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Jlekiua 1. OcHOBHBIE mapamMeTpbl KO/IOB: Pa3sMEPHOCTb, pac-
crosgHMe X3MMHUHra, MCIOpaBJ/ieHne OnmbOoK. JImHelHbIe KO/IbI.
I'paaunma Cunrarona. M/IP-koabl, ux cBoiicTBa. I'parumna XsMm-
muHra (rpanmna cpepudeckoii ynakoBku). CoBepIieHHbIE KO-
abl. JIBomunbiiit kog XsmMvuara. 'panunia IlamorkmnHa. dkBuam-
craHTHbIe KOAbl. CHUMILIEKCHBIN KO/I.

IMox, xKoavyom B HaIEM Kypce OyIeT MOHUMATHLCA KOHEYHOE ACCOIUa-
THBHOE, KOMMYTATHBHOE KOJIBIO C €IWHUIEH, T.€. KOHETHOE MHOMKECTBO
(R,+,-) ¢ aBymMst GuHApPHBIME onepanusaMu (i ya00CTBa X HA3BIBAIOT
CJIOXKEHWEM W yMHOMKEHUEM ), YOBJIETBOPSIIONIAMHE CIIETYIOMHAM AKCHO-
MaM:

1) (R,+) — abeneBa rpynma ¢ HeHTPATILHBIM deMeHTOM () (I IHTHBHAS
IPYIINa KOJIbIIA);
2) BBIIOJIHEHBI TOXK/IECTBA, JUCmpubymueHOCmu:

Va,b,ceR, alb+c¢)=ab+ac, (a+b)c=ac+ b

3) (R,-) — momyrpymra, T.e. OTepaIust - acCONNATHBHA;

4) B R umeercs HEATPAJIbHBIA OTHOCUTEIHBHO YMHOKEHUS d1eMeHT 1 (uiu
e, man 1R, KOrJa NMPUXOAUTCA TOBOPUTDH OJHOBPEMEHHO O PA3HBIX KOJIb-
1ax);

5) Ya,b,c € R, ab = ba, r.e. onepanus - KOMMYTaTHBHA.

Omnpegenenne 1.1. IIpasvim modysem HaJ KOJBIOM R, WA [IPABBIM
R-momyneM, HasbiBaercs abenesa rpymma (M, +) ¢ onpeneséHHBIMA HA
Hell omepanusiMiu yMHOMKEHHUsI CIIPaBa, Ha, 3JIEMEHTHI KOJIbIa R, KOTOPhIe
VIOBJIETBOPSIOT TOXKIECTBAM

a(rs) = (ar)s, (a+b)r =ar+br, a(r+s)=ar+as,a-1=a
Jnd Beex a, b€ M, r,s € R.
AHAJIOrMYHO MOXKHO OLIPEIENUTH JEBbI R-MOIYIIb.

Onpenenenune 1.2. I1odmodyas npousBojbHOro Moaysisa M — 310 ero
TTOJIMHOYKECTBO, cofiepskaiee () M 3aMKHYTOE OTHOCHTENHHO OTeparnii
CJIOYKEHW ST, B3ATHS MTPOTUBOMOJJIOKHOIO IJIEMEHTA U YMHOXKEHUS HA JIe-
MEHTBI KOJIBIIA.

Onpenenenue 1.3. Buemnsas npamas cymma My & ... & M, R-
momyneit My, ..., M, — MHOXECTBO BCEX CTPOK (M1, ...,My,), TOe m; €



M; Vi e {1,...,n}, c TOKOMIIOHEHTHBIMH CJIOYKEHHEM W yMHOXKEHHEM Ha,
3JIEMEHTBI KOJIbIa R.

B wacraocrtu, ecmu My = ... = M, = M wbt Oyaem paccmarpuBath R
Momynb M™ CTPOK JJIUHBI M.

Omnpegnenenne 1.4. Orobpaxkenue f : M — N npaBbix MoOJysei Ha
KOJIBIIOM R Ha3bIBAETCA 20MOMOPPUIMOM, ECIII

Va,be M, r € R, fla+b) = f(a)+ f(b), f(ar) = f(a)r.

Tomomopdusm Mosysieit Ha3bIBAETCS UOMOPHUIMOM, €CIIN OH SIBIISIETCS
OmeKTUBHBIM OTOpazkeHueM. M3omopdusm mMomyss B cebs HA3BIBACTCSA
a8momopPhH3mom.

1°. OcHoBHBIE TapaMeTphbl KOJOB: Pa3MePHOCTh, PaCCTOSHUE
X3MMHUHTa, UCIIpaB/ieHne OIMuOoK. JInHeliHbIe KOIbI.

Ounpenesnenne 1.5. Ilycrb {2 — HEKOTOPOE KOHEYHOE MHOXKECTBO, || >
1, — aagasum. Ilyctb n — HarypasbHoe umciio, " — gekaprosa cre-
MEeHb MHOXKECTBA {2. DJIeMeHTHI MHOXKECTBA, 2" Oy1eM Ha3bIBATh CA08GMU
daunove n B asdasure (2.

Onpenenenne 1.6. Paccmosanuem Xommuneza MEXKITy CJIOBAMHU a =
(a1,...,an) ub=(by,...,b,) u3 Q™ Haz0BEM YMCIIO

dla,b)={i:1<i<n & a; #bi}|

Herpyano uposepurb, 4ro (27, d) — Merpudeckoe HpoCTPaHCTBO, KOTO-
poe U Ha3LIBAETCI NPOCMPAHCNEOM XIMMUHZA.

Onpenenenne 1.7. IIpousBosbHOE HemycToe TOAMHOXKECTBO C TIPO-
crpaHcTBa 2" Ha3BIBAETCA Kodom daums, n HAL ajmdaBuToMm ).

Ounpegenenne 1.8. Pasmeprocmuvio (6ojee TOIHO, KOMOUHAMOPHOT
pasmeprocmovo) kopa C HasbiBaercd gelictsurenbhoe duciao dim(C) =
log, [C|, Te q = |].

Onpenesienne 1.9. Paccmoanuem (TOIHES, MUHUMAALHOM PECCTNOA-
nuem) koga C upu |C| > 1 Ha3BIBAETCA YHCIIO

d(C) = min{d(a,b) : a,b € C & a # b},

pacCTodHnEe KOJa U3 OJHOTO CJIOBA MOXKHO CHUTATH PAaBHBIM 0.



Ecmm xox C manx amdaBUTOM MOITHOCTH ¢ WMEET JJINHY 71, Pa3Mep-
HOCTH k u paccrogmume d, roBopar, 410 C ectb [n, k, d]4-kox. Hekoropoie
U3 ITUX MAPAMETPOB MOXKEM OIIYCKATh, €CJIM OHU HEU3BECTHBI WJIA HECY-
IECTBEHHBI.

Ilepenaqay wadopmalmm 0 KaHAIY CBSI3W MOYKHO OMUCATH CIEIYIO-
M 00pa30M:

KaHaJ CBSA3U ,

Eciu w' # w, roopsr, 4To LpU Lepejade JAaHHbIX LPOM3O0LLIa OKUO-
ka. B mpocreiitiem ciydae MOXKHO CYUTATH, YTO MCKAYKEHUS JIIOOBIX
JIByX CHMBOJIOB — DaBHOBEPOATHBIE HE3aBUCHMbIe COObITUs. 2Keareb-
HO, 9TOOBI IPUEMHAK MOT OOHAPYKHMBATDL U, 110 BO3MOXKHOCTH, HCIIPAB-
JIATH CJIOBO w', MOJIydas MCXOJHOE CJIOBO W.

Juist 9TOro HPUMEHSIOT LPOLECC KOAMPOBAHUS /JEKOIUPOBAHUS, KO-
TOPBI MOYKHO OMUCATH TaK.

IMycts M — wu3BECTHOE MHOXKECTBO BXOIHBIX CJIOB (Kak ITPaBHIIO,
M = QF ana mekoroporo maTypaabHOro umcia k). BoiGmpaercss HeKo-
TOpOe MHBEKTUBHOE orobpazkenue (Komuposanue) ¢ : M — Q" rue
C = (M) — nexoropsiii uzsectublit koxa. Jlomycrum, HagO Hepesarb
csoBO m. BMecTo Hero mo KaHaiy CB3W Teperaérest cIoBo w = ¢(m)
U TIOJIyYEHHOE CJI0BO w’ TPOBEPSETCs Ha MPUHAJIEKHOCTL Kouy C. Ec-
m w' € C, cauTaeTcd, 4To nepejano (OJHO3HAYHO ONPEIEIEHHOE) CIOBO
o Y(w'). Ecm xe w' ¢ C, Boibupaerca Gmmkaiimee (B cMbicie X3M-
vuaTa) K W' oo w” € C. Ecnm Takoe cJ0BO OMpPEeNeNeno OHO3HAMHO,
IPEJIIONIATACTCS, YTO TepeaHo cioBo ¢~ L(w”) (npunyun maxcumars-
1020 npacdonodobus). Eciu ke Ha MUHUMAILHOM PACCTOAHUM OT CJIOBA
w’ HAXOOWUTCSA HECKOJILKO CJIOB, MpuHayIexammx komy C, To dbukcnpy-
ercst OmubKa, KOTOPYIO HEBO3MOXKHO MCIPABUTD.

Teopema 1.10. Ilycts d — paccrosame Xsmmunra koma C, 2r < d u
s < d. Torga kox C obHAPYKUBAET § OIMMUOOK W UCIPABJISET T° OMIHOOK.

<« OueBngno, uro ecniu m € M, d(w',o(m)) = s < d(C) u w' € C,
To w' = @(m). 3amernm, uro ams ar6oro cioBa a € Q" cymecTBy-
er He 6osee omHOro CIoBa ¢ € C, A KOTOPOTO BHITTOJTHEHO HEPABEHCTBO
d(a,c) < r. JJeicTBUTEIBHO, TIYCTH ¢1, ¢ € C, d(a,c1) < rud(a,ce) < 7.
Torma d(cy, o) < d(c1,a) 4+ d(a,c2) < 2r < d, orkyna ¢; = ¢o. Ilockosb-
Ky, 1o mpemnonoxkennto, d(w’, p(m)) = r m p(m) € C, nomygaem, 9To

w” = p(m) u et (w") =m. »



Ipumepot.

1. Iosropenue ciosa. Eciu mr060e cioBo w = (wy, . . ., W) KOAUPOBATH
ciosoM (w|w) = (wi,. .., Wk, w1,...,wg), TO noaydaercs |2k, k, 2]-koz,.
Buano, 9To oH 06HAPYKHUBAET OHY OIMINOKY U HHU OHOI HE MCIPABJISET,
a 00bEM meperaBaeMoit MHGMOPMAIINY YBEJTUINBACTCS BIIBOE.

2. Kox mposepkm Ha 9éTHOCTH. IlycTh Ha MHOXKeCTBe () 3a1aHa TPYTIo-
Bas oneparus “+” (#e o6g3aTesbHO KOMMyTaTuBHasA). TOraa CI0BO w =
(w1, ..., Wk) MOXKHO KOAUPOBATH CJIOBOM (W1, ..., Wk, —(Wg + ...+ w1)).
Torna nomyuurcs [k + 1, k, 2]-kox, HO ckopocTb nepegauu uHdOpMaIUK
(r.e. orHowienue k/n) y KOJA LIPOBEPKK HA YETHOCTD BBILIE, Y€M Yy KOJA
YABOCHWS.

Omnpenenenne 1.11. Ilycte M — KOHEYHBIH IPaBbIil WK JIEBBIH MO-
JIyZb HaJ KOTbIoM R, | M| > 2. Jlunetinoim K000M 0Autbl 1 HAT MOILYTIEM
M ma3bIBaeTCss MPOU3BOJIBHBIN TTOAMOIYIL R-Momyas M™.

OcCHOBHBIE YaCTHBIE CJIyYau:
M =Rz nmim M = g R — TOBOPSAT O KOJAE HAJ KOJBIIOM R.
M =R, tne R = F, F — kouneunoe nosie. B 3rom ciygae rosopsar o
JUHEHHBIX KOIaxX Ha mojem .

IIpumepwi. [ToaTu Bee KOAbI, KOTOPbIE MbI IIOCTPOUM B JAHHOM JIEKIMK
— JiuHelHble KOAbL HaJ 1osieM (1BOUYHbLH Ko X3MMUHIa, 0000LIEH HbLIT
ko1, Puma—ConomMona, CUMILIEKCHBIN KOT).

Omnpenenenne 1.12. Ilycrs M — koneunbiit moaynb. HazoBém eecom
ciosa a = (ay,...,a,) € M™ gucio

lla]| = [{i: 1 <i<n & a; #0}]

OueBUIHBI CIEAYIONHE COOTHOIEHNS:
1) Ya,b € M™ : d(a,b) = ||]a — b|[;
2) VC < M™:d(C) = min{||a]| : a € C\ {0}}.

2°. I'paranna Cunrirrona. M/IP-koabl, ux cBoiicTBa.
Teopema 1.13 (I'panuna Cunrsnrona). Ecau C ecrb [n, k, d]-kou, T0
d<n—k+1. (1.1)

<« IIycrs m = |C|. Tlepenymepyem Bee caoBa koma C: a; = (a1, ..., Gin),
1 < i < m. CocraBuM W3 HUX MATPUILY, B KOTOPO BBIAEINM TEPBBIE
d — 1 cronbuos:
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IMockosbky d(C) = d, To B BBIIEIEHHO} Ipyme mociaeganx n — d + 1
CTONOIOB 3TON MATPUIBI JIOOLIE IBE CTPOKM pasiaudnbl. ClemoBaTesinb-
HO, KOJIMIECTBO KOJOBBIX CJIOB HE MPEBOCXOAUT KOJTHYECTBA PA3TUIHBIX
crpok gmnbt 1 — d + 1 B andasure Q, r.e. m < ¢ e ¢ = |Q)].
Jlorapudmupyst Mo OCHOBAHUIO ¢, MOJy4YaeM TpedyeMyio OIEHKY. P

Onpepnenenne 1.14. Kox C HazniBaeTcs x£0dom ¢ MAKCUMAADHO OCTNU-
orcumvim paccmosnuem, unn MJ[P-kodom, ecim C ectb [n, k,n — k + 1]-
Koz, T.e. HepaseHcTBo (1.1) obpamaercs B paBeHCTBO.

Tpusnanbubivu npuMmepavu MJIP-KomoB sBASIOTC:
— [n,n, 1]-kon Q7
— [n,1, n]-xox xoucranr C = {(a,...,a) € Q"};

— [n,n — 1, 2]-Ko1 TPOBEPKY HA YETHOCTb.

ITpumep. Ilycrs F — koneunoe mose, ¢ = |F|, M = Flz|k] =
{f(z) € Flz] : deg f(z) < k}, ®1,...,T, — DA3TAIHDBIE JEMEHTHI OIS
F, cme n > k. uy,...,u, — obparumble 3meMeHTHI IF, oToOparkeHme
¢ : Flz|k] — F" 3amano npaBuiom

(,O(f(z)) = (ulf(zl)a s 7unf(mn))'

O6pas p(F[z|k]) nassiBaercs 0606wénnvim [n, k]-xodom Puda—Coromona
Ham nosieM [ u maét menee TpuBmaabubIi mpuMep MJIP-koza.

IIpengoxxenne 1.15. O6obmEnubIii [n, k]-kox Puga—Comomona stBiis-
ercs MJIP-komom.

<« Ecmm f(z) € Flz|k] u f(x) # 0, To o teopeme Besy umcno Kopreii
muorowiena f(x) cpeau x1,...,T,, pasaoe n — d(o(f(x)),0), ymoBie-
TBOpsier Takxke HepaseHcTBY 1 — d(p(f(x)),0) < deg(f(x)) < k, orkyna
d(e(f(x)),0) > n — k. Bo-nepebIx, orciona BuaHO, uto ker ¢ = 0, 10-
sromy dim @(F[z|k]) = dim Flz|k] = k. Bo-Bropbix, Gepsi B KauecTBe
f(z) pasnocrb s00bIX pa3nndHbIX MHOTOUWIeHOB n3 Flx|k], ybexkmaem-
¢4, 9TO paccrosguue d JTAaHHOrO KOJA TAKIKE YJOBJIETBOPAET HEPABEHCTBY
d > n —k, aro, B cuny rpanuupl CHUHIITOHA, BO3MOXKHO JIUINb NPU
d=n—-k+1.»

3°. I'pannna XsMmmunra (rpanuna cdepudeckoii ynakosku). Co-
BepIlleHHbIe KOabl. JIBon4HBIII Koa X3>MMUHTA.



Teopema 1.16 (I'panuna XsMMuHra, win rpapung chepuaeckoil yna-
koBKH). Ilycrs C ects [n, k, d],-kox Haz andasurom Q u d > 2r. Toraa

# < v =3a-0 (7). )

sq(n,m)’ —

< Herpynuo BuzeThb, 9TO i-€ CIaraeMoe B Sq(n,r) — IHUCIO0 TOUeK HIpPO-
crpancTBa )", JeXKalMX Ha PACCTOSHWUH § OT MPOU3BOJILHON (BHUKCHPO-
BAHHON TOYKH @ 3TOr0 IMPOCTPAHCTBA, MOITOMY Sq¢(n, 1) = |O,(a)|, rme

Or(a) ={b e Q" :d(a,b) <r}.

B cuny mepasencrsa Tpeyroabauka O,(a) N O,.(a') = g mpu a,a’ € C u
a # a’, crenoBaTeInHo,

¢"s,(n,7) = |Clsq(n,r) U O.(a)| < Q" =q".
aeC

Omnpenenenne 1.17. Kox C HA3BIBAETCS COBEPULEHHDIM, €CTTH HEPABEH-
crBo B (1.2) obpaiiaercs B paBencTso (npu 31oM 06s3aresbao d = 2r+1).

Ipumep. Tpowansrii ko Xommunra Ha(l) anumsr n = 28 — 1 — mmo-
JKeCTBO CJ10B a € ZY, ynosaersopatomux yciaosuio Ha? = 0, rne H —
MaTPHUIIA, CTOJIOIBI KOTOPOil — BCE HEHYJIEBBIE CTOJIOIBI JIUHBI | HAT Zo.

IIpengioxxenne 1.18. JIponunbiii Koj Xavmuura Ho(l) sBiasercs su-
HEHBIM [n, n — [, 3]2 COBEPINEHHBIM KOIOM.

<« Jlumeitnocts odeBnaHa mo noctpoenuio. Ilockonbky marpuna H
CONEP’KUT BCE HEHYJIEeBbIe CTOJOIBI BBICOTHI [, To TkH = [, orKyma
dim Hqo(l) =n —1.

Tax kak marpurna H He CONEp:KUT HYJIEBOTO CTOJIONA ¥ JIIOOBE B
eé cTosbIa PAa3INYHbBI, TO HUKAKOE HEHYIEBOE CJIOBO Beca < 2 He yIIo-
srersopser yciosuio Ha® = 0, smaunt, d(Ho(l)) > 3. C mpyroif cro-
porbl, Matpuna H comepxut cronomsr el , el el + el (smech el =
0,...,0,1,0,...,0)7 — cronben ¢ eaunuUeH Ha S-OM MeCTe), TIOITOMY
ko7, Ho(l) comepskut cioro Beca 3 u d(Ho (1)) = 3.

B pasencree (1.2) mus d = 3 umeem r = 1, k = n — [, s2(n,1) =

1 ) on
712)(2 — 1)1 <ZL> = 1 +n= 1 + (2l — 1) = 2l, HOSTOMy 27L—l = m n



KOz H2(l) sIBiISI€TCST COBEPIIEHHBIM. B

4°, T'panuna IldoTkmHa. DKBUIAUCTAHTHBIE KOJbl. CHMILIEKC-
HBII KOJI.

Teopema 1.19 (I'pamuna Ilmorkuma). Ilycrs C ects [n, k, d],-xox. To-
raa
ng* 'q-1) q-1 [C]

d< = n (1.3)
gk —1 g |C[-1
<« Ilycts C C Q" e |Q] = {w1,...,wq}, M = |C|. Obo3HaunM Yepe3
m; npoekiuio Q" Ha -0 koopaunary (r.e. m;((a1,...,a,)) = a; upu
t=1,...,n) 4 H0JOKUM
Mij =|{a€CI7T, _w]}| Z 671'1 (a),w; -
acM

ITo ompenenenwto, mjsa oboit maper a,b € C npu a # b umeem d <
d(a,b). Cymmupys 1o BCeM mapam, moJIyduM

M(M—-1)d< > d(ab). (1.4)
a,beC

C mpyroit croponsr, d(a,b) = > 1, (1 — 5m(a),m(b))- Taxum o6paszom,
npaBylo 4acTb HepaBeHCTBa (1.4) MOXKHO 1€penucaTh B BUJIE

Z Z(l - 571'1‘(8)7777',(1))) = nM? - Z Zém(a)’m’(b) -

a,beC i=1 a,beC i=1
n n q
=nM* — 5ﬂi(a)7w5m(b),w =nM* — mij'
i=1 a,beCwe i=1 j=1

Temepr npumenuMm HepaeHcTBO Komn—ByHAKOBCKOro K BeKTOpaMm
(1, ]., ey ].) " (m“,mig, e ,miq):

Ipu kaxzaom i = 1,...,n, 321, mi; = M, nosromy

~1
M(M —1)d < nM? — n/gM? = nM2L "=

10



|

Ecsnu mepasencrso (1.3) obpalaercs B paBeHCTBO, TOBOPSIT, ITO KO, Jie-
kuT Ha rpanune Ilnorkmua. Kax BUAHO 13 IOKa3aTelbcTBa TEOPEMBI
1.19, meoOxomuMbIM (HO HE JOCTATOYHBIM!) YCJIOBHEM 3TOTO ABJIAETCS
9KBUMUCTAHTHOCTH KOJIA B CMBIC/IE CJIEAYIOLIETrO ONPe/Ie/IeHusI.

Omnpenenenne 1.20. Kox C naspiBaercsd 9x6uducmanmmsim, eCju Bee
PACCTOSTHYS M€Ky PA3JIUIHBIMU CJIOBAMU KOIA C OJIMHAKOBHI.

OueBUIHBIM TPUMEPOM KBUIUCTAHTHOTO KOIA SBJISETCS yKE YIIO-
MSAHYTBIN KO KOHCTAHT. Bojiee CI0:KHO yCTPOEH CJIeLyIONuit

Ipumep. Mlycrs F — xoneunoe none, |F| = ¢, V' — suneitnoe npo-
crpauctso naj F, k = dimp V. Ionoxkum n = ¢¥ — 1 u xak-uubynb
3aHyMepyeM HEeHYJIEBbIe BEKTOPbI IIPOCTpaHcTBA V!

VA{0} ={v1,..., 0.}

PaccmoTpum najee conpsizKEHHOE MPOCTPAHCTBO V'™, cocTosIee w3 Jin-
ueitabix byukiuit V — F u cocraBum Kof,

C=Sp(k) ={(f(v1),..., fva)) : f €V}

dcno, uro |C| = |[V*| = |V| = ¢, ad(C) = n—(¢" 1 —1) = ¢* —¢* !, rak
KaK g7po J000# HEeHy/IeBOH JMHEHHON (DYHKIUU — IIOAIPOCTPAHCTBO
pasmepuoctu k— 1 mpocrpancTsa V. Takum 06pa3oM, BEIYUCIsIS IPABYIO
gactb (1.3), nmeem

ng* (g —1)

Foi = ¢" (g 1) =d(C).

11



3agaun K Jekmuu 1.

Bamaua 1. Ilycrs C ectb [n, k,d]-kox Hax andasutom Q u d > 2r,
qn

sq(n,7)

3agaua 2. Onumwure cosepriennbie MJIP-koman.

npuaém ¢~ = (cm. (1.2)). Tokaxknre, uro d = 2r + 1.

3amaua 3. Omummre sxkBuaAncTanTHBIE MJIP-KOIDBI.

3agaua 4. [Ipueanre npumep 3KBUAMCTAHTHOTO KO/, JJsi KOTOPOrO
HepaBeHCTBO (1.3) sIBIIseTCS CTPOTHM.

Bamaua 5. s kona C = {(a,b,a+b)|a,b € Z,,} Haiiaure pa3smepHOCTH
k m MuHEMAaJbHOE paccTosame d mjs obmero m. IIpm kakux m xox C
apasiercss MIP-komom?

3amaua 6. lccaenyiite cymecrBoBanne aumneiinbix M/IP-KogoB A uHbI
n = 4, pa3mepHOCTH k = 2 HaJ KOJbIOM Z4.

12



Jleknimsa 2. V3omerpudyeckme npeobpa3oBaHWs ITPOCTPaHCTBA
Xsmmuura. Teopema A.A. Mapkosa.

1°. O6mmii coryqaii.

Onpenenenne 2.1. Ilycrs () — andasur, n € N. Buektusnoe orobpa-
xenue @ : Q" — Q" HazbBaeTcsa u3domempueti, eCiau

d(¢p(a), p(b)) = d(a, b)

JJTsT JIF0OBIX CJI0B a, b € Q" (WHaue TOBOpSI, eCIN ¢ COXPAHSIET PACCTOSI-
Hue X9MMUHTA).

Onpenenenne 2.2. Ecom Q@ = M — wmoayab HaI KOABIOM R, TO
u3omerpus @ : Q" — Q" HA3BIBAETCH AUHEUHOU U3OMEMPUET, €CIIn
p: Q" = Q" — romomopdusm R-momyei.

Bamerum, 4yro uzomerpuu S(Q2") COCTABIAAIOT HOArPYIILY CPYIIIbI
Sqn Bcex OHEKTHBHBIX npeobpasoBanuii muoxkecrsa 2" B ceds.

Wzomerpun npocrpancrsa X3MMUHIA yCTPOEHBI OU€Hb HPOCTO, KaK
MOKA3BIBAET CJIETYIOTIAsT

Teopema 2.3 (A.A. Mapkos, 1956 r.). Bueknusa ¢ : Q" — Q" asns-
eTcsd M30MeTpHUeil TOr/Ia U TOJILKO TOMVIA, KOTIA (¢ 3a0a6TCs CIIeYIOIIM
IPaBHJIOM:

Va = (al,...,an) S Qn, <p(a) = (71'1(@[,(1)),...,ﬂn(aa(n))), (2.1)

rne o € S, m € Sa,i=1,...,n, a Sg 0003HAYAET TPYIIy BCEX OHEK-
TUBHBIX OTOOpakeHmit MHOXKeCTBa () B ceds.

<« IIpeobpaszosanusi, 3amanubie npaBuwjioMm (2.1), HA3BIBAIOTCS MOHO-
MuasvbHoMu. OUEBUIHO, YTO MOHOMUAJILHOE NPEOOPA30BAHUE ABJISETCS
U30MeTpueit.

1. Ormerum, 4ro MoHOMUAJbHbIE npeobpasoBanusd M(Q™) obpasy-
10T noarpynmy rpymmst G(Q"). TefcTBUTETHHO, OUYEBHIHO, YTO TOXKIE-
CTBEHHOE OTOOpaXkeHHme MOHOMHATILHO. Ecnu ¢,¢ € M(Q") u ¢(a) =

(7T1 (aa(l))a IR 7-‘-n(aa(n)))a ¢(a) = (pl(a"r(l))v IR pn(aT(n)))a TO

7/)(25(3) = 1/1(7-(1 (ao(l))’ cee 77Tn(aa(n))) =
= (p1(Tr (1) (@or(1))); - - -5 P (Tr () (Aor(n))))s

13



TaK»Ke sIBJISIETCST MOHOMUAJIbHBIM TpeoOpaszoBanneM. OTciona Takxke cie-
JIyeT MOHOMHAJIBHOCTH OOPATHOTO K MOHOMHATIHHOMY OTOODAYKEHUIO:
6 1(8) = (15 1) (G0 1(1)s 75 1y (@01 ())-

2. Ilycrs ¢ € &(Q") — npousBosibHAs u30oMeTpus. B cuily cka-
3aHHOI'O BBIIIE JIJIsi TOrO, 9TOOBI JOKA3aTh MOHOMHAJILHOCTD (9, TOCTA-
TOYHO [IOKA3aTh MOHOMHUAJIBHOCTH IIPEOOPA3OBAHUS BUIA 1172, L€
N, N2 € M(Q™). D10 MO3BOIUT HAM Jasiee, HE OrPAHWYMBAsT ODIIHOCTH
CYUTATH, YTO ( 00/IATAeT KAKUM-TO TPEOYEMBbIM CBOHCTBOM, JOOMBIIUCH
TOTO, YTOOBI 7)1 P12 UM 0DJIATAIIO.

3. Ilepeobosnauus 6yksbl andasura, OyueMm cuurars, 410 2 = Z§ =
{0,1,...,¢ — 1}. Tonoxum 0 = (0,...,0).

Moxno cumrars, uro ¢(0) = 0. HeiicrBurensuo, ecmu ¢(0) =
(c1y...,¢p) masaTex i =1,...,n, 9ro ¢; # 0 BO3bMéEM B KavecTBe v; € Sq
rpaucno3unuio (0, ¢;), AJist OCTaBUIMXCA § MOMOKUM V; = id. B3saB MOHO-
MHAJbHOE TPe0OPa30BaHKE 7)1, COOTBETCTBYIOIIHUE TIOJACTAHOBKAM V; € Sq
U TOXKJECTBEHHOU o € Sy, nosyuaem, 4ro 1719(0) = 0.

4. Kaxk u B JIMHEHHOM CiIydae, 0003HAUNM 32 ||a|| THCI0 HeHyIeBbIX
KoopamHAT cjioBa a € ", Nmeem

lp(a)ll = d(v(a),0) = d(¢(a), ¢(0)) = d(a, 0) = [|a]|.

5. B wacruocru, ays e; = (0,...,0,1,0,...,0) ¢ eqununeil Ha s-om
mecre, s = 1,...,n, u3 ||es|| = 1 noaygaem, uro ||p(es)|| = 1, orkyna

@(es) = Us€yu(s),

rae we; 0003HAYAET CJIOBO C U HA $-OM MECTe€ W HYJSIMHU HA OCTAJb-
HeIX, us € Q\ {0}, w : {1,...,n} — {1,...,n}. Ilokaxewm, [ro
w € Sy,. lycrs p,g € {1,...,n},p # ¢q. Torna d(ep,eq) = 2, OTKyza
d(up€y(p), Ugu(q)) = 2. Cnemosarensuno, w(p) # w(q), T.e. w — UHBb-
eKTUBHOE OTOOpakeHue, modromy w € S,. Hust us # 1 B3gaB TpaHc-
nosunmn 75 = (l,us) € Sq, HJS OCTABIIAXCS § TOJNOKWB Ts = id W
OTIpeIeNIsisi MOHOMHUAJIBHOE TIPEe00PA30OBAHUE 7)o, COOTBETCTBYIONIEE TOJI-
CTAHOBKAM Ts € Sq W TOXKIECTBEHHOW o € S, U JTOMHOXKUB  HA 72,
MOy 9aeM, 9TO
ples) = €u(s)y WE Shn.

6. st so6oro s € {1,...,n} u moboro u € Q\ {0} mmeem
[lp(ues)l| = [fues|| =1,

d(@(ues)aew(s)) = d(ues,es) = 1.

14



Orcroma mosydaem, 9To
(ues) = ms(u)ey(s), ms: Q= Qms(0) =0,7s(1) = 1.

ITpu srom 75 € S mns kaxgoro s € {1,...,n}. HeiicrBurenbro, eciau
u,v € Q,u # v, TO

d(ues,ves) =1= d(SD(ueS)v Qp(ves)) = d(ﬂ-s(u)ew(s)a 7TS(U)ew(s))7

3HAUNT, Ts(u) # 7s(v), T.6. Ty — WHBEKTHBHOE OTOOPAZKeHUE, OITOMY
Ts € Sq-

B3sB monomuasnbHOE 0TOOpaXKeHUE 13, C TOJACTAHOBKAMHE, OOPATHBIMHU
K Ty=1(1)s+ -+ Tw—1(n) U W, ¥ YMHOKHB €ro Ha @, Oy/JeMm cuurarb, 4To

p(ues) =ues, Yue Q, se{l,...,n}.

7. Hokazxkem, 910 ¢ = id — TOXKJAECTBEHHOE mpeobpa3oBanue Ha ().

IIpeanonoxum nporusHoe: mycrb ¢(a) = b, b # a g HEKOTOPBIX
a,b € Q" Ilpu srom no gokazannoMmy B nyukre 4, ||b|| = [|a||. Ilo
nocTpoenuto a; # b; mua mekoroporo i € {1,...,n}. meem nse BO3-
MOYKHOCTH.

Cayuati a; = 0. Torma b; # 0, oTkyza
d(a, be;) = |lal| +1 = []bl| + 1,
C APYIrOi CTOPOHBI,
d(p(a),p(bie;)) = d(b, be;) = |[b]| — 1.

IIpoTuBOpEYwE C TEM, YTO ¢ — UBOMETPUSI.
Cayuati a; # 0. Torma

d(a, aze;) = [lal| =1 = [[p[| — 1,
C APYroOi CTOPOHBI,
d(e(a), p(ae;)) = d(b, a;e;) > ||b]].

IIpoTuBOpeune ¢ TeM, 9TO (Y — UBOMETPHUSI.
Ilonyvennunle mMpOTHBOpEUNsT TOKA3BIBAIOT, 9TO ¢ = id, TOITOMY
MOHOMHUAJILHO. P>

2°. JInneiiubtii caydaii. [Tycrs ) = M — momnyib Hag kosibiom R. Jlu-
HeifHOe MOHOMHUAILHOE Tpeobpa3oBanne — mpeobpasosanue Buza (2.1),
Jisi Koroporo ws € Aut(M), s € {1,...,n}.

Jlokaxkem juHEHYI0 Bepcuio Teopembl A.A.Mapxkosa.
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Teopema 2.4 (A.A.Mapkos). Bueknus ¢ : M™ — M"™ tne M — wmo-
Jy7b HAJ KOJBIIOM R, aBIdeTCS JUHEHHON m3oMeTpreil TOrAa U TOIbKO
TOrIA, KOT/Ia OHA SIBJASETCS JTHHEHHBIM MOHOMHUAILHBIM ITPEOOPa30BaHH-
eM.

<« Ilycrb o — smneiinoe monomuasibHOe 1peobpaszoBanue Buja (2.1). To-
raa

p(a+b) = (m1(ag) + bs1)) > Tnl@o(n) + bo(n))) =
= (m1(a01)) + T1(be(1))s - - s Tnl@o(n)) + Tnlbom))) = ©(a) + o(b)

gp(ar) = (ﬂ-l (aU(l)T)a cee aﬂ-n(aa'(n)r) =

= (Wl(aa(l))rv cee 77rn(aa(n))7a) = @(a)r

ayis aobbix 7 € R,a,b € M"™. CrenoBareibHO, ¢ SIBISETCS JIMHEHHOM
U30MeTpUeil.

ObparHo, nycrb ¢ — juHelHas u3omerpus. [lo Teopeme 2.3 ¢ sBiisi-
€TCsI MOHOMHUAJIbHBIM IIPEOOPA30OBAHUEM.

ITo nuneitnocTH @ mist 00X T € R,a, b € M™ umeem

(7T1 (aa(l) + ba(l))7 s vﬂn(aa(n) + ba(n))) = 90(3 + b) =
= p(a) + p(b) = (T1(as)) + T1(bs(1))s - - s Tn(Ao(n)) + Tn(bo(n)))

OTKy a2 nostydaeM, 910 m;(a + b) = m;(a) 4+ m;(b) s mobbix a,b € M u
ie{l,...,n}.
Ananornuno,

(7T1 (aa(l)r)v [ 7Tn(a'a(n)r)) = Qp(ar) =
= (p(a)T = (7T1 (ao(l))ra s 77Tn(a0'(n))r)7

oTKyza nosydaeM, 4to m;(ar) = m(a)r mnaa aobbx a € M, r € R u
ie{l,...,n}.

CrnenoBaresnbho, m; € Aut(M) mus Beex ¢ € {1,...,n}, moaromy ¢
SIBJIFIETCS JIMHEHHBIM MOHOMUAJLHBIM MpPeoOpa3oBaHueM. b

Paccemorpum BakHbIi 9acTHBIH ciaydait, korga M = R, T.e. tuHeiiHbe
KObL Hayl KoubloMm R. JIio6oii sunomopdusm 7 (romomopdusm B cebst)
Koubiia R ompezensiercs anemenToM 7 (1), mockombky m(r) = m(1)r. Ilpn
sToM T € Aut(Ry) Torma u TonbKo ToOraa, Korga w(1l) € R* — obparn-
MBI 3JIEMEHT KOJIbIIa K.
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CrenoBarenbHO, 1t 11000 JTUHEHHON n3oMeTpun ¢ Moayias R™ cy-
[ECTBYIOT 3JIEMEHTBI U1, ..., U, € R* u ¢ € S, Takue, 9TO @ 33TaeTCHA
MIPABUJIOM

n .. —
VaeR": p(a) = (u1as(1); - - - Unlo(n))-

Ounpenesnenne 2.5. [Ipa (qauneiinbix) kona Cq u Co Jyuabl 1 Ha anda-
BUTOM ) HA3BIBAIOTCS (AUHETHO) IKEUBAAEHMHBIMU, €CIH CYIECTBYET
(uHeitHast) w3omeTpust ¢ : Q" — Q" rakas, aro ¢(C1) = Ca.

Cpazy 3amernM, 94TO BCE MApPAMETPhl SKBUBAJEHTHBIX KOJIOB OIWHA~
KOBBI.

Onpepesienne 2.6. IToarpynma Aut(C) = {0 € 6(Q") : 0(C) = C} na-
3BIBACTCH 2pyYnnot aemomoppusmos xona C.

Oupegesnenne 2.7. Ioarpynna LAut(C) = Aut(C) N Aut(M™) uasbr-
BAETCS 2PYnnoti AUHedHbT aemomopdusmos murerHOTO KOma C.

Ucnonw3ys Teopemy Jlarpamka u CBS3b OpOUT W CTAOMIN3ATOPOB
JeficTBUs, MOXKHO IOy 9UTh

Teopema 2.8. Yucno komos C' € Q" skpupasenTHbIXx Komy C € Q"
pasuo ungekcy [G(Q") : Aut(C)] nogrpynust Aut(C) B rpyune &(2").
Ecmu C' = o(C), 0 € G(Q"), To Aut(C’) = o~ Aut(C)o.
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3amaun K Jeknun 2.

Bagaua 1. Iokaxwure, uro rpynna &S(Q") Bcex uzomerpuil mpocTpan-
crBa Q" — 310 nosyupsimoe npoussenenue (Sqo)™ X Sp,.

Bagaua 2. Ilokaxkure, uro mis gsouunoro asidasura (2 = Zg) rpynna
JIMHEHHBIX N30METPHUil COBIIAIAET C IPYIIION BCEX Mpeodpa30BAHUN BHIA
xT = PxT 4+ v7T, tne P— Marpuna HepecTaHOBKH KOODJUHAT H V' —

bUKCHPOBAHHBIN BEKTOP-CTOJIOEII.

3agaua 3. 3amerum, 4TO JUHEHHAS W30OMETPUSI ¢ HAJ KOHEYHBIM TO-
nem F — 3710 nuHelinblii oneparop Ha mpocTpancTBe F'. YkakuTe BUT,
MaTPHIIBI 3TOIO OIIepATOPa B CTAHIAPTHOM Oasuce.

3agaua 4. /lokaxkuTe, 9TO TPyIIa JAHEHHBIX W30METPH HEHCTBYeT
TPAH3UTUBHO HA MHOXKECTBE CJI0B (PUKCUPOBAHHOIO Beca m (zJ1s J1060ro
0 <m < n), r.e. mis 00X CJI0B a, b OJMHAKOBOIO BEca M CyLIECTBYeT
nu30MeTpusi o Takas, uro o(a) = b.

Bagaua 5. Haiinure rpynmy aBToMOpdU3MOB TPOCTOTO JBOUHHOTO KO,
C ={(0,0,0),(1,1,1)} amuner 3.

Bagaua 6. Haiinure rpynmy apToMOpdu3MOB Koma KoHcTanT C =
{(a,...,a) € Q"} nns npou3BOIBHBIX § U N.

3apgaua 7. Haitaure rpynmny aBTOMOpGU3MOB JBOMIHOTO KO XIMMUH-
ra Hg (l)
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Jlekiusa 3. PeanpHasa aamHa koga. Teopema Mak-BuibsamMc o
MPOJOJI>)KEHUN M30METPUM JINHENHBIX KOI0B.

Omnpenenenne 3.1. Ilycrs F — npoussosbaoe KoHewHoe mosie. JInneit-
uere Koupl C, L < pF™ aunetino uzomempuyns, €CJIA CyIIECTBYeT H30-
MOPMU3M JTMHEHHBIX TTPOCTPAHCTB

7:8C = gL (31)

TaKOIf, 4TO

d(a,b) =d(r(a),7(b)) Va,beC. (3.2)
Onpenenenne 3.2. Peaavroti daunoti koda C HA3BIBAETCS YHUCIIO
(C)=|{ie{l,...,n}: Ja=(a1,...,an) € Ca; #0}|.

Cuauajia I0KaXKeM BCIOMOTATEIbHYIO JIEMMY.

Koz C B 3TOM Ccityuae MOKHO paccMarpuBaTh Kak Koz jiubl [(C),
upu 31oM {(C) MEHUMATIBHOE TAKOe YUCIIO.

PeasibHas JJIMHA KO TAKXKE CBA3AHA M C JIPYIMMHU KOJOBLIMHU Ila-
pamerpamu. JIOKazKeM B3 yTBEPKICHUSA O €€ CBI3U C BECAMU KOIOBBIX
CJIOB B JIMHEHHOM CiIydae.

IIycts C < F" — nuHeitnblit Ko Hag momem [F.

Ouesnano, uro d(C) < ||a|| < I(C) mrs moboro crosa a € C \ {0},
T.e. MUHMMAJIbHOE KOJOBOE PACCTOSHME M peasbHas JJIMHA KOJAA CJLy-
JKaT IPAHUIIAMHU BECOB KOJOBBIX CJIOB. 110 OMpeIesIeHuI0 MUHAMAILHOTO
paccrostaus coBo Beca d(C) B kozme C Beerna comepkurcs. Ciemyroree
OpEJIoKEeHUE TTOKa3biBaeT, Korjua B koze C ecrb cioBo Beca ((C).

Ilpennoxkenme 3.3. Ilycts ' — xomeunoe mosie momaoctu q. Toraa
1.sir060it suneitnbiii ko C < F™, umeromuit peasnbuyio anuny [(C) < g,
comepxkur c108o Beca [(C);

2. mtst 000TO TAKOTOo [, 9TO N > | > ¢, Cpein KOJIOB JJIMHBI N W PeAThHOI
JJIVHBL | CYIIECTBYIOT KOIBI, HE COAEpIKAINe CJI0B Beca, /.

< Tlonoxkum [ = [(C). st mpocToThl 0603HAYEHNIT MyCTh HEHYJIEBbIe
KoOpauHATHI ¢JI0B n3 C PacloIOKeHbl B mo3unuax 1,..., 1.

1. IIycrs | < g. O6oznaunm a(i) = (a(i)1,...,a(i),) € C, Tak 910
a(i); #0,i=1,...,1L

JlokazaTeabCTBO IPOBEIEM MHIAYKIHEH 110 [.

Basa undyrkyuu. Ipu [ < 1 yrBepKIeHNE BEPHO.
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Hlae undyrkyuu. Homyctum, uro | > 1 u gua [ — 1 yrBepxkaenne
JIOKA3aHO.

910 o3Havaer, 4ro cymecrByer cioso a € (a(i)| i = 1,...,1 — 1)
Takoe, 9ro a # 0, k = 1,...,1 — 1. JleficTBUTEIBHO, TIPENTOIOKEHIE
uHyknun ipumennmo K koxy C' = (a(i)| i = 1,...,1 — 1), rme a(i)m, =
a(i)m, mpu m # I, n a(i); = 0. IIpu sarom B C’ cioBo & Beca | — 1

-1
BbIpAKaeTCs Kak juHeiinas kombunanust 8 = y_ «;a(j). Torga moxuO
j=1
-1
B3iTb a= y. oja(j)uar=a,#0mpuk=1,...,1—1.
i=1
HobasasieM K paccMoTpenuio cioso b = a(l).
Ecnn a; # 0, To ||a]| = I u 310 TpeGyemoe cioBo; ecan b; # 0 st Beex

i=1,...,1, 10 ||b|| = | u 310 Tpebyemoe cioBo. B mporusHOM Cirydae
paccmorpum cinoBa a+ ab, a € F, a # 0. lycrs y;(z) = bz + a;, i =
1,...,0 — 1. Ilpu kaxkj0oM i 110 OCTPoeHUto a; # 0, 3HAYUT ypaBHEHHE

yi(x) = 0 mmeer B FF me Gosee oguoro permenus. Ilpu srom oo b nmeer
HYJIEBYIO KOODJMHATY B mo3uiusx [1,1], 3HaunT mo KpaiiHeit Mepe o1HO
u3 ypaBaenwuii y;(z) = 0 vecoBmectro. CnenoBarensHo, eciin X = {z €
F| 3i e {1,...,1 =1} yi(x) = 0}, o | X| < — 2. U3 ycnoBust Ha 9HCIIO
9JIEMEHTOB 110Jisd cjelyer, 4To Haiiaéres o € F, a # 0, uro o ¢ X, re.
a; +ab; #0, i =1,...,1. Cioso a+ab € (a(i)] i =1,...,]) u ectp
HCKOMOE.

2. Ilycte n > | > q. Pacemorpnm C = (a,b) < F", rne ag = ... =

al:1,a1:al_H=...=an=O,b1zl,bgzbq+2:...:bn20,
bs,...,bg41 — BCe pasmmIHBIE HeHy/epble aeMenTsI nond F. Torma nna
goboro o € F* umeem nomep t = 3,...,q¢+ 1, aro o = —by. Ilosromy B

cimore b + ca Ha Mecre t ctout 0 m 3HAYUT, ero Bec MenbIre [. Bee cioa
B koze C kparHb a, b, mbo b + aa, mosromy comepkar 0 HA MO3UIUAX
[1,]. Takum obpaszom, B Kozxe C peabHOI JAJUHBL | HET CJIOB Beca [. »

s nokazarenbcTBBa Teopembl Mak-Buaabamc crHagasa mToKazkeM
BCIIOMOIaTeJIbHYIO JIEMMY.

JIlemMma 3.4. Ilycts F — konednoe mosie mortaocTH q. Torma st 11000ro
smreiHoro koga C < F™ crpaBeIjinBoO paBeHCTBO

S fal| = %wuw).

aeC
< s xaxaoro i € {1,...,n} pacCMOTpUM MPOEKIIAIO

m  F* = F, mi(a) = a;.
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IMockombKy 7; — roMoMOpdu3M MPOCTPAHCTB, TO 7;(C) ABIAETCS IO~
npocrpanctsoM F, coorBercreernHo, ;(C) € {0,F} n

C)={ie{l,....n}: m(C)=T}|.

Kpowme Toro, ecim paccMOTpeTh siIpO ONpaHUYEHNsT TOMOMOpPMU3Ma, T;
na npocrpanctso C: K; = Ker(m;|¢), To 10 Teopeme o romoMopdusme

il = Icl {2', ecin 7;(C) =T,

|7:(C)] IC| ecm 7;(C) = 0.

CrpaBeyiuBbI pABEHCTBA,

S el =3 el =33

aeC acC i=1 i=1 acC

Ipu ycaosuu 7;(C) = F upoobpas B C kaxoro saemenra a € F npu
romoMopdusme 7;|¢ umeer MouHOCTh |KC;|, mosromy

XHWHZE:WMQH:Mﬂzlwwzwmqfnzg;iWL

acC acC a€clF

ITpu ycnosun 7;(C) = 0 umeem Y. ||a;|| = 0.
aeC
B utore,

}:Z]mm:giiwm@.

i=1 aeC

Caencrue 3.5. Ilycts F — xoneunoe mose. Ecin sKkBuIuCTaHTHBIN
sneiinpiii kox C < F™ nexur wa rpanune [Tnorkuna, to [(C) = n.

<« BcunomunM, uyro Koz Jexur wa rpamwmne llnorkuna, ecim d =
=1 _[C]|

T Jer1t
L1t 9KBUAMCTAHTHOIO JMHERHOro Koja umeeM ||a|| = d auis sio6oro
a € C\ {0}, orkyzma mo smemme 0 cymMMe BecoB momydaem . ||a|| =

acC

(Ic] = 1)d = <2 [eli(e) m d = 2 eu(e).
IIpupaBHuBas 3T ABa BBIPaXKEHHA st d MOydaeM Tpebyemoe pa-

BeHcrro [(C) = n.»

Ilepeitném K OCHOBHO#I TeopeMme JAHHOI JIEKITUH.
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Teopema 3.6 (Teopema @. Mak-Buibamc, 1962). Ilycrs F — npowus-
BOJIbHOE KOHe4HOe Tojie. Torya siiobast nuHeitnast m3omerpust (3.1) auHeii-
HBIX KONOB HaJ F npomomkaerca no mmHeiHOTO Has F MOHOMHATIBHOTO
upeobpasosanus (2.1).

<« Kax 0p110 OKa3aHo B Teopeme 2.3, MOHOMHUAIHHBIE TPEOOPA3OBAHS
M(F™) obpasytor rpynmy. [losromy s 10Ka3aTeIbCTBA CYIIECTBOBA-
HUS MPOJOJIKEHUsT T, JOCTATOYHO JOKA3ATHh PE3YJBTAT IS MPOU3BEIe-
HUS T U HEKOTOPBIX MOHOMHUAJIBHBIX IPE0OPa30OBaHMIA.

ITposeném nokazarensberso unaykuumeii uo [(C) > 0.

Basa undyxyuu. Ecan [(C) = 0, To C = 0. B aToMm caydae yTBep K Ie-
HUE OYEBM/IHO: B KAYECTBE MPOJOJIXKEHU T MOXKHO B34Th IIPOU3BOJILHOE
MOHOMHUAJIbHOE IpeobpasoBanue u3 M (F™).

Mlaz undyxyuu. I[Tycrs Teopema Bepra miis Bcex koo C, L < F"
upousBosbHol Jyunbl 7 € N rakux, uro 0 < [(C) < | misg HEeKOTOPOro
I € N. Jokaxkem €€ st [(C) = [. BBumy JuHEHHOCTH OTOOpAyKEHWs T HA
npocrpaHcTee C yciosue (3.2) 5KBUBAJIEHTHO

Im(a)[| = [|a|| va € C.

ITo nemme 3.4 orciona crenyet, 4ro (L) = I(C).

IMockonbky I(C) =1 > 0, To ;(C) = F gya wekoroporo i € {1,...,n}.
VMHOXKUB [IPU HEOOXOUMOCTH 7T CIIPABA HA MOHOMHAJILHOE IIPeodpazo-
BaHWe, MEHSIIOIIEe MECTAMH (-yIO W TIEPBYIO KOOPJAWHATHI, 6€3 OrpaHutde-
HESA OOITHOCTH MOYKEM CUNTaTh, 9T0 7 = 1. Torma kox C cOmeps:KUT CIIOBO
a; = (1,%,...,%). Bcnmomuum, uro ma Ky = Ker(m|c¢) cupaseiuso
dimK; =dimC -1, |K4] = l%l, q = |F|. Bonee Toro,

C=TFa; &Ky,

T.K. a; ¢ K1 no mocrpoenuio. IIOCKOIbKY MO ONPEEIEHUO TIEPBbIE KO-
opamHATHL BCexX ¢10oB B i pasubl mymo u Ky C C, 10O

K <l—1<1.

Paccmorpum smmueitasiit kog 7(Ky) C 7(C) = L. ITo nemme 3.4 or-
ciona caeayer, uro [(7(K1)) = (K1) < I. Cnenosarenbuo, cywecrsy-
er nugekc j € {1,...,n} maxoit, uro 7;(L) = F, no m;(7(K;)) = 0.
YMHOXKUB U HEOOXOJUMOCTH T CJI€BA HA MOHOMHIAJIBHOE IPEoOpa30Ba-
HFE, MEHSIONIEe MECTAMHU j-YIO W MEPBYI0 KOODJIMHATBI, 0€3 OrpaHude-
HU#A OOIIHOCTH MOXKEM CUMTaTh, 9T0 j = 1. Paccmorpum nommpocrpan-
crso L1 = Ker(m) N L. Umeem 7(Ky1) C L4. Mockousky w1 (L) = F, 10

|£1| = l% = % = |/C1|. CremoBarenbHO, T(Icl) =L;.
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TMockonbky 7 — Guekuust w3 C B L, 7(K1) = £1 n a3 ¢ Ky, 1O
7(ay) ¢ L1. 3maumT, 7(a;) = by = (8, %,...,%), B € F*. Orkyna nmeem
pa3IoKeHne

L=Fb; & L.
g mpousBobHOTO uncaa ¢ € F u3 quuefiHocTH 7T CaeayeTr, 9To
T(car) = er(ay) = cby = (cB, %,...,%).
Torna /7151 IPOU3BOILHOTO CJIOBa a € C HoydaeMm
a=aa;+ (0,d5,...,a,), 7(a) =a17(ay) + 7((0,a5, ..., a,)),
upuuém 7((0,a5,...,a,)) € L1, orkyaa

7(a) = (@18, =2(a),...,m(a)),

rne 7; : C > F, i €{2,...,n} — auneitusie GyHKIHN.

IMokaxkem, 4ro nuHeiiHbIe (DYHKIUU To, ..., T, HE 3aBUCAT OT IEp-
BOil kKoOpamHATHI BeKTOpa a € C, T.e. ana mobeix a,b € C, ecian
ag = by, ..., a, = by, 10 Ti(a) = 73(b), i € {2,...,n}. Ecau a; # by, 1O
[la—b|| = 1. lockonbky T — nuueitnas u3omerpus, to ||7(a)—7(b)|| = 1.
ITpn stom (7(a)); = a18 # b1 = (7(b))1, caegoBaTesLHO, BCE OCTATH-
HbIE KOODAMHATHI 3TUX BEKTOPOB 003aTEIbHO PABHBI.

Beeném obo3HaueHus

= {(a2,-..,an) cFr1. Jda; € Flay,ag,...,ay) GC},

£ ={(ba,...,bn) €F"': by € F(by,ba,...,by) € L},

1 3a7aauM oTobpaxkerne 7' : C' — F"~1 yciaosuem

' ((ag,...,a,)) = (r2(a),...,m(a)) Y(az,...,a,),

rae a; € F npousBosibHas KOHCTaHTa, JJisi KOTOPOii (a1, as, ..., a,) € C.
ITo nokasaHHOMY BBIIIE OTOOPAZKEHUE T' ONPENENEHO KOPPEKTHO (He 3a-
BUCHUT OT BbIGOpa a1 ). [Tockonbky 7 : C — L — OuekIms, TO U3 PABEHCTBA
7(a) = (@18, m2(a), ..., ™ (a)) 3akawo4aem, uro 7' (C') = L', r.e. 7/ — u3o-
mopdusm smreiirbx npocrpancts C' u L. TlockonbKy

vacC: [[r(a)ll = [la]| = [la:]| + [[(az; .., an)]|

@) = llay Bl + lI7"(az, .., an)]],
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TO
va'eC': |l7'(@)]] = [la’l].

Takum obpasom, 7 : C' — L' — nuneiinag usomerpus. VI3 onpenenenus
npocrparcrea C’ takxke caenyer, aro [(C') =1 — 1 < I. CoorBercren-
HO, MOKHO TIPUMEHUTH MPEATNOIOKEHNEe WHIYKIINN: JTUHEHHAS U30MeT-
pus 7' IPOJOIIKAETCA 10 JUHEHHOrO MOHOMUAJIBHOIO MPEeOOpa30BaHMUS
o' : "=t — F*=L ¢ noncranoskoit pf € S, Ha mHOKecTBE {2,...,n}
7 0OpaTUMBIMKU KOHCTAHTAMH Ug, . .., U, € F*. Torma mpomomxenuem 7
Oyzer MOHOMHAJbHOE IpeodOpasoBanme o : F" — F™, ¢ moacraHoOBKOiT
p € Sp, p(1)=1, p(5) =o' (), 7 €1{2,...,n}, m 0OPATUMBIMU KOHCTAH-
Tamu B3, ug, . .., U, € F*. »
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3amaun K Jiekiuu 3.

Bagaua 1. Ilycte Q@ = Fy, n = 4, C = L C Fi — xox mposep-
ki HA gérHocTh u T : C — L smHeliHOe OoTOOpaxKeHue, OImpeeseH-
Hoe na Gaszuce 7((1,1,0,0)) = (0,0,1,1), 7((1,0,1,0)) = (1,0,1,0),
7((1,0,0,1)) = (0,1,1,0) u nponomkenHoe no Juneiinocru. a) Jokaxu-
te, uro 7 : C — L — u3omerpus; 6) MOCTPOiiTe JUHEHHYIO U30METPHUIO
o € G(F3), nponozKalomLyIo T; B) YCTAHOBUTE, CKOJIBKO BCETO JIMHEHHBIX
nzomerpuit G(F3) apasgiores mpofomKeRuaMu 77

3amaua 2. [lpuBeaure npumep KOIOB U UX W3OMETPHUH, s KOTOPHIX HE
BBITIOTHSAETCH yTBep)KIeHne TeopeMbl Mak-Bunibsamvc o npomomkenun.

Bagaga 3. (O 3ameHe ycinoBHs JHHEHHOCTH Ha MOIIHOCTB). Ilycrs
Q = Fy, n = 3. Haiipure Mmunumasbaoe rakoe m € N, gro jobast u3o-
metpus 7 : C — £ TPOU3BOIBHLIX KONOB 13 )3 MOIIHOCTH He MeHee m
IPOJIOIPKAETCA IO MOHOMHAJILHOTO Ipeobpasopannsd Ha 3.

Bagaua 4. (O 3amene ycjaoBus JIUHERHOCTH HA 00JIACTH ONPEIJICHUA).
IIycts Q = Fo, n € N. Ilycts C = {0,€1,...,e,} C Q" L C Q™
ITokazkure, aro m0bas wzomerpust 7 : C — L NPOAOIKAETCH IO MOHO-
MHAJILHOIO 1peobpasoBanus Ha ™.
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Jleknus 4. IIpoBepoyHasi M TOpOXKaaroIiasi MaTPUIIbl, FTapaHTH-
PYeMblil paHr M paccTosiHue JHHEHHOro Koja Haj, mmoJjiem. IIpo-
BepoYHasl M IIOPOXKJAIlasd MATPHUILI B CTaHIAapTHOI ¢dQopme.
JIBOMICTBEHHBIN KO, €ro IIpOBepOYHasd M MMOPOXKJAIoIlas MarT-
punbi. Koapl, nBolicTBeHHbIe K JBOMYHOMY KOJAY X3MMHHra W
K 06ob6ménnomy koay Puma—CoisromoHa.

1°. IIpoBepoYHas M MOPOXK/IAOINAS MATPUIIbI, FTAPAHTUPYEMBIi
PaHT U paccTossHUWE JUHEeWHOro Koja HaJj mojeM. ITpoBepounast
¥ HOPOXK/armias MaTpulbl B CTaHAZapTHO# dopme.

Onpenenenune 4.1. Ilycts S — npou3BOIbHOE MHOXKECTBO IJIEMEHTOB
upasoro mozuyis M nan xoabuom R. Haumenbmmii (110 BKIIIOUEHUIO)
noxmonyiib (S)r Moumyss M, comepxKamuii MHOXKeCTBO S, Ha3bIBAETCH
noOMOYAEM, TOPOHCOEHHBIM MHOHCECTEOM S.

Ecin N = (S)g, ropopar Takke, 9o S — cucmema 006pasyrousux
nodmodyss N.

Ilpenmnoxenue 4.2. Ilycts S — NpOM3BOJIBHOE MHOKECTBO JJIEMEHTOB
npasoro moxynsa M uam xkomnbinom R. Torma

Ounpenenenne 4.3. Ecau caosa g; = (gi1,---,Gin), ¢ = 1,...,m 1o-
poxkparor kKo C JAWHBI . Hamg, Momyaem M, To MaTpuna

Ha3bIBAETCH nopotcdarulet mampuyeti Koma C.

Onpenenenune 4.4. Ilycts M — nesrit R-momyas u C — xom wag M
nanuuet n. Marpuna H = (h;;) pazMepa r X1 HaJ KOJIBIOM R Ha3bIBAETCS
nposepounol mampuyet kona C apunbl n vag M, ecian

C={aeM": Ha" =0}. (4.1)

MoxKHO 3aMETHTD, YTO /I KOAOB HAJT MOIYTIAMY U JTayKe HAJI KOTb-
[AMW TIPOBEPOYHAS MATPHUIIA CYIIECTBYET JajieKo He Bcerma. OpHako, n3
Kypca JIMHEHHO# ajaredpbl CAeyeT, 9TO B CJIydae JIMHEHHBIX KOJOB Ha/T
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nosem F (M = R = F) m060ii koz (T.e. mogampocrpancTso B F™) 3amaét-
Csl HEKOTOPOI OIHOPOJIHOM CHCTEMON JInHedHbIX ypaBHenuii Buza (4.1),
KOTOPO# 3aBEJIOMO YJOBJIETBOPAIOT CTPOKH MOPOXKJAIOMIEH MATPHUIIBI KO-
Jla ¥ HE YJIOBJIETBOPAIOT HUKAKHUe JAPYrUe BEeKTOPbI. 1103ToMy Iosydaem
caeAyoUmni Kpurepuii.

Teopema 4.5. Ilycts G u H — marpuiibl HaJ noseM F pa3smMepos r X n
U M X n, COOTBETCTBEHHO. TOorma ClIeayome yCIoBrusT SKBUBAIEHTHBIL:

1. G u H — nopoxXgaioas u MpoBepOUHas MATPHUILI HEKOTOPOIrO
koma C mnmubl n HaIL IF;

2. HGT =0 u tk(G) +rk(H) = n.
ITpu srom pasmepuoctsb kozna C pasna rk(G).

U3 (4.1) u reopembl 4.5 JIErKO CJIELYET, YTO €CJIA YMHOXKUTH [IPO-
BepouHylo Marpuily H (COOTBETCTBEHHO, MOPOXKJIAIONLYI0 Marpuily ()
kona C cuesa Ha obparumyio marpuiy A, (coorsercrsenno, B) Joiry-
CTUMBIX PA3MEPOB, TO ONMPEIEISIeMbIH KasKI0H U3 HUX KO He U3MEHUTCS
(rx. AH(BG)T = AHGT B = 0). B gactrOCTH, 37eMeHTapHBIE TPeos-
pazoBanusi cTpok Marpunt H u G, T.e. mpubaBjieHre K CTPOKE ApPYroit
CTPOKHU, YMHOXKEHHOM Ha JIEMEHT TOJs, MePECTAHOBKA CTPOK W YMHO-
JKEHHMEe CTPOKH HA HEHYJIEBOM 3JIEMEHT I0Jis, He MEHSIOT MHOXKECTBA Pe-
wenuii cucrembl (4.1) (coorBercTBEHHO, JIMHEHAHON ODOJIOUKH CUCTEMbI
CTPOK MaTpuipl (), MOITOMY MOXKHO CIUTATh, YTO KAKJIAS U3 HUX CO-
JIEpKUT HAOOpP CTOJIOLOB €JIMHUYIHON MaTpullbl NopsiakoB n — rk(C) u
rk(C), cOOTBETCTBEHHO, ¥ YUCJIO CTPOK KaxKJO# M3 HUX PABHO €€ DaHry.

IIpumep. Ko mpoBepKu Ha I6THOCTH HAJ MOJIEM 3a0a6TCA MATPH-
aMu

100 ...00 —1
010 ...00 —1
H=(1 1 DuG= .o
0 0 10 -1
00 01 —1

IlepecTanoBKa CTOJIOIOB MOPOXK/IAIONIEH MATPHUIHI JUHEHHOTO KOZA
COOTBETCTBYET MEPEXOy K HEKOTOPOMY JIMHEHHO SKBUBATIEHTHOMY KO-
ny. Ilpu 3TOM TPOBEPOYHYI0 MATPUILy HOBOIO KOAA MOYKHO IMOJIYYIUThH
TOM 2Ke HepecTaHoBKoi crosdbnos. CiepoBaresibHO, JI000H JIUHEHHDBIT
KO HaJ, TOJIEM JMHEHHO 3KBUBAJIEHTEH KOy C MPOBEPOYHON MaTpH-
neit cmandapmmuozo euda: H = (H'| — E), tne E — enuHnvHas mar-
puna nopanka n — k, a H' — mekoropasa marpunga pasmepa n — k x k.
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CwmbICH TO¥ 3amucy B TOM, YTO TEPBbIE k CHMBOJIOB JIIOOOTO KOIOBOTO
cioBa (aq, ..., ay) ABJISAIOTCS ONPENEJISIONIUME, & OCTAJbHBIE BHIUUCIIsI-
10TCA KaK (Api1,---50n) = (a1,...,ax)(H)T.

Eciu kon C mmeer npoBepodnyio marpuily H B cranmapraoit ¢dhop-
me, 10 yeaosusm HGT = 0, tkH + tkG = n ynosjersopsier Marpuia
G = (E|(H')T) pasmepa k x n, rae E — e unuvHas MaTpUIa MOPAIKa
k. OHa Ha3BIBAETCS MOPOXKIAIOIIEH MaTpuiei cmandapmmozo eéuda. Co-
OTBETCTBEHHO, JIFOOOH TMHEHHBIA KO, HAT IOJTEM JTUHEHHO SKBUBAIEHTEH
KOy € MOPOXKIAIOLIEH MaTpUllel CTAaHAAPTHOIO BUJA.

Onpenenenne 4.6. [apanmupyemvim parzom TPIMOYTOILHON MATPH-
upt A naj nonem F nasbiBaercs uucio s(A), paBHOE MaKCUMAIbHOMY
YHUCIY § TAKOMY, UTO JIHOOBIE § CTOJIBIOB MATPHUIIBI IHHEHHO HE3ABUCHMBI
(ecam A comepkutT HyseBoil crouberr, canraeM, 9To »#(A) = 0).

Ouesngpo, uto tk(A) > 2(A).

IIpengsioxxenmne 4.7. Ecau H — npoBepovyHasd MaTPHUIA HEHYJIEBOTO JIH-
Heitroro koza C Haj mosuem, 1o d(C) = »(H) + 1. Kox C asaserca MIP-
KOJIOM B TOYHOCTH TOorna, koraa »(H) = rkH.

<« Hanuuue B xome C cyioBa Beca d paBHOCHIIBHO TOMY, 9YTO HEKOTOPBIE
d cronbuos marpunsl H snumseiino 3asucumsl, otkyaa d(C) > s(H). C
JIPYTOil CTOPOHBL, 110 OLPEJEICHHIO PAPAHTUPYEMOIO PAHIA, CYIIECTBYeT
JMHeitHO 3aBncnMast cucrema n3 »(H)+1 cronbuos marpuier H, oTKyna
d<sx(H)+1.

Heiicreurensho, d(C) = »(H)+1nun —k+ 1 =rkH + 1. Ilosromy
d(C) =n — k + 1 B rounoctu npu cosuasennu »x(H) =rkH. »

IIpeamoxenne 4.8. Jluneitnbiit ko C HAJ, OJIEM € IPOBEPOYHON MAT-
putieit H = (H'|— E) crargaprHoro Buja sieasiercs MIP-kogom Torma n
TOJIBKO TOTZa, KOraa B MaTpune H' Bce KBaJIpaTHbBIE MOIMATPHAIIHI HEBI-
POKIEHBI.

<« Corsacuo npeabiaymemy npeamoxkenuio, C ectb MJIP-kox Torma u
TOJILKO TOT/Ia, KOT/Ia /1f00ast cucTeMa u3 n — k cToadIoB Marpunsl H au-
Heitno mesasucuma. [lycrs H'[iy,. .., is|j1,. .., js] momMarpuna pasmepa
s X s marpunpl H', cOCTaBICHHAS U3 3JIEMEHTOB, CTOSAIIMX Ha IHepece-
YEHUU CTPOK C HOMEPAMU i1, ...,Is U CTOJOIIOB C HOMEPAMHU Ji,. .., Js-
Paccmorpum cucremy crosibrios marpuiiel H ¢ HOMEpaMu ji, ..., js, k +
is+17~-~7k+in—k; THE Ggq1y---sln—k € {1,...,7’?,7 k}\{7117,7/§} T.e.
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9TO CTOJNOLBI C HOMEPAMM J1, . . . , ] M3 MATpuLl H' u cTonbier ¢ Homepa-
MU G541, - ., Iin—f 13 MaTpunbl —E. [To ¢popmysie pazsoxkeHus onpeenn-
TeJist o cTouIOIy onpeaenuTesb Marpunbl (n—k) X (n—k), nocTpoeHHbIi
Ha 9THX cTONONAX, pased =+ det H'[i1, ..., is|j1,...,js|. CnenoBaTenbHo,
JIMHEHAasT HE3aBUCUMOCTD 3TUX CTOH6HOB PaBHOCUJIbHA HEBbIPDO2KIEHHO-
cru noamarpunbt H'[iy, ..., is|j1,.. ., js]- »

2°. JIBOIiCTBEHHBI!l KO, €ro MpPOBepOYHas ¥ IMOPOXKIAOIasi
marpuribl. [lycrs F — koneunoe momne. Onpenennm CKaIsipHOE YMHO-
JKeHue BeKropoB a = (ai,...,an),b = (b1,...,b,) € F™ upasunom
ab=a1b1 + --+a,b, €F.

Onpenenenne 4.9. Kodom, dsoticmeentvim K aunetiHomy kody C < F™
HA3BIBAETCA KO

C°={beF":bC =0},
(iox, bC = 0 nonumaercs, yro ba = 0 jus awoboro a € C).

Teopema 4.10. ITycrs C — nuneiinsrii [n, k]-koz Haz monem F ¢ mopox-
nmaromeit marpureit G n mposepounoit marpuneit H. Torma

1) C° ecrb Jsuneiinbiii [n,n — kl-xkox van F ¢ nopoxnaromeil marpuneit
H wu npoepouHoii marpureii G;

2) C*° =¢;

3) mag moboro aunelHOro Koma L < F" crnpaBejiiBbl paBEHCTBA,
(C+ L)y =CNL (CNL) =C°+ L.

<« 1) Ycnosue bC = 0 9KBUBAJEHTHO CUCTEME JIMHEHHbIX ypaBHEHUI
GbT = 0. TTosromy marpuna G Gyuer uposepounoii aiua xkoga C°. Co-
OTBETCTBEHHO, W3 TeopeMbl 4.5 mosydaeM, 9t0 H — ero mopoxKIaroriast
Marpuna u dimC°® =n — k.

2) Tosyuaercsa u3 1) OBTOPHBIM MPUMEHEHHEM TeopeMbl 4.5.

3)(C+ L) ={beF"”:b(C+ L) =0}. B gactaoctu, C,L C C+ L,
bC = 0u bl = 0, uosromy (C+L)° C C°NL°. Ob6paruo, eciiu b € C°NL®,
To bC = 0u bL =0, 3naunt, b(C+ L) =0wu (C+L)° 2 C°NLC. Bropoe
YTBEPKIEHUE JOKA3LIBACTCS AHAJOTUIHO. P

Yreepxaenue (1) reopembr 4.10 sBisiercss SKBUBAJIEHTHBIM OIIPEJIE-
JIEHWEM JBOIICTBEHHOI'O KO/Ia.

IIpengioxxenne 4.11. ITycrs C — nunedinstii n, k,n — k + 1] MIP kox
uaz mosiem F. Torma C° ectw smnedinstii [n,n — k, k + 1] MJIP xox Hanx
F.
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<« MoxHo canrarh, 9T0 C UMEET MPOBEPOYHYI0 MATPHUILY CTAHIAPTHO-
ro suga. Torma mo mpemyoxxenuio 4.8 B marpune H' Bce KBaapaTHbIC
MOIMATPHITLT HEBBIPOK AeHbl. 1o Teopeme 4.10 marpua G = (E|(H')T)
ABjiAeTcsa mposepounoit g kona C°. B marpune (H')T Bee kBagparubie
MOAMATPHILHI TOYKE HEBBIPOXKAECHDI, 3HAYUT 1O npeayoxkennio 4.8 kox C°
Takxke gBiasgerca MJIP komom.»

Onpepnenenne 4.12. Jluneiinonii kox C < F™ Ha3bIBACTCA caM00pmo20-
Hasvuvim, eciu C C C°, u camodsoticmeenmnvim, ecm C = C°.

IIpennoxkenue 4.13. Ilycrs C — suneitubiii [n, k| camoasoiicTBeHHbIIH

koz1, Haz nojtem F. Torpa n obasaresbHo yérHoe 4ucio u k = 5.

<« Umeem C = C°, 3nauur k = dimC = dimC°. C apyroii cTOpOHBI, 1O
reopeme 4.10 dimC°® = n — k. Orkyna, n — k = k, wim n = 2k.»

3°. Koxa, gaBoiicTBeHHBIEI K 0000ménHOMy Komy Puma—

Coaomona. Ilycre F — koneunoe mone, ¢ = |F|, M = Flz|k] =
{f(z) € Flz] : deg f(x) < k}, x1,...,2, — DA3IUUIHDBIE STEMEHTHI HOJIS
F, cne n > k. uy,...,u, — obparumble 3meMeHTHI IF, oToOparkeHme

¢ : Flz|k] — F" 3anano npaBuiaom

p(f(2)) = (unf(z1), ., unf(2n))-

Hamomunwm, uro o6pa3 ¢(F[z|k]) HasbiBaeTcs obobwénnmm [n, k]-Kodom
Puda—Conomona uan monem F. Obozuasmm ero GRS, (n, k). Ero mopox-
JIAIOIIAs MATPHIIA UMEET BUJL

(751 U ce Unp
U1 U2 9 N UpnLp,
G =
ulx’ffl ugx;“*l . unxﬁ_l

IIpemoxenne 4.14. GRS, (n,k)° = GRS, (n,n — k).

<« PaccvoTpum smemMeHThI

n

yi = [ (@i —a5)”
=

30



" MaTPUILY

(% V2 . Un
V121 Vo9 . UnTn
H =
A R TN

Kox ¢ nopoxpatomeit marpuneit H ssiasiercs xkogom GRS,(n,n — k).
Hocrarouno mokasars, uro H — mposepounas qns koxa GRS, (n, k),
MOCKOJIBKY 1o TeopeMe 4.10 3TO JI0Ka3bIBaeT, UYTO OHA TMOPOKIAIONIAS
s aBo#icTBeHHOTO Koma. Ilo mocTpoenuto odeBuano, aro tkH =n — k,
CJIeZI0BATEBHO, JOCTATOYHO JI0Ka3aTh pasencTso HGT = 0.

Daement na nosuruu (s,t) marpunst HGT pasen

n

n

s—1 t—1 s+t—2
E VT, Ui T, = E YiZ; .
i=1

i=1

Bospmém marpuny Bangepmonga

1 1 1
T T2 Tn
V=V(y,...,0,) = .
n—1 n—1 n—1
Ty ) Tn
Nmeem |V =[] (21 —xs), anrebpandeckue JONOTHEHUS JIEMEHTOB

1<s<t<n
MOCJIeTHENH CTPOKW 3TOI MATPUITHI UMEIOT BUII,

Vn,j = (—1)n+] H (xt — xs).
1<s<t<n

s, t#]

Ormernm, 91O

Orkyma
n n
Yoyt = VT Y et T, =0 —
i=1 i=1

danpmuBoe pasnoxenue onpenenuTens BamgepMoua (3J€MEHTHI B3s-
ThI U3 CTPOKHU € HOMepOM s+t—1 < n—1, a anredOpandeckue AOMOJTHEHUS
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JUIS -0 CTPOKHU.) B

4°, Kona, nBoicTBeHHbBII K JBOUYHOMY KOJIy X3MMUHTA.

Onpenenenne 4.15. Kox My(l), nBoiicTBeHHbI K JBOMYHOMY KOy
Xommunra Hso(l), HassiBaercs kodom Makdonanvda.

IIpenmnoxkenune 4.16. Kon Makponanbna Mo(l), nBoiicrBeHnblii K 1BO-
waHOMY KOy XammumHra Ho(l), ABISETCs JTUHEHHBIM SKBUIMCTAHTHBIM
[n, 1, 2" ]o-komom, mesxarmum ra rpanume [LroTkuHA.

<« JluneitnocTs oueBnga o mocTpoennio. [lockonbky marpuia H, mpose-
pOUHAsT I8 KOJA XIMMWHTA, COIEPKUT BCE HEHYJIEBBIE CTOJIOIBI BHICOTHI
[, o dim My(l) = rkH = 1.

Boruucium paccrosuue koga Mo(l) U J0KaKeM €ro SKBHIMCTAHT-
HOCTh. [lockobKy MaTpuna H COMEPKUAT BCE CTOIOIBI lBI)ICOTI)I [, Kpome

. 2 _
HYJIEBOTO, TO JIF00Asi €€ CTPOKA COMEPIKUT B TOTHOCTH 5 = 21 e npmu.

IIpoBenem mabHelinee J0KA3aTEILCTBO HHIYKIIAEH 110 [.

Basa undyryuu. Mpn | = 1 nmeem n = 1, H = (1) n caoso (1) Beca
1 siBASIeTCS €IMHCTBEHHBIM HEHYJIEBBIM CJIOBOM B Koze Ma(1).

Hlae undyxyuu. Ilycts | > 1 u a1 Bcex m < | yTBepK/I€HUE BEPHO.

ITycrs H' — nopoxpatomas marpuna koga Ma(l — 1), cocraBnennas

U3 BCeX HeHyJIeBbIX €T0s610B BbicoTbl [ — 1. O6o3nauum 0 = (0,...,0),
H' o H'

1=(1,...,1). Torna H = ( o 1 1 ) (HeHysIeBOH cTOsIOEI BhI-

COTBHI | MOXKHO TOJIY9IUTh JHOO M3 HEHYJIEBOrO CTOOMA BBICOTHI [ — 1
npunucbiBaaneM 0 mwian 1, mub0 €IMHMIy MOXKHO TAKXKE MPUIHCATH K
HyJIeBOMY €T0JOLLY).

Jlio6oe HeHyseBoe cioBo a € My(l) — cCyMMa HEKOTODPBIX CTPOK
marpuiiel H. Eciiu B cyMMe He y4acTByeT MOC/EIHsISA CTPOKA, TO a =
(a’,0,a’), me &’ € My(l — 1) \ {0}. Ilo mpeAmONIOKEHUIO WH/IYKIUH

l|a’|]| = 272, coorBercrrenno, ||a|| = 2||a’|| = 2!~!. B nporusHOM CiTy-
uae, a = (a’,0,a’) + (0, 1,1). 3amerum, uro |[a’ + 1|| =271 — 1 — [|a’]].
Otxryma, ||a|| = ||a/|]] + 1+ 2171 — 1 — |[a’|| = 2!~!. Caenosarenso,

Beca BCEX HEHYJIEBBIX CJIOB JIMHEHHOro Koma Ma(l) oauHAKOBBI, TTO9TO-
My OH SIBJISIETCS SKBUIMCTAHTHBIM KOJIOM C MUHHUMAJIBHBIM PACCTOSTHUEM
d=2"1
BemomunMm, 4uro Kom JexxuT Ha rpanune Ilnorkuma, ecim d =
-1 |c
a—1_I° ;B nammom ciyuae ¢ = 2, n = 2! — 1, IMy(D)| = 2%, oTky-

q [C]-1
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a
g—1 e 28 i
— = gy 2D =2 = da).

>

Bamermm, ato |[Ma(l)| = 2! = n + 1. OxassBaeTcs, 9TO MONTHOCTH KOJIA
MakIoHATIb 1A SABISETCA MAKCUMAJIBHO BO3MOXKHOI CPe/H JIO0BIX IKBU-
JIMCTAHTHBIX JIMHEHHBIX N-KOJIOB.

Teopema 4.17. Ilycrs C — skBuAMCTAHTHBIN TuHEHHbIH KO B Fh | TOorma
IC] <n+1.

<« IIycts C = {c1,...,Cs}, m mpn 3toMm d(c;, ¢j) = d, 17151 BCEX @ # j.
Jlnst moGeix pasnnanbx a,b € {0,1}" nmeem

n n

d(a,b) = lai —bil =) (a; —b;)* = ||al| + ||b]| — 2ab

=1 i=1

(BCe BBIYMCJIEHWS], B YACTHOCTH, MOIYJS U CKAJAPHOTO MPOU3BEICHUS
soionnsiorcea Han R). Orkyna nia a,b € C \ {0} nonyuaem, uro d =
2d — 2ab u ab = g. Be3 orpannuenns oOITHOCTH MOKHO CUYNTATH, ITO
C1 = 0.

Boraucsium onpeenurensb I'paMa 1jist BEKTOPOB Ca, . . . , Cs KAK BEKTO-
pos B R™ (s (0, 1)-BekTopoB Bec XaMMUHIA COBIAJIALT CO CKAJIAPHBIM
KBaJPATOM):

d ¢ % 2 1 ... 1
4 d 4 -1l 12 1 ds—1
- = FEE R Ik Tt
g ¢ d 11 .2

T.e. Co,...,Cg JUHEHHO He3aBUCUMBI HAT R.

Urak, umeem s— 1 inHEHHO HE3ABUCUMBIX BEKTOPOB. B mipocTpancTBe
R™ moxker ObITH He OOJIee M JIMHEHHO HE3ABHUCUMBIX BEKTOPOB, 3HAUUT,
s—1<nus<n—+1. »
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3amaun K Jeknuu 4.

Bagaua 1. Ilpusenure npumeps! marpuil A, B 6e3 HyJIeBbIX CTOJIOIOB,
11t KoTopbix A = rkA, »xB < rkB.

Bagaua 2. (Kpurepuii MUHOPOB HaJ KOJBIOM, O0ODIIEHUE TIPEIJIOKE-
nus 4.8) okaxkure, uro ecau G — k X n Marpuna HaJ| KOJabLIoM R u Bce
MUHOPBI HOPsKa k Marpuiibl G odparumbl B R, TO KO, C IOPOK JIAFOLILIEH
Marpuieit G sisaserca MIP-komom.

3angaua 3. [lokaxkure, 9TO B MpEIbIAYINEH 331a49€e yCIOBUE ‘MUHOPHI
HOpsAJIKA k He DABHBI HYJII0” He JOCTATOYHO: IPUBEIATE IpUMep [n, k] He
M/IP-koma Ham Zg, TaK 9TO BCE MHHOPHI MOPsiaKa k €ro mopoxKIaromei
Marpuilsl G HEHy/IEeBBIE.

3amaua 4. Ilpuseaure npumep caMoOIBONCTBEHHOIO KO/A.

3amaua 5. IIpuBemgure mpuMep caMOOPTOTOHATIBHOIO KOA, HE SBIISAIO-
Erocst CAMO/IBOMCTBEHHBIM.

3agaua 6. Bo3moxkuO s momoOpaTh HAPAMETPBI q, M, K, T1,...,Tn,
Ui, . .., Uy TaK, 47006l KO GRSy (n, k) ObLI caMOABORCTBEHHBIM !

34



Jlekmus 5. ITocTpoeHne HOBBIX KOJIOB M3 3aJJaHHBIX. I'paHuIia
I'paiicmepa.

1°. /To6aBjieHe KOHCTAHT

Omnpegenenne 5.1. Kog C C F™ codeporcum xoncmanmot, €Ciiv OH CO-
JiepKUT Bece caosa Buga (a,...,a), a € F. Ina nuHeliHOro Koma 3To
ycJjioBue paBHOCUIIbHO BKJodenuto 1 = (1,...,1) € C.

Onpenenenne 5.2. [Iyis nponsBosbabix o € F u a € F™ obo3naunm de-
pe3 S4(a) KOJMYECTBO KOOPANHAT B CJIOBE &, PABHBIX (. Tak»Ke TOIOKIM
Smax = max{sy(a): a€C\ {0}, a € F}.

Omnpenenenne 5.3. Ilycts C < F" — nuHefiHbBIN KO, HE COMEPKAIIAI
koHcTaHT. Torma rosopsit, uro koj C¢ = C + F1 noayuen u3 xoda C
dobasaeHuem KoHCMarmM. 3aMeTUM, 9TO J00ABJIEHNE KOHCTAHT K KOIY
PaABHOCUJILHO IPUIUCHIBAHUIO CTPOKHU 1 K €ro MOpOoKIAIOIIEH MATPHIIE.

IIpennoxxenne 5.4. Ilycts C < F" — summeitusiit [n, k, d],-xox, He co-
nepxaruit Koucrant. Torna kox C¢ = C + F1 ecrb suneitnbiii [n, k +
1,d']-xox ¢ paccrosiuueM d' =N — Smax < d.

<« ITo nocrpoenuio koa C¢ ecrp mueitustit [n, k+ 1],-kox. Boraucaum ero
PACCTOSHHE.

IIpoussombHoe citoBO b € C° mpenacrasisiercsd B Buge b = a—al, rae
a € C,a € F. Ilo mocrpoernto |[b|| =n — sq(a) > 1 — Smax. Bbipaxkenue
N — Smax > 1 B cuity Toro, uro kox C He comepxkut KoHcranT. OTkyzna
BUZHO, 9TO d' > N — Smax. BoiOupas Takue a € C\ {0} u « € F, uro
Smax = Sq(a@), moayvaem, ato ||b|| =1 — Smax 1 d =N — Smax-

Hepagencrso d’ < d cnenyer u3 skmouerns C < CC. »

2°. Jlo6aBjieHHE MIPOBEPKN HA YETHOCTDH

Omnpegenenne 5.5. Kox C C F™ codepotcum nposepky na wémuocmao,
ec/iu ero aBoiicrBeHHblil Ko C° comepkur cjioBo 1.

Onpegenenne 5.6. IIycrs C < F" — jumeiinstii [n, k, d],-Kox ¢ mpose-
pounoii Marpuneii H pasmepa ! x n. Torga rosopsar, uro xox C < Frt!
C HPOBEPOYHON MaTpuuei

S~ (11
=i o)
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noayuer ud xoda C dobasienuem nposepKy Ha HEMHOCMD.

IIpennoxenne 5.7. Ilycrs C < F" — gpumeiinsiit [n, k, d],-xox ¢ mpo-
Bepounoit marpurieit H pasmepa | X n. Torma muHefiHbIi KO C < Fntl,
NOJTy9eHHbIii 13 Koga C J106aBieHneM TTPOBEPKA HA Y8THOCTD, €CTh JIH-
HelHbI [n + 1,k,d] -KOJ[ C PACCTOSHIEM d e {d,d+ 1}. Ecin kozn C
COJIEPKUAT TTPOBEPKY HA YETHOCTD, TO d=d.

<« ITo mocrpoennio tkH = rkH + 1, mostomy dimC = n+1—1kH =
n—rkH = k. R R R

Beraucium paccrosuue xona C. Benomuum, uro d(C) = »(H)+1. 3a-
merum, 410 Jiobbie (H) croabuos Marpuiibl H numeitno HE3aBUCHUMBI,
[TOCKOJIbKY JTIO0OBIE Hus MEPBBIX 7 CTOJOIOB MOy Y€HbL IPUITHCHIBAHUEM
1 X IuHEHHO He3aBUCUMBIM CTOJIOIaM MaTpHUILl H , a mocae Hnii cToIoerr
HE BBIPAYKAETCS Ye€pe3 OCTAJbHBIE, C/IM OHU TAKXKEe JIMHHEHO HE3ABUCH-
MBI. R

C apyroit croponbl, eciu Mbl Bo3bMéM B Marputie H »(H)+ 1 cron6-
[IOB U3 IEPBbBIX N TAK, YTO COOOTBETCBYIONIUE CTOJIDIIBI TUHEHHO 3aBUCH-
MBI B H, TO UX TUHeiHas KOMOMHAIINS C TEMU ¥Ke KO3(DPUIIMEeHTaMn TaCT
crosiben, MpONOPIMOHATBHBIH nocaenremy. CleoBaTesbHo, B MaTpuIe
H ecrb »(H) + 2 nuneiino 3aBucuMbIx croabna, u »x(H) < »x(H) + 1.
Takum obpazom, d < JS d+1.»

Caencrsue 5.8. Eciau ¢ = 2 u d HeuéTHO, TO d=d+1.

<« Ecnu ¢ = 2, To Bce cioBa koga C mMeroT 4€THBIN Bec, mo3ToMy d 96T-
HO, 3HAYUAT HE PABHO d B JAHHOM CJIydae.p

3°. Pacmmpenne Kojia

Omnpegenenne 5.9. Ilycts C < F" — jumeiinstit [n, k, d],-xox. Toraa
npo ko C¢t, momy4ennsiii n3 xona C 106aBIeHreM KOHCTAHT U IPOBEPKH
Ha 4€THOCTh, TOBOPAT, YTO OH €CTb pacuiuperue koda C WU PaculupeH-
Houli K00 C.

CaencrBue 5.10. Ilycrs C < F" — nuneiinpiit [n, k, d],-xon, e conep-
sarmmit koncrant. Torna ko C“! ects mmneitnstit [n+1, k+1, d***] -xon,
rae d**t =n — Syax + 6, § € {0,1}.

4°. JlekapTOBO IIpoM3BeleHNEe KOJI0B
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Onpegenenne 5.11. Ilycrs C; — mumeitnste [n;, k;, d;],-KOabI HaJI TIO-
aem F, 1 =1,...,m. Torma o koxe

C = Cl X oo X Cm < I[;wnJr--'erm7

COCTOSIIIIEM W3 BCEX CJIOB BUAA (1,...,8,), a; € C;, i =1,...,m, TOBO-
pAT KaK 0O dexapmosom npouseedenuts k0006 Cq, . .. ,Cyp,. IIpu 3TOM KOIBI
C; Ha3bIBAIOT KomnoHnenmamu xKoxa C.

IIpennoxxenne 5.12. Koz C ects [ + - - + N, ki + - - - + ki, d] K0T
mist d = min{dy,...,d,}. C — nuHEHHBIT KOI TOrIA U TOJIBKO TOTAR,
KOTJIa BCE €r0 KOMIIOHEeHTLI JuHeHHbl. [Ip1u 3TOM mpoBepoyYHas MaTpUIa
koma C 331a8TCsI PABEHCTBOM

H, 0 0
0 H, 0
H = . ,
0 0 H,,
rune H; — uposepounas marpuna koga C;, i =1,...,m.

5°. Ten3zopHoe npou3BeJ/ieHNE KOJIOB

Onpenenenne 5.13. Teusopuvim npouseedenuem mampuy A €
My n(F) u B € My ;(F) nazbiBaercsa marpuiia
auB N alnB
A® B = S Mmk,nl(F)~
am1B ... amnB
Omnpenenenne 5.14. Ilycrs C; — mumeiinste [n;, k;, d;],-Koasl Hag mo-

agem F, i = 1,2. Tenszopnom npoussedenuem x0doe C; u Co HA3BIBACTCSH
koi C =C; ® Cy € F™™2 opOoxKIEHHDIHA BCEMU CJIOBAMU BUJIA

a®b, acC;,bely

(MOJT TEH3OPHBIM MPOU3BEAECHNEM KOMOBBIX CJIOB TTOHUMAETCS WX TIPOW3-
BeJleHMe Kak 1 X n; Marpu).

IIpennoxxenme 5.15. Ilycrs C; — nuueiinste [n;, k;, d;],-Komsr HaL mo-
aem F, ¢ mopoxparomuvn marpumamn G e My, n, ¥ TIPOBEPOYHLI-
Mu Marpumamua H® ¢ My, —k;nis © = 1,2. Torma xon C = C; ® Ca
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€CTb JIMHeHHDIN [1Mg, k1 k2, d1ds],-KOX ¢ mOporkparorneit marpureit G =

G ® G® u mposepounoii marpueit H = ( g:)g[f(% >
al?

< Iycrs GO = : ,1 =1,2. JItoboe caoBo xkoa C TUHEHRHO BhIpa-
al)

KaeTcs Iepe3 MHOMKECTBO CJIOB agl) ® ag2), r=1,...,k1,s=1,...,ko.

OTHU CJAOBa COCTABJIOT MHOXKECTBO CTPOK Marpuiibl G, Cjei0BaTeIbHO
OHA SIBJISIETCS TOPOXKIAoIIeil maTpuIiei komaa C.»

Ilo cBoiicTBy Temsopuoro mpomssenennsi dimC = rkG = rkGW) .
rkG® = kiks.

Boraucimm paccrosinue koga C. st 5T0ro paccMorpuM u3oMopdu3m
@ Fmnz — M, (F) THHERHBIX TPOCTPAHCTB, COMOCTABIISIONINH JIIO-

6oMy CJIOBY € = (C1,. .., Cpyny) MATPHILY
C1 SR Cny
p(c) =
c(nlfl)nngl oo Cping

Torna s 0bbix a € C, b € Cy cioBy
a®@b= (albl,"'aalbn27a2b1a~"aa2bn27"~,an1bla"'7an1bn2) ecC

COOTBETCTBYET MaTpPHUIIA

a1b1 a1b2 N albn2

a2b1 a2b2 e agbnz
vla®b) = . ) ) ,

Gn, b1 anbe ... ap,bn,

crosbIbl KOTOpoii mpuHaiiexar koay Cr, a crpoku — Ca. ITo nmueiinoctn
9TO BEPHO 1A J11000# Marpunbl u3 npocrpascrsa ¢(C). CieoBaresHo,
ecm M € ¢(C)\{0}, To B M ecth cTosber ¢ BecoM He MeHee dp, & 3HAINT
ecTh He MeHee d; HeHy/IeBOil CcTpoku. Bec KaxKoit W3 9TWX CTPOK HE
MeHee ds, modToMy B Marpuiie M He menee dids HEHYIEBBIX 3JIEMEHTOB.
3HAYUT, CTOJIBKO K€ HEHYJIEBBIX JEMEHTOB COJIEPXKHUT KOJOBOE CJIOBO
c= ¢ Y M) e C\{0}u ||| > dids. Taxum obpazom, d(C) > dids.
Beibupast a € C1,b € Cy mak, uro ||a|| = di, ||b|| = d2 momyuaewm,
aro |la ® b|| = dids. Cnemosarensno, d(C) = dide. Ocramoch maiitn
POBEPOYHYI0 MaTpuIly Koma C.
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VYenosue HGT = 0 Bumonmeno mo ompesenennio Marpur, G u H.
Ilycte ansg ciaoBa ¢ € F™'™2 BuIMOTHEHO PaBEHCTBO H ¢’ = 0. Torna
s Marpunbl M = ¢(c) 910 03HAYAET, YTO BbLIIOJHEHbI PABEHCTBA
HOM =0, HOMT = 0. U3 ycaosus HAMT = 0 crenyer, aro crpo-
KU Marpuilpl M ABIAIOTCA JTMHEHHBIME KOMOMHAIMAME CTPOK MaTPULbL
G® | nosromy M = UG®P ans mekoropoit marpumst U € My, k, (F).
Torma HOM = HOUG® = 0. Iockombky crpokn marpuisl G2 -
HeifHO He3aBHCHMBI oTciona ciaeayer, aro HWU = 0. 910 oznagaer, ato
crosibnpl Marpuiibl U npuHaagexar kofay C; U JIMHEHHO BBIPAXKAIOTCs
gepes croa6upr marpunst G, Torna us pasencrsa M = UG®) za-
KJII09aeM, 9To marpuiia M sBaseTcs JUHEHHON KOMOMHAIMEN MaTpwIl

a(l) T a(2) a eé npood — HHOI (§) i
» cag”, poobpas CJIoBO € JMHEHHON KoMOWHAnuel CJaoB

agl) ® a(f), r=1,...,k,s=1,..., ko, 6a3ucubix ana komga C. Takum
obpasom, ¢ € C. BHauuT, OJHOPOIHOI cucTeme ¢ Marpureir H ynosierso-
paoT cyioBa Koma C M TOJIBKO OHHU, TOITOMY H — TIPOBEpPOYHAST MATPUIIA,
3TOrO KOJA.

6°. TubpuaHbIi Ko,

Onpegesenne 5.16. ITycrs C; — nuneitnste [n, k;, d;],-KOABI HaZ HOIEM
F, i = 1,2. I'ubpudom xodos xodos C; u Co mazbiBaercs kox C = C;
Co € F?", cocrogmmuil U3 BCEX CJIOB BHIA

(a,a+b), acCy,b el

IIpennoxxenme 5.17. Ilycrs C; — nuueiinsie [n, k;, d;],-Koxpr HAT HO-
aem F, i = 1,2. Torna kozx C = C; 4 Co ects muuedinstit [2n, kv + ko, d]q-
ko1 ¢ d = min{2dy,ds}.

<« ITo mocrpoenuto oueBuamno, uro C ectsb auHeiHbIl (21, k1 + ko] -Kom,
Boruncomm ero paccrosaue. Cpasy summo, uto d < min{2d,,ds}, mo-
ckonbky B C ecth cioBa (a,a) u (0,b) ¢ ||a]| = dy n ||b]| = da.

C Ipyroii CTOpOHBI IO HEPABEHCTBY TPEYTOJBLHUKA, MOIYIaeM, U4TO

[|(a,a+b)[| = [la][ + [la+bl[ = |[a]| + [[[a]| - |[b]]| .

Ecim a = 0, To Bec Takoro cioBa He MeHbIE dg.

Iycre a # 0. Ecma [[b]| > |[al[(> 0), To [[a]| +[||a|| — [[b|| = |[b]| >
dy. Mycrs 0 < [|b]| < |[la]|. Nueem [|(a,a +b)|[ > |[a]| > |[b]| > dy,
nnave b =0 u ||(a,a)|| > 2d;. »

7°. YBesqindeHne pa3sMepHOCTHU C COXPAHEHUEM PaCCTOSHUS
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IIpemsoxxenne 5.18. Ilycts C — nuneiinsit [n, k, d],-xox nazg nomem F
ub € F"\ C - cj10BO, paccTosiHue OT KOTOPOr'o /10 JIFO0Or0 CJI0Ba U3 KOZA
C me menbmme, veMm d — 1. Torma xon C/, cocTodgmpii m3 BCeX CJIOB BHAA

(a+ab,a), aeC,ael,

ectb JmHedHbI [n + 1,k + 1,d]-kon. Ecim G — mopoxjaommas Mar-
puna koma C, To mopoxkmaromei nusa C' Gymer, HAIpUMep, MATPHIA

, (G oF
a-(¢%)

8°. I'panuna I'paiicmepa.
Hasnee 6ynem ucnosb3oBarh obo3navenue [x]| = min{i € Z : i > z}.
Jlerko mposeputh, uro eciu a,b € R u ¢ € N, To

a 51
— | =|—]. 5.1
[bc—‘ ’V c -‘ (5.1)
HeficTBATEIBHO, IJIsT JI000TO0 i € 7, nMeeM
i>L gic>%sic> [9] i 2l
~ be ~ b =1 ~ ¢

Teopema 5.19 (I'panuna ['paiicmepa). Ilycrs C — nuneitasit [n, k, d -
Koz Has, nojem F. Toraa

nz’gm 52)

<« 1. O6ozuauaum 1epe3 N, (k,d) nanmenninee qucno N, A8 KOTOPOTO
CYIIeCTByeT JUHEeHHBIH Kox Ham F amuasl N pasMepHOCTH k, paccTos-
HHUE KOTOPOTO HE MEHbIe d. 3aMeThuM, 9TO 3TO ONMpeIeIeHne KOPPEKTHO:
JIOCTATOYHO PACCMOTPETh KOJ, JJIUHbI kd, COCTOSNIMI U3 BCEX CJIOB BUA

(Q1y ey @1, Qe oy Qg e vy Q)y Qe € T
—_——— ——— —_———
d pa3 d pa3 d pa3

Emre 3amernn™, uro dyukus Ny (k, d) MOHOTOHHA IO BTOPOMY apryMeH-
Ty: Ng(k,d) < Ny(k,d) mpu d < d.
2. JTokazkeM CJemyoliee HEpaBEHCTBO:

N,(k,d) > d+ N, <I<:—1, M) (5.3)
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ITycTh HEKOTOPHKIi [n,k,d]q—KOﬂ cn = Ny(n,d) u d > d 3amaéres mo-
poxjaromeit Marpureit G pamra k, mepBasi CTpOKa KOTOPO#l MMeeT BeC
d. Tlepexonsa K JuHEHHO SKBHBATEHTHOMY KOIY, MOXKEM CUUTATh, 9TO
marpuia G cocrout u3 k CTPOK U UMEET BUJT

Bamerum, uto rkG’ = k — 1. [elicTBUTENBHO, 3aUIIEM CTPOKH MAaT-
puunt G B Buze a; = (a}la), i =1,...,k, rue a} u a — crpoku marpun
G’ u G”, mpuuém a} = 0. Jomycrum, 9T0o Zf:z Aia; = 0 a1 HEKOTOPBIX
Ao, ..., \p € P. Ilonoxum b = Z?:z A;a). fcHo, 9TO IJIst HEKOTOPOTO
A € F umeem ||b— \ay|| < d. Carenobarensho,

k k
= a1+ 3" Nasll = [ = A@tlal) + 3 N(aila)l| = 11(0fb = Aa})l| < d.
i=2 =2
OoTKyzma —Aaj + Zf:z Aa; =0 da=...= X, =0.
ITycts Teneps d’ — muAMMannHoe paccrosaue koma C', TOpOoXKIEH-
mHoro crpokamu Marpunsl G'. Torma B xome C COZIEPIKUTCA CJIOBO BH-
1ma (alb), vae ||a|]| = d'. Ho B ciose b muunbl d Hag F xors 6bl oxuH

CUMBOJI, CKazKeM, A\, BCTPEYAECTCS HE MEHEe HUeM {ﬂ pa3 (uHaue [muc-
JIO BXOXKJIEHUI KarKJIOTO CHMBOJIA MEHbIIe CZ/ q, & CyMMa 3TUX ¢ TUCE]
paema d). Swaunt, ||b — Aaf|| < d — [g—‘. ueem d < ||(alb) — Aa1|| =
d'+||b=Xa¥|| < d' +d— [g—‘ . Takum obpazom, d’' > {ﬂ > E—‘,nosTOMy
n—d>n—d> Ny(k—1,d") > N, (k -1, H—D, OTKyJZIa Cpasy CJIemyer

(5.3).
3. Temepb NpPHMEHHM [OKA3aHHOE HEPABEHCTBO K [n, k,d|,-Komy
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HECKOJIbKO pa3. Mmeem

n > Ny(k,d) > d+ N, (k—l, M
q

U
_
+
=
o
|
N
—
Qe
_
1
=
g

>+ |

o [ (k-2 [4]) 2
q q
d d ] d
Zd+[q}+...+[qk_2 +Nq(1, LI’HD’
OTKYJa

CJIEAYeT YTBEPXKJEHUE TEOPEMbI, IIOCKOJIbKY, odeBunuo, Ny(1,m) = m
JIJIs JTI000TO HATYPAJIBHOTO YHCJIA, 171. B>

9°. YMeHbIIIeHne JJINHBbI KOIa

IIpennoxxenue 5.20. Ilycrs C — mumeitnstit [n, k, d|-Kom Hax moieM
Fu € C — cioBo Beca d C HEHYJIEBLIMH KOODJMHATAMU B HOZUIIUAAX
i1,...,1q. Torna kou C, nosydaromuiics usz koja C BblYepKUBAHUEM BCEX
CJIOB, TPOMOPIUOHAIBHBIX C, U BLIYCPKUBAHAEM B OCTAJBHLIX CJIOBAX KO-
ODJIMHAT C HOMEPAMH 41, . . ., iq eCTh JuHEHHbIH [n — d, k — 1, d1]-Kox, rae
di > E—‘. Ecmu C — ne MJIP-kox (T.e. d < n — k), TO IBOWCTBEHHBIH K
— —o0
kony C xkon C ectb [n—d,n —d — (k — 1), dg]-xom, roe dy > d(C°).

<« TlepBoe yTBepKeHWE Cpa3y CIeIyeT W3 J0Ka3aTeIhCTBA TMYyHKTA 2
TeopeMbl O Tpanure ['paiicmepa.

BBe,Z[eHHaH B 9TOM yTBepxkJeHun marpuiia G’ Oyner mpoBepouHOil
17151 Kofa C, HOITOMY 9TO JHHEHAHbIH KOJ, JTHHBL 1 — d M PA3MEpPHOCTH
(n— )—rkG’:( —d)—(k—1)>1, k. d<n—k.

[Iycrs G — nopox raromniasi Mmarpuna Kojaa C, oHa 2Ke OyJer npoBepod-
HOIt MaTpurieit aist koma C°. Torma mo mpeyIoKEHN 0 O CBS3U PACCTOSTHS
KOJla M rapaHTupyemoro panra mveeM x(G) = d(C°) — 1. I mockonbKy
KOJI, ¥ ABOMCTBEHHBIH K HeMY aBastoTcs M/IP-kKomamMu 0HOBpEMEHHO, TO
#(G) < rkG = k. Takum obpaszom, aucio s(G) He MPEBOCXOIAUT YUCTA
k — 1 cronbuos marpunst G'. C yuérom 3Toro, u3 crpoenus Marpunsl G
BUJIHO, uTO B MaTpuie G’ nobbie »(G) cTOIOIOB JTHHEHHO HE3ABNCHMBIL.
Caenoparenbho, »(G') > »(G). B urore nomydaem, aro dy > d(C°). »
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CaencrBue 5.21. Ilycts C — mumeitnsiit MJIP-xox [n, k, d],-Kom Haz
mosiem F mormaocTr ¢ pa3zmepuoct k > 2. Tormad < qun<g+k— 1.

<« ITockosbky C — MJIP-ko1, tod = n—(k—1) un = d+k—1. Ilosromy
B 0603HAYCHHUAX MPEIBIIYIIEro JOKA3ATe/IbCTBa uMeeM, 4To marpuna G’
pasmepa (k—1) x (k—1) umeer 1kG’ = k — 1. Cnenosarensuo, C = FF~1

u d; = 1. Otxyzna H—‘ <l,d<gqun<gqg+k—1.»

3ajgaun K Jgeknuu 5.

3agaua 1. OmpenenTe KOIOBLIE TapaMeTPhl PACHIMPEHHOTO CUMIIIeKC-
noro koma Sp(k)“** (em. mocneammit npumep Jlekmuu 1). Byger qm on
Jexarh Ha rpanure IlmorkmHa?

3agaua 2. Onpenenure KOJOBBIE TAPAMETPBI PACIIAPEHHOTO JBOMIHOTO
koza Xammunra Ho(1)¢*t. Byser jiu oH coBepieHHbIM KOJIoM?

Bamaga 3. [okaxkure, uro nms mo0bx Marpun A € M, ,(F) u B €
Mj, 1 (F) Bomomnneno rk(A ® B) = rkA - rkB.

3amaua 4. IIpuBensure mpumMep, KOTIa TEH30PHOE IPOM3BEICHUE IBYX
[n, k] MOP-konoe Toxe sisisierca MIP-komom?

3amaga 5. [Ipmenure KOHCTPYKIMIO U3 paszesa 7 ‘“Ypenudenue pas-
MEPHOCTH ¢ coXpaHeHWeM paccrosiuus’ K [n, k] kony Puma—Comomona C
¢ mapamerpamu x1 = 0, T3, ..., T, — PA3IUIHBIE HEHYJIEBBIE JIEMEHTHI
monsa F, uy = ... =u, =1 ucaosy b= (0,2F,...,zF).

Bagaga 6. Ilpm kakwux sHauenmsx k xkox C’' m3 mpenpLaymieil 3amaqu
sapasercas MIP-konom?

3amaua 7. IlpuBeanTe mpuMep Koma, JeKaIero Ha rparuie I'paiicme-
pa.
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Jlekmusi 6. OcHOBHBIE NOHATHUS Teopuu KoJer. JlokajJdbHbIe
KOJIbIIAa, 9KBABaJICHTHBIE OIlpe/ielieHns. Pa3jiokeHne KOHEYHOTO
KOMMYTATUBHOTO KOJIbIIA B MPAMYIO CYMMY JIOKAJbHBIX KOJIEII.
AHHyaaTOpHI HAeasIa B MOAYJE€ W MOAMOJYJIs B KoJibile. Jlemma
Hakaawvbl. Pagukan /I>kekobcoHa KOHEYHOTO KOMMYTAaTUBHOTO
KOJIbIA U IIOKOJb MOJYJIsI, CBSA3h MeXxkay Humu. Cucrembl oopa-
3YIOMIAX MOIYJIS.

IIycts R — KOHEUHOE KOMMYTATUBHOE KOJIBIIO ¢ 1 7 0.

1°. OcHOBHBIE IOHATUS Teopum KoOJIell.

Omnpegenenne 6.1. Ilycrs R, S — kosbuna. Orobpaxkenue f: R — S
HA3BIBAETCS 20MOMOPPHUIMOM KOTIBITA TR B KOJBIIO S, €CJIN OHO COXPAHSIET
oTeparuu:

Va,beR, fla+b)= f(a)+ f(b), flab) = f(a)f(b).

Mpbr 6ymem paccMarpuBaTh TOJIBKO YHATAPHBIE TOMOMOP(MU3MBI KOJIEII,
T.e. TAaKHE TOMOMOP(MU3MBI, KOTOPhIE OTOOPAYKAIOT EIUHUILY KOJbIA R
B eauauiy Kojibia S. omomopdusm HasbiBaercs u3omophuzmom, ec-
JIi OH SBJIsieTCS OMEeKTHBHBIM OTOpaxkeHmeMm. Koubia, MEXIy KOTOPBI-
MH UMeeTCs W30MOP(MU3M, HA3BIBAIOTCA U3oMmopPHomu (0bo3HaYeHUE

R = S). C kaxapim romomopdusmom kosier, f : R — S cBs3aHbl €ro
o6pas Im(f) = f(R) n adpo ker(f) ={x € R: f(x) =0}.

Onpepnenenne 6.2. [logmuoxkecTBo I KOMbIAa R HABBIBAECTCS MPAGHIM
(ne6vim) udeasom 3TOro Kosbla, eciu I — MOAMOLY/Ib IPABOrO MOJLYJIs
Rr (aesoro mouyist g R). [logmuoxkecrBo Kosbua R, KOTOPOE sABJIAETCH
U TIPABLIM U JIEBBIM UJIEAJIOM KOJbLIA R, HA3bIBAETCA udeasom (MHOTIA
YTOUHSIETCS: IBYCTOPOHHUM HJIEAJIOM ) KOJIbIA R, 9T0 0003HAYAETCSA TAK:
I <'R. B ciiygae KOMMYTaTHBHOTO KOJBITA BCE U/I€AIbI — JIBYCTOPOHHME.

Onpenenenune 6.3. Ilycrs I — uneasn kosbia R. Paccmorpum muo-
JKECTBO BCEX CMEXKHBIX KiaccoB {x + I : x € R} anauTuBHON TPyMITHI
KOJIbIA R 1O moArpymnme I u 33JaIuM HA STOM MHOYKECTBE OMEPAIlnn

@+D+y+D=(@+y) + 1 @+ Dy+1)=ay+1

Jtst 100bIX .,y € R. IlonydeHHOe KOJIBIIO HA3BIBAECTCS PaKmop-Koabyom
Kosbiia R o umeany I m obosnauaercs R/I. Orobpawenne m : R —
R/I, 3amannoe paBercTBoM 7(x) = x+1 mis moboro © € R, HA3BIBAETCS
KAGHOHUYECKUM 20MOMOPPHUSMOM KOTBITA HA (DPAKTOP-KOJIBIIO.
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Onpepesienne 6.4. Koneunasi (BHEIIHSS) npaAmMas cymma Koser Ry @

... ® Ry, 9TO MHOKECTBO R X ... X R, (T.€. 1eKapTOBO IPOU3BEICHIE
MHOXKECTB R, ..., R,) € HOKOODIAUHATHBIMU ONEPALUAMU CJIOKEHUS U
YMHOKEHHUSI.

Onpegenenne 6.5. daemenT e € R HA3BIBACTCS UJEMNOMEHTOM, €CIIN
e? = e (3amermm, uto ipu 3toM (1 —e)? =1 —2e+e=1— e — Takxe
UJIEMIIOTEHT).

JIemma 6.6. s sroGoro r € R cymecreyer k = k(r) € N, qys koro-

poro r* — maemmoTenT.

<« Buibepem m,n € N, naa xoropeix ™" = ¢ YuMHOXKag HA r'™ 1
r"™ HEeCKOJBKO pa3, mMmeeM rP"TI™ = pP" nag mobwx p, ¢ € N. Ocragock
B3ATh p =m,q =nu k =mn.»

Onpepnenenne 6.7. I[loanoe 0pmozoHasbHoe MHONCECTNEO UIEMNO-

menmos (cokpamguno, ITOMH) — 310 Takas CHCTEMa 3JIEMEHTOB
e1,...,en € R\ {0}, aro
1) ejej = dij€i, 1 < i, j < n, B yactHOCTH, €7 = €;, i = 1,...,n;

n

i=1

Teopema 6.8. R=ER; P ... PR, TOrma u TOJBKO TOTIA, KOTIA CyIIe-
crByer I[IOMU e, ..., e, € R Takoe, uro R; =2 Re;, i =1,...,n.

< “="7 Tlomoxum e; = (0,...,0,1%,,0,...,0). ITo onpenenenuto onepa-
Ui B OPAMOM CyMMe KOJIel MHOXKECTBO €1, ..., e, apiagerca IIOMU u
Rei = Rz

“<” Ilycrb eq,...,e, € R — IIOMIU. 3anamum orobpazkenue ¢ :
R—=Ri®... R, ak, uro ¢(r) = (re1,...,ren).

IIposepum, uTo ¢ — romomopdu3am KoJer. /leficTBUTeIbHO, NI TPO-
M3BOJIBHBIX 7, § € R nMeeMm

p(r) = (reg,...,ren), ©(s) = (se1,...,se,).
OTKyza cpasy ToJIydaeMm, 9To
e(r+s)=(r+s)e,...,(r+se,) =
= (rey,...,ren) + (se1,...,se,) = o(r) + ©(s).

Kpowme Toro

— 2 _ oce. Vi —
rsej =rse; =rejse; Vj=1,...,n,
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TO3TOMY
o(rs) = (rsey,...,rse,) = (reysey, ..., repse,) = o(r)e(s).

ITposepum, uro ¢ — Guekius. YcaoBue, uro r € ker(y) o3nagaer, 4To

(re1,...,ren) = (0,...,0), r.e. re; = 0 must Beex @ = 1,...,n. Cuenosa-
n

TesmbHO, 1 =71 -1 = Y re; = 0, 3naunr, ker(p) = {0}. abekTuBHOCTD
i=1

orobpaxkenus ¢ nokazana. Lnsg r = rie; +- - -+rpe, UMeeM re; = 1;€; 10

OPTOroHaJILHOCTH, IO3TOMY (1) = (re1,...,re,) = (r1€1,...,Tnen) —

[IPOU3BOJIBHBIH 3j1eMeHT KOJibla R1 P ... AR, T.e. ® — CIOPHEKTUBHO.P

Onpenenenue 6.9. Diaement r € R HA3BIBACTCS HUALTOMEHITIHOIM,
ecmu cymectByeT n € N, ato " = 0.

Onpepenenne 6.10. Onpemennm mpoussemenne uaeanaa I kombia R
Ha npasblit R-Momyns M:

n
MI = E z;a; :n €Nx;, € Mya; €1
i=1
B uwacTHOCTH, TAKIM 00pa30M OIpeIesIeHbl cTeneny naeana: I, 12, . . ..

Onpepenenne 6.11. Nnean I <R HA3BIBACTCA HUADTOMEHTHbLM, €CIIH
I™ = 0 gna mekoroporo n € N.

Onpepenenne 6.12. Paduxan J(R) KOHEIHOIO KOMMYTATHBHOTO KOJIb-
a R — MHOXKECTBO BCEX €r0 HUJIBIIOTEHTHBIX 3JIEMEHTOB.

JIemma 6.13. J(R) — HuabIOTEHTHBIH naeant B R.

<« J(R) — unean B R, nockosibky eciu r"™ = 0,sF =0, To

(r 4 s)"tF =
n+k n n+k
— Z C;+k7”i8n+k_i — Z C;+kri8n_i5k + Z CriLJrkrnri—nsn—i-k—i —
=0 =0 i=n+1

—0+0=0,
u jyisg moboro u € R: (ur)” = u™r™ = u"0 =0, re. r+ s,ur € J(R).

B cuny xomeunoctn R muoxkectso J(R) Toxe koneuno. ITosromy
cymecrsyer t € N, aro a® = 0 ms Beex a € J(R) (Gepém makcumym
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TaKNX CTETEeHedl Mo BceM aemenTam pajukana). [Iyers m = [J(R)]. To-
raa 1o npuniny Jdupuxie B npoussenenun jiiobbix N = m(t — 1) + 1
9JIEMEHTOB Z1,...,ZN € J(R) XOTs Obl OIMH JEMEHT Ts HOBTOPIETCS
10 KpaiiHneit mepe ¢ pa3, 4TO B CUJIy KOMMYTATUBHOCTHU KOJIbLIA O3HAYAET,
970 NMPOU3BEIACHUE T1 -+ TN = (acs)t -a = 0a = 0, rue ¢ — npousBeeHne
octapmmxcs daementos. Otkyma J(R)N = 0. »

2°. JlokaJabHBIe KOJIbITa, SKBUBaJIEHTHBIE OIIpeJdeJIeHud.

Omnpepnenenne 6.14. Kombio R HA3BIBACTCA  AO0KAALHOILM, €CIIH
dakrop-kompo R/J(R) — none.

Cremytorast TeopeMa JaéT YeThIpe IKBUBATECHTHBIX OMPeIeIeHIs JIO-
KaJIbHOI'O KOJIbIIA.

Teopema 6.15. Ciemnyromue yrBepKIeHNs IKBUBAJIECHTHBL:

1) R — si0KajIbHOE KOJIBLO;

2) B R posHo nBa uzaemmnorenta (0 u 1);

3) VYa € R opuu u3 nemenToB a ubo 1 — a obparuwm;

4) R =R*UJ(R), rue R* — rpynia o6paTuMbIX 3JIEMEHTOB KOJIbIA R.

< “1)= 2)” Homycrum, 9r0 B R €CTb HIAEMIOTEHT €, OTindHbii or 0 u 1.
Torma 1 — e # 0,1 — Toxke HeTpuBHaAIbHBIN uaemnorent. [1o onpenee-
nuio e, 1—e ¢ J(R). B dakrop-xonbue R/J(R): e+ J(R),1—e+J(R) —
HeHyseBble dteMeHTsl, Ho (e + J(R))(1 —e+ J(R)) = 0+ J(R). B no-
ge R/J(R) uer nemureneit myis, nosromy e uiu 1 — e jexur B J(R).
IIpoTuBopeune.

“2)=4)” Hug npoussosbHoro a € R 1o jemme 6.6 cymecrsyer k € N,
qro a® — unemmnorent. ITo yemosuio 2) BO3MOKHBI 2 Clyuas: ak =1, nubo
a* = 0. Ecm a* = 0, To mo ompenenenmio a € J(R). Ecm af = 1, To
a-a*1=11e ad" ' =a"twuwac R Orxkyra R = R* UJ(R).

“4)= 3)” Ilja mpou3BOJBHOrO a € R, qubo a cam obparum, JubO
a € J(R). Bo Bropom cayuae a® =0u (1 —a)(l+a+ - +a" 1) =
l1-a"=1,(1-a)'=1+a+---+a""1, nosromy 1 —a — obpaTuMbIif
9JIEMEHT.

“3)= 1)” [nsa mpou3BOJBLHOrO ¢ € R OIUH U3 DJIEMEHTOB ¢ OO
1 —a obparnwm. Ilycrs a ¢ J(R). Torga aaa nexoroporo k € N a* = e —
unemnorent. Equncreennsiiit unemnorent B J(R) — 310 0, MOCKOIBKY
A maemmnorenta e u moboro k € N: ef = e, ¢ apyroit croponsl ayis
e € J(R) cymecrByer m € N ™ = 0, orkyza 0 = ¢™ = e. I[lo ycaosuro
a* # 0, mostomy e ¢ J(R). Bamernm, uto ecr e # 1, To e(1 —e) =0 m
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enm 1 — e — HEHyJIEBbIE IEIUTENN HYJIs, CIEIOBATEIHHO, HE MOTYT OBITH
obparumbl. [IporuBopeune ¢ yciosuem 3), 3uauut, e = 1. [losromy 3i1e-
menT a + J(R) — obparum B HakTOP-KOJIbIE, T.€. B 9TOM KOJIbIIE JH000I
HEHYJIEBOI OOPAaTUM U OHO SABJISIETCS IOJIEM. B

3°. PazioxkeHne KOHEYHOTO KOMMYTAaTUBHOTO KOJIbIla B IIpHA-
MYIO CyYMMY JIOKAQJIbHBIX KOJI€Il.

Teopema 6.16. Jli0060e KOHEYHOE KOMMYTATHBHOE KOJIBIO R ¢ 1 # 0
pacCKJaJbIBaeTCd B MpaAMYIO cyMMy R = R1 @ ... & R, rue Bce R; —
JIOKAJIbHBIE KOJIbIIA.

<4 B R ectb IIOMU (nanpumep, uz oxxoro ssiementa 1). Bosbmém cpenu

HEUX CaMyI0 OOJIBIITYIO TI0 YUCITy 3JIEMEHTOB (TakKas CYIIECTBYeT B CHLLY
koueunoctu R) TIOMU eq,...,e,. R=R1 ... d R, n1a R; = Re;.

JlokaxkeM, 9TO Ajs KaxKAoro ¢ = 1,...,7n KOJbIO Re; JOKAIbHHO.
Jomyctum cymecrsyer e € Re; — unemnorenTt u e # 0,¢;. Pacemor-
DUM CHUCTEMY €1, ...,€;—1,€,€ — €,€i11,...,€n. MeeM e+ (e; —€) = ¢,

n

HodTOMy €1 + ...+ €1 +e+e —e+ep1+...+e, = > e = L
j=1

Taxzke u3 ycjioBus e € Re; umeem e = e;e = ee;. Orkyna e(e; —e) =0,
ee; = ee;ej =0, (e, —e)e;j = 0—0 = 0 gaa Bcex j # i. Iomyuunu
66bIryio 1o unciy snementoB [IOMU, nporusopedne. Takum o6pazom,
B KOJIbLIE Re; POBHO JIBa MJEMIIOTEHTA M OHO SABJIACTCH JIOKAJbHBIM II0
ycaoBuio (2) TeopeMnt 6.15. »

Onpepenenne 6.17. NpemmorenT e € R HA3BIBAETCI AOKAALHHIM
UdeMMOMERTNOM, €CJIA KOJIBIO Re JTIOKAIBHO.

Cuencreue 6.18. [l mpou3BOSBLHONO KOHEYHOT'O KOMMYTATHBHOTO
kosba R ¢ 1 # 0 umeem R/J(R) = F1®...®F,, rue Bce F; — xoHeunble
TIOJIS.

n

<4R/J(R) = @(R/J(R))e; mo Teopeme 6.16. (R/J(R))e; — nokampHOe

=1
KOJIBIO C HYJEBBIM PAJUKAJIIOM, IIO9TOMY OHO CaMO ABJIAETCA IOJeM. b
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4°. Monayimn.
IIycts R — KOHEIHOE KOMMYTATHBHOE KOJIBIO ¢ 1 # 0.

Onpenenenne 6.19. Buemnsas npamas cymma My & ... & M, R-
mopyaeit My, ..., M, — MHOXeCTBO BCEX CTPOK (M1, ..., My, ), Tae m; €
M; Vi e {1,...,n}, c HIOKOMIIOHEHTHBIMYU CJIOKEHUEM U yMHOMXKEHUEM Ha
3JIEMEHTbI KOoJibLa K.

IIpennoxkenne 6.20. Ilycrs My, ..., M,— nogmomymu momyns M. To-
T/ CJIEIYIONINE YCJIOBUST SKBUBAJIEHTHBI:

1) Ecim x1+. . .42, =0, tmex; € M;,i=1,...,n,Tox1 = ... =2, =0.
2) Ons moboro ¢ € {1,...,n}:

Mn(M+...+Mi1+Miy1+...+M,)=0.

Omnpenenenne 6.21. Eciu nis cemeiicrsa mogmonyneit My, . . ., M, mo-
ayns M BBITTOTHEHBI YCIOBUSA TIpeyioKenusd 6.20, TO TOBOPAT, 9TO 3TO
cemMeiicTBO 00pasyeT npAmMYyr cymmy nodmodyaset. B arom caydae cymma
JAHHOTO CeMeicTBa 0DO3HAYAeTCs Kak mpsaMasi cymma: My @ ... & M,.
IToamomyns N momynsa M Ha3BIBAETCS NPAMbBLM CAG2GEMDBLM, €CTTA CYTIe-
crByeT nmoamoaysib K monynsa M, takoit, uto M = N @ K.

Onpenenenne 6.22. Ilyctro N — noamomyss npasoro R-momymns M.
PaccMoTprM MHOMKECTBO BCEX CMEKHBIX KyaccoB {x + N : x € M} az-
JIATHBHON TPyIIbl MOMysIst M 1o noarpymnme N ¥ 3a1aJUM HA 3TOM MHO-
skectre onepanyu (¥ + N)+ (y+N)=(z+y)+ N, (x+ N)r=xr+ N
st miobbix x,y € M u r € R. MHOXKeCcTBO CMEXKHBIX KJIAaCCOB, CHAD-
JKEHHOE STHME ONEPANUSME, OKA3BIBAETCS TPABBIM R-MOIYJIEM. JTOT
MOJLY/Ib HasblBaeTcsa paxmop-modyaem monyiasd M 1o nmoamomynio N u
ob6oznauaercss M/N. Orobpaxkenne m : M — M/N, 3ananuoe papeH-
crBoM 7(x) = = + N mas moboro © € M, Ha3BIBAETCH KAHOMUYECKUM
20MOMOPPHUIMOM MOIYNS HA PAKTOP-MOLYTh.

Onpenenenne 6.23. Moaynb V HA3bIBACTCS NPOCMbLM, WA HENPUBO-
JuMmbLM, €CTIM OH COIEPzKUT POBHO ABa noxmozays (0 u V).

Omnpenenenne 6.24. Ifoxosrem monyns M Ha3bIBaeTCs CyMMa BCEX
HELPUBOAMMBIX 110AMOysteil moayust M (ob6o3uadenue socM ). Ecau M
HE MMeeT MPOCTBIX MoAMOAy e, To cautaem socM = 0.

Onpenenenne 6.25. Monynns M Ha3BIBAETCS 6M0AHE NPUBOIUMDBIM, €C-
JIV KQXKIBIH TOAMOIYJIb MOy M BBIZEIAETCS TPAMBIM CJIATa€MbIM.

JIlemma 6.26 (Jlemma Hakasmbr). Ilycrs M — npasbiii R-Mozynb. Eciau
MJ(R) =M, 10 M =0.
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<« Ilycte MJ(R) = M. B srom cayuae MJ(R)?> = MJ(R) = M, u no
uaaykiun, M J(R)™® = M nus Becex n € N. Ho 1o iemme 6.13 cyiecrsy-
ern €N, aro J(R)" = 0. Tornza M = MJ(R)” = 0.»

Jlemma 6.27 (Jlemma Hakasgmbl, skBuBajentHas (DOPMYIUPOBKA).
ITycts M — mupasbiii R-mopyns, N < M. Eciu N + MJ(R) = M,
0 N =M.

< “=" Ilepexomum k M/N. Umeem M/N-J(R) = M /N, rorna no semme
6.26 BemosnHeno M /N = 0, snaunt, M = N.

‘<" YTBepKIeHre BBITOJHEHO jisi Bcex moayseit N. Bozpmém N =
0. »

IIpennoxenune 6.28. Ilycts M # 0 — xoneunbiit Mmomymas. Torma cy-
IEeCTBYIOT HeMPUBOAUMbIe moamonymu Vi, ..., V, < M takwe, 9TO

socM =Vi1 &...8V,.

<« B cuny KoHedHOCTH CyIecTByeT HeHyaeBoil moaMomnynb V < M ¢ mu-
HUMAJTBHBIM 9HCJIOM JIEMEHTOB. YCJIOBHE MUHUMAIHLHOCTHA B 9aCTHOCTH
o3HavaeT, 9ro V — HenpuBoguMbli Momyib. Ilomoxum Vi = V. Ecim
V = socM, 1o BCE TOTOBO, socM = V) — mpsamas cymMMa W3 OTHOTO
CJIaraeMoro.

WNnuadge cymecTByeT HENPUBOAMMBIN MOIYTb Vo {CZ V = V;. Torna
ViNVa <Vou ViNVa # Vo, 1k Vo € Vi, 3naunt, V; NV, = 0. Toraa
V1@ Ve <socM.

AmnajornyHo TpeABIAyIIeMy TIary UMeeM IBa BapuaHTta: Jaudo Vi @
V5 = socM u BCE rOTOBO, JTUOO CYIIECTBYET HEMPUBOAUMBIH MOIYIb V3 ;(_
V1@ Vs, Bo BTOpoMm ciryvae cHOBa MojydaeM mpamyio cymmy Vi @ Vo G Vs
u T.1. B cuity koneunocTu Momyast M 49ucio 1MaroB B 3TOM IIPOLECCE KO-
He4YHO, mo3roMy cymiectByer n € N, uyro socM =V, @ ... & V,.»

IIycts M — mpaBerit R-MOIyIb.
Onpenenenune 6.29. na S C M, T C 'R oupeneanM aHHYAAMOPbL
anng (S) ={reR: Sr =0},
anny (T) ={m e M : mT =0}.
ITo onpenenennio anng (S) < R, annp (T) < M.

OrmMernM erné HEKOTOpbIE CBOWCTBA aHHYJIATOPOB:
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IlIpennoxenne 6.30. Ilycts M — npassrit R-monyas, S C M, T CR.
Torma

1) S C anny(anng(S)), T C anng (annp (T));

2) eciu N1,No < M u N; C Ny, 10 anng(N1) D anng(Ns3), eciu
I, Ib R ul; ClI,, 10 annM(Il) D) annM(Ig);

3) ma N < M u I <<'R BBINOJIHEHbI PABEHCTBA:

annp (annys (anng (NV))) = anng (N),
)

ann s (anng (anny; (1)) = annpy (7).

<« 1) Iycrs s € S. Torga s - anng(S) = 0, caemoBarenbHO, § €
anny (anng (S)). Ananorngno, T C anng (annp (7).

2) oueBH/HO.

3) K annps(anng(N)) 2 N npumensieM yTBepyKAeHHe MyHKTa 2):
anng (annys(anng (N))) C anng (V). O6paTHOE BKIIIOTEHHE TIOJLY TAETCSI
OpUMEHEHHeM yTBepxKeHus nyHkTa 1) Kk T = anng (V). Ananorudno,
npuMeHss IyHKThI 1) u 2), mosydaem, 9to anny(anng (annys (1)) =
annps(I).»

Teopema 6.31. Ilycrs M — mpassriit R-mozyns, J(R) — paankas KOab-
na R. Torma socM = annps(J(R)).

<« Ilycts V' # 0 — HEMPUBOIUMBIH IOAMOYIH MOayJist M. JlokazkeM, 9410
V Cannp (J(R)). Umeem VJ(R) < V. Ecin VJ(R) = 0, To Tpebyemoe
BJIodenue Boinosnneno. Uuage, VJ(R) = V. Torna no nmemme Hakasimbr
(6.26) V = 0, uporusopeuune. Takum obpasom, socM C annps(J(R)).

O6paruo, ycth N = annp (J(R)). N npeBparmaercss B MOLYJIb HAT
kosbiiom R/J(R), eciu mjsg x € N eCTeCTBEHHBIM 00Pa30M IIOJI0KUTH
z(r + J(R)) = zr. Cormacuo ciencrsuio 6.18, mmeem R = R/J(R) =
Fi&...®F,, rae Bce F; — xoneunsre nons, F; =2 Re;, e1 +...ep = 1,
eiej =0, Vi#j. Torna N = Ney @ ... ® Ne,,. Kaxapiit mogyns Ne;
sapasgerca Re;-momynem. Momyab HaJ TIOJEM — 3TO JIMHEHHOe TIPOCTPaH-
ctB0. OHO PACKIAIBIBAETCS B MPAMYIO CYMMY OJHOMEDPHBIX TPOCTPAHCTB
(nenpuBoauMbIx Momysieit). Torga Ne; Kak CyMMa HENPUBOAMMBIX MOy~
neit comepxkurca B socM. dro Bepuo mis sodoro @ = 1, ..., n. OTkyna,
N CsocM. »

Onpenenenne 6.32. Ilycts S — mpou3BOILHOE MHOKECTBO SJIEMEHTOR
npaBoro momayiaa M wHaz koibioM R. Haumenbmuil (0 BKJIIOYEHUIO)
noamonyib (S)r Momyns M, comepkaiuuii MHOXKECTBO S, HA3bIBAETCSH
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NOOMOYAEM, NOPOAHCIEHHBIM MHOHCECTNEOM S. AHATIOTUIHO ompeess-
erca unean (T)r, nopoxaéHHbIT nogaMuOXKecTBOM T Kosibia R. Eciau
N = (S)g, roBopsar Takxe, 4o S — cucmema 06pa3YOUWULT NOOMOIY-
as N. Anasoruuno, ecniu I = (T)g, 10 ropopsr, uro T — cucmema
obpasyrowux udeara I.

IIpenmnoxenue 6.33. Ilycrs S — MpOM3BOIBHOE MHOYKECTBO JIEMEHTOB
npaBoro moayas M mam xkombinoM R. Torma

(SYr=SR=A{ax1rmm+...4+aprp:2, €S, €R,i=1,...,n, n>0}.

Onpenenenne 6.34. Moaynb, nmeromuit cucreMmy 00pa3yomux U3 Ofl-
HOTO 3JIEMEHTA, HA3BIBAETCS Yukauueckum MomymeM. Vimeasn, nmerommmit
cucTeMy 00pPa3yIOIINX U3 OJHOTO JEMEHTA, HA3BIBACTCS 2A06HbIM H1ea-
oM. Monynb (maean), IMEOUA KOHEIHYIO CHCTEMY OOpa3yIOIInX, Ha-
3BIBACTCH KOHEUHO NOPOAHCOEHNHbIM. [I7I51 KOHETHO MOPOKAEHHOTO MOZYJIs
M 4gepe3 p(M) 0603HAYUM MUHUMAJIbHYIO MOIIHOCTb €r0 CUCTeMbl 00-
Pa3YIONIHX.

U3 npengioxenns 6.33 ouesnmano, uro |[M| < |R|!, tne t = p(M).

Omnpegenenne 6.35. M — c60600ubiii R-modyav pareza t, ecid y Hero
CYIIECTBYET JUHEITHO He3aBucuMasd Hal R cucrema u3 t 00pa3yonmx.

W3 onpenenennit 0ueBNIHO CeayeT

Ilpennoxenue 6.36. M — cBoOOmHBIN R-MOIynb paHra t Torma u
ToJIbKO Tora, Korya p(M) =t u |M| = |R| .

ITo Teopeme 6.16 umeem R = R1D...HER,, rae Bce R; — JTOKAIbHDBIE
Kombna, R; = Re;. Torma Mr = My @& ... & M, tne My = Mes,
s = 1,...,n. Kaxgerit monyns M, aBasercs Rs-MomynaeM, TOCKOIBKY
Rs =Res = esR.

IIpengioxxenne 6.37. p(Mg) = max{p((Ms)r.) : s € {1,...,n}}.

<« Ilycto mgq,...,m, — cucrema obOpasyomux womyas M. Torma
mies,...,mres — obpazytomme mua (M;)g,. Horomy p(M) > p(Mj).
O6parno, mycTh m§5>7...,m$§> — obpasytomue (My)g,, s = 1,...,n.
IMomoxum r = max{ry, ..., ,} ¥ JOIOJHAM ITPU HEOOXOJUMOCTH BCE CH-
CTE€MBI 00OpPA3YIOMINX HYJIAME, 9TOOBI CAMTATh, 9TO ' = '] = ... = T'p.
Torma B M MOKHO B3ATH 00pa3yiomue my = mgl) +.. .+m§"), e, My =

m£1)+...+m£n). >

32



O6o3uaany M = M/MJ(R). Oaa m € M nonaraem m = m +

MJ(R) € M. Tlo nemme Haxasubr (6.26) econ M # 0, to M # 0.
Ecmu R — JlokaibHOe Ko/bIo, To daxkTop-Kombino R = R/J(R) — nose.

Mogynsn MR TIPEBPAIIAETCS B TPOCTPAHCTBO HAT R
Vine M, a=a+ J(R) € R : am = ma.

ITpn sTOM TOAMOZYIW MOMY/IS MR 7 TIO/IITPOCTPAHCTBA TTPOCTPAHCTBA
7= M COOTBETCTBYIOT JApPYT JIPYTY.

IIpensoxenne 6.38. Ecim R —nokanbHOe Koiblo, To p(Mg) =

dimz M, n ga mobeIxX my,...,my € M paBeHcTBa

M= (my,...,mi)r (6.1)
u —

M = z(my,...,my) (6.2)
SKBUBAJICHTHEI.
<« Pasencrgo (6.2) paBuocuibo ycjosuio M = (my,...,my)r+J(R)M

ITo nemme Hakasmbr 6.26 mocieqnee paBeHCTBO SKBUBAJIEHTHO PABEH-
crey (6.1).»

Ilpennoxxenme 6.39. [na moayna My Ham JOKAJIBHBIM KOJBIOM R
9KBHUBAJIEHTHBI CJIEIYIONINE YTBEPIK ICHUSI:
1) Mr — HenpuBOIMMbI MOJLYJIb;
) MJ(R) = 0 u dimzg M = 1;
3) Mr = Rg;
) M| = [R].

< “1)= 2)” Tlockoubky My — HenpuBoauMbiit Momyib, To M # 0. Pac-
cemorpuM moamonyinb MJ(R) monyns M. Ilo nemme Hakasmbr (6.26)
M # MJ(R). Ho rorga u3 menpusonumoctu M crenyer, uro M J(R) =
0. B cumy cOOTBETCTBHs TOAMOJY/TEH MOILy/st Mz ¥ HOAIPOCTPAHCTE
IIPOCTPAHCTBA 75 M, IPOCTPAHCTBO 75 M He MMeeT HeTPHBHAJIBHBIX IIOJ-
[POCTPAHCTB, YTO BO3MOXKHO, TOJBKO €CIIH dimﬁj\j =1

Nmmukanus “2)= 3)” caemyer u3 npemioxenus 6.38.

“3)= 4)” O4eBUnHO.

“4)= 1) Ilyctp N < M. U3 upenyoxenus 6.38 cienyer, 4ro eciu
N # 0, 1o [N| > |R| = q. 3naunr, [N| = |M|, re. N = M, caenosa-
TEJILHO, MOAYIb M SIBIISI€TCS HEIPUBOIUMBIM. P
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3agaun K Jeknuu 6.

3amaua 1. Onpenennre, CKOJILKO HAEMIIOTEHTOB B KOJIBIIE BHITETOB Zy,.
Onumure ux. s KaKux n KOJAbUO Z, SABJISETCS JIOKAILHBIM !

Bagaua 2. Haiigure pagukan J(Zy,).

3agava 3. BepHo 1, 9TO MOAKOIBIO JOKAJIHHOIO KOHEYHOIO KOMMY-
TATUBHOTO KOJIBIA C eJIMHUIEH TOXKE JIOKATBHO?!

3amaua 4. Ilpueaure mpumep, MOKA3BIBAOIIMI 9TO B ONpPeIeeHUN
IOKOJI CyMMa ITOMO/Ty ielt He 00s13aHa ObITh MPSMOIi.

Bagava 5. s kakux mouyJieil Bbiiojineno M = socM?

3agaua 6. [Iycre N — moamonynb koredHoro momaynas M. Ilokaxure,
uro soc(N) = N Nsoc(M).

Bamaua 7. Ilokazkure, uro soc(socM) = socM ayist mponsBosbHOTO R-
mMonymns M.

3agaua 8. BepHo j1u, 9TO 1TOKOJIb MTUKJIAIECKOTO MOIYJIS ABASETCS TIHK-
JIUYECKUM?

3agaua 9. Ilycrs Momyns M pacKIaabIBaeTCs B CyMMY MTOAMOILYJIEi
M = M + Ms. Bepno Jin, uro socM = socMq + socMy?
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Jleknus 7. Moayab xapaKTepoB KOHEYHOTo MoyJisi. IHbeKTUB-
Hbie moayJsau. Kpurepuit Bapa. UabeKTUBHOCTh MOAYJIsi XapaK-
TepoB. KBasudpobeHnycoB MOIyJib, CyHIeCTBOBAaHWE W €IWH-
CTBEHHOCTh C TOYHOCTBHIO JO m3oMopdusMa.

1°. Moaynap xapakKTepoB.

Omnpenenenne 7.1. I'pynnot xapaxmepos momyns M nHazopém abeneBy
rpyuny M* = Homy (M, Q/Z).

~

IIpennoxkenue 7.2. 1) meer mecro uzomopdusm rpyun (M* +) =
(M, +).
2)Vbe M\ {0} Ix e M*: x(b) #0.

<« 1. Paznoxnm abenesy rpynny M B IpsAMyIO CyMMY NMPUMApPHBIX IAK-
smudecknx noarpymnm: M = (ai)n, @ ... @ {(at)n,. PaccmorpuM xapak-

Tep x; Momyas M raxoit, uto x;(aj) = 0;;—, 3IeCh 0;; — CHMBOI
s

Kpouekepa, i € {1,...,t}. Torma n;x; = 0, mx;(a;) = m # 0,
n;

1 <'m < n;, nosromy ord(x;) = n; = ord(a;). ITockombKy 1060# Xapax-
rep x € Homy(M,Q/Z) 3amaérca obpa3aMu MOPOXKJAIONIUX JIEMEHTOB
g, 1€ {17"‘7t}7 To M* = <X1>n1 D...0 <Xt>nt =M.

2. Ecim b € M\ {0}, o B pasnoxkenun b = by + ...+ b, b; € (a;)n,,
x0Ts OBl OIMH 3JIEMEHT b; oTiuYen ot uyis, ¢ € {1,...,t}. B atom ciy-
qae b; = ma;, rae 1 < m < n;. Torma B KagecTBe MCKOMOTO XapaKTepa

X MOXKHO BbIOpaTh X;. JdefictBurensuo, x;(b) = x;(b;) = m #0.»
ng

Onpenenenne 7.3. Ecaiu M — jeBbiit R-MOIy/Ib, TO OMPEIETUM TPO-
M3BeJIeHNe TIPOM3BOILHOIO Xapakrepa X € Homyz (M, Q/Z) ua snement r
KOJIbIa R CIipaBa Kak XapakTep X7, 33JaHHBIH (OPMYIIOit

Vee M, (xr)(z)=x(rz). (7.1)

JIerko mpoBepuTh, YTO MOJYYAETCA CTPYKTYpa MPaBoro R-MoLyss Ha
rpymnme Homy (M, Q/Z) (3amernm, urto ecim x € Homz(M,Q/Z), r,s €
Ruw e M, 10 ((xr)s)(@) = (xr)(s2) = x(rsz) = (x(rs))(x))- Tony-
YeHHbII MOYJIb Oy/leM Ha3blBaTbh MOOYAeM Tapakmepos mopyiaa M u
obo3HaunM gepe3 M*.
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Amnayornuno, eciiu M — nipapbiii R-MOJIYJIb, TO Ha TPYIIIE €r0 Xapak-
TEPOB BBOJHUTCS YMHOYKEHUE CJIeBA HA 3JIEMEHTHI KOJIbIa R dbopmyroit

Ve e M, (rx)(z)= x(ar), (7.2)

KOTOPOE onpeesser
CTPYKTYyDYy JeBoro R-mozayisa ua rpynne Homy (M, Q/Z) (3ameTum, uro
(r(sx) () = (x)(@r) = x(zrs) = (r5)x)(2)):

DTOT MOJYJb Mbl TakkKe OyJeM Ha3bIBATb MOJYAEM TAPAKMEPOS U
obo3nauvars uepes M*.

[Ipenmoxenune 7.2 He 0600IIAETC B OOIIIEM CIIydae 0 yTBEPKICHUS
06 n3omopdusme momayneir M u M™*, omHAKO CIpaBeIINBA

Teopema 7.4. g moboro momyns M cylmecTByeT KAaHOHWYECKU U30-
Mopduzm R-momymeit g M = g M**.

<« [na moboro m € M omnpemenum romoMopdu3sm abeneBbIx TI'PYIII
Om : M* — Q/Z dbopmynoii p.,(x) = x(m). 3amerum, 4ro orobparke-
HIE M — Q,, — TOMOMOPU3M JIeBbIX R-Monyaeit. deficTBurensho, ais
moboro r € R umeeM

em) () = x(rm) = () () = @ (x0r) = (rom) ().

Ecm m # 0, TOo corylacHO MyHKTY 2 MpPeIJIOXKeHusi 7.2 CyIIeCTBYeT
xapakrep x € M* rakoit, uro x(m) # 0. CienoBarenbHo, @, € M**\
{0} u romomopdusm m — Y, — MOHOMOPDHU3M.

B cuny nyskra 1 npejyoxkenus 7.2 rakxke nmeem |M| = |M*| =
|M**|. CaenoBaresbro, MOHOMOPMhU3M M > @y, €cTb u30MOpdusM. P
s mpaBoro Momyst M BepHO aHAJOTUYHOE YTBEPXKICHUE.

IIpengioxkenmne 7.5. Ecmu M = M; & My — npsamas cymMMa MOJTyJIei,
TO CyIIEeCTBYeT KaHOHU4YecKuit m3omopdusm R-momyneit M* = M@ M;.

<« IIpomsBosmbHOMY 37EMEHTY 7 = (x1,x2) € M{ & Mj comocra-
BUM OTOOpayKeHue X, : M — Q/Z, onpenenénHoe Ha 3J1eMeEHTe m =
(m1, ma) € My & My npaBuiom o, () = x1(m1) + x2(ms). Ilo nocrpo-
€HUIO OYEBH/HO, YTO X, €CTh xapakrep rpynnbl (M, +), u pasiuaubiM
snementaMm u3 M7 @& M coorBercrByior pasnble xapakrepbl. [Iockoiib-
Ky B cuiy mynkra 1 npemnoxenus 7.2 |My @ My| = |M| = |M*|, o
umeeT MecTo m3oMopdusM rpynn M* = My @ M3. Ocramocs 10Ka3aTh,
YTO MMEEeT MeCTO roMoMopdu3M Mojyseii. leiicTBuTEIBHO, A1 11000T0
r € R uMmeeM

(X)) = xn (1) = xa(rma) + xa(rma) = (xar, xar) (7).
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2°. NabekTuBHble Monyau. Kpurepuii Bspa. IHbeKTUBHOCTH
MO/IyJisi XapaKTepoB.

Onpegenenne 7.6. Jlebiit R-Momyab M HA3BIBAETCS UHBEKTIUGHDIM,
€CJIN JI7Is MPOU3BOIBHOTO JIEBOTO R-Momynss L u fajist TF060T0 ero moamMo-
nyns K kaxaerit romomopdusm ¢ : g K — g M MoxkeT ObITb IIPOIOIKEH
1o romomopdusma gL — r M.

Teopema 7.7 (Kpurepuit Bapa). Cuexnytoiiue ycioBus SKBUBaJIEHTHBIL:
1) sneBbiit R-monynb M unbekTuBeH;

2) mnga moboro umeana I <1 R u moboro romomopdusma ¢ : gl — rM
CYIIECTBYeT Takoil saemeHT m € M, uro ¢(x) = xm njs moboro x € T
(r.e. ectb romomopdusm ¥ : g R — g M, npogoizkamomuit ¢ ).

< “1)= 2)” Ilycrh aeswiit R-moxynb M unbektnseH, I < R. Ilo ompe-
JIEJIEHUIO CYIIECTBYeT Takoili romoMopdusm 1 : R — M, uro ¢(x) =
P(z) =Y(1-2) = ¢(1)z gna moboro ¢ € I. 3HAYNT, MOKHO MOTOKATH
m = (1).

“2)= 1)” Mbl 1poBepUM BbIIOJIHEHUE CBOMCTBA HHBEKTHBHOCTH JIst
cTy9ast, Korjaa Momyab L — konednsrit. [Tycts S — MHOXKeCTBO Beex map
(K,9), tne K — mogmonynbs moxyns L, @ — romomopdusm K B M,
MIPO/TOJIZKATONIHH (. DTO MHOKECTBO HEITYCTO — B HEM COJIEPIKUTCS Mapa
(K, ¢). B cuily KOHEYHOCTH Cpe/id BCEX TaKUX Iap MOXKHO BbIOpaTh Ta-
Ky10 napy (Kmax, Pmax), B KOTOPOIi K — MaKCHMATBHO BO3MOMKHDIH. Jo-
nycruM, 410 Kpax 7# L 1 Bbibepem npousBosibblii ssemedT b € L\ Kypax.
Pacemorpum nmean I = {r € R : rb € Kpax} (I BBIIEP:)KUBAET yMHOXKe-
HUE CJIOKEHUE W YMHOYKEHHUE Ha, 3JIEMEHTHI KOJIbIA, MOCKOIBKY K.y —
momyb). Torma orobpaxkenue O(r) = @max(rdb) ecrb romomopdusm
0 :1 — M. Boibepem nms Hero snemeHT m € M 10 yCAOBHUIO 2 TEOPEMBI:
O(x) = xm ana moboro x € I. Pacemorpum Momymb K = Kpax + Rb.
Onpesienium @ : K — M npasuiom @(z + 7b) = @max(T) + rm aug Jo-
Obix © € Kpax 1 r € R. IlpoBepum, 9T0 OTOOpAXKEHNE P OMPEIETIEHO
KOppeKTHO. lefcTBUTeIbHO, eciu L1 + r1b = xo + 19b, TO 19 — 171 € 1
u @max(xl) - sﬁmax(@) = @max(b(rz - 7"1)) = 9(7’2 - 7"1) = Trom —Trim,
OTKyZa cpmax(xl)gL 1M = Pmax(x2) + rom. dcHo, uro Plk, .. = Pmax,
nosromy napa (K, P) upunamiexkur S, HO 9TO IPOTUBOPEYUT MAKCHU-
MaTbHOCTH MOAYAT Kiax. »

JlokazaTeabCcTBO 0OPATHON UMILIMKAIIMY B ODIIEM CIydae TpeOyeT mpu-
Menernud jemMbl [lopHa.
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CuieacrBue 7.8. AGenesa rpynna A (T.e. MOIy/Ib HaJl KOJIBIOM Z) UHDb-
€KTHUBHA TOTJA W TOJBLKO TOI/A, KOTIa OHA JeAauMmda, T.e. JJis J00O0ro
a € A umoboro n € Z\ {0} cymecryer takoit snement x € A, 4ro
a = nx.

<« Jocrarouno mokas3arb, 4TO BBIIOJHEHUE Kpurepus bapa s rpyn-
bl A paBHOCU/IbHO Jejumoctu. Ho Jiroboii uiean KoJibua Z — rJiaBHbIH,
T.e. umeer Bug I = nZ, a moboit romomopdusm f : I — A umeer Bun
f(nz) = f(n)z nng moboro z € Z. llonarasa f(n) = a, mosydaem nm = a
JUTs 3JIeMeHTa m U3 yciaoBus 2 reopembl 7.7. Caydait n = 0 TpuBHaseH.
>

Teopema 7.9. Jlesblit Moaynb (Rr)* uHbeKTHBEH.

<« Ilycre I — upean kombua R u f : I — (Rg)* — romomopdusm.
Ompenennm romomopduam abenepbix rpynn w : I — Q/Z dbopwmymoit
w(z) = f(z)(1). B cuy geammoctn rpynmsl Q/Z, cymecTByer Xapakrep
w: R — Q/Z, coBnanaronumii ¢ w Ha I.

Teneps mys moboro a € I u a0boro x € R numeem

() (@) = G(za) "E w(za) = f(za)(1) =
7.2

= (@ (@)(1) "2 f(a)(12) = f(a)(@).

SuauuT, B cusly npousBojbHOCTH & € R, f(a) = a®, u MOXKHO mpuMe-
HUTL KpuTepuii Bapa.p»
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3°. KBazudpobeHnycoB MOAyJIb, CyIIeCTBOBAHUE.
Ilycte M — nesbrit R-moaynb. dua S € M, T C R HaNOMHUM
AHHYAATNOPVL

anng(S) ={reR: rS =0},
anny (T) ={m e M : Tm =0},

u ux cpoiicrBa S C annys(anng (S)), T C anng (annp (7).

Onpenenenne 7.10. Momyas M Ha3zbBaercs ke6a3u@pobeHuycosbim,
unu QF-modysem, eciu st Beex [ <R u K < M wmeror mMecta paBeH-
cTBa

K = annys(anng (K)), I = anng(annps(1)).

B sroit curyanun monyab K < g M Tak:Ke MOXKHO PaccMaTpUBATH
Kak Mozysb Hal dbakTopkombiioM R = R/anng (K), nonarast 7m = rm
misim € Kur=r+anng(K) € R. Anagormano momynb annyy (1) <
®RM MOXKHO paccMaTpuBaTh Kak MOAYyJIb HaJ (akTopKoiabiom R /1.

Ilpennoxenne 7.11. Ilycte g M — QF-monynb, I <R u K < M.
Torna N

1) K — QF-voznyns Has dakropkoabioM R = R/anng (K).

2) annps (1) — QF-monyns uas dakropkossinom R /1.

< 1) Ilyers K' < 5 K. Paccmorpum B = anng (K'). Nveem B =
B/anng (K) mna B = anng(K'). Tanee mepexoqmm K pPacCMOTPEHHIO
anng (B). Ilo oupeznenenuto umeem

~

annK(B):{mGK:ém:O}:{mEK:Bm:()}:
=anng(B) = KNamy(B)=KNK' =K'
Ucnonbzosarnoe 3meck pasercTso annys(B) = K’ Bepro B cuity ycmo-
BHUs, 910 Momyab M — kBasudpobennycoB. Takum 06pa3oM MbI TOJTY-

IUIIH, 9TO
anng (annz (K')) = K'.

Taxeke jokasbiBaerca paseHCTBO anng (anng (B)) = B g IPOU3BOJIb-

Horo ugeajsa B < R.
YTBep:KaeHue 2) JIOKA3bIBAETCA aHAJIOTUYHO. P

Crenytormasi TeopeMa MOKA3bIBAET CyIECTBOBaHME KBa3uppPOOEHMy-
COBa MOJLYJId.
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Teopema 7.12. Moxynap g R* xapakTepoB monayis Ry saBiaserca QF-
MOJTyJIEM.

< 1) Pacemorpum nzean I <AR n ero annynsitop K = anng-([) = {x €
R* : Iy = 0}. ITockosbky Juist 1,8 € R (rx)(s) = x(rs), To u3 ycnosust
x € K, re. Ix = 0, momyuaem, ato x(rs) = 0 ana r € I. Tloacrasnss
s = 1, noaygaem x(r) = 0. 3uauur, K — 310 Te xapakrepn Y € R*, uro
I' C ker x. Takne xapakTepbl KOPPEKTHO PACCMATPUBATH KAK XaPAKTEPbI
dbakroprpyuust R = R/I. I[Ipu srom K — MHOKECTBO BCeX XapaKTepoB
rpymmst R.

Hawm Hy»kHO foKa3aTh, 9r0o anng (K) = I. Brawouenne I C anng (K)
Bcera BemonHeHo. IIposepuM, uro anng (K) C I. Ilycts r € anng (K).
Torpa snemenr 7 =71+ 1 € R AHHYJIUPYETCS JIIOOBIM XapakTepoMm u3 K.
Coruacuo yTBepxKaenuto (2) npejjioxenus 7.2 370 o3uagaer, 4ro 1 = 0,
re.r €] nang(K) CI.

2) Paccmorpum nommonyns K < gR* u ero amnyusrop I =
anng (K). ITo Teopeme 7.4 0 KAHOHNIECKOM M30MOP(U3IME OTOXK IECTBUM
R ¢ moxynem xapakTepoB R**. Torma I — 3TO MHOYKECTBO BCEX Xapak-
TepoB MOAyJs R*, anHyaupyommx K, MO3TOMY Tak:Ke KaK W B MyHKTE
(1) monyuaem, uro anng«(I) = K. »

4°, KBazudpobeHnycoB MO/JyJIb, € IMHCTBEHHOCTb.

CrepBa cieraeM peayKIUIO K CIy9at0 JOKAJIBHBIX KOJIEII.

IIo Teopeme 6.16 umeem R = R1®...DR,,, r1e Bce R; — JOKaIbHbIE
Kombna, R; = Re;. Torma M =M, & ... 8 M, tne My = e, M — R,-
MOJyIb, s = 1,...,n.

Ilpensnoxenue 7.13. B Boimeosnavenubix obo3nadennsax g M — QF-
MOZYJIb TOLIA ¥ TOJIBLKO TOLAA, Korna g, My, ..., r, My ects QF-Momynu.

<« [IpousBonbubrit moamonyns K < g M umeer pasnoxenne K = Ki &
..®K,, tne K; = e, K < g M. Umeem

anng (K) = anng, (K1) @ ... @ anng, (K,)

(meficrBurensuo, 0 = rK = (rey+...+re, ) K =reg K1 +...+re, K, &
re; € anng, (K;)) n

annys (anng (K)) = annyy, (anng, (K1) @ ... @ annyy, (anng, (K,)).

Otkyna pasencrso annjs(anng(K)) = K 3IKBHBAJIEHTHO CHCTEME Da-
BeHcTB anny, (anng (Ky)) = K, s = 1,...,n. AHamorn4no, mpoms-
BOJIBHBIN waean I <1 R packaageBaercd B cymmy I = Ih & ... @ I,,
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I; = e;I < Rs. Ilosromy pasercrBo anng (annys (7)) = I sKBUBAJIEHTHO
cucreme paBeHcTB anng_(annps (Is)) =I5, s =1,...,n. »

OrMeruM ciemylomee IMOJIe3HOe CBOMCTBO: mommomynn () F-Momyis,
UMEIOILIME OJMHAKOBbLIE AHHYJIATOPbI, paBHbl. JleficTBuTesbHO, ecin
anng (K) = anng (K'), To

K = anny;(anng (K)) = annyy (anng (K')) = K'.

AHaHOFI/I‘{HO, uiaeaJsbl KOJbIla, HMEKIIHE OJIWHAKOBbIE aHHYJIATOPbL

B QF-monyne, pasubl (ecmm annpy () = anny(I), To; I =
anng (annps (1)) = anng (annp, (1)) = I').
Monyns g M HasbBaeTcst mounsim, ecam anng (M) = 0. IIpo-

n3BOJIbHBIN QF-monynb M saBisieTcst TOYHBIM, TOCKOIbKY M =
anny (anng (M)) = annps(0), a 3naunt, anng (M) = 0.

JL71st TOYHOTO MOy HAJT JTOKATBHBIM KOJIBIIOM CBOHCTBO OBITH () F-
MOZyJIeM CBSI33HO C €ro mokoseM. Bemomuny, aro socM = annys (J(R)),
MO3TOMY KaK OTMEYEHO BBIIIE JIJIsS TPOM3BOILHOTO Maeana | u ero anuy-
JIATOpA, SocM MOXKHO pacCMATPUBATH KAK MOIY/Ib HaT (DAKTOPKOJIBIIOM
R =R/J(R), 9To B cIydae JOKAIBHOTO KOJbIIA 03HATAET TPOCTPAHCTBO
HAJ TTOJIEM.

Teopema 7.14. st TouHOro Momaysist g M HaJL JTOKAIBHBIM KOJIBIIOM R
9KBUBAJIEHTHBI CJIEYIOIIHE YCIOBUS:

1) RM = gR*;

2) M — QF-monynb;

3) socM — IuKIMYecKuii moaMoLyib B M

4) dimgzgsocM = 1;

5) socM — eqMHCTBEHHbIII MUHUMAJIbHBIN (HEIPUBOAUMBIIL) HOAMOJLY/Ib
momyst M;

6) Momysb M CONEPKUT €IUHCTBEHHDBIH MUHUMAJIBHBIN TOIMOIYJIb.

<« Nvmamkarms “1)= 2)” ecTh yTBepkKaeHNe TeopeMbr 7.12.

“2)= 3)” Ilycrb a € socM \ {0}. Umeem J(R) C anng(Ra) # R
(nampumep, 1 ¢ anng(Ra)). C apyroit cTrOpoHbI, B JOKATILHOM KOJbIIE
JII000i 3IeMEHT BHE paauKaa oOpaTuM, a uaeas, ComepKaIiuii oopaTu-
MBIl 9JIEMEHT, COAEPKUT U eJUHHILY KOJbIA, T.e. 370 BCE Koybio. Ilo-
sromy J(R) — makcuMaubublit uiaeas, r.e. mexxay J(R) u R ver agpyrux
uneanos. CremoBarensuo, anng(Ra) = J(R) = anng(socM). Orky-
Jla TOJIB3YsCh CBOACTBOM @ F-Momyns, 3akaiouaem, 9to socM = Ra —
[UKIAYECKAN MOJLYIIb.

“3)= 4) = 5) = 6)” cienyer u3 upemnoxenuit 6.38 u 6.39.
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“6)= 1)” Ilyctb K — eIUHCTBEHHBIH MUHUMAJBHbIA TOIMOLYIIb MO-
ayast M. Torna B cuily MUHMMAaJILHOCTH OH HE COJEPKHUT COOCTBEHHBIX
moamoyneit, T.e. K — menpuBomumbiii Moayab. CornacHo mpeioxke-
auo 6.39 Bce HenpuBOIUMBIE R-MOMYIH HU30MOP(QHDI, MOITOMY CyIIe-
creyer Biaoxkenne ¢ : R K — grR*. B cuiy nabekTuBHOCTH MOmysst Xa-
pakTepos (TeopeMa 7.9) BIOXKEHUE ¢ MOXKET ObITh MPOIOJIKEHO O TOMO-
mopdusma P : M — rR*. Paccmorpum sinpo ker ¢p. Ecnu ker ¢ # 0,
10 u3 ycsoBusg 6) mMbl noay4uuM, uro K C ker 1), nporusopedue ¢ TeM, 4To
1 wa K cosmagaer ¢ . CiaenoBarenbho, ker) = 0, u ¢ — BiioKeHwue.
Houycrum, uro (M) # R*. Ilockosubky 110 teopeme 7.12 R* — QF-
MOJIynb, TO anng (Y(M)) # anng (R*) = 0. C apyroi CTOPOHBI, T.K. th—
BIOXKeHHe, To anng (Y(M)) = anng (M). Yeaosue anng (M) # 0 mpo-
tusopeunt TouHocTu mounyssa M. Cnemosarenwvuo, (M) = R* u ¢ —
HUCKOMBIN u3oMopdu3m.»

Teopema 7.15. Jlwo6oit QQF-MOnynh HAJ KOHEYHBIM KOMMYTATHBHBIM
KOJIBIIOM R ¢ eauuueit m30MopdeH MOIYI0 XapakTepoB g R*.

< Crienyer u3 npemioxkenus 7.13, yreepxkuenuit 1) u 2) reopemsr 7.14
" TpejIoKeHus 7.5.»

Caencrsue 7.16. Jlioboit Q) F-MoayIh HAJ KOHETHBIM KOMMYTATHBHBIM
KOJIBIIOM R ¢ enuHuIeil NHbEKTUBEH.

3agaun K Jeknuu 7.

3amava 1. Bepno s, uro abesiea rpyumna Z** usomopdua rpymuue 77

3agaua 2. Moaysb Ha3BIBAETCS HEPAZAOHCUMbBLM, €CITU €r0 HeIb3s
MPeCTABUTh KaK MPAMYI0O CYMMY JIBYX HEHYJIEBBIX moaMomyseil. Iloka-
JKUTE, YTO KOHEUYHBIN HHbHEKTUBHBIN MOJIYIb HEPA3JIOKHUM TOTJAA U TOJIb-
KO TOrJIa, KOIJIa €ro IOKOJIb — IIPOCTON MOLYJIb.

3ajgaua 3. [Ipusenure npuMep KOHEIHOIO HEPABTOKUMOTO MOLYJIsS, 110~
KOJIb KOTOPOTO He TPOCT.

3apgaua 4. Pacmuimure 10Ka3aTeIbCTBO OCTABIIAXCS MTYHKTOB MPEIIO-
kKenusa 7.11.

3anmava 5. IlpuBenure npumep KOHEIHOrO MOMYJIsS, HE SABJISIOMIEIOCH
TOYHDIM.

3agaua 6. Ilycrs M — xBasudgpobeHnycoB Momysb. JJokaxkure, 4TO
JII000# ero MOAMOIY/Ib TOXKEe KBa3udpPOOEHMYCOB.
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Jleknimsa 8. XapakrTepusanusa KBa3sudpoOEHUYCOBBIX MOIyJIei
C IIOMOUIHIO Pa3/INYaIOMIMX XapaKTepoB. JInHeliHble KOabI HaJ
KBa3u@dpobeHnyCOBbIM MO/yJIeEM, JBONCTBEHHOCTh MEXJIy KO-
JaMu HaJZ KOJBIIOM M KoJZaM! HaJl KBa3’udpoOEeHMYCOBBIM MO-
JayJieM.

IIycts M — neBbiit R-moaysib. JJoroBopumcs npu HEOOXOIUMOCTH
paccmarpuBarh M U KaK MPABBIi MOIYJIb, TIOJIATAS "M = MT JIJIs JTI0OBIX
reR,meM.

Omnpenenenne 8.1. Hazosém moayns M padausumbvim, €CIIA CYIIIECTBY-
er xapakrep X € M™, He paBHbBI TOXK/JIECTBEHHO HYJIIO0 HU HA KAKOM
HeHyneBoM noamomye moayiist M. Taxoit xapakTep X Ha30BEM pasauta-
rowum aas M.

Cuterytornast ieMma JaéT SKBUBAJIEHTHOE OIPEIESICHIE PATHIA0IIe-
ro XapakTepa, u3 KOToporo 0oJjiee OHATEH CaM TEPMUH “pasTHIAIONTHi”

Jlemma 8.2. XapakTep x € M* gaBisieTcsa pa3aIndaioniuM TOTIa U TOIb-
KO TOT/1a, KOTJA

Ya,be M, a#b, Ir € R: x(ra) # x(rb).

<« “=7 Ilycrp x — pasnuuaroruit xapakrep u a,b € M, a # b. Pac-
cMoTpuM HeHnyneBoil noamonyib R(a—b) < M. Imeem x(R(a—b)) # 0,
3HAUNT, CYNIECTBYET dyieMeHT 1 € R takoif, uro x(r(a — b)) # 0. Caezno-
BarTesbHoO, X(ra) # x(rb) (mo ceoiicTBy roMmomopdu3zma).

“<" Ilycts K < M — npou3BOJIbHBIN HEHYJIEeBOH moaMoay/ib. Cyte-
crayer a € K\ {0}. ITo ycioBuio cyuecrByer ssiement r € R Takoii, 4To
x(ra) # x(r0) = 0. Buauur, x(K) # 0. »

Jlemma 8.3. QF-monynbs g M gBASETCS PA3IAYIAMbBIM.

<« Ilo reopeme 7.15 moxkHO cuurars, yro M = R*. Torma B cuity Teope-
MBI 7.4 CyIIECTBYeT KaHOHWYECKUi n3oMopdu3M R-Momymeit ¢ : g R —
RR*™ = g M*, KOTOpBIil CTABUT B COOTBETCTBUE IJIEMEHTY 7 € R Xapak-
rep o(r) : R* = Q/Z, neiicrByomuii Ha 3nemenTe Y € R* 110 npapuiy
o(r)(x) = x(r). Hokaxem, yro xapakrep (1) sBisiercs pa3jiudaronmum
s R*. deiicrBurensHo, ecau X, € R*, x # ¥, 1o x(r) # ¢¥(r) g
HekoToporo 1 € R. dro osznauaer, uto ¢(1)(ry) # ¢(1)(r¢). Cormacuo
Jemme 8.2 mosydaeM, uTo (1) — pasnuyaromuii XapakTep JJist MOJIYJIst
rRM. »
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3aMeTuM, 9TO B TPEIBIAYIIEM JOKA3ATEIHCTBE BMECTO 1 MOXKHO OBLIO
B34Tb JII000I 0OpaTUMbIl 9/1eMEHT U KOJIbIa R, Xapakrep ¢(u) Takxke
Oyzer pa3andaioniuM.

ITokazkem, aro BepHO OOpaTHOE yTBEPXKIEHUE K jJemme 8.3.

CuepBa czejlaeM PeLyKIMIO K C1yYat0 JOKAJIbHBIX KOJIEL.

IIo Teopeme 6.16 umeem R = R1®...DR,,, r1e Bce R; — JOKaIbHbIE
Kogbna, R; = Re;. Torma rM =M1 & ... ® M, tne My =e, M — R,-
MOAYIb, s = 1,...,n.

Jlemma 8.4. B BbIIe03HaYEHHBIX 0003HAYEHUSIX MOAYIH g M pazmuanm
TOTJIa ¥ TOJIBKO TOTIa, KOTJA BCe MONyIu R, My, ..., r, M, pa3amanMsbl.

< “=" Ilycrp x — pazmmuatomuit xapakrep moayiasa M. Ilockosbky
IPOU3BOJIBHBLI TOIMOAYNb K¢ MOnynsd g, M, ABIgeTCA MOAMOIYJIEM MO-
nyns g M, 1o va Henynesom noamomyie x(K) # 0. Torga orpanudenue
X Ha M OyeT HCKOMBIM Pa3IHdalomAM XapaKTepoM Monyid g, Ms.
“«<” Ilycrp Bce mopynu g, My, ..., g, M, Da3IuIUMbBL, X1,...,Xn —
ux passimyarnonme xapakrepbl. Oupegenum xapakrep X momysist M cie-
JYIONIINM 00pa30M: M1 TPOU3BOIBLHOTO d1eMenTa a € M Gepém ero pas-
JIOXKEHUe @ = a1+...+an, as € Mg, cOOTBeTCTBYIOIIEE pa3moxennio M B
npamyto cymmy u nosaraeM x(a) = x1(a1)+. ..+ xn(a,) € Q/Z. U3 no-
CTPOEHMSI OYEBU/IHO, UTO MOJIYyUYEHHOE OTOOpakeHwme OyIer XxapakTepoMm
momynss M. Jlokaxkem, 910 oH Oyaer pazmudatommm. Ilycrs K < M,
K # 0. B srom cayvae maiinérca takoit magekc s € {1,...,n}, uro
K, = e;sK # 0. Torma u3 ycioBusi, 9T0 K¢ — HEHYJIEBOU MOIAMOIYIb
Momynst M, 3aKmiovuaeM, 9TO HAUIETCA jeMeHT as € K, A7as KOTo-
poro 9s(as) # 0. PaccmarpuBas as kak semeHT mMoayis K, mojydaem

x(as) = xs(as) # 0, re. x(K) # 0.»

Jlemma 8.5. Ilycts g M — TOYHBIH MOIYIb HAJ JTOKATBHBIM KOJIBIIOM
R. Benomunm, gro socM = annyy(J(R)) usocM MOXKHO paccMaTpUBaTh
KaK MOJy/b Hagl hakTopKoabinom R = R/J(R), 9410 B ciydae JOKab-
HOTO KOJIBIIA O3HAYAET MPOCTPAHCTBO HAJ, KOHEUHBIM TojieM. O603HAUNM
|R| = q =p". IlycTs uy, . . ., U, — NPOU3BOIbHBIH Ga3wuc MO R HaJ €ro
npoctev noamoneM . Ilast npomssosbHoi moarpynmst H < (socM, +)
obo3nauum uepe3 L(H) cymmy Bcex HOANPOCTPAHCTB MPOCTPAHCTBA
7socM, comepxamuxca B H, ApyrumMm cjoBaMm camoe OOJIbIIOe HOf-

,
npocrpancrso, coxepxameeca 8 H. Torna L(H) = () u; L.
i=1

<« Tlokaxewm, uro L(H) = () u; 'H. Hycrs a € L(H). Tlo nocrpoenuro,
i=1
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3TO PABHOCHUIILHO TOMY, uTo Ra C H. B wactHocTH, Ang Beex i = 1,...,7
T

umeem u;a € H u a € uy 'G. Takum o6pasom, L(H) C () u; " H. Haobo-
i=1

1=
T

por, eciint a € () u;lH7 TO U1 4, ..., ura € H. Tlockoneky H — rpymnma,
i=1

T0 (y1u1 + ... +yur)a € H aas Beex 41, ..., 7, € Fp. Bemovmmas, aro

U1,...,u, — 0asuc R wan ), 3akmouaem, 9to Ra C H n, cienoBaresb-

HO, a € L(H). »

JlemMma 8.6. Paznuunmbrii TouHbIi MOIy1b R M HAM TOKATBHBIM KOJTb-
oM R siByisiercst Q F-moynem.

<« Ilycrs x — pasnuuarormuit xapakrep moayis g M. CornacHo myHKTY
4) reopembl 7.14 jgisi TOro, 4robbl JOKA3aTh JIEMMY, AOCTATOYHO [1OKA-
3arh, 9T0 dimz socM = 1. PaccyXaas OT TPOTHBHOTO, TPETIOIOKHAM,
uro dimgsocM > 1. B srom ciyuae [socM | = gdimmsoeM > g2,
Paccmorpum orpanmyenme Y xapakrtepa X Ha socM. Ilycte G =
ker’y. ITockoabky rpynna (socM,+) Kak ajJuTUBHAS IPYINA KOHEYHO-
o IIPOCTPAHCTBA HAJ, [IOJIEM XaPAKTEPUCTUKY P SABJISIETCS JIEMEHTAPHON
p-rpymmoi, u x(socM) # 0 B cuiy BhIGOpaA Xapakrepa X, To X(socM) —
noarpynna nopsigaka p 8 Q/Z. CaepoparensHo, G — NOArpyIa HHIEKCA,
p B socM. s noxnpocrpanctsa L(G), onpeaenéuuoro B jemmve 8.5, u3
T
yrBepxkaenus L(G) = () u; 'G u 3navenns wngekca rpymnst G ciaey-
i=1
er, yro L(G) — noarpyuna unjekca, ve upesocxoigiero p~ = q. Torua
u3 orpannuenuii Ha nHgekc L(G) m Ha MomrHOCTh socM ciemyer, 9To
L(G) # 0. Takum o6pasom, B rpymnme G = ker’y COIEPIKUTCS HEHYJIEBOE
noanpoctpanctso L(G). pu stom L(G) — noamomyas momyns M (cum.
3aMedanne nepes npeanokenneM 6.38). meem x(L(G)) = 0, nporuso-
pedue ¢ TeéM, YTO X — Pa3audarmyi xapakrep momyas g M. »

Teopema 8.7. Tounbrit Mmoayinb R M sdABjsieTcss pa3IUIUMBIM TOLIA W
TOJIBKO TOT/IA, KOTIa OH eCTh (Q F-Momysn.

<« Iloxyuaerca obbenmuennem jiemm 8.3-8.4 u 8.6, ¢ MCIOIB30BAHUEM
npejioxkenus 7.13.»
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B maunuoit jekmuu Mbr 06001mmuM Marepuas Jlexkmun 4 Ha ciygaii ju-
HEHHBIX KOJOB HAJ KOJIbIAMHU W KBA3U(POOEHNYCOBBIMU MOTY/ISIMH.

1°. Koasr Haa KBa3sudppobeHnYCOBBIM MOIYJIEM.

Teopema 8.8. Ilycrs M — jneBbrit R-moaynb. Creayromme yCaOBUs K-
BUBAJICHTHBI:

1) M ecrb QF-Monyib;

2) ana moboro N € N u jo6brx maneitnbx koo C < g RY, K < g MY
BBITIOJIHEHBI PABEHCTBA,

ann v (anngy (K)) = K, (8.1)

anngw (anny,~ (C)) = C; (8.2)

3) R M — rounbii Mmoxynb u gjs moboro N € N u mo60ro IuHeiHOro
koma K < g MY srmommeno pasenctso (8.1).

< “l) = 2)” Ilo reopeme 7.15 moxkHO cuurarb, uro M = R*. B
9TOM CJIy4ae COMVIACHO ITIPEJJIOKEHHUIO 7.5, MOXKHO TaK¥Ke CUUTATH, UTO
MY = (RN)*. Torma £ = anny~(C) — MHO]KeCTBO XapaKTepOB IDYyTI-
met RY, amnymupyrommx C, m anngy (L) — HOATPYTNIa 3AeMEHTOB H3
RN, anymupyembix Bcemu Xapakrepamu u3 L. IloBTopas paccysKaeHus
U3 JI0KA3aTeIbCTBa TeOpeMbl 7.12, IPUXOJUM K TOMY, YTO BBIIIOJTHEHO Pa-
BeHCTBO (8.2). PasencTso (8.1) 10Ka3bIBAETCS AHAJIOTUYHO MYTEM OTOXK-
necreienns RY = (MY)* (¢ mcnomp3osammem Teopembr 7.4).

“2) = 3)” OueBuaHO.

“3) = 1)” Ha ocHoBanuu npe/ijioxkenus 7.13 10cTaTo4uHO paccMOTPeTh
ciaydait, korga R — jokanbHoe Koabio. Ilycte g M — we QF-momyinb.
Torma o Teopeme 7.14 B socM = ann(J(R)) comepKUTCS HEKOTOPHIit
cobcrBennntit mommonyis K. Torma anng (K) = J(R) (Gonbiero cob-
CTBEHHOTO Hjeasa B R Her), HO annyy (anng (K)) = socM # K, nporu-
Bopeure ¢ (8.1) ga N =1.) »

Hanomuum onpesesnenue mpoBepOYHON MATPUIIBI.

Omnpenenenne 8.9. Ilycrs M — neowiit R-momynb u K — xox nax M
anuaet n. Marpuna H = (h;;) pasMepa r X n HaJ KOJBIOM R HA3BIBAETCS
npoeepounoli mampuuyed xoma K nauubt n uam M, ecan

K={aeM": Ha" =0}. (8.3)

IIycts ‘H — nuneitabrit Kog Had R, TOPOKAEHHBIN CTPOKAMY MATPUITHI
H, H < gR™. Torna u3 onpeeyeHus BUJIHO, 9T0 H — mnpoBepovYHas
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MaTpuia Koma C B TOM U TOJBKO B TOM ciaydae, ecau K = annpm (H),
T.e. L — npoiicTBeHHBII KOI K H.

st KoJoB Ha1 MOAYJISAMU U JazKe HaJl KOJIbIAME IPOBEPOYHAs MaT-
pULIA CYLIECTBYET JAJIEKO HE BCEra, OJHAKO celiyac Mbl YBUIAUM, YTO
MMEHHO JIJTsI KJ1acCa KBa3n(POOEHNYCOBBIX MOY/IEH yTBEPIKICHUE O Cy-
[IIECTBOBAHWUY MTPOBEPOYHON MATPHUIIBI BEPHO.

IIpennoxennme 8.10. Ilycrs g M — Tounblil Momynb. Torma soboi
nuHEeAHbI Kom Ham M wmMeeT MPOBEPOUHYIO MaTpHIly Ham R Torma u
TOJILKO TOrza, Koraa r M ecrb QQ F-MOyiib.

< “=" Ecmm M ectb QF-momyms u K < gM™ |, To B cuiay pa-
BercTBa (8.1) marpuna H wag R, CTPOKHM KOTOPOIH HOPOXKIAIOT KO
H = anng~ (K), ecrb nposepounas mis K.

“<=” Ecnu mio060it kox K < g M™ uMeer IpOBEPOIHYIO MATPUILY HAJ,
R, T.e. poimomanerno K = annyr (H) myst Hekoroporo koma H < gR™, To
BepHO paBeHcTBo (8.1) u 1o Teopeme 8.8 g M ectb @ F-MOLyIb. B

Ilycts C < g R™ — nmHe#HBIH KO, HaI KOAboM. Eciu R He sBiis-
ercs 10JieM, TO IIPOBEePOYHOil Marpuupl Jid C Haj R ouATb Ke MOXKET
HE CYIIECTBOBATH, HO BO3MOXKHO TIOCTPOUTH TTPOBEPOYHYIO MATPHUILY HAT
Q F-monynem. /loroBopuMcs Tpu HEOOXOIUMOCTH PACCMATPUBATD JIEBBII
R-momyns M w Kak TpaBbIii MOIYJIb, TMOJATas T = mMr IJIs JI0OBIX
reR,me M.

Onpenenenne 8.11. Ilycrs C — xox van R auabl n, M — jeBbli
R-monyns. Marpuma K pasmepa m X n Haja momymrem M HazbIBaeTCd
nposepounoti mampuuyet xkoaa C, ecian

C={aeR": Ka" =0}. (8.4)

Ilycts K — nuneitabiit kog Hag M, MTOPOXKIEHHBIN CTPOKAMEU MaTpU-
et K, IC < g M™. Torma u3 onpejenenns BUIHO, 9TO0 K — mpoBepoYHast
marpuia koga C B TOM U TOJIBKO B TOM ciyuae, eciau C = anngn (K), u
npoBepounas Marpuia s C vajg M cyiecrByeT Toria u TOJIbKO TOrA,
korpa ycnosuio C = anngs (K) ynosmersopsier xom K = annp-(C). B
9TOM CJIyYae CTPOKM MATPHUILI K BHIOMPAIOTCA KAaK CHCTEMa ODOpPa3yro-
mx Moy K. VI3 Treopembr 8.8 momydaem

IIpennoxxenme 8.12. Jlioboit MUHEHAHDBI KOI HAI KOJIBIOM R HMEET
LPOBEPOYHYIO Marpuily Haj QF-momyiem g M.

OO6parriesne 3TOro yTBEpKIEHNS HEBEPHO.
Ilycts RR(N ) — MOJYJIb CTOJIONOB BHICOTHI N HAJ, KOJBIOM K.

67



Onpenenenue 8.13. Hazosém marpuny K pa3mepa m X N HaJ MOIY-
geMm g M nposepounoti nius marpunsl H pasmepa N X n HaJ KOJIBIOM
R, ecu s moboro cronbma bt € RWY) cucrema Hat = bt paspemmva
TOrJA U TOJIBKO TOTA, Korma K bt = o',

Han monem miobas marpuma H mmeer mpoBepounyio marpuily K u
pa3mepHOCTh d MHOrooOpasus perieHuil 00 COBMECTHON CHCTEMBI
Hazv = bb ynosnersopser pasenctsam d = n — tkH = tkK +n — N.
9TO yTBEpKIEHUE TOIMyCKAET 0000IIeHne Ha, caydail KBa3udpobeHmyco-
Ba MOJLYJISI:

ITIpennoxxenue 8.14. Jliobas marpuna H pazmepa N X n HaJ KOIbIOM
R umeer npopepounyio marpuily K pasmepa m X N nax QF-momysem
RM. Ilpu sTom ecnu H — nuHEHHBIH KOA HAI R, MOPOXK/IEHHBIH CTOJIO-
mamvu marpunsl H, K — auueitnsnii kom Ham M, TOPOsK IEHHBIA CTPOKAMM
marpullsl K, 10 uncino D = D(H) pertenuii 11060it COBMECTHOR CUCTEMBI
Hz' = b* pasmo

D = [H|THR|" = [K|[R|".

<« Cornacuo npeggoxenuto 8.12; cymecrsyer marpuna K wan M rakas,
gro st moboro bt € R(Y)

et & Kbt =0

Marpuma K — mckoMas, TIOCKOJIBKY ycioue bt € H ecth Kpurepmii
coBMecTHOCTH cucTembl Hat = bt.
Jokazkem pasercrso D = |H|~'R|". O6o3uaunm hy — i-biii cTo-
6en, marpunpt H. Paccmorpum romomopdusm R-momyseit ¢ @ R™ — H,
n
o((x1,...,2,)) = 3. x;ht. Tlo nocrpoennio D = |kerp|. Ilo reope-
t

(2
Me 0 romomopdu3Me [Jisi MOIyJeil B CHJIy CIOPBEKTHBHOCTH OTOOpa-

wenua @ uveem H = R"™/ker p. Hosromy D = |kerp| = |H|71|R|"™.
Iockombky K — napoiicrBennbiit kom Kk H, K = annyv(H). Bemowm-
HUM, 9TO annj;n (H) MOXKHO paccMaTpWBATH KAaK TPYIIY XapaKTEPOB
daxroprpymmsr RY /H, aro B cmy yTBep:kaenus 1) mpeanokenns o6
u3oMopdu3Me € IPYNINOoii XapaKTePOB, BICIET paBeHCTBO |ann v (H)| =
|RN /H|. Buauut, |K|-|H| = RY, orkyna cienyer, uto D = [K[|R[* N .»

2°. Teopema Mak-Busutbsmc Hana QF-mogynsvn
Ha nexknuum 2 Mbl moka3aJun, yro Teopema A.A. Mapkosa clipaseiuBa,
HaJ, JII0ObIM andaBUTOM, B YACTHOCTH, A KoaoB Hal QF-momynsmu.
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Teopemy Mak-Buiaabsamc o mpoIOIKEHUN W30METPUN TaK Ke MOYKHO
000DIIUTH HA ITOT CIIydail.

Onpenenenne 8.15. Ilycte Mz — momyas Hax KogbioM R. Jluneii-
ubie Koubl C, L < M™ aunelino u3omempuumsl, €Ciu CyIIecTBYeT HU30-
Mopduzm R momyseit

T: RC — Rﬁ (85)

TaKo#, 4TO

d(a,b) = d(r(a), (b)) Y a,b € C. (8.6)

Teopema 8.16 (Xeiiden, 2001). IIycte M — QF-Momynb Haj JOKaIb-
oM KoabiioM R. Torma mobas muHeHHAsT M30METPHS JTHHEHHBIX KO-
10B (8.5) HpoJoszKaeTcs JI0 JMHEHHOrO MOHOMUAJILHOrO 1Peobpa3oBa-
HusA npocTpancTBa Xammuara M.

<« be3 nokasarenbcrsa.p

3amaun K Jiekiuu 8.

Bagaua 1. a) Ilokaxkure, 4TO /JId KOZA HAJ KOJBIOM YHUCJIO CTPOK
MIOPOKIAOIEN MATPUIlAa He MEHbIIIe PAa3MePHOCTH KOJA.

6) IIpuBenure npumep KOAa HAJ MOJLYJIEM, UMEIOLIErO LOPOZKIAIOLIEro
MAaTPWUILy, YMCJO0 CTPOK KOTOPOI MEHBITe Pa3MEPHOCTHU KOJIA.

3amaua 2. Pacnmmmre q0Ka3aTeIbCTBO MEPBO MMILIMKAINHT B TOKA3a-
TeJILCTBE TeopeMbl 8.8 .

3amaua 3. [lycts Q) — QF-Mmomyns, pacemorpuM Moayab M = Q& Q.
IMokazkure, aro M He @QF-momynb, HO 000 JuHEHHBIH KO# Ham R
UMeeT MPOBEPOUHYI0 MaTpuily Han M.

3amaua 4. Ilycts R = Z4. Paccmorpum nuHedHBIA Ko HaO R ¢ 1mo-
1 1 11

0 2 0 1> . HaiimuTe ero mpoBepovIHyIO

poxkgaoreit marpunei G = <
Marpuiy Haz Q F-momyaem.
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Jlekmmsa 9. Ob6mras BecoBast (PYyHKIAS JHUHEHHOTO KoJa HaJ
KoJubIoM u HaJ moaysaeMm. ToxaecrBo Mak-Buibsivc s au-
HEWHBIX KOJAOB HAJl KOJIBIIOM M HaJ KBa3mdppoOeHUYyCOBBIM MO-
ayieM. IIpocTpaHcTBO mociieoBaTeIbHOCTE HaJ KOJIBIIOM KakK
MOAYJIb HAJ KOJBIIOM MHOTOYJIEHOB. JIWHeliHble pPeKyppeHT-
Hble nocaenoBarenbHoctu (JIPII). Xapakrepucrudeckuii MHO-
rowiedH JIPII. Ilopoxkaarornime ssemenTsl moayis JIPII. Wwm-
nyJbcHas IocjiemoBaTejabHocTh. I'eHepaTop JIPII. Munumanab-
Herii MHorodsieH JIPII Ham mojsieM m ero cBoiicTBa. AHHYJISATOP
JIPII.

I[Iycrs R — koneynoe koMmmyrtaruBHoe KoJibio ¢ 1 # 0. IMosoxum
IRl =r, R={p1,...,pr} Iycts Taxxke M — seBbiit R-momynb, |[M| =
m, M = {/’Lla" 7/’('177,}

Omnpegenenne 9.1. O6wet secosoti gynxyuet koma C < rRY Hazw-
BaETCsl MHOTOUJIEH

We(z1, ..., 2) = Z xil(u) . ~J;ff(“)
ueC

HaJ Z, vae s;(u) — YUCI0 KOOPAWHAT CJIOBA U, PABHBIX pf.
Ananoruano, obwetli 6ecosoii dymryueti kona K < z MY nassiBaercs
MHOTOYJIEH @
_ gila om(a
WK(yla"'aym)_ E Yq y'rn,’n( )
ackl

Hag, Z, rje oi(a) — 4uc/Io KOOPAUMHAT CJIOBA &, PABHBIX [i;.

O4eBrIHO, 9TO 3TO OJHOPOJHBIE MHOTOYIEHBI cTereHn N.

Hanomuum, aro xomsercuoili zapaxmep rpymmnbl G — 3T0 roMoOMOp-
dbu3sm sroit rpynmer B rpynmy (C*, ) (MyJIBTHILUIMKATHBHIO TPYTITY OIS
KOMILJIEKCHBIX IHCEJI).

st yio6oro panmoHajbHOrO xapakrepa w € M* w : M — Q/Z
bynxmus x(z) = e>™(®) ecrp kommmexcHpii xapaxrep rpymmst (M, +),
npu4YéM BEJAEGHHOE COOTBETCTBHE W —> Y €CTh H30MOPMU3M aJUTHB-
HO¥ TPYTITBI PAIMOHAIBLHBIX XapakTepoB (M*, +) u MyJIbTHIIIINKATHBHON
IPYIILI KOMJIEKCHBIX XapakTepos rpyibl (M, +).

Onpegenenune 9.2. KommiekcHblii xapakTep x Momyisa M Ha3bIBaeTcsa
pasaunarowum, ecin X(K) # {1} nns mo6oro HEHyJIEBOrO TIOAMOIYJIS
K < M.
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IIpennoxkenmne 9.3. Tounbit Momynb g M mMeeT pa3IMIAIONINI KOM-
IJIEKCHBIHM XapaKTep TOIIa W TOJBKO TOrIa, KOTJa OH eCTh () F-Momyiib.

<« Cnenyer u3 Teopemsr 8.7.»

Omnpegenenne 9.4. Becosbie dynxumn xomos C < RN u K =
anny, v (C) ceasanve mootcdecrneom Mak-Buavame, eciu CyniecrByer
KOMILTEKCHBIN XapakTep Y Momaysas M Takoii, 9To

Wic(ys, -+ ym) = ﬁWC(P¥(Y)»-~-an~M(Y))a (9.1)
rue N
P (y) =Y x(pjpi)yi, 5=1,...,7. (9.2)

i=1
Jlemma 9.5. IlycTsb ¥ — pa3iandaiomuii KOMILIEKCHBIN XapaKTep MOIYJIst
rM. Torga gy aoboro menysreBoro mogmonayis K < g M cnpaseniuBo
paBerctBo » . x(a) =0.
acK

<« B cuny komeunoctu momynsa M, rpynma G = x(K) Kak KOHeYHAs
HOArPYIIa MYJIbTUILIUKATHBHON IPYIIIIbL IOJIs KOMILIEKCHBIX YUCEN sB-
ssiercst nukndeckoit. CienoBarenpro, G coBmagaer ¢ rpynmnoit Uy Kop-

el crenenu k m3 eauHUIBI A7t Hekoroporo k > 2. Ilo Teopeme Buera

> u = 0. Iosromy
ueUy

IR DWE

acK geG

Teopema 9.6. Eciiu g M — QF-Moaynb u Y — €ro pasiudalomnymii KOM-
IJIEKCHBIH Xapakrep, To Jyig juoboro smneitnoro koga C < rRY cupa-
BeINBO TOXKIecTBO Mak-Busuibsamc (9.1). Ecan g M — TounsIif, HO He
QF-vomynn, To cymecTByioT mureitabe Koasl C < xRN taxme, 4o pa-
BeHCTBO (9.1) He BLINOJHAETCS HU JJIsi KAKOTO KOMILJIEKCHOIO XapaKTepa
x Monyns r M.

<« 1. Becosyio dynkuuio koma K = anny,~(C) MOKHO IPEACTABUTH B
BUJIE

Wic(y1,- > Ym) = Z f(a), tme f(a) = yi’l(a) e yfr{n(a)_
aek
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st mpom3sosbaOro u € RY momoxum

F) = 3" x(ua)f(a) (9.3)

acMN

u cBsizkeM QyHKImiO f ¢ Becooil dpynkuueii. Imeem

zﬂu):z(z x(ua)f(a)> s (zx<ua>) f(a)
ueC ucC \aeMN acMN \ueC

Ectb aBe Bo3moskuocTn. Eciim a € K, to ua = 0 gag Bcex u € C un

x(ua) =1, orkyna > x(ua) = > 1 =|C|. Eciu a ¢ K, o 31eMeHTHI
ueC ueC
BUIA ua 06pa3yioT HEHyJIeBOH HOAMOLYIb Mogyns M, oTKyjga 1o jaem-

Me 9.5 monyuaem » . y(ua) = 0. CiemoBarenbHo,
uel

Yo Fw@=leld f@) = 1CWeyr, - ym),

ueC ackl

njan

WIC(y17"'>ym |C‘Zf

ueC

Janee npeobpasyem pasencTso (9.3), UCHOIB3ys TO, 9TO X — TOMO-
mopdusM: g u = (ug,...,uy), a = (a,...,ay) TOIyIaeM

N
fay = > (H x(utan) Yy @)y (@),
. t=1

ai,...,anEM

HO,HCT&BIIHH BbIpazKeHNe

N
f(u) = Z (H X(Utat)y(fl(at) e yfy{n(at)> .
t=1

ai,..,anEM
BaMeTuM, 9TO OPU G; = [l IMeeM yal(a‘) Cyamla) e ooy
N N m
flu) = > (Hx uthts, ya,) 1T <Zx Uehts)y )
1redNE{L,ym) \t=1 t=1 \o=1
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TTockoJIbKY U TIPHHUMAET KarkJoe 3HAUEHHe py POBHO $y(u) pas, A
1,...,r, TO OKOHYATEJHHO TOJIyYaeM

r m sx(u)
=11 (Z x(mua)%) :
6=1

T u r(u .
Taxny obpasom, f(u) nomywaerca ws zi ™ -+ 2™ samenoit zy =

P (y)-

2. TlocrpouM KOHTpHIpUMED /JIsi MOJYJs, KOTOPBI HE SIBIAETCS
kBasudpobennycosbim. Ilosoxkum N = 1, C = R. B srom ciyuae
We(x1, ... zr) =21+ . .+, Oyers M = {u1, ..., pim }, vme g = 0. U3
ycsioBust TounocTu Moaysias M momygaem, ato K = annp,C = 0, mosTomy
Wic(y1, -+ Ym) = 1.

Ilycth Y — HPOM3BOJIBHBIN KOMILIEKCHBIA Xapakrep Y momyns M.
13 ycnoBus, aro M — He KBa3udpobEeHHyCOB, CIEayeT, 9TO CyIIeCTBYEeT
HeHyseBoil noamonyab K < M Takoii, uro x(K) = 1. Dr1o o3navaer,
aro MuOKecTBO X = {1 € M : x(Ru) = 1} comepxur snementst u3 K,
re. | X| =d > 2. Ilycrs Ge3 orpanundenus obmuocru X = {p1, ..., fa}-
Torna npaBas yactb pasencrsa (9.1) npunumaer Buz

ﬁWc(P{M(Y)a M (y)) = %W(y) oM (y)) =
:%ZZX(’“M Ys = \R|Z > xops) | s

A=16=1 pER

Ipu srom ecmm p15 € X, 10 X(Rps) =1, 1 Y x(pus) = |R|. Ecnu ps ¢
PER
X, 10 x(Rits) — HeeIUHNYHAS HOAIPYINA MYJbTHIINKATHBHON IPYIIITBI

[OJIst KOMIIJIEKCHBIX 9HCeN, B Kak u B aemMe 9.5 mmeem > x(pus) = 0.
PER
CrenoBaresbHO,

We(pM ()., P (y) = y1 + ...+ ya # y1 = Wie(y),

T.e. paBeHCTBO (9.1) He BBINOJHSETCS. P
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1°. JIuneiinble pekyppeHTHbIe mnocJegoBaresbHocTu (JIPII).
Xapakrepuctudeckuii maorowien JIPII. ITopoxkgarormue 3Jie-
meHThI Mmoayaa JIPII kak Moaynsg Haka KoJbIoM Ko3ddummeH-
TOB.

IIycrb €2 — 1poU3BOJILHOE MHOXKECTBO.

Onpenenenue 9.7. Ilox nocaedosamensvrocmoio Ham ) MbI OyIem mo-
HAMATh MPOM3BOJIBHYIO DYHKINIO u : Zy — §2. na kaxkzgoro ¢ € Z,
ss1eMeHT (1) HA30BEM i-M “AEHOM TIOCIIEIOBATEIbHOCTH 1. MHOXKECTBO
BCexX mocyenoBarebHOCTe Ham () obozHaumMm uepe3 2°°. ITlocmemosa-
TEJBHOCTh U4 € (2°° MOXKHO TaKXKe 3alUCHhIBATH B BUJE OECKOHETHOrO
BekTopa u = (u(0),u(l),...,u(i),...).

IIycrp R — KoHeuyHoe koMmMmyTarupHoe KoJibuo ¢ 1 # 0. Byaem pac-
CMaTPUBATh TOCTIEIOBATEIBHOCTH HAJT KOJIBIIOM R.

Ounpenenenne 9.8. Hyaesyrw mocmenosarensrocts (0,0,...,0,...)
oboznaunm depes (0).

Onpegnenenne 9.9. IlocienoBarebHOCTD U € R HA3BIBAETCS AUHET-
Hotl pexyppenmmoti nocaedosamenvrocmsvio (nnu cokpamenuo JIPIT) no-
padka m > 0 Hax R, ecnu cymecrByor koddduimentst By, . .., Bn_1 €
R Takwe, 9TO

u(i+m) = Brm_ru(i+m—1)+...+ fru(i+ 1)+ Bou(i) Vi € Zy. (9.4)

Coornorenue (9.4) HasbBaioT saxorom pexypcuu JIPII u, mHOrOUIEH
F(z) = 2™~ Bp_12™ 1 — ... = Bz — By € R[zx] — & zapaxmepucmure-
ckum mmozounenom, a sekrop u(0,m —1) = (u(0),...,upm—1) € R™ —
Hauarvhom sexmopom JIPIT u. Tlo onpenenennio tak»ke cauraem, 4To
HysieBasi nocienoparenabrocTh (0) —JIPIT nmopsinka 0 ¢ XapakTepucTH-
geckuM MmuorounenoM F'(z) = 1, u (0) — exuncreennas JIPII nopsiaka
0.

ITpumepot.

1. Teomerpumueckas mporpeccus v = (a,aq,aq?,...,aq',...), a,q €
R,a # 0, ecrp JIPII nopsizika 1 ¢ XapakTepuCTHYECKUM MHOIOYJIEHOM
x — ¢ n HagambEBIM BekTopoM 1 (0) = (a).

2. Apudmernueckas nporpeccus u € R ¢ obmum yienom u(i) = a+di,
i €Zy,taea,d € R,d # 0, ects JIPII nopsizka 2 ¢ XapaKTePUCTHICCKAM
Muoroutenom x2 — 2z + 1 n maganbubiv BekropoM u(0, 1) = (a,a + d).
3. IMocnenosarensuocrs Pubonayun f € R ¢ f(0) = f(1) = 1 u 3a-
KoHOM pekypenn u(i + 2) = wu(i + 1) + u(i) ecrs JIPII nopsimka 2 ¢
XapaKTepUCTHICCKAM MHOTOUTeHOM 22 — = — 1 M HauaJbHBIM BEKTOPOM

u(0,1) = (L,1).
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Onpenenenne 9.10. Onpenenum cymmy u + v nocaedosamesvrocmet
u,v € R KaK TOCJI€eI0BATENHLHOCTh W € R, 3aJaHHYIO MPABUIOM
w(i) = u(i) +v(i), i € Zy. Oupenenum npoussedenue TU NOCAI06a-
meavrocmu u € R Ha wucao r € R Kak MOCIE€I0BATETLHOCTD 2 € R,
3ajannyio upasuiaom z(i) = ru(i), i € Z.

Od4eBHUAHO, YTO ITH ONEPAUU 33T HA R CTPYKTYpPYy JIEBOTO R-
MOJIY/IsI, & eC/ii R — ToJie, TO CTPYKTYPY OECKOHEIHOMEPHOTO THHEHHOTO
[IPOCTPAHCTBA.

Hns dukcuposanroro ymurtapuoro muorounena F(z) = z™ —
Bm_12™"t — ... = Bz — By € R[z] crenenn m > 0 yepe3 Lx (F) obo3na-
quM MHOXKecTBO BcexX JIPII Ham R ¢ XapakTepUCTHYECKUM MHOTOYJIEHOM

IIpennoxenue 9.11. Ilpoussosbuas JIPII uw € Lz (F) oxno3nauno
3a1aéTCst CBOMM HavdasbHbIM BeKTopoM 4 (0, m — 1), npu stom |Lg (F)| =
IR|™.

<« Crnenyer nenocpeacrBento u3 onpezesnenus JIPTL»

IIpeanoxkenue 9.12. Ly (F) aBisiercs KOHEIHBIM TTOIMO/LYJIEM MOJLYJIS
RR>.
<« Crenyer u3 onpegesiennit JIPTI, cymmbl nociepoBaresibHOCTEH U IIPO-

U3BEJICHUS TIOCJIEIOBATEILHOCTH HA YNCJIO, U HPEABLAYINEro IIpejiorKe-
HUA. P

Takum obpasoM, g Lg(F) Kak KOHeYHbIT MOAY/b OyieT U KOHEYHO
HOPOKISHHBIM MOJY/JIeM. B cilefyomeM yTBepKIeHUA Mbl HAMJIEM Mu-
HUMAJLHYIO MOIIHOCTH €r0 CHCTEMBI OOpa3yIOIUX U JaJUM ONUCAHUE
6a31COB STOTO MOJTYJIsI.

IIpennoxkenue 9.13. 1. Ly (F) sBisiercsa cBOOOAHBIM R-MOLYJIEM DaH-
ra m.

2. Cucrema 31€MEHTOB Ui, ...,Un € Lg(F) ecrb 6asuc (r.e. auneii-
HO He3aBucHMas HaJ R cucrema obpasyromnx) monyisi Lg(F) rorma
M TOJIBKO TOT/IA, KOTIA MATPHUIA

uy(0,m — 1)
U= : ,
U (0,m — 1)

COCTaBJIEHHAS W3 HAYAJIHHBIX BEKTOPOB 3THX MOCJIEIOBATEILHOCTEI, 00-
paTuMa HaJ KOJIbIoM R.
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<« 1. Cornacuo npemyioxkenuio 6.36, HaAM JOCTATOYHO TMOKA3ATH, UTO Y
Ly (F) ecrb 6a3uc MOIIHOCTH M. DTO yTBEpXKAeHUE OyIeT CIe0BaTh U3
MyHKTA 2, TIOCKOJBbKY HAJI R CYIECTBYIOT OOpATUMbIE MATPHUIIBI, HAIIPH-
Mep, eIuHIYas MaTpuna F,,.

2. “«<” Ilycre U — obparmmasi marpuna. lorga jjst Jiro0oit
CTPOKH a € R™ CyIecTByer eIWHCTBEHHBIH HAOOP K03 MUINEHTOB
(b1,...,bm) € R™ Takoit, uro a = (by, ..., by, )U. B wacraocru, njis npo-
U3BOJIbHOI 110CIe0BaTebHOCTH U € L (F') cyliecTByer e uHCTBEHHbIIT
Habop koadpduuuentos (ci,...,Cy) € R™ rakoit, 4ro

w(0,m—1) = (c1,...,cm)U. (9.5)

PaccMoTpuM TIOCIE0BATEIBHOCTD U = C1U1 + - .. + Cplym € Ly (F).
ITo mocrpoenuio v(0,m — 1) = (¢, ..., ¢m)U = u(0,m — 1). 3uauur, co-
rmacHo mpegmoxkennio 9.11, v = u, T.e. u = c1u + ... + CpUy,. Equn-
CTBEHHOCTb TAKOrO IIPEICTABJICHUSA CIENyeT N3 €IUHCTBEHHOCTH PeIIe-
HUst ypasHennust (9.5).

“=” TlycTb cucreMa JeMEeHTOB U, . . ., Uy € Lr(F) ecth 6a3uc Mo-
nyns Lg (F). Onpenenum anisa xaxaoro k= 1,...,m JIPIL ef € Lg(F)
Ha4YaJIbHBIM BEKTOPOM ef((),m —1) = e; ¢ 1 na k-m mecre u HynsgMu
Ha OCTAJIbHBIX. 110 NPEeImoOnIoKeHnIo KaxkIas W3 IOCIeI0BATEIbHOCTEH
er Lr(F) upejcrasisercs B Bujie

eg = Cp1UL + ...+ ComUm-
Torma gns m X m marpurnsr C = (Cij) BBIITOJTHEHO COOTHOITIEHUE
ef'(0,m —1)
CU = : = Ep,.
Foom—_1
ek (0;m—1)

Cnenosarenbuo, U — obpartumasi MaTpuIia. »

Caexncrsue 9.14. Cucrema JIPII ef € Lp(F), k = 1,...,m, ectb

6azuc mouyns Lg(F).
Caencrue 9.15. Eciu R = F — nosne, o dim Ly(F') = deg F(x).

2°. TIpocTpaHCTBO TOCJIeJOBATEIbLHOCTEM HA/  KOJIBIIOM KaK MO-
AYJIb HaJ[ KOJIBIIOM MHOrOYIeHOB. IMIyJIbCcHAas TTOCJIeJOBATEIb-
HocTh. 'enepatop JIPII. Ilokaxkem, 9T0o Ha MHOMXKECTBE R MOXKHO

2279

3a/1aTh CTPYKTYPY R[zr]-MOmynsi, KoTOpasi AacT emg 6oee “S9KOHOMHBII
crocob 3amanus mMonyns Lg(F).
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Omnpenenenne 9.16. 15 npon3BOibHOTO k € 7 ONPEIETINM Npous-
sedenue =¥ - u nocaedosameavrnocmu u € R na odnousen ¥ € Rz
KaK IOCJIEJOBATEIBPHOCTD v € R, 33JaHHYIO IPABUIIOM

v(i)=uli+k), i € Z;.

JIpyruMu CI0BaMM, yMHOKEHHE HA OJHOWICH ¥ ecTb CABHI 1OCsIeno-

BATEJBHOCTH U HA k IIIATOB BJIEBO, JTUOO BHIYEPKUBAHWE U3 U TEPBBIX k
4JIEHOB:

2 - (u(0),u(1),...) = (u(k),u(k+1),...).

Omnpenenenne 9.17. Oupenenum npouseedenue A(x) - u nocaedosa-
meavhocmu u € R na muozounen A(x) = anz™ +...+a1x+ag € R[z]
KaK I0C/IEJI0BATENHbHOCTD, 3aJaHHYI0 [TPABUIOM

Alz) - u=ap(z" - u)+ ...+ a1(x - u) + aou,

re. A(z) - u = w, rue
w(i) = Z apu(i + k) (9.6)
k=0

JIIA BCeX I € Z .

Ilpennoxxenme 9.18. Jl1g mpOW3BOIBLHOTO YHUTAPHOTO MHOTOYJIEHA
F(z) € R[z] umeer MeCTO PABEHCTBO

Lr(F)={ueR*: F(z)-u=(0)}.

< Ecim F(z) = 1, To no onpegenenuio nopsiaka JIPII umeem Lz (F) =
{(0)} = {ueR>®: 1-u=(0)}. Hycrs deg F(z) = m > 0. Torna
st uw € R, cornmacHo paBeHcTBy (9.6), mveem F(z) - u = v, rae
v(i) =u(E +m) — Bp_ru(i+m —1) — ... — Bou(i) mna i € Z,. [osto-
My COIJIACHO 3aKOHy pekypcuu (9.4), ycioBue u € Li (F) paBHOCUIBHO
yeaosuio F(x) - u = (0).»

Teopema 9.19. I'pyuna (R, +) asnserca R[x]-MOmyseM OTHOCHTE/Ib-
HO BBEJIEHHON ONMEpAIN YMHOKEHUS MOCTENOBATETHHOCTH HA MHOTO-
JIEH.

<« IIpoBepuM BhITIO/IHEHNE AKCHOM.
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L Iycrs A(z) = 3 aga® € Rlz], u,v € R*®. Toraa
k=0

= (e utat )= Alx) ut A) .

Ananornuno, (A(x) + B(z)) - u = A(x) - v + B(z) - u mas mo0bIx
A(z), B(z) € R[z], u € R™.

2. Ilo ompenemennio 1-u = u a1 Bcex u € R™°.

3. Ocranocs nposeputs, 4ro (A(z)B(x)) -u = A(x) - (B(x) - u) pns
mobbix A(z), B(z) € Rlx], u € R°°. s 01HOUIEHOB UMEeM:

az® - (bz' - u) = az® - (bu(l),bu(l+1),...) =
= (abu(k 4+ 1), abu(k +1+1),...) = aba**! . w.

Hostomy ams A(z) = 3. agz®, B(x) = 3. bx! nomygaem, aro
k>0 (>0

(A(z)B(x)) -u= z apbc™ | u = Z apx® - (bt - u) =

k,1>0 k,1>0

= Zakxk -(B(z) -u) = A(z) - (B(x) - u).
kO

Curencrue 9.20. L (F) aABiaerca MOAMOLYTEM MOIYIA Rz R,

<Ecmu € Lr(F)u A(x) € Rlz], o F(z)-(A(x)-u) = (F(2)A(z)) u =
A(z) - (F(z)-u) = A(z) - (0) = (0). Caenosarensno, A(z) - u € Lr(F).
| 4

Crenyrormmast TeopemMa HOKa3bIBaeT, 910 R[z]-Monyns Lg (F') asuser-
Cd IMKJIMYECKUM, T.€. JUJIsA €r0 3aaHus JOCTATOYHO OJHON IOC/IEe0BA-
TEJILHOCTH.

Teopema 9.21. Iycts F(x) = 2™ — Bp_12™ L — ... — fro— Bo € R[],
m > 0. Yepes ef’ € Lr(F) obozmasmm JIPII ¢ Haga bHBIM BEKTOPOM
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em = (0,...,0,1). Torma ans mo6oit nocienoparenbHoctn u € Lg (F)

CyIIeCTByeT euHCTBeHHbI MHOrOwIeH O () € R[z] crenenn deg ®(z) <

m Taxoit, ato u = ®(x) - ef’, nmerormit Bz

m—1
®(x) = u(0)z2™  + (u(k) = B—qu(k — 1) —
k=1
- = Bn—xu(0))z™ 1R (9.7)
<« Cucrema JIPIL ef' | x-ef' ... am~1.ef" € L (F) ectn 6asuc R-Mosys

L (F) no npemyoxennio 9.13, MOCKOIBKY MaTPHUIA, COCTABIEHHAS W3
HaYaJIbHBIX BEKTOPOB 3TUX HOCJIeﬂOBaTeJH)HOCTeI./,I, UMEET BUJ

ef'(0,m —1) et (0,m — 1)
z-ef'(0,m—1) F( m)
U: . = =
zm L eF(0,m —1) eF(m71,2mf2)
0 ... 0 1
_|0 . | ef'(m)
1 ef'tm) ... ... ef'(2m—2)

ciaeoBarenbHo, obparnma Ham R. Takum 006pasom, CyIIECTBYET €IuH-
CTBEHHBI HAOOP KOIDOUIMEHTOB @, ..., Pm—1 € R TaKoii, 9T0 u =
gpoeF + 17 - e + ...+ @m_lxmfleF. Orciona 09eBUIHO CIeIyeT, 9TO
O(x) = 0o+ 17+ ... + ©pm_12™ ! — HCKOMBII MHOTOY/ICH, H 9TO OH
€/IMHCTBEHHEH.

Ocranocs BeiBecTu dopmyny (9.7). Mo mocrpoenunio koddduiy-
eHThl MHOTOWJIeHa P () yIOBJIETBOPSIOT DABEHCTBY (Lo, ..,Pm—1) =
w(0,m — 1)UL, Bnaunt, HAM 10CTATOYHO 10Ka3aTh, 9TO OOPATHOM /15
U saisiercs marpuia

B P2 ... —Bmoa 1

By —fB3 ... 1 0

V= cee ... ...

Bpy 10 ... 0

1 0 e - 0
PaccMOTpHM MPOM3BEIEHNE CTPOKH U ¢ MATPHUIEI V HA CTOMIOEI uf
varpunst U. Uveem s = (=Bsy- -y —Bm-1,1,0,...,0), exuauna pac-
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TIOJIOXKEHa, Ha MecTe m — S + 1; uf = 1 , €TMHATIA PaC-

e'(m+t—2)
mosokeHa Ha Mecte m — t + 1. 13 pacnososkenmns Hysneil n eJWHUI] B
3TUX BEKTOPAX CPa3y BUIHO, UTO 7611% =0,ecm 1B uf PaCIIOIOXKeHa,
HI2Ke no3uruu m — s + 1, T.e. upu Bcex t < s; U 75@ =1l,ecm 1B
uf PAaCIoJIoKeHa B TOYHOCTH Ha MecTe m — s + 1, T.e. mpu ¢ = s. IlycTs

Tenephb t > s + 1. Umeem
UV ouf = —Beel (t—1) — Bogrel (8) — ...
i = B t+m—s—2)+ el (t+m—s—1),
orkyaa, noxucraiss j =t—s—1 (§ > 0 1o yciaosuio Ha t u §), 110Jy4aem
Vouy = e (G+m) = Bnae’ G+m—1)—... = Be" (j +5).

IockombKy 10 onpenenermio eX' (1) =0mpui <m,uj+s=t—1<m,
U B BbIpaKE€HHE JJist 75@ MOXKHO J00aBUTb HyJIEBbIE CJlaraeMble, TO
OKOHYATEJIbHO 1I0JIYYUM

Vouy = e (G+m) = Bmore" G+m—1)—...
7ﬁseF(j+5) 765—16F(j+57 1) e 76061:‘(‘7‘)'

[IpaBasi wacTh 3TOr0O paBercTBa obpamaercs B 0, TMocKoabKy e! ecth
JIPIT ¢ xapaktepucruueckum MHOrouwieHom F(z). Takum o6pasom,
75@ = 0. Caenosaresnbno, VU = E,,.»

Omnpenenenne 9.22. Ilocnenoarenvrocts el € Lyp(F) nasbBaerca
uMNYAbCHOT nocaedosamesvrocmuro. Muorousnen ®(X), onpenenéHubii
papeHcTBOM (9.7), HazbIBaeTcs z2enepamopom JIPIT u omuocumenvho eé
zapaxmepucmuveckozo mrozousena F(z).
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IIycts R — KOHEYHOE KOMMYTATHUBHOE KOJBIO ¢ 1 7 0.

3°. MunumanbHbIil MmHOTOouwIeH JIPII Hax mosiem u ero cBoiicTBa.
Annyngarop JIPII.

s dbukcupoBanHoro yaurapuoro muorodsiexa F(xr) = a™ —
Bm_1x™™t — ... — Bz — By € R[x] crenenn m > 0 Kak u panee gepes
L (F) 6ynem o6o3nauarh MHOKecTBO Beex JIPII mam R ¢ xapakrepwu-
crudecknM MHorowrenom F(x).

IIpeanoxkenue 9.23. Jliobas JIPII u € Li (F) umeer 6eCKOHEYHO MHO-
IO XapaKTepUCTUIECKUX MHOIOYJIEHOB.

<« Ilockomeky Ly (F) apasercs TOAMOMYIEM MOTYIA R, R>, TO 060t
yHuTapHblit MHOTOWwteH H(z) € Rz] - F(x) sBnserca XxapaKTepUCTHYIe-
CKUM JIJIs1 U. P

Omnpenenenne 9.24. Munumarvrvim mmozousenom JIPIL v waswisa-
ercs e€ XapaKTEePUCTUYECKUN MHOTOUJIEH, UMEIOIINI HANMEHBIIYI0 CTe-
nenb. CTenerh MUHIMAJIBLHOTO MHOTOU IeHA Ha3bIBaeTcsa parzom JIPII u.

W3 sToro ompenesieHnsi BUAHO, YTO PAHT U OMPEIEIEH OIHO3HAYHO,
IO3TOMY KOPPEKTHO HCIOJIb30BaTh obo3HaueHme rku. B To ke Bpems,
JIPII Haj KOJIBIIOM MOXKET MMETh HECKOJbKO MUHUMAJIbHBIX MHOTOYJIe-
HOB.

IIpumep.

Teomerpuueckas mporpeccus u = (a,aq,aq?,...,aq',...) mpu a # 0
ecth JIPII panra 1, COOTBETCTBEHHO, €€ XapaKTePUCTUIECKIIT MHOTOUJIEH
F(x) =  — q aBagercd e MUHUMAJIbHBIM MHOrOYIeHOM. Bo3bMéM jie-
Juresib Hylad a € R u ioboit asmement b € R, b # 0, Takoit, uro ab = 0.
B sToM ciaydyae MUHUMAJIBHBIM MHOTOUJIEHOM JJIst U OyZeT Tak:Ke MHO-
rowrer F'(z) + b.

OtmeTnM, 9TO B 9TOM MPUMEPE KOJBIO K COMEPKUT JETUTE/N HYIIs,
T.e. He MOXKeT ObITh mosieM. Jlokaxkem obiree yTBep:k aenue, 9o s JIPII
Ha/I [T0JIeM MUHMMAJIbHBIA MHOTOYJIEH BCErJa OMPEIeIEH OTHO3HAYTHO.

Omnpepenenne 9.25. Annyaamopom nocaedosamesvrocmu u € R
Ha3bIBAETCH MHOZKECTBO

ann(u) = {H(z) € R[z]: H(z)-u=0}.

3aMeTruM HEKOTOPbIE OYEBUIHBIE CBOWCTBA AHHYISATOPA TOCJIEI0BA-
TeTbHOCTH:
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IIpengioxxenne 9.26. 1. ann(u) sBjsieTcs HIeagoM Koabla R[z];

2. u € R asngerca JIPII nan R Torga u TOJIbLKO TOrAa, Korma ann(u)
COJIEPKUT YHATAPHBIA MHOTOYJICH;

3. MunumanbupiMm muorowsienom JIPII u saBisercs soboit yHuTAPHBIN
MHOT'O4YJIEH HAUMEHBINEN CTEIeHn U3 ann(u)

Teopema 9.27. Jliobasa JIPII u nax monem F umeer enHCTBEHHBIH Mu-
HUMAJbHBIA MHOrOUWIeH M, (z) € Flz]. Kpome Toro, oH ymoBierBopsier
PABEHCTBY

ann(u) = Flz]| M, (x),

T.€. BJIETCH 0OPA3YIOUIMM JIEMEHTOM Hjeasa ann(u), 1 COOTBETCTBEH-
HO, JIETUT Bce XapakTepuctuyeckne mMuorousensl JIPIT w.

<« Uzsecrno, uro F[z] — KOIbLO IIABHBIX M€A/10B, 1OITOMY ann(u) =
Flx]G(x). Cpeam Bcex takmx MHorowieHoB G(x) CyIIeCTBYeT eIuH-
CTBEHHBIIl YHUTApHbIA MHOrO4sIeH, 0603HaunMM ero M, (x). ITockombky
M, (z) - w = (0), To muHOrOWIeH M, () ABIAETCA XapaKTEPUCTHICCKAM
muorodnenoM JIPIT u. ITo mocrpoenunto My, (x) menut Bee ocraibHble Xa-
pakrepucruydeckue muorodsrenst JIPII u, cienoBarensno, on sBisiercs
€8 MUHVMAJLHBIM MHOTOYJIEHOM. EIMHCTBEHHOCTH XapaKTEPHCTHIECKO-
IO MHOTOYJIEHA JAHHO} CTENeHN yKe JOKa3aHa, YTO BIEYET eINHCTBEH-
HOCTh MHHHUMAJILHOIO MHOTOYJIEHA. B

B obmem ciiydae KObIIO MHOTOYIEHOB HAJT KOJBIIOM R He obrazaer
BCEMHU CBOMCTBAMHU KOJIbIIA MHOTOYJIEHOB HaJ, mojeM. Hampumep, u3-3a
HAJINYUs HEOOPATUMBIX 3JIEMEHTOB B KOJbIE R K MHOro4YjJaeHaMm Haj R
HEJIb3s IPUMEHUTH AJTOPUTM JEJIEHUST CTOJOMKOM JIayKe B CJIydae MHO-
roasieroB 0 crenernu. C Apyroit CTOPOHBL, B 9aCTHOM CJIy4Yae YHUTAPHOTO
muorodnena G(x) anropurm jgeneHus ¢ ocrarkoM Ha G(z) nmpuMeHHM.
CoxpaHsIOTCs HOHATUS JIETUMOCTH MHOIOYJIEHOB M B3aMMHOM IPOCTO-
THI:

Ounpenenenne 9.28. Muorounenst F(x),G(z) € R[z] nHazorém e3a-
umHo npocmumu u obozHaunM (F(x),G(x)) = 1, ecnmn Rlz]F(z) +
Rlz]G(z) = Rlz], re. A(x)F(z) + B(x)G(z) = 1 nns HEKOTOPHIX
A(x), B(x) € Rlx].

Ipenmoxenne 9.29. Ina mobGeix muorounenos F(z),G(z), H(z) €
R[z] cupaBeIUBBI CIEIYIONHAE YTBEPKICHUS:

1. ecmn (F(2),G(x)) =1u (F(z),H(z)) =1, 7o (F(x),G(z)H(z)) = 1;
2. ecm (F(z),G(z))=1m F(a:)|(G(x)H(x)) To F(x)|H(z);

3. eciu (F(x),G(x)) =1, F(z)|H(z) u G(z)|H(x), ro F(z)G(z)|H(x).
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<« /lokaspiBaeTcs Tak »Ke KakK W JJId MHOTOYJIEHOB HA/I TTOJIEM. P

3agaun K Jgeknuu 9.

3agaua 1. Paccmorpure, Kak BeIMIAAUT TOXKaecTBO Mak-Bumiuamc B
ciyuae, korga R = F,— xoneunoe nose, C — suueiinsiit xon man F,
nymnbt n, K = C°.

3amava 2. Ilycte R = Z4. Paccmorpum mwweitnsiii kox C Ham R ¢
é ; (1) i).HyCTbM_R*QF—
moyab. Haitmure Becoswle dbynkmmn koaos C < e RN n K = anny,~ (C).
VYKaxKnuTe KOMIJIEKCHBIN Xapakrep X MOmy/as M Takoit, 9TO BBITOJTHEHO
roxxaecTBO Mak-Bunbsamc. ToxkaecTBo 3amuinure ABHO [ YKA3AHHBIX
KOJIOB M XapaKkrepa.

nopoxkgaorei marputeit G = <

Bagaua 3. Ilycts R = Zg, F(z) = 2* — 2 — 1. JIna xaxmx
y € Z¢ JIPIL uq,ug,us,us € Lg(F) ¢ HaYajbHbIMU BEKTOPAMU
(0,1,2,3),(1,0,0,0),(2,2,1,1),(2,9,0,3) cocrapasitor Hazuc R-mMomyss
Lr(F)?

3amaua 4. Haitnure remeparop JIPII u Han Zs ¢ XapakKTe€pUCTUIECKIM
muorowIeHoM F(x) = 27 4+ 2° + 23 + 22 + 2 n HaYaAbHBIM BEKTOPOM
(0,1,2,0,0,1,1).

3amauva 5. Haitqure reneparop JIPII u van Z4 ¢ xapakTepucTUIECKIM
muorownenom F(z) = o7 + 2% 4+ 22 + 22 + 1 1 HauamTbHBIM BEKTOPOM

(0,0,1,2,0,1,1).

3amaua 6. CKOJIbKO MUHMMAJIBLHBIX MHOTIOYJIEHOB MMEET INeOMETPUYe-
ckast iporpeccusi u ¢ u(0) = 4 u ¢ = 3 Hax KonbIOM Zig?
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Jlekmusa 10. Munumanbablii MmaorouwieH JIPII waa mosem u ero
cBoiictBa. Auanynsarop JIPII. CoorHonienns mex /iy cemeiicTBa-
vu JIPII ¢ pa3sauyHbIMU XapaKTepUCTHYUYECKHUMN MHOTOYJIeHa-
mu. OO6riue cBoilicTBa M MapaMeTpPbl IMePUOIUIECKUX II0CJIeI0-
BarteabHocTel. [lepunogmarocTs JIPII Hag KoHEeYHBIM KOJIBIIOM.

Teopema 9.27 nomyckaer HEKOTOPOe DaCIIMpeHue Ha OOIwmil ciry4ait
JIPII nanm KoabioM:

Teopema 10.1. JIns npoW3BOJBHBIX yHUTApHOTO MHOTrOuiIeHa G(z) €
R[z] n nocaenoBaresbHOCTH U € R ClIeAYIONINE YTBEPKICHNS IKBUBA-
JIEHTHBI:

1. IlocnenoBarenprocts u ecth JIPII ¢ equHCTBEHHBIM MUHHMAJIbHBIM
muoro4dneHoM G(x);

2. ann(u) = R[z]G(x).

< “1) = 2)” lockombky G(z)-u = (0), ro R[z]G(x) C ann(u). O6parHo,
nycrs H(z) € ann(u). MHorowren H () MOXKHO Pa3IeuTh € OCTATKOM
Ha, yHUTapHBI MHOrOUIeH G(7):

H(z) = Q(z)G(z) + A(x), deg A(x) < deg G(z).

IMockospky 1o ycnosuio H(z) - u = G(x) - u = (0), o A(z) - u = (0)
u A(x) € ann(u). B srom ciyugae muorowren Gi(x) = G(z) + A(z) €
ann(u) — yHUTApPHBIH MHOTOYJIEH TOM YK€ CTEeleHH, 9To G( ). B Buny
ycnous 1) orciona caeayer, uro Gy (z) = G(x), 1.e. A(x) =0n H(x) =

Q(z)G(x). Takum obpaszom, ann(u) C R[z]G(z).
“2) = 1)” noka3bIBaeTCs TAaKXKe, Kak TeopeMa 9.27.»

IIpemioxenne 10.2. Ilycrs F(x) € R[x] — ynurapublii MHOrO4IeH
cremenn m > 0, u € Lg(F) nmeer mauambuerii Bekrop u(0,m — 1) =
(0,...,0,a), tne @ € R — 3/1€MEHT, He SABJISIONIUIC JEIUTEIEM HYJIsI.
Torpa F(x) — eIMHCTBEHHBI MUHUMAJIBHBIH MHOrOUIeH JIPIT .

« llonb3ysacy mpeapiaymeit Teopemoit 10.1, 710CTaTOYHO AOKA3aTh, UTO
ann(u) = R[z]F(z). Brmouenne R[z]F(x) C ann(u) ye H3BECTHO,
[O9TOMY OCTAJIOCh J0Ka3aTrh, 4ro B ann(u) s0boit muHorowien H(x)
creneHu MeHblineit, gem m, pasern 0. Ilpeamomoxkum npoTHBHOE: IIyCTH
H(z)=h +hz+...+ hix®, hy # 0, k < m. Torma nocjemnoBaresnb-
HocTh v = H(x) - u umeer Henysesoit wien v(m —k —1) = hpu(m—1) =
hipa # 0 B Buny ycnosus na u(0,m — 1) u a. [IporuBopeune ¢ ycioBuem
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H(z)-u=(0).»

CuencrBue 10.3. s moboro yantapHoro muorousena F'(z) € Rlx]
cipasemuBo paserctso ann(el’) = R[z|F(z).

Crenyromas TeopemMa JaéT Crrocod HAXOXKIEHUsT MUHUMAJIbHOIO MHO-
rowrena JIPII nazx mosrem.

Teopema 10.4. Ilycts v — JIPII nax nosem F ¢ xapakrepuctuaeckum
muorounenoM F(x) u remeparopom @ (z). Torma

__ F@
b M) = ), @)
2. ecnim v = H(z) - u mus wekoroporo H(x) € Flx], to M,(z) =

(H(z), My (x))

<« Ilo onpenenennto remepaTopa M UMIYABCHON MOC/IEI0BATENBHOCTH,
umeeM u = ®(x) - ef’. M1 yxe nokasamu, uro M r(x) = F(x). IlosTomy
1) cenyer u3 2) Kak wacTHbIH cayyait g v = u, u = ef’) H(x) = ®(x).

Hokazkem yrBep:kaenue 2). Ilycts A(x) € ann(v). Vmeem nenodky
3KBUBAJICHTHOCTEM

A(z) -v=(0) & A(z)H(z) - u=(0) & My(z)|A(x)H (z) <

© @), @) A
(H(z), My(x))
st waeana ann(v). Ionp3ysich Teopemoii 9.27, 3akiodaeMm, dTO

M, () o -
@) M) -

CraemoBaTebHO, MHOTOUJIEH SIBJIAETCS  00Pa3yIOIIIM

CuaeacrBue 10.5. Munumasnbhbiii maorodsed JIPII u € Ly(F) nan no-
aem F pasen F(x) Torga u TOAbKO TOrZA, KOIJA EHEPATOP U OTHOCH-
resibio F'(x) B3aumuo upocr ¢ F(x). B wacruocru, F(x) aBiasercs mu-
HUMAaJILHBIM MHOTOUJIEHOM st J1i060i Henyneroi JIPII w3 Ly(F) Torma
M TOJIbKO TOTJA, Korga F(z) nenpusomum Hag nosem F.

1°. CoorHoinenus mexay cemeiicrBavu JIPII ¢ pasmumusabivu
XapaKTEePUCTUIECKNMIU MHOTOYJIEHAMM.
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IIpemnoxenune 10.6. Ilycrs F(z), G(z) € R[x] — IpOU3BOIBHBIE YHU-
rapuble MHOrowieHsl. Torna Lg(G) C Lg(F) ecam w TONBKO eciw

G(z)|F(z).
<« “=" Tlyers Lg(G) C Lr(F). Torna ¢ € Lg(F), snaunt, F(:c) .
e = (0), re. F(z) € ann(e%). Cormacuo caepcreuro 10.3, ann(e®) =

R[z]G(z), orkyna nomyuaem tpebyemoe ycaosue G(x)|F(x).

“<” Ilyers G(z)|F(x). Bossmém mpoussonsiyio JIPII v € Li(G).
Nmeem G(z) -u = (0), orkyaa cuemyer, yro F(x)-u = (0). Takum obpa-
3oM, u € Lg(F). »

Teopema 10.7. Ilycrs F(x),G(x) € R[z] — yHUTapHbBIE B3aUMHO IIPO-
croie muorowienst u H(x) = F(z)G(x). Torga

Lr(H)

Lr(F) & Lr(G).

(
Ecim R — none, JIPII w € Li(H) npencrasiena B BUIe w = u + v,
u€ Lr(F),ve LR(G), TO

(My(2), My (2)) =1, My(2) = My(2) M, (2).

<« 1. U3 mpegyoxenus 10.6 crenyer, uro Lg(F), Lr(G) C Lr(H). Or-
KyJla UCosb3ys npenioxkenue 9.12, momygaem, uro Li(F) 4+ Lr(G) C
Lr(H).

Jnst nokazaTenabcTBa OOPATHOIO BKIIIOUEHHS BO3BMEM MOJXOJSIINE
muorouanenst A(z), B(z) € R[z] rakue, uro A(z)F(z) + B(z)G(x) = 1.
IIycrs w € Lgr(H). Torma w = A(x)F(z) - w + B(x)G(x) - w. Tonoxum
u = B(z)G(x) - w, v = A(x)F(z) - w. Ilo nocrpoenuo 04eBUIHO, 4TO
F(z)-u = B(z) - (H(z) -w) = (0), re. w € Lg(F). Ananoruuno, v €
Lz (G). Caenosarensho, Lg(H) C Lg(F) + Lgr(G), n 3na4wur,

Lr(H) = Lr(F) + Lr(G).
Ecmm w € Lgr(F) N Lgr(G), o F(z) -w = G(x) - w = (0), orkyga ans
oupenenénnbix soiue JIPIT u, v Takxke umeem u = v = (0). SaknodaeM,
aro w = (0), nosromy
Lr(H) = Lr(F) & Lz (G).
2. llycrb R — nonte, JIPII w € Ly (H) upeacrabiena B BUe w = u+

v, u € Lr(F), v € Lg(G). Ilo reopeme 9.27 M, (x)|F(x), M,(z)|G(z),
nosromy (M, (x), My(x)) =1 B cuy B3aumuoii nmpocrorst F'(x) u G(x).
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Takxke no mocrpoenunto M, (z)M,(x) € ann(u) N ann(v), mosromy
My (x)M,(z) € ann(w) u My, (z)|M,(x)M,(z). C apyroit cropoHsl, u3
yeaosust u = B(x)G(z) - w, v = A(x)F(x) - w u reopems! 10.4 creayer,
ar0 My, ()| My (z), My ()| My (z). Torna M, (x)M,(z)|My(x). Oxonga-
TesbHO osryaem, ato My, (z) = My (x) M, (x). »

Hanx monem 3T0 yTBepKaeHNE MOXKHO YCHJIATD.

Teopema 10.8. Ilycts F(z),G(z) € Flx] — yHUTapHbIE MHOIOYJIEHBI
naj noseMm F. Torna

1. Lg(F) N Lg(G) = Lp(D), tne D(z) = (F(z),G(z));

2. Lg(F) + Ly(G) = Lg(H), rne H(z) = [F(z), G(x)].

< 113 upemoxenns 10.6 crenyer, uro Ly(D) C Lg(F)NLp(G). Dusa no-
Ka3aTeJLCTBA OOPATHOrO BKJIIOUEHHS BO3BMEM IOAXOMISIINE MHOLOUIE-
usl A(z), B(z) € Flz] rakue, uro A(x)F(x) + B(x)G(z) = D(z). IIycts
u € Lp(F) N Lg(H). Torma D(x) - u = A(x)F(z) - u 4+ B(x)G(z) - u =
(0) 4 (0) = (0), mostomy u € Ly(D).

N3 npennoxenus 10.6 cueayer, uro Ly(F) + Ly(G) C Ly(H). Hua
JIOKa3aTeIbCTBA PABEHCTBA BKIIIOUEHHBIX IPOCTPAHCTB HAJ HOJIEM JI0-
CTATOYHO JIOKA3aTh PABEHCTBO PA3MEPHOCTEN JAHHBIX IPOCTPAHCTB (HC-
nosb3yem ciegacreue 9.15):

dim(Le(F) + Lp(G)) = dim Le(F) + dim Ly (G)—
— dim(Lp(F) N Lp(GQ)) = deg F(z) + deg G(z) — deg D(z) =
= deg H(x) = dim Ly(H).
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2°. O6uiue cBoiicTBa U MapamMeTpbl MEPUOANIECKUX II0CJIET0Ba-
TeabHocTel. Ilycrs () — npon3BoIbHOE MHOXKECTBO.

Onpenenenne 10.9. IlocmenoBarenbHOCTD U € (2°° HA3BIBACTCA NEPU-
00uneckotl, ecau CymecTBYIOT UHIEKCh \ € Zy, t € N takue, 910

u(i+t) = u(i) Vi > A, (10.1)

[Iycts R — KOHEUHOE KOMMYTATUBHOE KOJIBIIO ¢ 1 # 0.
3aMeTuM OYeBH/IHYIO CBsI3b MEPHOIUYECKUX [T0CIEI0BATEIHHOCTEH 1
JIPII manx KojboMm:

IIpemnoxkenme 10.10. Ilycts u € R°°. Torma
1. ycnosue (10.1) 9KBHBATIEHTHO yCJIOBUIO

2 Mat = 1) -u = (0); (10.2)
2. ecn u — TiepuoguYecKasi, To u aBJsgercs JIPII nan koabmom R.

<« Crenyer u3 npesjoxenns 9.18.»

B nasbueiiniem Mbl IOKaKeM, 9TO BEPHO U OOPATHOE YTBEPKIEHHE, O
ToMm uTo mobas JIPTI Ham KOHEUHBIM KOIBIIOM SIBJISIETCS TIEPUOINIECKOM
TOC/IeIOBATEILHOCTIO. JJIsT 9TOrO CrepBa [TOKaXKeM HEKOTOPBIE 00Ime
CBOHCTBA MEPUOINIECKAX MOCTIET0BATETHHOCTEH.

Ecmm u € Q2°° — nepuoauyeckast mocieI0BATEIbHOCT, TO OYEBHIHO,
4TO sl Heé cylecTByeT He ofuH Habop mapamerpos (A, t), mis KOTO-
pbix Boioaueno pasencrso (10.1). s roro, 4robbl ouucarh Bee Takue
mapaMeTphl, OTAEIBHO BBIIEINM HANMEHBITHE U3 HUX CJIEIYIONUM 00pa-
30M:

Onpenenenune 10.11. Ilycrs v € 2°° — mepumommyeckasi MOCIEI0BA-
renbHOCTh. Ilepuodom T(u) nocaedosamenvrocmu u Ha3bIBAETCH HAU-
Menbiee gncsio t € N, mia koroporo cymecrByer A € Zy Takoe, 9TO
Boinosasercs pasencrso (10.1), upu srom daunol nodzoda A(u) nocae-
dosamenbrocmu 1 HA3bIBAETCS HAUMEHbINIee TUCI0 A € Zy, [Jjisi KOTO-
POTO BBITNOJIHSIETCS PABEHCTBO

w(i + T(u)) = u(i) Vi > A (10.3)

Teopema 10.12. Ilycrs u € Q°° — mepuojudeckas MOCJIEI0BATE -
Hocth. Yucna A € Zy, t € N ynosnersopsior paserctsy (10.1) torma u
TOJILKO TOT/Ia, KOT/Ia

A > A(u), T(u)lt.
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<« 1. ITycrs criepBa 2 = F — koneunoe mosie. Kak ormedeno B npezjo-
skeruu 10.10, g bukcupoBaHHbIX A, t paBeHcTBo (10.1) 9KBUBATIEHTHO
yemosmio (10.2): 22 (z! — 1) - u = (0).
“” Tyers A > A(u), T(u)|t. Torma 22 (z7@) — 1)[z* (2t — 1),
orkysa cieayer, uro 22 (xt —1)-u = (0), r.e. yciaosue (10.2) sbinosneno.
“=” O6parno, mycth 2> (z! — 1) - u = (0). 3amerum, uTo

(aMat — 1), 22 (2T 1)) = 2l (z? — 1),

rae | = min{\, A(w)}, d = (¢,T(u)). Torma ucnonb3ysi yrBepx/ieHue o
smneitaoM Bbipazkernu HOJl MHOrOYIEHOB, MOy YuM

2(z? — 1) = A(z) (2Nt — 1)) + B(a) (2 (T — 1)),

N3 ycnosust (10.2) u onpenenenus: nmapamerpos A(u) n T'(u) caeayer,
aro x!(z? — 1) - u = (0). ITo onpexnenennio nepuoma Torna d > T'(u), aTo
Bmecre ¢ ycaosueMm d|T'(u), Biaeuér pasencrso d = T'(u). Torua ouenka
A > A(u) cienyer 3 ompe/esIeHust IJINHLL TTOAXO0IA MOCAEI0BATEILHOCTH
u.

2. 17151 TPOM3BOJIBHOIO MHOYKECTBA {2 PACCMOTPHM MHOMKECTBO S BCEX
Pa3IUYHBIX YTEMEHTOB U3 (), BCTPEYAImUXCa B u. B crity mepuoanaHo-
cru noctenosarensHoctu u, uMeeM onenky |S| < A(w) +7T'(u), B 9acTHO-
cru, S — KOHEeYHOe MHOXKeCcTBO. Bo3bMEM Jj11060€ TaKoe KOHEYHOEe I110JIe
F, uro |F| > |S|. Cymecrsyer unbexrus ¢ u3 S B F. Insa nocrenosa-
TEJILHOCTH ¥ 3J1eMeHTOB ¥ (1) = (u(i)) yTBEepK/IeHHE TOKA3aHO B MTyHKTE
1. BBuy nHBEKTHBHOCTH OTOOPAKEHUS ©, TEPUOIBI M JJTUHBI OIXOI0B
[OCJIEIOBATENIBLHOCTEH U ¥ U OJIMHAKOBBIE, TOITOMY Y TBEP2KICHHE BBIIIOJI-
HEHO U /ISl [IOC/I€A0BATENBHOCTH U. P

Caencrue 10.13. Ilycts u € 2°° — mepuogmyecKasi MOCIEI0BATETb-
Hocrb. Torma eé mmna noxxona A(u) ecrb Haumenbinee 4uciao A € Zy,
IJIsL KOTOPOrO CyHIeCTBYyeT Takoil HoMep ¢ € N, 4TO BBIIOJIHEHO yCJIOBHE
(10.1).

Caencrue 10.14. Ilycts u € R°° — mepuoandeckas MOCIeI0BATETb-
HocTh HaJ KosbuoMm R. Torga nns moboro muorownena H(z) € R[z| mo-
CJIeJIOBATENIbHOCTD U = H () u TakzKe sBJIgeTCs IePUOIUYECKOi, IPHIEM

AWw) < Alw) un T(0)|T ().

<« 3amerum, 9TO

A (T 1)y = (H(z)2? @ (2T —1)) . u =
= H(w) - (" (2" —1) - u) = (0),
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TIO3TOMY yTBepXKJeHue caeayer u3 reopeMsr 10.12.»

Ilpennoxenue 10.15. Ilycrs u,v € R — mepuonnydeckue mOCIEI0-
BaTesibHOCTH Ha KoabioM R. Torma

1. cymma 3TuxX HO0CIEJ0BATEIBHOCTEH W = U + W TAKKE SBJISIETCS 1ePU-
OJIMYECKON TIOCIEIOBATEIHHOCTHIO 1

Aw) < max{A(w), A@)}, T@)|[T(w),T@);  (10.4)
2. ecnt A(u) £ A(v), To
A(w) = max{A(u), A(v)}; (10.5)
3. ecau (T(u), T(v)) = 1, 10
T(w) = [T(u), T()}; (10.6)

4. ecoim w u v — JIPII, obmagaromme B3amMHO MPOCTHIMU XAPAKTEPH-
CTUYECKUMHU MHOTOYIEHAMH, TO TaKKe BbIMOTHEHBbI paBeHcTBa (10.5) n

(10.9).

<« [Ina ynobersa nonoxkum A = max{A(u), A(v)}, t = [T'(u), T(v)].

1. Tlo Teopeme 10.12 z*(z* — 1) - u = (0) u 2 (a? — 1) - v = (0),
otkyma (2t — 1) -w = 2 Mzt — 1) - (u +v) = ( ). CJIGLLOBaTeJIbHO
coornomenus (10.4) TakzKe BbIIOJHEHBI 110 Teopeme 10.12.

2. Bes orpanmuenus obmuoctu gomycrum, ato A(u) < A(v). Torma
A= A(v) u 2* (2t — 1) - u = (0). Hpeamonoxum, uro A(w) < A. Do
osmawaet, ato 21 (zf — 1) - w = (0). Orxyna momyqaem, aro x>~ (2t —
1)-v =2 (2t —1)-(w—u) = (0). Torma mo Teopeme 10.12 A(v) < A—1,
nporusopeune. Crienosaresnbho, Al(w) = .

3. Bamernm, uro [T(w),T(u)] = kT (w), tne k =

—_

ITo reopeme 10.12 22 (zF7) — 1) . w = (0) u 2 (@*T®) —1) - u = (0
Torpa 2 (F7) — 1) - v = (0) u T(v)|kT(w). Eciu (T(u), T(v)) = 1, 1o
(k,T(v)) = 1, mosromy T'(v)|T(w). Ananormano, T'(u)|T(w). Cremoa-
renbHO, T'(u)T(v)|T(w). O6bemunss ro ¢ ycaoruem (10.4), momydaem
(10.9).

4. Ilycte v € Lr(F), v € Lr(G), toe (F(z),G(x)) = 1. Torna
w € Lr(FG)u Lr(FG) = Lr(F)®Lgr(G) no reopeme 10.7. st 1106b1x
A1 € Zy,t; € Numeem oM (21t —1)-u € L (F), 2 (21 —1)-v € Lr(G),
Mzt — 1) w = aM(zh — 1) - u + 2™ (2 — 1) - v, mosTOMY W3 TOTO,
9TO CyMMa TIpsAMast osrydaeM, 9to 2 (zt —1)-w = (0) Toraa u ToIbKO

~—
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Tor1a, KOrma omaoBpeMento 12 (2t —1)-u = (0) m 221 (2 —1)-v = (0).
Ilosromy yTBepkKIeHue ciaeayeT u3 Teopembl 10.12.p

Boigennm cnermumaibHbIE KJIACCHI MEPHOIUIECKAX ITOCTEI0BATETHHO-
CTe:

Omnpenenenne 10.16. Ilepuomumueckasi MMOCIEI0BATELHOCTD U HAJT
KOJIBIIOM R HA3BIBACTCSA “UCMO NEPuoduyeckoli, WIN peeepcueHoti, ec-
an A(u) = 0.

Onpenenenne 10.17. Ilepuonmdeckasi MOC/IEIOBATEILHOCTD U HAJ
KOJIbIIOM R HazbiBaeTcs ewposicdarowetica, ecnu u = (u(0), ..., u(A —
1),0,...,0,...) mua nekoroporo A\ € N.

OueBHIHO CJIEAYIOIIEE yTBEPK ICHUE:

IIpennoxkenne 10.18. 1. u € R°° — 4ncTo nepuoandecKas mocaea0Ba-
TEJIbHOCTH TOTJIA M TOJBKO TOTIa, Korma u € Ly (xt — 1) JJI HEKOTOPOro
teN.

2. u € R°° — BBIPOKIAIONIASICA TTOCTIEIOBATETHHOCTh TOT/IA U TOJBKO
Torga, Korja u € L (z*) amsa mekoroporo A € Z .

3. OZHOBPEMEHHO YHUCTO IEPHOIUYECKON U BBIPOXKAIOIIEHCS SBIIeTCS
TOJIBKO HYJIEBad IIOC/IEI0OBATE/IbHOCTD.

Teopema 10.19. Jlobas meprogu<deckas MOCIEI0BATETLHOCTD U HAT,
KOJIBIIOM R OJHO3HAYHO LIPEJCTABJIAETCS B BUJIE CYMMBL U = Ug + U1, LI
g — BBIPOKIAIONIASICS, U] — YUCTO MEPUOINYECKAsT TTOCIEI0BATEIHHO-

ctu. Ilpu sTom
A(u) = Alug), T(u) =T (uq). (10.7)

«Ilo yenosuio u € Ly (22 (z7™) —1)). deno, aro (22, 2T —1) =
1. BuauuT, MOXKHO BOCIIOJIB30BaThcst Teopemoit 10.7. Tlomygaem, 9ro

L (zA®W (2T —1)) = L (z*™) @ Lr (2T - 1),

" TIOCJIE€A0OBATEILHOCTH U € IJMHCTBEHHBIM o6paaoM IpeacTaBIA€TCA B BU-

e
u =g+ ui, up € Lr(z®™), uy € Lg(zT™ —1).

9ro u ectb Tpebyemoe pasnoxenue. Papencrsa (10.7) caenyror u3 npej-
saoxenuda 10.15.

ITycTh ecTh Apyroe pasjioKeHue u = vy + v1, TIE Vg — BHIPOKIAIO-
IAsICs, V] — YUCTO [MEPUOIUYUECKAs TIOCIeI0BaTeIbHOCTH. V3 mpeioxe-
uust 10.15 moayvaem, aro A(vg) = A(u), T(vy) = T'(u). CaenosaresbHo,
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vo € Lr(z®™), vy € Lr(2T™ —1). B cuny yrBepskaenus o mpsMoit
CyMMe, OTCIOJA CJIEAYeT, 9TO Uy = Ug, U1 = U1. P

3°. Ilepumonmueckue MHorodseHbl. Ilepmoamunocts JIPII Ham
KOHEYHBIM KOJIBIIOM.

Mpsr mokazkeM, 9TO HaJ, KOHEUHBIM KOJIbIOM Jitobast JIPII seisiercs
MEPUOINYIECKON MOC/IEI0OBATEIFHOCTHIO. 3aMETUM, YTO OT YCJIOBHUS KO-
HEYHOCTHU KOJbIA HeTb3d OTKa3aTbCsa. Haa OecKOHEYHBIM KOJIBIIOM HE
sobas JIPII nepuogmana. Hampuwmep, ne sBisierca nepuonmdaeckoii JIPIT
u=1(0,1,2,3,...) nag Z.

IIycTs manee R — KOHEYHOE KOMMYTATHBHOE KOJIBIO ¢ 1 7 (.

Onpepenenne 10.20. Muorounen F(x) € R[z] nHazoséM nepuoduue-
CKUM, €CJIA CYIIECTBYIOT UHIEKCH \ € Z,, t € N rakue, 4ro

F(x)|z(zt - 1). (10.8)

IHepuodom T(F) mmuozousena F(xr) Ha3bIBaeTCsi HAMMEHbIIEE YUCIO t €
N, nns koroporo cymiecrByer A € Zy Takoe, YTO BBIIOJIHIETCH DABEH-
crso (10.8), upu srom daunoti nodroda A(F) mmuozousena F(r) Hazbl-
BAaETCS HAMMEHBINIEe YNCI0 A € Z,, I KOTOPOTO BBIMOTHSETCS PaBEH-
ctBo F(z)|2* (T(F) — 1). Yuurapustit nepuognteckuii Muorowien F(z)
co ceoiictBoM A(F) = 0 HA30BEM pPe6ePCUGHBIM.

Ilokazkem cBsI3b epuouICCKUX MHOI'OY1JI€HOB C II€PpUOJAUYICCKUMU
TIOCJIETOBATEIBHOCTAMM:

IIpenioxxenne 10.21. 1. Yuurapusiii moorowien F(z) € R[z] saBns-
eTcs MEePUOINIECKAM TOI/IA W TOJBKO TOrJa, Korja mnepuoamdna JIPTI
ef' e L'R(F)

2. Ecm F(r) € R[z] — nepuommaeckuii, o A(F) = A(el), T(F) =
T(e).

3. Ecin F(z) € R[z] — nepuoamveckuit, to modas JIPII v € Lg(F)
€CTb [EePUOAMIEcKas 1OCJIEeI0BATEIbHOCTD, s KoTopoit A(u) < A(F),

T(w)|T(F).

<« 1 u 2. Cornacuo creacreuio 10.3, ann(ef’) = R[z]F(z). Hostomy mns
A € Zy, t € N yreepwaenus F(z)z* (2t — 1) u 22 (2! — 1) - eF = (0)
9KBUBAJIEHTHBI. DTUM JOKA3AHBI yTBEPXKIeHusA 1 1 2.

3. IIycts uw € Lr(F). B stoM ciyuae F(z) - u = (0). Iockoabky
F(x)|a™) (2T — 1), 10 22 (2TF) — 1) . 4 = (0). Takum obpasom,
U — HEPHOANYECKasi MOCIeI0BATEIbHOCTh. Y TBepKaeHue A(u) < A(F),
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T(u)|T(F) Bbimosneno coriacHo Teopeme 10.12.»

CuencrBue 10.22. Ilycrs F(x) € R[z] — yHuTapHbBIH epHoOanIecKnii
vuoTOuMeH. [t ponsBombHEEX A € Zy, t € N, F(x)|z* (2! — 1) Torma
U TOJIbKO TOTJa, Korga A > A(F) u T(F)|t.

CaencrBue 10.23. Ilycrs F(z),G(x) € Rlx] — yHuTapHBIE Nepuo-
JIAYECKHE B3AMMHO MPOCThIE MHOTOWIeHBl. Torma mmorouwnen H(z) =
F(z)G(x) saBasercs mepruoJuIecKuM, 1

A(H) = max{A(F), (&)}, T(H) = [T(F), T(G)].

< O6osnaunm A = max{A(F),A(G)}, t = [T(F),T(G)]. Ilo npenpr-
nymemy ciaegctsuio Muorouien z(x' — 1) gemurca ma F(z) m na
G(z). Torna 2*(zt — 1) menurca ma H(z) cormacHo yTBep:KeHuio 3
npeqyoxennst 9.29. 3maunt, H(x) — mepuoxmdeckmit Muorowiex. ITo
crencreuio 10.22 A(H) < A w T(H)|t. ObGpaTHO, MOCKOIBKY MHOIO-
anen 22 (2TH) — 1) nennres na H(z) = F(2)G(z), To A(H) > A,
T(E)T(H)u T(G)|T(H), ve. t|T(H). »

Teopema 10.24. ITycrs F(z) € R[r| — yHUTAPHBIl MHOrOYJIEH CTEIIEHN
m > 0 Hag KoHeyHbIM KoubnoMm K. Torma
1. F(z) — nepuojgudeckuii MHOro4wIeH, upuiém eciu [R|™ > 2, To

AF)+T(F) <|R|™ - 1;

2. F(x) — peBepCcUBHbIIl MHOIOYJIEH TOLJA U TOJIBKO Tora, korga F(0) €
R*;

3. mpoussosbHas JIPII u € Lg(F) sBiaseTcss NepuoANYIecKo MoCIezo-
BaTEJIbHOCTBIO, ipuuéM ecau |R|™ > 2, to A(u) + T'(u) < |R|™ — 1.

<« 1. Pacemorpum dakroprosbiio S = Rz]/(F(x)) n mocnemoBarens-
HOCTH HaJl HUM: .
[1]Fa [x]F7---7[$Z}F,....

BamernM, 4T0 Tak Kak |S| = |R|™, To B 3T0il MOCIEI0BATENIEHOCTH €CTh
nosropenus: [21|p = [#|p 114 HekoTopbix mHEKkcoB A € Z,, t € N.
ITo ompe/ieieHnTo, 9TO PaBEHCTBO KBUBAEHTHO ycaosmio F(x)|x (z! —
1). Cnenosarensro, F(x) — nepuogudeckuii Mmuorodnen. Ilycrs k € N —

HauOOJIbIIIee YUCJIO TakKoe, 9TO 3JIEeMEHTbI

[1]1:*, [l‘]p, ceey [mkil]p
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KOJIBIIA S TIOMApPHO pa3IndHbl. Torma monab3ysack ciaeacreuem 10.22, mo-
aygaem, aro A(F) + T(F) = k. CnenoBarebHo, BCerga

A(F) +T(F) < |S| = [R|™.

IIycrs renepn |R|™ > 2. Ilokaxem, uro k < |S| — 1. HJomycrum,
k> |S| -1, re. k =|S|. Toraa

S = {[1}F, [x]F,...,[Z'kil]F}.

Mockomeky [0]p € S, 0 [0]p = [¢* 1 = [z]%" (Mbr He mormu mo-
nay4uth [0]p paHbIne u3 cOOOPayKEHUH MOIIHOCTH). SHAYHT, [T]p — me-
aurens Hynd B S, nosromy [1]p sBiserca eamHCTBEHHBIM OOPATUMBIM
snementom B S. C apyroit cropondt, [1 —z]p[l+x+22+... +2F 1 p =
[1—2*]F = [1]F, T.e. 31ement [1—z]r obpatum B S. Torna [1]r = [1—7]F,
[]F = [0]F, 6. k — 1 =1, k =|S| = 2, nporusopeune.

2. “=” TIycrs F(x) — pesepcusnbiii mporodaren. Torma z7(F) — 1 =
F(2)G(x) nna mekoroporo G(z) € R[z]. Orkymza F(0)(—G(0)) = 1,
nosromy F(0) € R*.

“<” Ilycrs F(0) € R*. Iockonbky F(z) MOXKHO 3ammcarb B BHIE
F(x) = F(0)+2U(x), T0 1 = F(0)"'F(z) — 2F(0)~*U(x), uTo o3naua-
et 3ammuyto npocroty F(x) u x. Crenosarensro, (F(x),z*) = 1 ana
aoboro A € N cornmacuo nyukry 1 yrBepxkaenus 9.29. B cuny mepwo-
mmanocta F(z) |z (2TF) — 1), orxyna cormacuo myHkTy 2 yrBepzie-
mus 9.29 Bemonwreno yeiosne F(z)|z7F) — 1. Bwaunt, F(z) — pesep-
CABHBIA MHOT'OYJICH.

3. Cnenyer u3 mynkra 1.

>

Ipumep. Iycrs [RI™ =2, 1e. m = 1, |R| = 2, R = Zs. Bo3bmém
F(z) =2,u=(1,0,0,...). Torma A(F) = A(u) =1, T(F)=T(u)=1m
AF)+T(F)=|R|™.

3agaun K Jgekouu 10.

3amaua 1. Halimure munnmanbubiii muorowien aiua JIPIT v u3 3amaqn
4 K 1pOULION JIEKIUH.

Bagaga 2. (k Cuexncrsuro 10.14) Ilycrs u € R — nepuopuyeckas 10-
CJIETOBATEIHHOCTD HAJT KOMBIIOM R. IIpn Kakux yclIoBUAX HA MHOTOUJIEH

H(z) € R[z] nocnenoBarenbHoCcTh v = H () yIOBIETBOPSET yCIOBUAM
Aw) =Aw) u T(v) =T (u)?
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Bagaua 3. (k [Ipemnoxenuro 10.15) IlocrpoiiTe npuMep NepruOIUIECKUX
HOCJIEI0BATEILHOCTEH U, v HAJ KOJbIOM R, mia koropbix A(u) = A(v)
ua) A(u+v) = max{A(u), A(v)}; 6) Alu+v) < max{A(u), A(v)}.

Bagaua 4. (k [Ipemioxenuro 10.15) Ilocrpoiite npumep nepuoaudecKux
HOCTIE0BATENLHOCTEHR U, v HaJ KOJIbLoM R, 1 koropsix (T'(uw), T'(v)) >
lu

T(u+v) =[T(u), T(v)]; (10.9)

ua) T(u+v)=[T(u),T)];06) T(ut+v)<[T(u), T(v)-

Bagaua 5. Ilyctb u — reomerpuueckas uporpeccus Han Zg, u(i) =
2", i € Zy. llpencraBbre €€ B BUIE CYMMBI YHCTO IEPHOAMIECKON U
BBIPOXKJIAIOLIEHCH 110CIeJOBATEJIbHOCTE.
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