycrs C; — mumeitaste [n;, k;, d;],-Koasl Hax mmo-

gem F, ¢ = 1,2. Tensopnom npoussedenuem k0006 C; u Co HABBIBAETCS
koi C = Cy ® Cy € F™™2 | 1opOKAEHHDBINA BCEMU CJIOBAMU BUIA

a®b, acC,bels

(O TEH30PHBIM MTPOM3BEIEHUEM KOJOBBIX CJIOB TIOHUMAETCS WX MPOU3-
BezieHre Kak 1 X n; marpui).

IIpennoxxenune 5.15. Ilycrs C; — nuueiinsie [ng, k;, d;],-KOasl HaJL HO-
aem F, ¢ mopoxgaommvn marpumavn G e My, n, ¥ TIPOBEPOYHEI-
M Marpunamu H(® ¢ My, —k;n;, @ = 1,2. Torma xkom C = C; ® Ca
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€CTb JIMHEHHBIH [n1n2, k1ks, d1ds],-KOR ¢ mOpozkparommeit marpuieit G =

GV @ G u nposepounoit marpumeit H = ( g:)gligz) ) )
al?

< Ilycts G = : , 1 =1,2. JIroboe cmoBo koma C TUHEHHO BbIpa-
af)

KaeTcs Iepe3 MHOKECTBO CJIOB agl) ® aff), r=1,...,k;,s=1,... ko.

OTU CI0Ba COCTABJIIOT MHOXKECTBO CTPOK Marpuipl G, CaesoBaTe/bHO
OHAa SIBJISIETCST TIOPOXKAAOIIeH Marpureii komxa C.»

Ilo cBoiicTBy Temsopuoro mpomssenennsi dimC = rkG = rkGM) .
tkG® = k1 ks.

Boraucaum paccrosinue koga C. Iyt 5T0ro paccMoTpuM u30Mopgu3m
@ Fmnrz — M, o, (F) JuHEHHBIX TPOCTPAHCTB, COMOCTABIISIOINI JIIO-

6omy cioBy € = (€1, .., Cnyn,) MATPHILY
C1 cee Cny
p(e) =
C(nlfl)nngl cov Cping

Torna s nwbeix a € Cp, b € Cy ciioBy
a®b= (albl,...,albn2,a2b1,...,agbm,...,anlbl,...,ambm) eC

COOTBETCTBYET MaTPUIIA

a1b1 albg N albn2

(12[)1 a2b2 . agbn2
pla®b) = ) . ) ,

Gn, b1 ansba ... ap,bn,

crobipl KoTopoii npuHanexar koay C, a crpoku — Cq. Ilo nuneitnocrn
9T0 BEPHO 113 Jii060it Marpuup! u3 upocrpancrsa ¢(C). Ciaenosaresnsho,
ecin M € ¢(C)\{0}, To B M ecth cTonGer ¢ BecoM He MeHee dy, a 3HAYNT
ecTh He MeHee d; HeHyJIeBOil cTpoku. Bec KaKmoif W3 9TMX CTPOK HE
Menee dp, modToMy B Marpurie M He Menee dids HEHYTIEBBIX 3J€MEHTOB.
3HAYKUT, CTOJBKO K€ HEHYJIEBBIX 3JE€MEHTOB COAEPIKHUT KOJOBOE CJIOBO
c= ¢ Y M) e C\{0} ullc|]| > dids. Taxum obpazom, d(C) > dids.
Bwibupast a € Ci,b € Cy mak, uro ||a|]| = di, ||b|]| = d2 nomyuaewm,
uro |la ® b|| = dids. CaenoBarenbro, d(C) = didy. Ocranocs HaiiTn
[IPOBEPOYHYIO MaTpuity Koza C.
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VYenosue HGT = 0 Boimosmeno no ompeesenuio marpun, G u H.
Ilycte pns cinoBa ¢ € F™™ ppimogHEeHO paBeHCTBO H ¢’ = 0. Torma
nas marputpl M = (c) 3T0 03HAYAET, YTO BBIINOJHEHbI DABEHCTBA
HOM =0, HOMT = 0. U3 yeaosus H@MT = 0 cienyer, aro crpo-
Ky Marpuipl M ABIAIOTCH JUHEHHBIMY KOMOMHAIMAME CTPOK MaTPHUIIBL
G®, mosromy M = UG® nnua mexoropoit marpurpt U € M, 1, (F).
Torna HYM = HOUG® = 0. Iockoasky crpoks marpuis G2 -
HEIfHO He3aBHCHMBI OTCiona caeayer, aro HWU = 0. D10 o3nagaer, aro
crosibupl Matpuiibl U npuHagimexkar koay C; U JIMHEITHO BBIPAXKAIOTCS
gepes croabupr marpunpt G, Torna us pasencrsa M = UG®) za-
KJII0YaeM, 910 Marpuia M saBiasercs JuHeHHONH KoMOWHAImel MaTpWIL

agl) T . a§2)

agl) ® aff), r=1,...,k, s =1,..., ks, 6a3ucubix mnsa koma C. Takum

obpazom, ¢ € C. 3uauuT, OJHOPOAHOH cucreme ¢ marputieit H yiaoBaeTBo-
pstioT caoBa Koma C U TONHKO OHHU, MOITOMY H — MpOBEpOUYHAst MATPUIA
9TOTO KOJIA.

, a eé mpoodpa3 CIOBO C — JIMHEHHOW KOMOWHAIMEH CJI0B

6°. TuOpuaHbIi Ko/,

Omnpegesenne 5.16. Ilycrs C; — muneitnste [n, k;, d;]-Koxpt Haz moseM
F, i = 1,2. I'ubpudom xodos xodos C; u Co nasbiBaercs kox C = C;
Co € F2", cocrosmmuil U3 BCEX CJIOB BHIA,

(a,a+b), acCy,belCs.

IIpemnoxxenne 5.17. Ilycrs C; — nuueiinste [n, k;, d;],-KOmbr HaZ HO-
aem F, i = 1,2. Torma xox C = C; 4 Co ects nuHeHHbIH 21, k1 + ko, d4-
kox ¢ d = min{2dy, da}.

<« ITo mocrpoenuto oueBunno, uro C ecTb auHeinbIl [2n, ki + ko|4-KOm.
Boraucimm ero paccrosaue. Cpasy Buano, uto d < min{2d;,ds}, mo-
ckonbKy B C ecth ciora (a,a) u (0,b) ¢ ||la|| = dy u ||b|| = da.

C z1pyroii CTOpOHBI IO HEPABEHCTBY TPEYTOJLHHUKA, MOJIY9aeM, YTO

|(a,a+b)[| = [[a]| + |la+ b]| > [|a]| + [[[a]| - |b]]]

Ecim a = 0, To Bec Takoro cioBa He MeHbIIEe do.

Ilycre a # 0. Ec [|b]| > [[al[(> 0), To [[a]| +[|a]| — [[b]|| = |[b]| >
dy. Iycrs 0 < [[b| < [[a]|. Nueem [[(a,a + b)|| = [la]| > |[b]| > da,
unade b =0 u ||(a,a)|| > 2d;. »

7°. YBesinueHNEe PAa3MEPHOCTHA C COXPAHEHUEM PaCCTOSTHUS
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IIpennoxxenme 5.18. Ilycrs C — nuueiinstit [n, k, d],-xox nazn momem F
ub € F"\C — cioBo, paccrosgHue 0T KOTOPOro JI0 JIF0OOr0 CJI0Ba U3 KO
C me mensnmme, yeMm d — 1. Torma xox C’, cocrodmmii u3 BcexX CJIOB BULA

(a+ab,a), aeC,ael,

ectb smHelHb [0 4+ 1,k 4+ 1,d]-kox. Ecim G — mopoxkparomias mar-
puna koma C, To mopoxpamomei mamusa C' Gymer, HAIpEMEP, MATPUIA

, (G of
o (%)

8°. I'panunna I'paiicmepa.
Hasiee 6ymem ucnonb3oBarh obo3Hadenue [x]| = min{i € Z : i > x}.
Jlerko mposepuTh, uro ecau a,b € R u c € N, To

a %1
— | =]|—1. 5.1
[bc-‘ ’V c —‘ (5.1)
JleiicTBATEIBHO, ISt JII000T0 i € 7, nMeeM
i>L gic>% s> P] ois il
~ be ~ b ) ~ ¢’

Teopema 5.19 (I'panuna paitcmepa). Ilycts C — nuneitnsiit [n, k, d]4-
ko Hay nojem F. Torma

nz’g[;] 52)

< 1. O6ozraaum ugepe3 N, (k,d) naumenbinee qucno N, 4y KOTOPOro
cymiecTByeT JuHeHHbIN Kox Ham F aawasl N pa3smMepHOCTH k, paccTos-
HUE KOTOPOTO HEe MeHbIe d. 3aMeTnuM, 9TO 3TO ONpeIeIeHne KOPPEKTHO:
JIOCTATOYHO PACCMOTPETh KOJI JUIMHBI kd, COCTOAIIMI U3 BCEX CJIOB BUJA

(15 ey Q1,0 Qe Qg e ey Q) Q... 0 € T
—_—_———— ——— ~—_———
d pas d pas d pa3

Emre 3amernm, uro dyukius Ny (k, d) MOHOTOHHA IO BTOPOMY apryMeH-
Ty: Ny(k,d) < Ny(k,d) mpu d < d.
2. TokazkeM CJIelyfOIee HEPABEHCTBO:

Ny(k,d) > d+ N, (k— 1, ED (5.3)
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ITycTh HEKOTOpPBIH [n,k,d]q—KOﬂ cn = Ny(n,d) = d > d 3amaéres mo-
pOXKJaroIIeil MaTpurei G pamra k, mepBas CTpOKa KOTOpOIl MMeEeT Bec
d. Tlepexomss K JUHEHHO SKBHUBATEHTHOMY KOIY, MOXKEM CUYHUTATH, UTO
marpuna G coctout u3 k CTPOK U MMEeT BUJ

BamernuM, uto tkG’ = k — 1. JIeficTBUTE/ILHO, 3aIIUIIEM CTPOKH MAaT-
puupt G B Buze a; = (al|a)),i=1,...,k, tne a} u a — crpoxu marpun
G' u G”, mpuuéwm a} = 0. Tomycrum, 910 Zf:z Aia; = 0 a1 HEKOTOPBIX
Ao, ..., \p € P. Ilonoxum b = Zf:z Aia. fcHo, 9TO ISl HEKOTOPOTO
A € F umeem ||b— Aa¥|| < d. Ceoarensho,

k k

1= Aar+ Y Naill = || = Mailal) + Y Nilajlal)]] = [|(0fb = Aaf)|| < d,
i=2 i=2

OTKyZa —Aai + Zf:z Aia; =0 do=...= X, =0.

Iycts Temepsh d — vmEUMannLHOe paccrosuue koma C', MOposKaSH-
moro crpokamu Mmarpunsl G’. Torma B kome C CONEPXKUTCA CJIOBO BH-
na (alb), vae |la|| = d’. Ho B cioBe b mmunbl d wvag F xora Obl ogud

CHMBOJI, CKAQKeM, A\, BCTPEYAECTCS HE MEHEEe 9eM [g—‘ pa3 (uHawe «mc-
JIO BXOXKJIEHUIl KarKJIOr0 CUMBOJIA MEHBIIEe J/ q, & CyMMa 3THUX ¢ TUCETT
pasna d). Swaunr, ||b— \a/|| < d — [%—" Mveem d < ||(alb) — Aa1|| =
d'+||b—=Xa¥|| < d' +d— {ﬂ . Takum obpazom, d’ > E—‘ > {ﬂ , TIO3TOMY
n—d>n—d> Ny(k—1,d") > N, (k; -1, ED, OTKyJIa Cpasy CJIemyeT

(5.3).
3. Temepb UpHMEHHM [OKA3aHHOE HEPABEHCTBO K [n, k,d],-Komy
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HECKOJIBKO pa3. meem

n > Ny(k,d) > d+ N, (k—l, VD >
q

zd+ﬁﬂ+Nq k-2, M e

:d+{dW+Nq<k—27 [612 >>...>
q q

d d ] d
zdﬂq%...ﬁqkﬂ +Nq<1, [”)
OTKY/1a

CJIEJlyeT YTBEPIZK/ICHHE TEODEMbl, IIOCKOMIbKY, odeBuano, Ny(1,m) = m
JIJTsT JTI000TO HATYPAJIHLHOTO YHCTIa 171.h>

9°. YMeHbIlleHNE JINHBbI KOda

IIpennoxkenme 5.20. Ilycrs C — mumeitnstit [n, k, d],-Kom Hazx mojem
Fu € C - cinoBo Beca d ¢ HEHyJIEBBIMH KOOPIUHATAME B MO3UIAX
i1,...,1q. Torma xon C, monyqarommiica u3 xkoma C BEIMEPKHBAHUEM BCEX
CJIOB, TPOTMTOPITAOHAIBHBIX €, U BEIYEPKUBAHUEM B OCTATIBLHBIX CJIOBAX KO-
OP/JIMHAT C HOMEPAMH i1, . . ., iq €CTh JuHeiHbI [n —d, k — 1, d1]-kom, tae
dy > [g—‘. Ecmu C — we MJIP-xogx (T.e. d < n — k), TO ABOACTBEHHBIH K
- —o0
kony C xon C~ ectb [n—d,n —d — (k — 1), dpl-xon, rue do > d(C°).

<« TlepBoe yTBepsKaeHWe Cpa3y CIeIyeT W3 J0KA3aTelbCTBA MYyHKTA 2
Teopembl 0 rpanuie I'paiicmepa.

Beenénnas B 9T0M yTBepKaeHuu Marpuna G’ Oyger mpoBepOvHOM
11st Koga C, OITOMY 5TO JTHHEHHbIH KO JAJTHHBL 1 — d U Pa3sMepHOCTH
n—d)—1kG'=(n—-d)—(k—1)>1,rk.d<n—k.

IIycrs G — nopox paromas marpuia Kojga C, oHa ke OyJ1er npoBepod-
HO#t MaTpuneit 171s koga C°. Torga mo npeiosKeHuio O CBI3U PACCTOSHUS
KOJ[a M rapaHTupyemoro panra umeeM »(G) = d(C°) — 1. I mockomnbKy
KOJI M IBOMCTBEHHBII K HeMmy aBistorcsa MIP-komaMmu oaHOBpeMEeHHO, TO
#(G) < kG = k. Takum obpaszom, unciao »(G) He TPEBOCXOAUT UUCIIA
k — 1 cronbuos marpuupt G'. C y4yérom 3T0ro, us crpoenus Marpuupl G
BUZIHO, 9TO B MaTpuile G’ mobbie »(G) cTONAOIOB JTWHEHHO HE3ABUCHMBI.
CrnenoBarenbHo, #(G') > »(G). B urore nonydaem, aro dy > d(C°). »
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CaencrBue 5.21. Ilycts C — mumeitnsiit MJP-xox [n, k, d],-kox Hax
nojeM F momuocTn g pa3mepuaoctu k > 2. Tormad < qun < q+k — 1.

<« ITockoabky C — MJIP-kon, tod = n—(k—1) un = d+k—1. Ilosromy
B 0003HAYEHUSAX TIPEIBLIYIIEr0 JI0KA3aTeIbCTBA IMeeM, 9To MaTputa G’
pasmepa (k—1) x (k—1) umeer 1kG’ = k — 1. Caenosarensno, C = FF—1
u d; = 1. Otxyzna [g—‘ <l,d<qun<qg+k-—1.»

3ajzaum K Jeknuu 5.

Bagaua 1. OnpenennTe KoJOBLIE TapaMeTPhl PACHITPEHHOTO CUMIIIEeKC-
woro koma Sp(k)*t (em. mocmenmmit mpumep Jlekmuu 1). Byzger qm on
Jexarh Ha rpanune Ilmorkmma?

3agaua 2. Onpenenure KOJOBBIE IAPAMETPBI PACIIAPEHHOTO JBOMIHOTO
koja Xammunra Ha(1)¢*t. Byjer 1 oH COBEpIIEHHBIM KOIOM?

Bamada 3. okaxkunre, uto mms mo0bix mMarpun A € M, ,(F) u B €
M. 1 (F) oimonaeno 1k(A ® B) = rkA - rkB.

3amaua 4. [IpuBenure mpumep, KOraa TEH30PHOE IMPOM3BEIECHNE IBYX
[n, k] MIIP-konoB Toxke siBsiercs MIP-komom?

3amava 5. IIpmenure KOHCTPYKIMIO U3 paszesa 7 “YBenudenue pas-
MEPHOCTH ¢ COXpaHeHneM paccrosiaust” K [n, k] komy Puga—Conomona C
¢ mapamerpamu 1 = 0, x3, ..., T, — PA3IUIHbIE HEHYJIEBbIE JIEMEHTHI
mona F, uy = ... =u, = 1 u ciosy b= (0,2%,...,zF).

Bagaua 6. [lpn kakux sHavenmsx k kox C' w3 NpempLayIieil 3anaqm
apnsiercss MIP-komom?

3amaua 7. IlpusBeanre mpumMep Koma, JEKAIIEro Ha rpanuie ['paiicme-
pa.
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Jleknmusi 6. OcHoBHBIE HOHATHUS Teopum KoJjen. JlokajabHBIE
KOJIbI[a, 9KBUBaJIEHTHBIE olIpeeiienus. Pa3ioxkeHne KOHEIHOTO
KOMMYTATUBHOTO KOJIbIIa B MIPAMYIO CYMMY JIOKAJIbHBIX KOJIEIl.
AHHyIgaTOPHI NOEajIa B MOAYJ€e U MOAMOYJId B KoJibIle. Jlemma
Hakagwvbl. Pagukan /I>kekob6coHa KOHEYHOTO KOMMYTATUBHOTO
KOJIbIIA M I[OKOJIb MO/YJIsI, CBsI3b MexXay Humu. CucreMmbl obpa-
3YOMIUX MOLYJIS.

IIycts R — KOHETHOE KOMMYTATHBHOE KOJIBIO ¢ 1 # 0.

1°. OcHoBHBIE HOHATUS Teopum KoJiell.

Omnpenenenne 6.1. [Iycrs R,S — koubna. Orobpaxenue f: R — S
HA3BIBAETCS 20MOMOPHUSMOM KOTIHIIA R B KOJIBIO S, €CIIH OHO COXPAHSIET
oreparum:

Va,b € R, fla+b)=f(a)+f(b), [flab)=f(a)f(b).

Mpbr 6ymemM paccMaTpUBaTh TOJMBKO YHATAPHBIE TOMOMOP(U3MBI KOJIEII,
T.e. TaKWe rOMOMOP(MU3MBI, KOTOPbIE OTOOPAYKAIOT €IUHUILY KOJBIA R
B eauHNIy Kosbiia S. [omMoMopdu3M HA3bIBAETCS U30MOPPHPUIMOM, €C-
JIi OH SABJIsIeTCS OMEKTHBHBIM OTOpaxkeunumem. KoJsbIia, MEXIy KOTOPBI-
MU uMeeTcs u30MOp(dU3M, HA3BIBAIOTCH —U3OMOPPHHbLMU (0DBO3HAYEHUE

R = S). C kaxapim romomopdusmom kodien, f : R — S cBa3aHbl €ro
o6pas Im(f) = f(R) n adpo ker(f) ={x € R: f(z) =0}.

Omnpenenenne 6.2. [TogvuaoxkecTBo I KOMbIa R HA3BIBACTCSI NPAGHIM
(ne6vim) udeasom FToro KoJIbLa, ecau I — I0AMOLY/Ib IPABOIO MOJLYJIst
Rz (aeBoro monyis g R). [logmuokecTBO KOsbLA R, KOTOPOE SBIIsETCs
U TMPABLIM U JIEBBIM WJEAJIOM KOJNbIA R, Ha3biBaeTcsa udeasom (AHOTIA
YTOUHSAETCS: IBYCTOPOHHUM HJIEAJIOM) KOJIBIA ], 9TO 0003HAYALTCS TAK:
I <'R. B ciiygae KOMMYTaTHBHOTO KOJIBIIA BCE MJI€AJIbl — JIBYCTOPOHHMUE.

Onpenenenne 6.3. Ilycrs I — uupean kombua R. Paccmorpum muO-
JKECTBO BCEX CMEXKHBIX KyiaccoB {x + I : x € R} aJAnTHBHON TrpymIs!
KOJIbIA R 10 moarpymnme I u 3a73IuM HA STOM MHOMXKECTBE ONEePAIUU

(+D+y+D)=@+y)+1, @+ )y+I)=ay+I

Jist Ji00bIX z, y € R. [lomydeHHoe KOO HA3BIBACTCH PaKmop-koibuyom
koisbia R mo umeany I w obosnadaercs R/I. OroGpaxkenne m : R —
R /I, 3anannoe paBercTBoM 7 () = x+1 myst moboro x € R, Ha3BIBAETCS
KAGHOHUYECKUM 20MOMOPPHUMOM KOJIBITA HA (PAKTOP-KOJIBIIO.
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Ounpenenenne 6.4. Koneunast (BHEIIHSAS) npamas cymma Koyer Ry @
... ® R, 9T0 MHOKECTBO R X ... X R, (T.€. JeKAPTOBO IPOU3BEACHNUE
MHOXKECTB Ri,...,Ry) ¢ NOKOOPJMHATHBIMU OHEPAIUSME CIOKEHUSA U
YMHOKEHU.

Onpenenenue 6.5. DjemMenT e € R HA3BIBACTCI UJEMNOMEHITLOM, €CITH
e? = e (3amerum, aTo Tipu 3ToM (1 —e)?2 =1 —2e+e =1 — e — Takxe
UJIEMIIOTEHT ).

JIemma 6.6. s smo6oro r € R cymecrsyer k = k(r) € N, mias koro-

poro m* — maemmoTenT.

<« Bribepem m,n € N, gma xoropoix r™1T" = ¢". Yvuoxag #a " u
7" HEeCKOIBKO pa3, mMmeeM rPP T4 = rP" q1q moberx p, ¢ € N. Ocranock
B3ATb p =M,q =n u k = mn.»

Onpepnenenne 6.7. Iloanoe 0pmoz2oHaNbHOE MHONCECTNGO UJEMNO-

menmos (cokpamgnno, ITOMH) — 3510 Takas CHUCTEMa 3JIEMEHTOB
€1,...,en € R\ {0}, uro
1) ejej = &i5€i, 1 < i, j < n, B wactHoCcTH, €2 =€;, i =1,...,m;

i=1

Teopema 6.8. R=R; P ... HR, TOrma u TOILKO TOTIA, KOAA CyIIe-
creyer I[IOMI ey, ..., e, € R Takoe, uto R; = Re;, i =1,...,n.

< “="” Tlonoxum e; = (0,...,0,1%,,0,...,0). ITo onpenenenuio onepa-
Uit B IPsIMON CyMMe KOJIEIl MHOXKECTBO €1, . . . , e, apusgerca [IOMU u
Rei = Rl

“<” Ilycrb eq,...,e, € R — IIOMU. Banamum orobpazkenue ¢ :
R—=>Ri®... &R, mak, uro p(r) = (re1,...,re,).

ITposepum, 9T0 ¢ — romomopduaM KoJer. JleficTBUTeIbHO, IJIs TPOo-
W3BOJIBHBIX T, § € R nMeeM

o(r) = (req,...,ren), ©(s) = (se1,...,sey,).
OTkyna cpa3y TOJydaeM, 9To
o(r+s)=(r+sew,...,(r+s)e,) =
= (req,...,ren) + (se1, ..., se,) = p(r) + ©(s).

Kpowme Toro

— 2 _ ocp. Vi —
rsej =rse; =rejse; Vji=1,...,n,
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MO3TOMY
o(rs) = (rse1,...,rse,) = (re1ser,...,repse,) = o(r)e(s).

IIposepum, uro ¢ — Guekius. Ycuosue, uro r € ker(y) o3nadaer, 410

(rey,...,req,) = (0,...,0), re. re; = 0 qoa Beex i = 1,...,n. Ciaenosa-
n

TesbHO, T =1 -1 = Y re; = 0, 3naunt, ker(yp) = {0}. ubekTuBHOCTH
i=1

oTobpaxkenus ¢ mokazana. s r = rie;+- - -+rpe, UMeeM re; = r;e; 1o

OPTOrOHAJILHOCTH, 1103TOMY (1) = (re1,...,re,) = (r1€1,...,Tnen) —

IPOU3BOIBHBIN 3/1eMEHT Kombla R1 D ... ARy, T.e. ¢ — CIOPHEKTUBHO. >

Onpenenenne 6.9. Djaement r € R HA3BIBACTCI HUABNOMEHTHBIM,
ecu cymectByer n € N, aro " = 0.

Omnpenenenne 6.10. Onpenennm mpomssenenne naeana I xoabina R
Ha mpasblit R-Momyns M:

n
MI = E zia; :n €Nz, € M,a; €1
i=1
B uacTHOCTH, TAKMM 00pPA30M OIPEIe/IeHbI cTeneny uaeana: I, 12, . . ..

Omnpenenenne 6.11. Naean I <R HA3BIBACTCA HUABTOMEHMHBLM, €CIIH
I™ = 0 ggms mekoroporo n € N.

Onpepenenne 6.12. Paduxas J(R) KOHEIHOrO KOMMY TATHBHOTO KOJTb-
a R — MHOXKECTBO BCEX €r0 HUJIBIOTEHTHBIX 3JIEMEHTOB.

JIemMma 6.13. J(R) — HUIbLIOTEHTHDIH naeat B R.

< J(R) — uuean B R, mockospKy eciu " = 0,s% = 0, To

(r+ s)"tF =
n+k n+k
— § C:LJrszsn—i-k—z 2 Cv Yk 7,, S + § +krn,rz—n8n+k—z _
=0 1=n-+1

=0+0=0,
u gig toboro u € R: (ur)” = u™r™ =u"0 =0, re. r + s,ur € J(R).

B cuuy koneunocru R muoxecrso J(R) roxe koneuno. ITosromy
cymecrsyer t € N, uto a' = 0 mns Beex a € J(R) (Gepém makcumym
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TaKMX CTeleHeil Mo BceM ajeMeHTaM pajukana). [Iycrs m = |J(R)|. To-
raa no npunnuny Jdupuxie B npoussenenuu nobbix N = m(t — 1) + 1
9JIEMEHTOB Z1,...,ZN € J(R) x0T Obl OJUH 3JIEMEHT Ts MOBTOPSAETCS
0o Kpaiineil Mepe ¢ pa3, 4TO B CUJly KOMMYTATUBHOCTHU KOJIbIIA O3HAYAET,
4To npousseenue Ty -y = (v5)-a = 0a = 0, rae a — npousseenne
octasmmxcs snementos. Otkyna J(R)YN = 0. »

2°. JlokaJabHBIe KOJIbIla, SKBUBAaJICHTHbIE OIIpedeJIECHUAd.

Onpepnenenne 6.14. Koabmo R HA3LIBACTCA  A0KAALHOIM, €CIH
daxrop-kombo R/J(R) — none.

Crenyromiast TeopemMa JaéT 9eThIpe IKBUBATECHTHBIX OMPeIeICHIS JI0-
KaJIbHOI'O KOJIbIIA.

Teopema 6.15. Ciremnyfomue yrBepKaeHUs SKBUBAJEHTHDIL:

1) R — si0KkasibHOE KOJILLO;

2) B R poro nBa uaemmnorenta (0 u 1);

3) Ya € R onuu u3 371eMeHTOB a ubo 1 — a obparuwm;

4) R =R*UJ(R), rue R* — rpynma o6paTuMbIX 3JIEMEHTOB KOJIbIa R.

< “l)= 2)” Houycrum, 4ro B R €CTh UIAEMIIOTEHT €, OTu4Hbiil ot 0 u 1.
Torma 1 — e # 0,1 — Toxke HerpuBHATLHBIN uaemnoreHt. 1o ompenese-
o e, 1—e ¢ J(R). B dbakrop-kompue R/J(R): e+ J(R),1—e+J(R) —
HeHyJseBble 1eMenTst, Ho (e + J(R))(1 —e+ J(R)) = 0+ J(R). B no-
e R/J(R) uer memwnreneii Hys, mosToMy e win 1 — e jexur B J(R).
[IpotuBopeune.

“2)= 4)” Hns upoussosbHoro a € R mo semme 6.6 cymecrsyer k € N,
410 a® — nnemmnorent. ITo ycaouio 2) BO3MOXKHbI 2 CJrydast: akf =1, mubo
a* = 0. Ecr a* = 0, 1o 1o ompenenenmio a € J(R). Ecm a* = 1, To
a-a*1=11e ad"'=a'uac R Orxkyra R =R*UJ(R).

“4)= 3)” Jnsg npousBojbHOrO @ € R, qmbo a cam obparum, Jubo
a € J(R). Bo Bropom cayuae a® =0 u (1 —a)(l+a+ - +a"1) =
l—-a"=1,(1-a)"'=1+a+---+a""1, mosromy 1 —a — obparumbIit
SJIEMEHT.

“3)= 1)” [Ijsa npousBOJBLHOrO @ € R OIUH U3 DJIEMEHTOB a 0O
1 —a obparmm. Ilyers a ¢ J(R). Torma mas mexkoroporo k € N a* = e —
unemnorent. Enuncrsennsiit ugemnorent B J(R) — 310 0, HOCKOJIbKY
A maemnoTenTa e u moboro k € N: ef = e, ¢ apyroit cropoms! s
e € J(R) cywecrsyer m € N ™ = 0, orkyza 0 = €™ = e. Ilo yciosuio
a® # 0, mostomy e ¢ J(R). 3amernm, ato eci e # 1, o e(1 —e) =0 m
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e n 1 — e — HeHyJIeBbIE IEIUTENN HYJIsA, CIENOBATEIHHO, HE MOTYT OBITH
obparumbl. [IporuBopeune c ycioueM 3), 3uagur, ¢ = 1. [losromy sire-
meHT a + J(R) — obparum B hakTOP-KOJbIIE, T.6. B 9TOM KOJIbIIe J000
HEHyJIEBOIl 00paTHM M OHO SBJISIETCS HOJIEM. B

3°. Pa3zioxeHne KOHEYHOTO KOMMYTaTUBHOTO KOJIbIla B IIpHA-
MYIIO CyMMY JIOKAaJIBHbBIX KoOJIell.

Teopema 6.16. Jlio6oe KOHEUHOE KOMMYTATHBHOE KOJbIO R ¢ 1 # 0
PaCKJIAIbIBAETCd B MpaMy0 cyMMy R = R1 & ... & R, rae Bce R; —
JIOKAJIbHbIE KOJIbIIA.

< B R ectb IIOMU (nanpumep, u3 onHoro sjementa 1). Bosbmém cpenu
HUX CAMYyI0 DOJIBIIYIO IO YHUCITy JEMEHTOB (Takas CyIeCTBYeT B CHILY
koueunoctu R) TIOMU eq,...,e,. R=R1 P ... B R, an1a R; = Re;.

Jokaxkem, 4TO JjId KaxkJ0ro ¢ = 1,...,n KOJbHo Re; JIOKAIbLHO.
Honycrum cymectByer ¢ € Re; — ugemnorent u e 7% 0,e;. Paccmor-
DHUM CHCTEMY €1, ...,€i_1,€,€; — €, €it1,-..,En. MeeM e+ (e; —€) = e,

n

HodTOMy €1 + ...+ e€_1+e+e —e+ep1+...+e, = > e; =1
j=1

Taxzke u3 ycjioBus e € Re; umeeMm e = e;e = ee;. Orryna e(e; —e) =0,
ee; = eee; =0, (e, —e)e; = 0—0 = 0 gua Becex j # 4. Iomyunnu
66mbIyIo 10 gucity siaementoB [IIOMU, nporusopedne. Takum obpazom,
B KOJIbIEe Re; POBHO JIBa MAEMIIOTEHTA M OHO ABJAETCH JIOKAJIbHBIM II0
ycsoBuio (2) Teopemsbr 6.15. »

Omnpenenenne 6.17. NaemmnoreHT ¢ € R HA3BIBACTCS A0KAADHBIM
UJEMTOMERTNOM, €CJIA KOJIBIIO Re JIOKAIbHO.

CuencrBue 6.18. [ljgs mpom3BOJHPHOTO KOHEYHOIO KOMMYTATHBHOTO
kosba R ¢ 1 # 0 umeem R/J(R) = F1®...®F,, rae Bce F; — koneunble
oJis.

n

<4R/J(R) = @ (R/J(R))e; mo Teopeme 6.16. (R/J(R))e; — nokambHOe

i=1
KOJIBITIO C HYJIEBBIM PaJHUKaJIOM, IIO3TOMY OHO CaMO ABJIAETCA IIOJIEM. »
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4°. Moaysn.
IIycts R — KOHEYHOE KOMMYTATUBHOE KOJIBIIO ¢ 1 # 0.

Onpenenenune 6.19. Buemnssa npamas cymma My & ... & M, R-
momyneit My, ..., M, — MHOXeCTBO BCEX CTPOK (M7, ..., My, ), Tae m; €
M; Vi€ {l,...,n}, C HIOKOMIIOHEHTHbIMU CJIOKEHUEM U yMHOXKEHUEM HA
3JIEMEHTbI KoJsibla K.

IIpennoxxenne 6.20. Ilycte My, ..., M,— nonmoaynu momynas M. To-
T3 CJIEeAYIONINE YCIOBUS SKBUBAIEHTHBDI:

1) Eciu x1+. . .42, =0,tmex; € My, i=1,...,n,Tt021 = ... =2, =0.
2) Ons mo6oro i € {1,...,n}:

M,n(My+...+ M1+ Miy1+...4+M,)=0.

Omnpenenenne 6.21. Eciau qs cemeiicrsa monmoayneit My, . . ., M, mo-
aynst M BBITOTHEHBI YCIOBUS Tpeioxkenus 6.20, To TOBOPAT, YTO 3TO
CeMeiicTBO 00pasyeT npamMyr cymmy nodmodyaset. B srom ciaydae cymma,
JAHHOTO ceMeiicTBa 0003HAYAeTCsa KAk mpamas cymma: My & ... M,.
IMoamomyns N momyns M HA3BIBAETCS NPAMbBLM CAG2GEMbLM, €CTTH CYTIe-
crByet noamonysib K monymna M, takoit, wto M = N @ K.

Onpenenenune 6.22. Ilyctro N — noamonyss npaBoro R-momymns M.
PaccMOTpUM MHOXKECTBO BCEX CMEXKHBIX KjaccoB {x + N :x € M} an-
JUTUBHON Tpynbl Momystss M no moarpynmne N u 3aJa@M Ha 3TOM MHO-
xkecree onepaiuu (z+ N)+ (y+ N)=(z+y)+ N, (z+N)r=azr+ N
ans 00X,y € M u r € R. MHOXKeCTBO CMEXKHbBIX KJIACCOB, CHAD-
JKEHHOE STUMM ONEPANUSAME, OKA3BIBAETCS MPABBIM R-MOIYJIEM. JTOT
MO/IyJIb HA3bIBAETCH akmop-modysem moayas M no mogmomymo N u
obosznavaercss M/N. Orobpaxenwe w : M — M/N, 3amanHoe paBeH-
crBoM 7(x) = x + N pas awo6oro © € M, Ha3bIBAETCH KAHOHUYECKUM
20MOMOPPHU3MOM MOIYTST Ha (DAKTOP-MOIYITh.

Onpenenenue 6.23. Moayns V Ha3bIBaeTCS NPOCMbLM, WA HENPUBO-
OuMbLM, €CITH OH COIEPKUT POBHO JBa nommoaynsd (0 u V).

Omnpenenenne 6.24. Ifoxorem momyns M Ha3bIBaeTCsa CyMMa BCEX
HeNpUBOAMMbIX 1oamonyseil moaynsa M (ob6osnauenue socM). Ecou M
HE MMeeT TPOCTBIX MOAMOAy e, To cuntaem socM = 0.

Onpenenenue 6.25. Monynbs M Ha3bIBAETCS 6N0AHE NPUSOIUMBLM, €C-
JIA KAXKIBIN TIOAMOY/Ib MOAYIst M BBIIEISETCS MPSIMBIM CJIAra€MbIM.

JIemma 6.26 (Jlemma Hakasmbr). Ilycrs M — npasbiii R-momayib. Eciu
MJ(R)=M, 10 M =0.
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<« Ilycts MJ(R) = M. B stom cayuae MJ(R)? = MJ(R) = M, u o
uapykiyu, MJ(R)" = M pna Becex n € N. Ho o siemme 6.13 cymecrBy-
ern €N, gro J(R)" =0. Torma M = MJ(R)" = 0.»

Jlemma 6.27 (Jlemma Hakasmbl, skBuBajeHTHAA (HOPMYIUPOBKA).
IMycts M — mupaseiii R-monynb, N < M. Eciu N + MJ(R) = M,
o N = M.

< “=" Ilepexogum k M/N. Umeem M/N-J(R) = M /N, rorna no semme
6.26 Bemosnneno M /N = 0, snaunt, M = N.

“«<=" YTBepKIeHNEe BBITOJIHEHO [1jis Bcex momaysieir N. Bo3zpmém N =
0. »

IIpennoxenne 6.28. Ilycts M # 0 — xoneunbrii Mmomyanb. Torma cy-
IMECTBYIOT HEMPUBOAUMBIE TToamoayu Vi, ..., V, < M rtakwue, 9TO

socM =Vi&d...0V,.

<« B cuny komednocTu cymecTByer HeHyaeBoit moaMonyab V < M ¢ mu-
HAMAJIbHBIM 9HCJIOM 3JIEMEHTOB. YCJIOBHE MUHUMAJHHOCTH B YaCTHOCTH
o3nadaer, 4ro V — menpuBomumbiii Mmoaysb. ITonoxkum Vi = V. Eciun
V = socM, To BCE TOTOBO, socM = V; — mpsMmas cymMMa u3 OHOTO
CJIaraeMoro.

Nuaye cymecTByeT HENMPUBOIMMBIN MOIYTb Vo g_ V = Vi. Torna
VinVe <Voun ViNVa # Vs, rk. Vo € Vi, 3uauur, V3 N Va = 0. Torna
Vi® Vo <socM.

AmnajiornyHo TpeABIAyIIEeMy IIary UMeeM IBa BapuaHTa: Jubo Vi &
V5 = socM u BCE TOTOBO, JTMOO CYIIECTBYET HEIMTPUBOAUMBII MOIYJIb V3 SZ
V1 & V,. Bo BTOpoMm ciyvae cHOBA MojiydaeM npsaMyio cymmy Vi@ Vo & Vs
u T.1. B cuny Komeunoctn momysas M 9UCIIO MAroB B 9TOM MPOIECce KO-
HeYHO, o3ToMy cyinecrsyer n € N, gto socM =V & ... & V,.»

Ilycts M — mpaBbrit R-MOIYJb.
Onpenenenne 6.29. ua S C M, T C 'R oupenenum aHHYAAMOPbL
anng (S) ={reR: Sr=0},
annpy (T)={me M: mT =0}.
ITo onpenenernnto anng (S) < R, anny (T) < M.

OrmMeruM e HEKOTOpbIE CBOMCTBA aHHYJIATOPOB:

49



IIpenmnoxenune 6.30. Ilycts M — mpassrit R-moaynas, S C M, T CR.
Torma

1) S C anny(anng(S)), T C anng (ann (7));

2) eciu N1,No < M u Ny C Ny, 1o anng(N;) 2O anng(N2), eciu
L, bR wul; ClI5, 10 annM(Il) D) annM(Ig);

3) g N < M u I <<'R BBINOJIHEHBI PABEHCTBA:

anng (anns (anng (N))) = anng (N),

ann s (anng (annps (1)) = annyy (1).

< 1) Ilycts s € S. Torga s - anng(S) = 0, ciemoBarenbHO, § €
annyy(anng (S)). Anamorngno, T C anng (annpy (7).

2) oueBHIHO.

3) K annps(anng(N)) 2 N npumensieM yTBepXKIeHWe MyHKTa 2):
anng (ann s (anng (IN))) C anng (V). O6paTHOE BKIIOYEHHE IOy IAETCSI
npuMeHeHueM yTBepxkenus nyHkra 1) k T = anng (N). Ananorugso,
npuMeHsis IyHKThI 1) u 2), nosydaem, 4ro annjs(anng (annp([))) =
annps (I).»

Teopema 6.31. Ilycrs M — npassrit R-moayis, J(R) — paauka Kojb-
na R. Torma socM = annys (J(R)).

<« Ilycts V' # 0 — HenpuBOAUMbIH TIOAMOIYIb Moy st M. JlokaxkeMm, 910
V Canny (J(R)). Umeem VJ(R) < V. Ecan VJ(R) = 0, To Tpebyemoe
BKJo4eHne BoimosiHeHo. Uuade, VJ(R) = V. Torxa no semme Hakasmbr
(6.26) V =0, uporusopeune. Takum obpaszom, socM C annys(J(R)).

O6parno, mycth N = annys(J(R)). N npeBpammaercss B MOLYJIb HAT,
KosbrioM R/ J(R), ecnu mjast © € N ecrecTBEeHHBIM 00pPa30M TOJIOKHUTH
2(r + J(R)) = r. Cornacno caeacreuio 6.18, mmeem R = R/J(R) =
F. & ...®F,, rae Bce F; — xomeunsre nons, F; =2 Re;, e1 +...ep, = 1,
e;e;j =0, Vi#j. Torna N = Ney @ ... ® Ne,. Kaxapiit mogyns Ne;
apaserca Re;-momyiaem. Momynb Hal TIOJIEM — 3TO JUHEHHOE TTPOCTPAH-
crBo. OHO PACKIAILIBAETCS B MIPIMYIO CyMMY OJHOMEDPHBIX TPOCTPAHCTB
(menpuomumbix momyieit). Torga Ne; Kak cymMMa HEPUBOIUMBIX MOJLY-
neit comepxkurca B socM. Dro Bepro s soboro i = 1, ..., n. OTkyna,
N CsocM. »

Onpenenenune 6.32. [lycts S — mpon3BOILHOE MHOKECTBO SJIEMEHTOB
npasoro mozayis M uan xoiabroMm R. Haumenbmmii (10 BKJIIOUEHHIO)
noamonyib (S)r Momyna M, comepxKamumii MHOXKECTBO S, HA3BIBAETCS
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NOOMOOYAEM, NOPONHCOEHHBIM MHOHCECMEOM S. AHAIOTUYIHO Onpeess-
erca uzgean (T)r, nopoxkaéHubI noamuoKecTBoM T kosbia R. Ecau
N = (S)r, roBopsar takxke, 4ro S — cucmema 06pa3yOUWUT NOOMOIY-
an N. Ananoruuno, eciiu I = (T)g, 1o rosopar, uro T — cucmema
obpasyrowux udeasa I.

IIpenmnoxenne 6.33. Ilycts S — MpOM3BOIBHOE MHOYKECTBO JIEMEHTOB
npasoro moxynas M mam xkoibrnoM R. Torma

(SYr=SR=A{xyr+...4+zprp:z;, €S, €R,i=1,...,n, n>0}.

Omnpenenenne 6.34. Moaymnb, numeomuii cucremy 00pa3yomux u3 Ofl-
HOTO 3JIEMEHTA, HA3BIBACTCS yukauyveckum MomyseM. Wneas, nmeromrmit
cucTeMy 0Opa3yIOIINX U3 OJHOTO JIEMEHTA, HAZBIBACTCS 2406HbIM U1ea-
oM. Monynb (uaean), IMEOMINA KOHEIHYIO CHCTEMY 00pa3yIOIInX, Ha-
3BIBAETCS KOHEUWHO NOPOAHCIEHHbIM. 1T KOHETHO MOPOXKIEHHOIO MOt
M 4epe3 p(M) 0603HAYUM MUHUMAJIBHYIO MOIIHOCTb €r0 CUCTeMbl 00-
Pa3yIOIINX.

W3 npenoxenns 6.33 owesuano, uro M| < |R|!, e t = p(M).

Omnpeaenenne 6.35. M — c806001biil R-Mm00yas parza t, ecnu 'y HEro
CyIIEeCTBYeT JIMHEHO He3aBUCHMas HaJ R cucrema u3 t 06pa3yonmx.

N3 onpenenennit oueBNIHO CaeayeT

Ilpennoxenne 6.36. M — cBoOOmHBIN R-MOmynb paHra t TOTmA U
TOJIbKO Tora, Korja p(M) =t u |M| = |R| .

IIo Teopeme 6.16 mmeem R = R1P...DR,, rae Bce R; — JTOKATbHBIE
Kombiia, R; = Re;. Torma Mr = My & ... ® M,, tne M; = Meg,
s = 1,...,n. Kaxaerit moayns Mg aBasgercd Rs-MOIyJIEM, TTOCKOTBKY
Rs = Res = esR.

IIpengioxxenne 6.37. p(Mg) = max{p((Ms)r,) :s € {1,...,n}}.

<« Ilycrs mq,...,m, — cucrema obpazdyiomux wmoxyas M. Torma
mies,...,mre; — obpazywowue uius (Mg)g,. Horomy p(M) > p(Ms).

(s) (s)
1

O6partHo, TycTh My, ..., my, — obpasywomme (Mg)g,, s = 1,...,n.

IMonoxnwm r = max{ry, ..., ,} ¥ JOMOJHAM ITPU HEOOXOIMMOCTH BCE CH-

CTEeMBI O0pPA3YIOIINX HYJISAMH, 9TOOBI CAUTATH, 9TO T = 'y = ... = T'p.
1

Torma B M MOKHO B3ATb 00pa3yiomue my = mg )y .+mgn), ey My =

mﬁl)—k...—l—mg,n). >
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O6o3nauny M = M/MJ(R). dna m € M mnonaraem m = m +

MJ(R) € M. Tlo nemme Haxasmbl (6.26) eciu M # 0, 1o M # 0.
Ecmu R — nokambHOe KoIbio, To dbakTop-Koabino R = R/J(R) — nore.

Monynn MR TPEBPAIIAETCS B MPOCTPAHCTBO HAT R:
Ve M, a=a+J(R)€R: am=ma.

ITpn sTOM TMOAMOmYAM MOMYTs MR ¥ TIOJIMTPOCTPAHCTBA TTPOCTPAHCTBA
7M CcOOTBETCTEYIOT OADYT JDYTY.

IIpenmoxxenne 6.38. Ecim R —nokanbHOe Kombio, 10 p(Mg) =

dimz M, u gna mo6eIx my, ..., my € M pasencTsa

M= (my,...,m)r (6.1)
" —

M = z(my,...,my) (6.2)
9KBUBAJICHTHBIL.
< Pasencrso (6.2) pasHocunbHo yemosuio M = (my,...,my)r+J(R)M

ITo nemme Hakaswmbr 6.26 mocieqHee paBeHCTBO SKBUBAJEHTHO PABEH-
crey (6.1).»

Ilpengioxxkenmne 6.39. nsa moxynsa My Had JTOKAJIHHBIM KOJBIIOM R
9KBUBAJIEHTHBI CJEIYIOININE YTBEPK ICHUSI:
1) Mz — HenpuBOAMMBIH MOJYJIb;
) MJ(R) = 0 u dimgg M = 1;
3) Mr = Rg;
4) [M] = R|.

< “1)= 2)” Tlockonbky My — HempuBoauMbIil MOmysb, T0 M # 0. Pac-
emorpuM noamonynb MJ(R) monyna M. Ilo nemme Hakasmbr (6.26)
M # MJ(R). Ho torga u3 menpusogumoctu M crexyer, uro M J(R) =
0. B cumy cOOTBETCTBHS TOIMOZYITEH MOyt Mz ¥ HOAIPOCTPAHCTB
IPOCTPAHCTBA 75 M, IPOCTPAHCTBO 7 M He MMeeT HeTPHBHAIBHBIX HOJI-
POCTPAHCTB, YTO BO3MOXKHO, TOJIBKO €CJIH dimﬁﬂ =1

Nmmukanus “2)= 3)” ciemyer u3 npemioxenus 6.38.

“3)= 4)” OueBuIHO.

“4)= 1)” Ilycrp N < M. U3 upemnoxenus 6.38 cienyer, 4ro eciu
N # 0, To [N| > |R| = ¢q. 3naunt, [N| = |M|, re. N = M, caenosa-
TeJIbHO, MOJYJIb M sIBIIsleTCS HENPUBOIAUMBIM. P
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3amaun K Jiekiuu 6.

3amaua 1. Onpenenure, CKOILKO HIEMIIOTEHTOB B KOJIBIIE BHIUETOB Zy,.
Onuniure ux. g KaKux n KOAbLUO Z, SBJISETCS JIOKAILHBIM !

Sagaua 2. Haiigure pagukan J(Zy,).

3amava 3. BepHo i, 9TO MOAKOIBIIO JIOKAJTHHOTO KOHEYHOIO KOMMY-
TATHBHOTO KOJIbIIA C €IUHUTIEH TOXKE JIOKATHLHO?

3amaua 4. IlpusBeaure mpuMmep, MOKA3BIBAIOIIAN 9TO B OMpeIeIeHUuN
)
[IOKOJIST CyMMa, IIOJIMOTyJIe He 00sg3aHa, ObITh IPSAMOii.

Bamada 5. g kakux mouyJieii Bbinosineno M = socM?

3agaua 6. Ilycro N — moamomaymns koredrnoro momyis M. Iloxkaxkure,
uro soc(N) = N Nsoc(M).

Bamaua 7. Ilokaxkwure, uro soc(socM) = socM nyist npon3BoIbHOTO R-
Momyns M.

3amadva 8. BepHo j1i, 9TO IOKOJIb ITUKIAIECKOTO MOYJ/IST SIBISETCS 1THK-
JUYECKUM?

3amaga 9. Ilycrs mMomyns M pacKaaablBaeTCs B CyMMY MOAMOIY/IEi
M = M; + Ms. Bepro yn, uro socM = socM; + socMs?
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Jleknusa 7. Monynb xapaKTepoB KOHEYHOT0 MO/ TyJisi. IHbeKTuB-
uble mojyiau. Kpurepuii Bapa. IHbeKTUBHOCTh MOYJIsI XapaK-
TepoB. KBa3sudpobennycoB mMoayiib, CyIiecCTBOBaHUE N €IWH-
CTBEHHOCTH C TOYHOCTBHIO J0 m3oMopdusMma.

1°. Moaynap xapakTepoB.

Omnpenenenune 7.1. I'pynnoti xapaxmepos monyns M Hazoém abeneBy
rpyuny M* = Homy(M,Q/Z).

~

IIpennoxkenune 7.2. 1) meer mecro uzomopdusm rpyun (M*, 4) =
(M, +).
2)Vbe M\ {0} Ix € M*: x(b) #0.

<« 1. Paznoxuwm abeneBy rpynmny M B NpAMyIO0 CyMMYy MTPUMApPHBIX IAK-
mrdeckux moarpynm: M = (a1)n, @ ... @ {(at)n,. PaccMorpuM xapak-

Tep x; Momyms M Taxkoit, uto x;(aj) = 0;;—, 374eCh 0;; — CHMBOI
ng

Kponekepa, i € {1,...,t}. Torma n;x; = 0, mx;(a;) = m # 0,
ng

1 < m < n;, mosromy ord(x;) = n; = ord(a;). IlockoapKy J11060# Xapak-
rep x € Homy(M,Q/Z) 3anaérca obpazamu MOPOKIAIOIIUX FJIEMEHTOB
2 i€ {la-'-at}a To M* = <X1>n1 ©...0 <Xt>n,, =M.

2. Ecin b € M\ {0}, ro B paznoxenun b = by + ...+ by, b; € (Gi)n,,
x0T OBl O/UH 3J1eMeHT b; oTmyen or uyas, ¢ € {1,...,t}. B arom ciy-
qae b; = ma;, tae 1 < m < n;. Torma B KauecTBe MCKOMOTO XapaKTepa,

X MOXKHO BIOpaTh X;. JdefictBurensuo, x;(b) = x:(b;) = m #0. »
n;

Onpenenenue 7.3. Ecau M — jeBbiit R-MOAy/Ib, TO OMPEIEINM TPO-
u3BeJIeHNE TIPOU3BOJILHOrO Xapakrepa x € Homyz (M, Q/Z) na snement r
KOJIBI[A R CIpaBa KakK XapaxkTep X7, 33JaHHBINH (HOPMYIIOit

Ve e M, (xr)(z)=x(rz). (7.1)

JIerko mpoBepuTH, YTO MOJYHAeTCA CTPYKTypPa MPABOrO R-MOMy/s HA
rpyrne Homy (M, Q/Z) (3amernm, uro ecan x € Homgz(M,Q/Z), r, s €
Ru e M, 1o ((xr)s)(@) = (xr)(s2) = x(rsz) = (x(rs))(x)). Toxy-
YEeHHBIH MOMY/Ib OyIeM Ha3blBaTh MoJdysem Tapakmepos monyias M u
obozHadnmM gepes M*.
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Amnasornuno, eciiu M — nipaBbiii R-MOIyIIb, TO Ha TPYIIIE €0 Xapak-
TEPOB BBOJMTCS YMHOYKEHUE CJIEBA HA JIEMEHTHI KOJIbIa R dopMyioit

Ve e M, (rx)(z) = x(ar), (7.2)

KOTOpOe ornpesienser
CTPYKTYDY JeBoro R-mozyis ua rpynne Homy (M, Q/Z) (3amerum, uro
(r(530)) (@) = (s3)(a7) = x(@rs) = ((75)x)(2))-

DTOT MOJYJIb MbI TaKKe OyJleM Ha3bIBaThb MOJYAeM TAPAKMEPOS U
obo3unauarh uepe3 M*.

IIpennoxenue 7.2 He 0600Ia€TCH B OOIIEM CJIydae 0 yTBEPKICHUS
06 m3omopdusme momymeir M u M™, omHAKO CipaBeInBa

Teopema 7.4. s moboro momymas M cyIecTByer KAaHOHUIECKUH 130~
Mopduzm R-monymeit g M = M**.

<« g moboro m € M onpemenum romoMopdu3M abeseBbIx T'PYII
Om : M* = Q/Z dbopmynoii p,,(x) = x(m). 3amerum, 4ro orobpaxe-
HUE M — Q,;;, — TOMOMOPdU3M JIeBbIX R-Mmomyneit. lelicTBuTenbHO, 11
aoboro r € R umeeM
(7.1)
Perm)(X) = x(rm) =" (xr)(m) = em(xr) = (rem)(x)-

Ecim m # 0, TO COTJIaCHO MYHKTY 2 MPEIJIOXKEHUs 7.2 CYIIECTBYeT
xapakrep X € M™* rakoii, uro x(m) # 0. CrenoBarenbHo, @, € M** \
{0} u romomopdusm m — p,, — MonoMopdu3zM.

B cuny nyskra 1 npejnnoxkenusi 7.2 takxke umeeM |M| = |[M*| =
| M**|. CiaienoBaresbHO, MOHOMOPMU3M 1M >y, €CTh u30MOpPdU3M. P
s mpasoro Momyast M BepHO aHAJIOTUYHOE YTBEPIKICHUE.

Ilpennoxenne 7.5. Ecnmu M = M; & My — npamas cymMMa MOIyJIeid,
TO CyIIECTBYeT KaHOHUYecKuil n3omopdusm R-momyneit M* = MG M.

<« [IpousBombHOMY 37€MEHTY 7 = (x1,x2) € M{ & M conocra-
BUM OTOOparKeHwue X, : M — Q/7Z, onpenenéHHoe Ha dJIeMEHTE m =
(m1,ma) € My @ My npasuioM X, (711) = x1(m1)+ x2(ms). Ilo mocpo-
eHUIO OYEBU/IHO, YTO X, €CTh Xapakrep rpymubl (M, +), u pasnuanbiM
snementam u3 M{ @& Ms coorsercTByIOT pa3Hble xapakTepbl. [Tockoiib-
Ky B cuiy nyskra 1 npennoxenus 7.2 My & My| = |M| = |M*|, o
nmeeT MecTo uzomopdusm rpynn M* = MY @ My. Ocranoch JOKa3aTh,
YTO UMeeT MecTo romMoMopdu3M Mozysei. leficTBUTEIHHO, /1Jist J1I000r0
r € R nMmeeM

(X)) = (1) = xa(rma) + xa(rma) = (aar, xor) (7).
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2°, NuabekTuBHble Moayau. Kpurepuii Bspa. UHbeKTHBHOCTDH
MO/IyJisl XapaKTepOoB.

Onpenenenue 7.6. JleBorit R-Momynp M HA3bIBACTCH UHBEKMUGHDIM,
€CJT JJIs POU3BOJILHOTO JIEBOTO R-MOayisa L u st JTI0OOT0 ero moaMo-
nyns K xkaxapiit romomopdusm ¢ 1 g K — g M moxeT ObITh IPOI0IIKEH
10 romomopdusma gL — r M.

Teopema 7.7 (Kpurepuit Bapa). Cuenyroiue ycioBus SKBUBAJIEHTHBL:
1) sneBbiit R-monynb M unbekTusen;

2) mia moboro umeana I <t R u jo6oro romomopdusma ¢ : gl — g M
CyIIECTBYET TakKoil emeHT m € M, uro ¢(x) = xm s moboro x € T
(t-e. ecrb roMmomopduam ¥ : g R — M, uponoskarommii ¢ ).

< “1)= 2)” Ilycrh aeswiit R-monyns M unbektuseH, I < R. Ilo ompe-
JIQJIEHUIO CYIIECTBYeT Takoil romomopdusm ¢ : R — M, uro ¢(x) =
Y(x) =(1-z) =y (1)z ansg moboro x € I. 3HAYUT, MOKHO MOTOKHATH
m = (1).

“2)= 1)” Mbl 1poBepUM BbIIOJIHEHUE CBOMCTBA UHBEKTUBHOCTH JJ1st
cy9ast, Koraa Momyab L — xonednbrit. [Tycts S — MHOXKeCTBO BCex map
(K,9), tne K — mnommoznyab monynst L, ¢ — romomopbusm K B M,
MTPOIOJIKAIOIIAHN (0. TO MHOKECTBO HEIYCTO — B HEM COIEPIKUTCS Mapa
(K, ). B cuy koHeuHocTu cpeji BCeX TAKUX Hap MOXKHO BbIGpaTh Ta-
Ky10 napy (Kmax, Pmax), B KOTOPOIi K — MAKCHMATBHO BO3MOZKHBII. Ho-
mycruM, 4r0 Koy 7 L v Boibepem npou3BosibHblil 3stemeHT b € L\ Kipax.
Pacevorpum npean I = {r € R : rb € Kpax} (I BbIIEDKUBaET yMHOKE-
HUE CJIOKEHUE W YMHOYKEHUE Ha 3JIEMEHTHI KOJbIA, MOCKOIBKY K. —
monyib). Torma orobpaxkenue 6(r) = ©max(rd) ectb romomopdusm
0 : I — M. Beibepem s Hero snemenT m € M 10 yCIOBHIO 2 TEOPEMBI:
O(x) = xm ana moboro x € I. Pacemorpum Moaynb K = Kpax + Rb.
Onpenenum @ : K — M npasuinom @(z + 1b) = Qmax () + rm g jo-
ObiIX & € Kpax u 1 € R. IIpoBepum, 4T0 0TOOPAKEHNE P OMPEIETIEHO
KOPPEeKTHO. JleicTBUTENIbHO, ecau Ty + r1b = To + rob, TO 719 — 1y € 1
" @max(zl) - @max(IQ) = Sﬁmax(b(r2 - 7’1)) = 0(T2 - Tl) = T2m —Trim,
OTKyZa gamax(xl):r 1M = Pmax(22) + rom. dcno, 4ro Plk,, .. = Pmax;
nosromy napa (K,®) upunamiexur S, HO 3TO LPOTUBOPEYUT MAKCHU-
MaJbHOCTU MOIYAS Kinax. W
JlokazareabcTBO OOpATHONW MMILIMKAIMY B OOIIEM CIydae TpebyeT mpu-
MeHeHust jgeMMbl LopHa.
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Cuaeacrsue 7.8. AGenesa rpynna A (T.e. MOLy/Ib HaJ, KOJIBLIOM Z) UHb-
€KTHUBHA, TOIJA W TOJBKO TOT/A, KOTId OHA Jdeauma, T.e. JJIs JI0O0ro
a € A n moboro n € Z\ {0} cymecrByer Takoil smement x € A, 9ro
a=nx.

<« JocraTovHo MoKa3arh, YTO BBIMOJIHEHHE Kpurepus Bapa s rpyn-
bl A paBHOCH/IbHO Jejumoctu. Ho Jitoboit ujean KoJiblia Z — IJIaBHbII,
T.e. mmeer Bu I = nZ, a moboii romomopduszm f : I — A umeer Bumg
f(nz) = f(n)z mna noboro z € Z. llonarag f(n) = a, moxyyaem nm = a
JIJTsT 3JIeMeHTa m u3 ycioBus 2 Teopembt 7.7. Cnydait n = 0 TpuBmnaies.
>

Teopema 7.9. Jlesblit Moayib (RR)* HHbEKTHBEH.

<« Ilycre I — upean konmbua R u f : I — (Rg)* — romomopdusm.
Omnpenennm romomopdusm abenepbrx rpynn w : I — Q/Z dbopwmymoit
w(z) = f(z)(1). B cuy gemmmoctn rpynnel Q/Z, cymecTByer xapakrep
w: R — Q/Z, coBuaatoumii ¢ w Ha I.

Teneps ans soboro a € I u g0boro x € R umeem

(a@)(@) = G(za) "E" w(za) = f(wa)(1) =
7.2

= (ef(@)(1) "2 fa)(12) = f(a)(x).

BuauuT, B cuiy npousBojbHOCTH & € R, f(a) = a®, 1 MOXKHO mpuMe-
HUTH KpuTepuii Bapa.»
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3°. KBazudpobernycoB MoayJib, CyIIeCTBOBAaHUE.
IIycts M — neBbrit R-mopymnb. Haa S C M, T C R HanoMHUM
AHHYAATNOPDL
anng (S)={reR: rS =0},

annp (T) ={m e M : Tm =0},
u ux cpoiicrBa S C annyy(anng (5)), T C anng (ann (7).

Onpenenenue 7.10. Moxynas M Ha3bBaeTCs k6a3udpobeHuycosviM,
unn QF-modyaem, ecnm mnst Beex [ <R u K < M mmeror MecTa paBeH-
cTBa

K = anny(anng (K)), I = anng(annp(1)).

B sroit curyanun moayab K < g M TakKe MOXKHO PACCMATPUBATDH
Kak MoayJh Haz dbakTopkonbinoM R = R/anng (K), nomaras rm = rm
misim € K ur =r+anng(K) € R. Anajornamo momynb annyy (1) <
=M MOXHO paccMaTpHUBaTh KakK MOAYJIb HAJ GaKTOPKOIbIOM R /1.

Ilpennoxenune 7.11. Ilycte R M — QF-monynb, [ <R u K < M.
Torma .

1) K — QF-vonyns Hax dakropkoabioM R = R/anng (K).

2) annyy (I) — QF-moayub nan dpakroproiasbuom R/1.

< 1) Ilycts K’ < 5 K. Paccmorpnm B = anng (K'). Nveem B =
B/anng (K) nna B = anng(K'). [Janee mepexomum K PACCMOTPEHHIO
anng (B). Ilo oupexnesnenuto umeem

~

annK(B):{mEK:Em:O}:{mEK:Bm:O}:
=anng(B) = KNamy(B)=KNK' =K'

Ucnonb3osarnoe 3mech pasercTBo annys(B) = K’ Bepro B cuiy yco-
Busi, 9T0 MOaysib M — kBasudpobenmycoB. Takum 0Opa3oM MbI MOJTY-
YU, 9TO

anng (annz (K')) = K'.

~

Taxexe joxasbiBaeTca papeHCTBO anng(anng (B)) = B g 1pousBoIib-

HOorO mueaJia B < R.
YrBepxKaeHNE 2) JIOKA3bIBAETCA AHAJIOTUYHO. P

Crenyromasi TeopeMa TIOKa3bIBaeT CyIECTBOBaHME KBa3u(ppOOEHMy-
COBa MOJLYJIs.
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Teopema 7.12. Momyas g R* xapakTepoB monynist R aBiaserca QQF-
MOy JIeM.

< 1) Pacemorpum naean I <tR n ero annynsitop K = anng«(I) = {x €
R* : Ix = 0}. ITockombKy 1uisi 1,8 € R (rx)(s) = x(rs), To u3 ycuoBus
x € K, r.e. Ix = 0, mosyaaem, 9ro x(rs) = 0 aya r € I. Tloacrapnss
s = 1, nonyuaem x(r) = 0. 3uauur, K — 310 Te xapakrepsl X € R*, 4yr0
I' C ker x. Takne xapakTepbl KOPPEKTHO PACCMATPUBATD KAK XaPAKTEPbI
daxroprpynmer R = R/I. Ilpu stom K — MHOXKECTBO BCEX XapaKTEPOB
rpymmst R.

HawMm my»xHO n0Ka3aTh, uro anng (K) = I. Bxmouenne I C anng (K)
Bcerga BoINosHeHo. IIposepum, uro anng (K) C I. Ilycrs r € anng (K).
Torna snementr 7 =1+ 1 € R AHHYJIUPYETCs JII0OBIM XapakTepoM u3 K.
Corsiacuo yrBepxKaenuio (2) npejioxenus 7.2 510 o3uadaer, uro 7 = 0,
re.r € [ mwanng(K) C I.

2) Paccmorpum nogmonyinbr K < gR* u ero aumynsrop I =
anng (K). ITo Treopeme 7.4 0 KAHOHNUECKOM M30MOP(MU3ME OTOK IECTBUM
R ¢ momynmeMm xapakTepoB R**. Torma I — 3TO MHOMKECTBO BCEX XapakK-
TepoB MOAyAd R*, aHHyJIUPYIOMmux K, MO3ITOMY TaKyKe KaK U B MyHKTE
(1) mosmyuaem, uro anng«(I) = K. »

4°. KBazudpobeHnycoB MO/yJib, € ITMHCTBEHHOCTb.

CrepBa ciesraeM peayKINIo K CIYy9Iat0 JOKAJIHHBIX KOJIEI.

Ilo Teopeme 6.16 umeem R = R1P...HR,,, rae Bce R; — JOKaIbHbIE
kombla, R; = Re;. Torna xM =M, & ... B M, tne My = e, M — R,-
MOJyJb, s = 1,...,n.

IIpenmnoxenne 7.13. B Boimeo3nadenubix obo3nadennsx g M — QF-
MOZyJIb TOT 1A ¥ TOJIBKO TOLJA, Koraa g, My, ..., r, My ectb QF-Monynu.

<« IIpomssonbubrit moamoayns K < g M umeer pazioxkenne K = Ky @
. O Ky, tne Ky =e; K < g M. Umeem

anng (K) = anng, (K1) @ ... ® anng, (K,)

(neiicrBurensuo, 0 = 1K = (reg+...+re,) K =re1 K1 +.. . +re, K, &
re; € anng, (K;)) n

annyy (anng (K)) = annyy, (anng, (K1) @ ... @ annyy, (anng, (K,)).

Orkyna pasencrso annys(anng(K)) = K 3KBHBAJIEHTHO CHCTEME Da-
BeHcTB annyy, (anng, (Ks)) = Ks, s = 1,...,n. Anajorn4no, mpoms-
BOJIbHBIN maeast I <1 R packiaapmBaerca B cymmy I = 1 & ... & I,
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I; = e;] 9 R;. Ilosromy pasencreo anng (annps(I)) = I S5KBUBAJIEHTHO
cucreme paBeHcTB anng_(annys, (1)) = I, s =1,...,n. »

Ormerum ciiefyionee HOJIE3HOE CBOWCTBO: mommomyn @ F-momyis,
MMEIONIME ONMHAKOBBIE AHHYJISATOPHI, DaBHbL JleficTBuTeNnpHO, ecan
anng (K) = anng (K'), To

K = anny(anng (K)) = annyy (anng (K')) = K'.

AHaJIOFI/I‘{HO, naeajibl KOJbIla, HMEIONHE OAWHAKOBBIE AHHYIATOPBI

B QF-monynme, pasubr (ecim annp (I) =  annpy(I'), To; I =
anng (annps (1)) = anng (annp, (I')) = T').
Monyns g M HasbiBaercss mounsim, ecim anng (M) = 0. IIpo-

n3BONBbHBIN QF-Momyas M dABIsieTCS TOYHBIM, IOCKOIbKY M =
ann s (anng (M)) = annpy (0), a 3Hagur, anng (M) = 0.

st TOIHOTrO MOAY s HAJ JTOKAIBHBIM KOJBIIOM CBOHCTBO OBITH () F-
MOZyJIeM CBSI3aHO C €ro mokoseM. BemomunM, aro socM = annps(J(R)),
MTOSTOMY KaK OTMEUYEHO BBIITIE JIJIsT TIPOU3BOILHOTO ueana [ m ero anuy-
JIATOpAa, socM MOXKHO pacCMaTPUBATH KAK MOIYJIb HAZl (DAKTOPKOJIBIIOM
R =R/J(R), 910 B CIydae JOKAIBHOTO KOJIbIIA O3HAYAET IPOCTPAHCTBO
HA/T TTOJIEM.

Teopema 7.14. s tounoro momyis g M HaI JTOKATBHBIM KOJIBIIOM R
SKBUBAJIEHTHbI CJICJYIOTUE YCIOBUSI:

1) RM = gR*;

2) M — QF-momynn;

3) socM — nukauYecKuil moaMoyib B M;

4) dimz socM = 1;

5) socM — eIMHCTBEHHBI MUHUMAJIbHBI (HENPUBOAMMBII) OAMOYJIb
Moyt M,

6) Momysib M CONEPKUT €AUHCTBEHHDbIH MUHUMAILHBIA TOIMOILYJIb.

<« Nvmumkarmst “1)= 2)” ecTh yTBepKIeHNe TeopeMbr 7.12.

“2)= 3)” Ilycrb a € socM \ {0}. Nmeem J(R) C anng(Ra) # R
(manpumep, 1 ¢ anng(Ra)). C Apyroit cTOPOHBI, B JOKAJILHOM KOJbIIE
J1I000i 3/IeMEeHT BHE pauKaJia 00paTuM, a uaeas, ComepKaIimii ooparu-
MBIl 97IEMEHT, CONEPKAT U €JUHHILY KOJIbIA, T.e. 310 BCE Koubo. Ilo-
sromy J(R) — MakcuManbHbIH uaear, r.e. mexkay J(R) u R mer qpyrux
uneanos. CrenoBarensHo, anng(Ra) = J(R) = anng(socM). OTky-
J1a, TTOJTh3YsICh CBOMCTBOM () F-Momyns, 3akiodaeMm, 9to socM = Ra —
[UKJINIeCKHI MOJLYJIb.

“3)= 4) = 5) = 6)” cnenyer u3 upennoxennii 6.38 u 6.39.
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“6)= 1)” Ilycts K — eJIMHCTBEHHBIH MUHUMAILHBIH TOIAMOLY/Ib MO-
nyns M. Torma B cujly MAHAMAJIbHOCTH OH HE COJAEPIKUT COOCTBEHHBIX
noamoyneii, T.e. K — nenpuBoaumbiii Moayah. COracHO mpeioxKe-
uuio 6.39 Bce HenpuBogUMBbIE R-MOIys U30MOP(MHBI, [IOITOMY CyIIe-
creyer Biaoxkenune ¢ : R K — grR*. B cuily nHbeKTUBHOCTH MOyt Xa-
pakTepos (TeopeMa 7.9) BIOKEHUE (0 MOXKET ObITH MPOIOJIKEHO 10 TOMO-
Mopdusma ¥ : g M — grR*. Paccmorpum siapo ker . Ecaum ker v # 0,
10 13 ycjoBus 6) Mbl mosyuuM, uro K C ker @), nporuBopedue ¢ Tem, 4To
1 wa K cosmagaer ¢ . CnemoBarenbno, kervy = 0, u ) — BioXKeHue.
Houycrum, uro ¥(M) # R*. Ilockoubky 1o reopeme 7.12 R* — QF-
MOIyNb, To anng (¢(M)) # anng (R*) = 0. C apyroit cTropoHbI, T.K. 9)—
BJIOXKeHne, To anng (Y(M)) = anng(M). Yeaosue anng (M) # 0 mpo-
ruBopeyur TouHocTH MOy M. Cuenosarensuo, (M) = R* u ¢ —
HUCKOMBIN m30MOpdu3M.»

Teopema 7.15. Jlro6oit QQF-MOmyah HAJ, KOHEYHBIM KOMMYTATHBHBIM
KOJIBIIOM R ¢ equHuIeil n30MopdeH MOIYII0 XapakTepoB g R*.

<« Cuienyer u3 npemioxenus 7.13, yreepxkaenuii 1) u 2) Teopembr 7.14
U TIPEeIJIOKEeHus 7.5.»

Caencrsue 7.16. Jlio6oit () F-Moayh HAT KOHEIHBIM KOMMYTATHBHBIM
KOJIBIOM R € enuHuUIell HHbHEKTHBEH.

3agaun K Jgeknuu 7.

3amada 1. Bepho ju, uro abesnesa rpyumna Z** usomopdua rpyuue Z7

3amaya 2. Moaynb Ha3BIBAETCS HEPA3AOHCUMbBIM, €CIIH €r0 HEeIb3s
MIPEJICTAaBUTh KaK MPAMYIO CYMMY JABYX HEHYyJeBbIX moamomyneit. [loka-
KUTE, YTO KOHEYHBI NHBHEKTUBHBIN MOJIYJIb HEPA3IOKUM TOTJIA U TOJb-
KO TOr/Ia, KOIJIa ero IOKOJb — IIPOCTON MOJYJIb.

3agaua 3. [IpuBemure nmpuMep KOHETHOIO HEPABTOKUIMOIO MOJLYJIs, 11O~
KOJIb KOTOPOTO HEe TMPOCT.

3amava 4. Pacrumure 10Ka3aTeIbCTBO OCTABINUXCS MTyHKTOB MPEIJIO-
Kenns 7.11.

3amava 5. IlpuBenure mpumep KOHEYHOrO MOy, HE SBJIAIOIIETOCT
TOYHBIM.

3amaga 6. Ilycre M — kBazudpobeHnycoB Momymib. lokaxkure, 9TO
JII000# €ro moAMO/IyJIb TOXKe KBa3udpPOOEHIYCOB.
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Jlekmua 8. XapakrTepu3saiusa KBa3sudpoOEHMYCOBBIX MOIyJIel
C IIOMOLIbIO Pa3/INYAIOMINX XapaKTepoB. JImHeliHble KOabl HaJ,
KBa3udppobeHnyCOBBIM MOOYJIeM, ABOMCTBEHHOCTh MeXKJYy KO-
JaMu HaJ KOJBIIOM M KOoJaMH HaJ| KBa3’udpoOeHMYCOBBIM MO-
JyJieM.

IIycte M — nesbiit R-moaysib. JloroBopumcst mpu HEOOXOAUMOCTH
paccmarpuBarh M U Kak MpaBbIil MOLY/Ib, TTOJIATAs 1" = M7 JJIs JTIOOBIX
reR,meM.

Onpenenenne 8.1. Hazosém momaynb M pazausumbim, €CIIA CYIIECTBY-
er xapakrep X € M™, He paBHbBI TOXK/IECTBEHHO HYJIO HA HA KAKOM
HeHyaeBoM noamozysae momysist M. Taxoit xapakTep X Ha30BEM pa3aua-
rowum gasa M.

Cuienyromiasi JeMMa JaET 9KBUBAJIEHTHOE OIPEIeJICHIE PA3TUIAIOIIEe-
o Xapakrepa, u3 KOToporo 6ojiee IOHATEH CaM TEPMUH “pasTHIatOnwir’.

Jlemma 8.2. Xapakrep x € M™* aBiagercsa pa3IudaionuM TOTIa U TOJIb-
KO TOI/ia, KOT1a

VYa,be M, a#b, Ir e R: x(ra) # x(rd).

<« “=7 Ilycrp x — pasnumyatomuit xapakrep u a,b € M, a # b. Pac-
cMoTpuM HeryneBoit noamonyns R(a—0b) < M. Umeem x(R(a—0b)) # 0,
3HAYUT, CYIIECTBYET 3j1eMeHT 1 € R Takoit, uro x(r(a — b)) # 0. Caeno-
BaresbHO, X (ra) # x(rb) (no ceoitcrBy romomopdusma).

“<” Ilycrs K < M — mpou3BOJIbHBIN HEHYJIEeBOH moaMoayab. Cyie-
creyer a € K\ {0}. ITo ycnoButo cyuiecrByer asiement r € R Takoii, 4To
x(ra) # x(r0) = 0. Buauut, x(K) # 0. »

Jlemma 8.3. QF-monyns g M gBIsieTCS pa3InauMbIM.

<« Ilo Teopeme 7.15 moxkHO cumrars, uro M = R*. Torma B cuiy Teope-
MBI 7.4 CyIEeCTBYeT KaHOHWYECKu m3omopdusMm R-Momymiei ¢ : g R —
RR*™ = g M™, KOTOpBIIf CTAaBUT B COOTBETCTBUE JJIEMEHTY 1 € R Xapak-
rep p(r) : R* = Q/Z, neiicryromuii Ha sjemenre xy € R* 1o npasuiy
o(r)(x) = x(r). Hokaxem, uro xapakrep ¢(1) aBisgercs pa3audarouum
nast R*. HeiicrBuresbHo, ecau X, € R*, x # ¥, 10 x(r) # ¥(r) ansa
HekoToporo r € R. dro o3nauaer, uto ¢(1)(ry) # ¢(1)(ry). Cormacro
jemme 8.2 mosydaeM, 9To ¢(1) — pasiudaomuii Xapakrep JJisi MOZIYJIs
rM. »
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SamMernM, 9TO B MPEABIIAYIIEM JIOKA3ATEIHCTBE BMECTO 1 MOXKHO OBLIO
B34Tb JII000# 00paTuMbIil 3/IeMEHT 4 KOJblia R, XapakTep ¢(u) Takxke
OyaeT pa3audaroIuM.

Ilokazkem, aTo BepHo obpaTHOE yTBEDXKIAEHUE K jJemme 8.3.

Cuepsa cjejiaeM peayKUUIO K CJ1y4at0 JOKAJIbHBIX KOJIEL.

Ilo Teopeme 6.16 nmeem R = R1D...HR,,, rae Bce R; — JOKaIbHbBIE
kosbla, R; = Re;. Torna xkM =M, & ... M, tne My = e, M — R,-
MOIyIb, s =1,...,n.

Jlemma 8.4. B Boimieo3nadeHHBIX 0003HAYEHUAX MOAYJIb R M pazandnm
TOTJIa W TOJIBKO TOLA, KOTAA BCe MOy r, My, ..., r, M, pa3nuaumsbl.

< “=" Ilycrp x — paznmuaromuii xapakrep moayias M. Ilockosbky
IPOU3BOJIbHBIHM MOAMOnyIb K¢ MOIyns g, M, ABIAETCS HOAMOLYIEM MO-
nynst g M, To Ha HenyneBoM noamomyne x(K) # 0. Torga orpanndenne
X Ha M, OymeT HCKOMBIM pPa3IHYaloNIiM XapaKTepoM Moayid g, M.
“«<” Ilycrs Bce Mmomynu g, Mi, ..., r, M, pasniudumsbl, X1,...,Xn —
ux pasnumgaioiiue xapakrepol. Oupenenum xapakrep x Momyis M cie-
IYIOMIUM 006pa30M: NIt TPOU3BOILHOTO dmeMenTa a € M Gepém ero pas-
JIOXKEeHue @ = a1+...+ap, as € My, cOOTBeTCTBYyIOIEE pa3noxennio M B
npsaMyto cymmy u nojaraem x(a) = xi(a1) + ...+ xn(an) € Q/Z. U3 no-
CTPOEHWSI OYEBHIHO, 9TO MOJTy9YEeHHOE OTODPakeHue OymIer XapakTepoMm
momyns M. Jlokaxkem, 9ro oH Oyzmer paznmdaiommm. Ilycte K < M,
K # 0. B arom cayvae maiinérca takoit mumeke s € {1,...,n}, uro
Ks = esK # 0. Torma u3 ycyoBusi, uro Ky — HEHYJIEBOW MOIMOIYIb
Momyns M, 3akaiouaeM, 9TO HAUAETCA 3JeMeHT as € K, aasa KOTo-
poro ¥s(as) # 0. PaccmarpuBasi as kak sjemenT Momayns K, moiaydaem

x(as) = xs(as) # 0, re. x(K) # 0.»

Jlemma 8.5. Ilycts g M — TOYHBIN MOIYTb HaJ, JOKAJIBHBIM KOJBIIOM
R. Benomunm, yro socM = annps (J(R)) u socM MOXKHO paccMaTpuBaTh
KaK MOJy/b Haj GakTopKobinoM R = R/J(R), 4T0 B ciydae JOKaTb-
HOTO KOJIBIIA, O3HAYAET MPOCTPAHCTBO HAJI, KOHEUHBIM ToieM. OB0o3HaunM
|R| = q = p". IlycTs uy, . . ., U, — TPOU3BOMbHLIH Ga3HUC MO R Ha, ero
npocteM mozmnoseM Iy, Ilis npomnssosbrOit moarpynmst H < (socM, +)
o6o3naunm uepe3 L(H) cymmy BCex IOAIPOCTPAHCTB IMIPOCTPAHCTBA
7socM, comepxamuxca B H, Apyrumm cioBaMm camoe OOJIbIIOE MOZ-

s
upocrpancrso, conepxkameecs 8 H. Torna L(H) = () u; lH.
i=1

<« Tlokaxewm, uro L(H) = () u; 'H. Hycrs a € L(H). To nocrpoenuio,
i=1
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3TO PABHOCHIIBLHO TOMY, 9T0 Ra C H. B wactHOCTH, nig Beex i = 1,...,7
i

umeem u;a € H u a € u; ' G. Takum obpasom, L(H) C () u; " H. HaoGo-
i=1

T
por, ectn a € () u; 'H, T0 wya,...,u.a € H. Tlockomsky H — rpymma,
i=1
o (U1 + ...+ 'yﬂﬁ)a € H nnst Beex 71, ..., 7y € F),. Benomnnast, aro
U1,...,u, — 6a3uc R man Iy, 3akmogaem, 9to Ra C H n, cienoBarens-

HO, a € L(H). »

JlemMma 8.6. Pazmuaumbiit TO9HBIN MOaynb g M HaJ JTOKATHHBIM KOJTb-
nom R sasnisierca @ F-moysem.

<« Ilycrs x — pasnuuatornuit xapakrep momyis g M. CornacHo nyHKTY
4) reopembt 7.14 jis TOro, 4robbL JOKA3ATH JEMMY, JOCTATOYHO IIOKa-
3aTh, 9T0 dimz socM = 1. Paccy>kgas OT TPOTURHOTO, MPEITOJOKIM,
aro dimzsocM > 1. B srom ciyuae [socM | = gdimmsocM > 2,
Pacemorpum orpamuuenue Y xapakrtepa y Ha socM. Ilycte G =
kery. ITockoubky rpynna (socM,+) Kak ajiuTuBHAs IPYIIIa KOHEUHO-
I'0 IPOCTPAHCTBA HAJL IOJIEM XAPAKTEPUCTUKH P sBJISIETCS JIEMEHTAPHON
p-rpymmoit, u x(socM) # 0 B cuay BBIGOpa Xapakrepa y, To X(socM) —
noxarpynma nopsjaka p 8 Q/Z. Cnenoparenbho, G — MOArPYIITA HHIEKCA
p B socM. s nopnpocrpancrsa L(G), onpeenénnoro B jemme 8.5, u3
I
yrBepxkaenus L(G) = () u; 'G u 3navenns mugexca rpymmst G crreny-
i=1
er, yro L(G) — noarpyuna unjekca, ue npesocxoasuero p- = g. Toraa
u3 orpannuenuii Ha wHmekc L(G) m Ha MomHOCTH socM caemyer, 4To
L(G) # 0. Takum o6pasom, B rpynme G = ker’y COIEp:KUTCS HEHYJIEBOE
noanpocrpanctso L(G). Ilpu srom L(G) — mommomyns mozys M (cu.
3amedanue nepe] npeanoxerneM 6.38). Umeem x(L(G)) = 0, nporuso-
pedre ¢ TeM, 9TO X — paziamdaromuil xapakrep moayis g M. »

Teopema 8.7. Tounbrit Mmoaynb R M sABASETCS PA3TUIAMBIM TOTIA U
TOJIBKO TOT/A, KOTIa OH €CTh ( F-MOmyh.

« [Tonyuaercsa obbenunennem jlemm 8.3-8.4 u 8.6, ¢ MCMOIL30BAHUEM
npeajoxkenus 7.13.»
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B mammoii mexnun mbr 06001mmM Marepuan Jlekmun 4 Ha cirygaii siu-
HEHHBIX KOJOB HAJ KOJIbIIAMU U KBAa3M(DPPOOEHINYCOBBIMU MOILY/ISMHU.

1°. Koapr Hag KBasudpobeHnYCOBBIM MOIYJIEM.

Teopema 8.8. Ilycrs M — neBbiit R-Mmomymb. CiieayroInye yCaoBus K-
BUBAJICHTHBI:

1) g M ectb QF-Mmouyib;

2) aa moboro N € N u so6pix muneitnbx kouos C < g RY, K < g MY
BBITIOJIHEHBI PABEHCTBRA,

ann v (anng~ (K)) = K, (8.1)

anngw (anny~ (C)) = C; (8.2)

3) M — rounbtii Mmoxyab u auis mo6oro N € N u 106010 JuHEeRHOro
koma K < x MY semonmeno pasernctso (8.1).

< “l) = 2)” Ilo reopeme 7.15 moxkHO cuurarb, uro M = R*. B
9TOM CJIy4Yae COIJIACHO TPEIIOXKEHUIO 7.5, MOKHO TAK¥KE CYUTATH, U4TO
MY = (RN)*. Torma £ = anny,~(C) — MHOXKeCTBO XapaKTepoB IPYTI-
et RY, ammymupyronmmx C, n anngy (£) — HOATPYIIA 37€MEHTOB W3
RN amynupyembix BceMu Xapaktepamu u3 L. IloBTopsas paccyskaeHus
13 JJOKA3aTeIbCTBA TeOPEMBL 7.12, IPUXOAUM K TOMY, YTO BBIIOJJHEHO Pa-
BeHcTBO (8.2). Pasenctso (8.1) J0Ka3BIBAETCA AHAJOTMYHO TYTEM OTOXK-
necteaenns RY = (MY)* (¢ ucnonb3osamnem Teopembr 7.4).

“2) = 3)” OueBuzHO.

“3) = 1)” Ha ocnoBanuu npejijiozkenus 7.13 10CTaT049HO PACCMOTPETD
ciaydaii, korga R — jokanbhoe Kojibio. Ilycte g M — we QF-monynb.
Torga mo Teopeme 7.14 B socM = ann(J(R)) cOmEPKUTCS HEKOTOPBIIt
cobcrBennblii moamonynb K. Torma anng (K) = J(R) (Goabiiero co6-
cTBeHHOrO Hreasa B R Her), Ho annys(anng (K)) = socM # K, nporu-
Bopeuwe ¢ (8.1) g N = 1.) »

Hanomuum onpezesnenne npoBepoOdHOl MATPUILBI.

Omnpenenenne 8.9. Ilycrs M — neBwiit R-momynb u K — kom max M
anuast n. Marpuna H = (h;;) pa3Mepa X1 HAJI KOTbIOM R Ha3bIBAETC:
nposepounoli mampuuyet Koma K anunnt n wam M, ecin

K={aeM": Ha" =0}. (8.3)

Ilycts ‘H — nuneitabrit Kom Ha R, MOPOXKAEHHBIN CTPOKAMHA MATPUITHI
H, H < gR". Torna u3 onpenenenns BUAHO, 9T0 H — mpoBepovYHAs
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Marpuna Koja K B TOM M TOJIBKO B TOM ciydvae, ecan K = annpm(H),
T.e. L — ABOiicTBEHHBINH KOI K H.

JIJ1st KOJOB HaJI MOLYJISIMA M JazKe HaJl, KOJIbLIAMUA [IPOBEPOYHAS MAT-
pHLIA CYLIECTBYET JAJIEKO HE BCErJa, OJHAKO Ceifdac Mbl yBUIUM, YTO
WMEHHO JIJIsT KJIACCA KBa3nPOOEHMYCOBBIX MOJIYJIEH YTBEPKICHUE O CY-
IIIECTBOBAHUN TTPOBEPOYHON MATPUIHI BEPHO.

IIpennoxenune 8.10. Ilycts g M — tounbIii MOmynb. Torma 000
nuHeHHbI Kom Ham M wMeeT MPOBEPOYHYIO MATpPHIly HaJa R Torma u
TOJIBKO TOrzaa, Korua g M ecrb Q F-Momyiib.

< “=" Ecmn g M ects QF-monyns u K < gM™ |, 10 B cuiy pa-
BercrBa (8.1) marpuna H Hax R, CTPOKM KOTODPOH HOPOXKIAIOT KO
‘H = anng~ (K), ecrb nposepounas s K.

“<” Ecnu moboit ko, K < g M™ uMeer IpOBEPOYHYI0 MATPHILY HAJ,
R, T.e. BuimosHero K = annpn (H) 17st HekoToporo koma H < gR™, To
BepHO pasercTBo (8.1) u no Teopeme 8.8 g M ectb QF-MOmyh. B

IIycts C < g R™ — nuHEHHBIN KO HAI KOIbIoM. Ecmu R He sBiis-
ercs I0JIeM, TO IIPOBEPOYHON Marpuubl Jjid C Hag R ouaTb 2Ke MOKeT
HE CYIIECTBOBATH, HO BO3MOYKHO TIOCTPOUTH MPOBEPOYHYI0 MATPUILY HAT
QF-momymem. JloroBopuMcs pu HEOOXOIUMOCTH PACCMATPUBATH JIEBBII
R-monyns M w Kak MpaBblil MOIYJb, TOJATas 7'M = Mr [JIs JIIOOBIX
reR,meM.

Onpenenenune 8.11. Ilycrb C — kox van R pjusbl n, M — jesblii
R-monyns. Matpuma K pasmepa m X n Haa MomyneMm M Ha3bIBaeTCsS
nposepouHots mampuuet koga C, ecin

C={aeR": Ka’ =0}. (8.4)

Iycrs K — nauneitabiit kom Hag M, TOPOXKAEHHBINH CTPOKAMY MATPHU-
upt K, K < g M". Torma u3 onpezesenns: BUAHO, 9T0 K — mpoBepoYHast
marpuia koga C B TOM U TOJIBKO B TOM ciydae, ecau C = anngn (K), u
nposepounas marputa g C wag M cymecrByer TOria u TOIbKO TOTIA,
korpa ycnosuto C = anngr (K) ynosmersopser xox K = anny(C). B
9TOM CJIy4dae CTPOKM MATPHUIGI K BHIOMPAIOTCS KAaK CHCTEMA 0DPa3yro-
mx momyas K. M3 reopemsbr 8.8 mostydaem

Ilpennoxenune 8.12. Jlioboit NMUHEHAHDIN KOI HAM KOJBIIOM R HMEET
[IPOBEPOYHYIO0 MaTpully Hajd QF-momysnem g M.

OO6pairierre 3TOro yTBEPKIEHNST HEBEPHO.
IIycts R’R(N ) — MOJIYJIb CTOJIOIOB BhICOTHI N HaJ KOJbIOM K.
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Onpenenenne 8.13. Hazosém marpuny K pasmepa m X N Ha MOIY-
aem g M nposepounoti nis marpunsl H pasmepa N X n Haj KOJbIOM
R, ecnu ms moboro cronbma bt € RWY) cucrema Hat = bt paspermmma
TOIIA U TOJIBKO TOrna, Korma Kbt = 0.

Hanx monem miobast marpuria H mmeer mpoBepotunyio marpuily K u
pa3mMepHOCTh d MHOrooOpasus perreHuil 000 COBMECTHON CHCTEMBI
Hazv = bb ynosnersopsier pasencrsam d = n — tkH = rkK +n — N.
DTO yTBepKIEHUE ITOMYCKAeT 0000IIeHne Ha, CiIydail KBa3udpobeHmyco-
Ba MOJLYJISI:

ITpennoxxenne 8.14. Jliobas marpumna H pazmepa N X n Ha KOJBIOM
R umeer nposepounyio marpuily K pasmepa m X N man QF-momxynem
rM. Ilpu sTom eciim ‘H — suHeRHDBIH KO, HaJ R, HOPOXKIEHHBIH CTOJIO-
mamu Marpunsl H, K — nureitnbnii kox nama M, ToposK IEHHBIH CTPOKAMA
marpunbl K, 1o uncio D = D(H) perennii 11060 COBMECTHOM CHCTEMBI
Haz' = bt pasmo

D =[H|R[" = [K|[R|"™.

<« Corracuo npegnoxkenuio 8.12; cymecrsyer marpuna K wang M takas,
aro s moboro bt € RMY)

WeH < Kbt =0t

Marpra K — mckoMas, TIOCKOIBKY yciosue b € H ecth Kpurepmii
coBMecTHOCTH cucTembl Hat = b,
Joxazem pasercrso D = |H|"}R|". O6osnaumym hY — i-biii cro-
6er; marpunpt H. Paccmorpum romomopdusm R-moayseit ¢ @ R™ — H,
n
o((z1,...,2,)) = 3. a;h}. Tlo nocrpoermio D = |kerp|. Tlo Teope-
t

(3
Me 0 romomopdu3Me s MOJYyJeil B CHIILy CIOPBbEKTHBHOCTH OTOOpa-

xenug @ uveem H = R™/ker p. Hosromy D = |kerp| = |H|71|R|"™.
ITockonbky K — pBoiicrBenusiit kox K H, K = annyw~(H). Bemom-
HAM, 9TO anns~ (H) MOKHO PAacCMATPHBATH KAK IPYIITYy XapAKTEPOB
daxroprpymmsr RY /H, ato B cumy yTeepxaenus 1) mpeoxenns 06
n30MOpdU3ME € TPYNION XapaKTEPOB, BIEUET PaBeHCTBO |ann v (H)| =
|RN /H|. Buauut, |K|-|H| = RY, orkyna crenyer, uto D = |[K||R[" N .»

2°. Teopema Mak-Buwuibsamc vag QF-moaynsivmm
Ha neknuu 2 mbl nokazasin, 4o Teopema A.A. MapkoBa clipaBeIjinBa,
HaJ, JII0OBIM asidaBUTOM, B YaCTHOCTH, A1 Koaos Haa QF-monynsamu.
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Teopemy Mak-Buiaabsamc 0 TpoIOIKEHUN H30METPUN TaK Ke MOYKHO
0000ITUTh HA ITOT CIIyHail.

Onpenenenune 8.15. Ilycte Mz — Momynb Ham KogbiioMm R. Jluneii-
woe Koapl C, L < M"™ aunetno u3omempuuhvl, €CIu CYIIECTBYeT H30-
Mopduzm R momymeit

T: RC — R£ (85)

TaKoOH, 4TO

d(a,b) = d(r(a), (b)) Y a,b € C. (8.6)

Teopema 8.16 (Xeiider, 2001). IIycre M — QF-Moaynb Ha JOKaIb-
HBIM KOabloM R. Torma mobas nuHeiHAas W30METPHUs JTHHEHHBIX KO-
o8 (8.5) mpoao/KaeTcs A0 JMHEHHOIO MOHOMHAJILHOIO IIpeobpa3oBa-
HHS IPOCTPAHCTBA, Xammuara M"”,

<« bes nokasarenbcrea.p

3amaun K Jeknuu 8.

Bagaua 1. a) Ilokaxkure, 4TO I KOJA HAJ KOJBIIOM YHUCIO CTPOK
TOPOZK/TAOIIE MaTPUIla He MeHbIIe Pa3MePHOCTU KOA.

6) Ilpusenure npumep Koma HaJ MOYJIEM, UMEIOLIErO HOPOXKAAIOUIEr0
MAaTPHILYy, YUCJIO0 CTPOK KOTOPOI MEeHBITe Pa3MEPHOCTH KOJIa.

3agaua 2. Pacnummre 10Ka3aTeIbCTBO MEPBOiT MMILIMKAIIMY B TOKA3a-
TeJIbCTBE TEOpeMbI 8.8 .

3apgaua 3. Ilycts g Q) — QF-Momyas, paccmorpuM Moayab M = Q@ Q.
[Mokaxkure, uto M me @QF-momynb, HO J000H JUMHEHHBIH KO& Ham R
HMeeT MPOBEPOUHYI0 MaTpuily Hax M.

3amaua 4. Ilycrs R = Z4. Paccmorpum numHeiiHbli Kom Ham R ¢ IM0-
1 1 1 1

0 2 0 1) . HaiiauTe ero mpoBepovIHyIo

poxarorieit marpunei G = (
Marpuity Hag Q F-momymnem.
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