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1 HanmoMmunaHue u nmpeaBapuTejibHbIE CBeJIeHUd

Onpenenenne 1.1. Accoyuamusnoe xkoavyo ¢ edunuyeti — ITO MHOKECTBO R ¢ 3a1aH-
HBIMHU HA HEM OIEPAIUAMU CJAOKEHUS «+» M YMHOMKEHHUS « - » TaK, 4TO

1. R — abejsieBa rpy1ia 1o CJIOKEHUIO,
2. R — moHou[ (mostyrpymna ¢ egunuiedi 1) no yMHOXKeHUIO,

3. BBITTOJTHEHBI IBe aKCHMOMBI ,ZLI/ICTpI/I6y'TI/IBHOCTI/II

Va,b,c€ R: cla+b)=ca+cb & (a+b)c=ac+ be.
Onpenenenune 1.2. Teao — xonbno ¢ 1 # 0, B KOTOPOM BCIKHUIl HEHYJIEBOH 3JIEMEHT
obparum. [lose — KOMMYTATHBHOE TEJIO.

Onpegnenenue 1.3. [lose F HazpiBaeTcs anzebpauvecku 3aMKEHYMBLM, €CJIU JTIOO0H MHO-
ro4JieH MOJIOXKUTEIbHOM crerenu HaL ' umeer xoTst Ob1 0juH KOpeHb B IF.

Onpenenenne 1.4. Henycroe muO)kecTBO V' HazbiBaeTcs aunednvim (I 6EKMOPHBIM)
npocmpancmeom Haa nonaeM [F, ecau 3ajaHbl onepamuu ciaoxkenusd + : V xV — V u
yMHOXKeHHS - : F X V' — V ckangpo u3 [F Ha BekTOpH M3 V' Takue, 9TO BBIMOJTHEHBI
cJIeJlyIolue aKCUOMbI:

1. Yu,v,w €V, (u+v)+w=u+ (v+w) (accoyuamuerocmo croscerus 6eKmopos);
2. Yu,v €V, u+v =10+ u (KoMMymamusHocms cA0HCeRUus);

3. cymectyer BekTop 0 Takoif, uro v +0 = 04+ v = ww Yo € V, (cywecmeosarue
HEeUMPAALHOZ0 NO CAONHCEHUIO INEMENMNA);



4. pnst moboro v € Vo cymiecTByeT BeKTOp —v Takoil, uto v + (—v) = (—v) +v = 0
(cywecmeosarue 06paAMHO20 NO CAONHCEHUIO, UAL NPOMUBONOAOHCHOLO INEMEHTNG,);

5. Va € F, Yo,w € V, a(v+ w) = av + aw (ducmpubymusnocmsd YMHOHCERUSL HUCAQ
Ha 6EKMOP);

6. Vo, € F, Yo € V, (a+ f)v = av+ v (duempubymusrocmv YMHOHCEHUS 8EKMOPA
Ha YUCAO);

7. Va,5 € F, Yo € V, a(fv) = (af)v (accoyuamuerocmv ymHoscenus 8eKmopa Ha
YUCAO);

8. Yv €V, 1 -v=uv (hedmpasvrocmsb wucia 1 no ymHoHcenuo).

(Hanomumwm, uro BeimoaHeHne akcuoMm 1-4 onpenensier, uro (V,+) saBasercsa abeneBoii
IPYIITION. )

Onpeaenenune 1.5. basuc BEKTOPHOIO MPOCTPAHCTBA — VIIOPSA0UYeHHAd JUHERHO He3a-
BHCHMasi CHCTEMA BEKTOPOB, Yepe3 KOTOPYIO BhIpazkaeTcs (B BHJIE TMHEHHOW KOMOHHAITAN )
IPOU3BOIbHBINA BEKTOP IIPOCTPAHCTBA. UMCI0 BEKTOPOB B Da3uce ONMpeaeeH0 OIHO3HATHO
M Ha3BbIBAETCH PA3MEPHOCMDBIO TIpOCTPpaHcTBa V, obo3nadaercs dim V.

Ilpennaoxxkenme 1.6. Eciu V' — koneunomepnoe mpoctpanctso u Vi, Vs, ... nociepoBa-
TeJbHOCTH ero nojnpoctpancTs takas, aro V3 C Vo C ... C V, C ..., uHBIMHU CJIOBaAMH,
[I0CJIe/IOBATEIbHOCTD BJIOYKEHHBIX ITOJAIPOCTPAHCTB, TO cyimecrByeT nomep N € N, 49To
C 9TOro TIara Bce MPOCTPAHCTBA B Iemodke copnajawot, T.e. Vy = Vyy1 = .... BEcianm
JIOMOJTHUTEIBHO HM3BECTHO, 4TO J0 Imara /N Iemodka Oblaa CTPOTo BO3pacTalomiei, T.e.
VicVoC...CVy, 10

N <dimVy —dimV; +1<dimV + 1.

Zokxasamenavcmeo. 311ech HCIOIb3YETC KOHEIHOMEPHOCTH IPOCTPAHCTBA H MOHOTOHHOCTH
byHKIME pazsMepHOCTH J1JisT BJIOXKEHHBIX TPOCTPaHcTB: Vi, C Vii1 TOTAA U TOJBKO TOTA,
korjga dimVy, < dim Viy;. Meem HeyObIBaIOINIyI0 OIPaHUYEHHYIO TOC/I1€/I0BATEJIHLHOCTD
HaTypaJbHBIX dnces dp = dim Vy, di, < dim V' ang Becex k. Jlng Heé cymiecTByer HOMeED
N € N, 4ro nocjea0BaTeIbHOCTh CTAHOBUTCS KOHCTAaHTHOW dy = dyi1 = . ... PaBencrso
pasMepHoCTeil BJIeUET PABEHCTBO CAMHUX BJIOYKEHHBIX ITPOCTPAHCTB.
Ecmu m3Bectno crporoe Bospactanue, 1o dimVy —dimV,_ 1 > 1upu 2 < Kk < N n

HOJIy9aeM OIEHKY

N N

dim Vy —dimV; = > “(dimV; —dimViy) > ) 1=N -1,

k=2 k=2

9KBHBAJICHTHO,
N <dimVy —dim V] + 1.

Homnoyinureibo Mol 3HaeM, 4To dim Vy < dimV, dimV; > 0, orkyaa N < dimV +1. [



2  OcHOBHBIE YHUCJIOBBIE XapPaKTEPUCTUKN MATPUIHBIX
nmoaaredop. Teopema bepHcaiija 0 MATPHUYHBIX aJl-
reopax m e€ cJeACTBUS O OJIOYHOI CTPYKType W BO3-
MOXKHBIX Pa3MepHOCTAX COOCTBEHHBIX MOAJITEOp aJi-
reOpbl MaTpUIl HAJ, aJaredpamdecKuMm 3aMKHYTBIME
TTOJISIM.

Onpenenenne 2.1. Anzedpa A Hag nojgem F — 310 KOJIBIO CO CTPYKTYPOil BEKTOPHOT'O
npocrpancra Haj F, npuuém seinoaneno (ab)a = a(ba) = (aa)b anst a,b € A, a € F.

IIpumep 2.2. Ilpumepsr anre6p: amrebpa marpur, M, (F), £(V)— anrebpa auHeidHbIx
OIepaTopoB HA BEKTOPHOM IIPOCTPAHCTBE V.

[Tockosibky ajiredpa sBJIseTCS BEKTOPHBIM ITPOCTPAHCTBOM, OJHOW M3 OCHOBHBIX UHC-
JIOBBIX XapaKTePHUCTUK aareOpbl gBIsgeTca pa3MepHocTh dim A.

Onpenenenne 2.3. [lycts nommaOXKecTBO B aarebpbl A COIep:KUAT €€ eIUHUIY U CAMO
SIBJISIETCST aJIreOpoil OTHOCHTEIBHO TeX ke onepanuii. Torma B Oyaem HazbiBaTh nodanzeod-
poti anredpor A.

MozkH0, KOHETHO, paccMaTPUBATh U TOIAJTeOphl 0€3 eJNHUIIBI, HAIIPUMeD, HYJIeBYIO.
Caydan, Korja HaJAYHE €JIUHHUILI He MpPe/IIo/iaraeTcs, OyaeM OTIe/IbHO OIOBAPpUBATD.

Onpegenenue 2.4. Hazoém nommpocrpanctso U apudmernydeckoro npocrpanctsa F”
CTOJIONOB BBICOTHL N UHBAPUGHMHBIM 0OMmHOcuUmesvho nodaszebpu, A C M, (F), ecim Au €
U st mobbix A € A u € U. Tloganre6py A C M,,(F) wazoém nenpusodumod, ecan B F™
HEe COACP2KUTCA HEHYJIEBbIX CO6CTB€HHBIX TOAIPOCTPAHCTB MHBAPUAHTHBIX OTHOCUTEJIBHO

A.

J71st Besikoro HemysieBoro Bektopa v € F" muoxkecTBo BekTopoB Av = {Av|A € A} sB-
JIeTCsl HOIPOCTAaHCTBOM F™, MHBADUAHTHBIM OTHOCUTEIBHO A (HEnoCpeCTBEHHO BUIHO
u3 onpezenenns Av). 3amernm Takxke, 9To v € Av, HOCKOIBKY A COMEPKUT eTHHUIHYIO
MAaTPHILY, HO3TOMY TIOIIPOCTPAHCTBO Av HEHyIeBoe.

Onpenenenne 2.5. HazoséMm Bektop = € F"  wyukauueckum das nodanzebpo, A, ecim

Av =",
Yepes AT 0603Ha9MM TPAHCIIOHAPOBAHAYIO MATPHILY.

IIpensoxxenune 2.6. Ilycrs A — Henynesast Henpubogumas nogaarebpa B M, (F). Torna
1. moboit HemyaeBoit BekTop T € ™ gBIAETCa MUKINTIECKHM JJIs TToaaareopnr A;

2. aHAJOTHYHOe YTBEPIKJeHHEe BBIIOJHEHO s BEKTOPOB-CTPOK: JJIf J1000# HeHyIeBoit
crpoku 27, x € F*, muoxectso BekTopoB-cTpok 11 A = {27 A|A € A} coBnagaer co Bcem

apudMeTniecKuM IIPOCTPAHCTBOM CTPOK [F”.



Joxazamesvemeo. YTBepiKaeHne MyHKTa | HEIOCPEJICTBEHHO BBHITEKAET U3 JIBYX TPEIbI-
AVIIAX OIpeaeIeHUAN.

JlokazkeM yTBepKIeHHe 2 OT HpPOTUBHOrO. llycTh 11 HEKOTOpO# CTPOKH MOIIPO-
crparctso U = 27 A— cobersennoe. Torma dimU = k < n. PaccMoTpuM mOAIPOCTpaH-
creo U+ C F™ Beex cronbnos v, aus xotopeix Uv = 0 (T.e. uv = 0 ajs mo60it cTpokn
u € U). Tlo Teopeme 0 pasMepHOCTH MTPOCTPAHCTBA DeIIeHUIl OMHOPOIHON CHCTEMBI JIHi-
HefinpIx ypasHenuit nmeeM dim U+ = n — dimU = n — k > 0. Takum obpasom, U+ —
COBCTBEHHOE HeyIeBoe TOAMPOCTPaHcTBO IpocTpancTsa F. Ilpu stom UL nHBapmanTHO
ornocutenbuo A. Jeiicrurensho, ectn v € UL, u € U, A € A, To u(Av) = (uA)v = u'v,
rae v € U, nosromy w'v = 0 u Av € U+. Tlporusopedne ¢ HEIPUBOIUMOCTBHIO AJIreOpbI

A. O

Teopema 2.7 (Teopema Bepucaiiga). Ilycts mose F — anrebpandecku 3aMKHYTO U n > 2.
Torga eauHCTBEHHAs HeHyJeBasd HenpuoauMmas noganrebpa aarebper M, (F) — 3to Bea
anreopa M, (IF).

Jlokasamenvemso. Tlycts A — Henyneast menpusonnmast nopaarebpa B M, (IF).

I. Tlokaxkem, ato A comepkut mMarpuily padra 1. J[jst 3T0ro paccMoTpuM HEHYJIEBYIO
marpuiy Ay € A MEHEMAJBHOIO paHra U JoKakeM, 910 rk Ay = 1. IlpeamonoxKmm mpo-
tuBHOe: Tk Ag > 2. Torma Hy#iAyTCa TaKkme BEKTOPHI u, v € F™, 9T0 MHOXKECTBO UX 00pa30B
{Aou, Agv} nuneiino neszasucumo. Bekrop Agu siBiasieTcst UKINIecKuM Jyist A, mosromy
naiinércs marpuna A € A, niua koropoih AAgu = v. Orciona, Agv = AgAAqu u MHOXKe-
crBo {Agu, AgAAgu} muneiino wesapucumo. IToanpocrpancrBo AgF" HenyseBoe n siBJsi-
eTcsl HHBAPUAHTHBIM OTHOCHUTENIbHO Ag (MHHBApHAHTHOCTH 0Opa3a JHHEHHOTO OmepaTopa),
3HAYUT TAaKyKe OHO WHBAPHAHTHO OTHOCHTEILHO Beex marpun Buma AgB, B € M, (F),
B 4aCTHOCTHU, OTHOCUTEIbHO AgA. B ciyuae ajsredpamdecku 3aMKHYTBIX 10J1€il, B HEHY-
JIEBOM MHBAPUAHTHOM MOJAIPOCTPAHCTBE OTHOCUTEILHO MaTPULBI COACPIKUTCI HEHYIeBOI
COOCTBEHHBIA BEKTOD /I 9TOH MaTpHIlbl, T.e. JJjisd HeKoToporo 4ucia A € F orpannde-
HHe MaTpuibl (JTuHeiHoTo onmepatopa) AgA — AE na npocrpanctso AgF" sBisercs Bbi-
poXKIeHHOM MaTpuieil. B cuny 3aMKHYTOCTH aareOpbl OTHOCHTEIBHO OIepaIdil CYMMBI 1
npoussemenust, mmeem A; = (AgA — AE)Ay € A. Marpuma A; HenysieBas, MOCKOIBbKY
Aju = AgAAgu — Mou = Agv — Mou # 0 B cuty TuHEHHON HE3aBUCUMOCTH MHOKE-
crBa BeKTOpoB {Agu, Agv}. C apyroit croponbr, Ay = Ag(AAg — AE), mosromy obpa3
Ay (mpocrpanctso A1F™) comepxkures B 06paze Ag. [Ipuuém 510 BKIIOUYEHHE CTPOroe, B
CHJIY BBIPOXKIeHHOCTH orpanmdenns AgA — AE Ha npoctpanctBo AglF". Ilas paHros 3To
ozuavaet, 9To 0 # rk A; < rk Ay. [IporuBopeune ¢ BeiOopoM MaTpuibl Ag.

II. Teneps mokaxkem, 4TO C MOMONILIO oneparuii B ajrebpe u3 OJHONH MaTPHUIILI PAHTA
1 B HenpuBoauMOli ajredpe MOXKHO HOJAYUYHTDL BCE MATPUYHBIC €IMHHIbBL. JadUuKcupyeM
nHaekcsl 4, j € {1,...,n} u Oygem crponts Marpuunyto exnnuiy E; ;. Marpuna A, nemy-
JneBas. BosbméM J11000i €€ HeHy/1eBoi ¢Tos0ell, MyCTh 3TO k-blit cToI0eIL Ay .

B cuny mempusommmoctn B anarebpe A ecth marpuia B mia kotopoit Bap = e; =
(0,0,1,0...,0)7, 1 pacnosnoxkena na i-om mMecte (MCHOIB30BAIM yTBEPH IeHAe 1 T1peIo-
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xenus [2.6). YV marpurnel BAy Henysepoii k-wiit cronben n tk BAy < rk Ag = 1, 3naunr,
rk BAy = 1. Torma Bce c¢ToI0IBI 3TOH MaTPHUIBI IIPONOPIMOHAJBHEL €€ k-My CTOJIOIY,

0O ... 0
0 0
BAO = (0[161‘, Qg€ . .. 7O[n6i) = |1 ... Qpb
0 0
0O ... O

C HnOMOIIBIO YTBEPKIEHHUS 2 HpPeIIOXKEHHSs HaxoauM B asrebpe A marpuny C

_ _.T _
TaKytwo, uto (ai,...,a,)C = (0,0,1,...,0) = ¢;. Torna BA,C = E; ;. Kak nssectno, u3
MAaTPUYHbIX €JMHUL C IIOMOIIbIO JIMHEHHBIX KOM6I/IHaHI/II71 IIOJIy4aloTCd BCE MaTpulbl, T.€.

A = M, (F). O

Onpenenenne 2.8. [MogmuoxkecrBo [ anreGpsl A HasbiBaercs (deycmoponnum) udea-
AOM, €CJIU OHO SBJISIETCS TOAMPOCTPAHCTBOM COOTBETCTBYIONIETO BEKTOPHOTO MPOCTPAH-
cTBa aarednpsl A 1 BbIIEPKUBAECT YMHOKEHHE Ha, 9JIeMeHTHI aare0dpsl, T.e. ax, xa € I aas
Beex a € A, x € I.

OTMeTHM, 9TO BCAKHI WJIeaJT sIBJIsIeTCsl TToAaIreOpoil (HO HeobsI3aTesIbHO TToIaireOpoit
¢ enuHUIEH), a obpaTHoe HeBepHO. Hanmpumep, MHOXKECTBO JUATOHATBHBIX MATPHUIL SIsIB-
JISETC TOJAJAre0poi, HO HPOU3BEJeHNEe JUArOHAJIbHON W HEAMArOHAJIBHOW MATPHUIBI HE
Bceria Oy/eT JTuaroHaabHON MaTpUIleii.

DTOT M3BECTHBIN (PAKT MOYKHO JI0Ka3aTh HEMOCPEICTBEHHO HA JIIOOBIM MOJIEM, HO MBI
OTMETHM, YTO OH TaK:Ke IO0JIyJaeTcs KakK CJeJCTBUE U3 TeopeMbl bepHcaiiia.

CaencrBue 2.9. llycts mone F — anre6panveckn 3aMkHyTO U 1 > 2. Torma B anrebpe
M, (F) ectb posHO aBa aBycroponnux ugeata — 0 u M, (F).

Zokxazamenvcmeo. JoKazaTeabCTBO IIPejIaracTcs B KadeCTBEYNpaKHEHUd B 3a/Ja9ax K
JIEKITHH. O

Onpeaenenune 2.10. [omomopdusm F-anzebp — 310 orodbpazkenue Mexkay F-aaredbpamu,
KOTOPOE€ OIHOBPEMEHHO SBISIETCS KOJBIEBBIM TOMOMOPGMU3MOM U JIMHEHHBIM OTOOparKe-
HIUEM BEKTOPHBIX IIPOCTPAHCTB. /111 anredp ¢ euHANEH MBI IPeIoJIaraeM, 9To KoJIbIle-
BOIT TOMOMOPMHU3M TEPEBOAUT ENHUILY B €IUHHILY.

HUszomopdusm— dbuekTuBHbIN roMoMopdusm. Aemomopdpusm — nzoMmopdusm B ceds.

Teopema 2.11. Ilycts nosie ' — anredpamdecku 3amkuyTo u n > 2. Torma yoboit as-
tomopdusm anrebpot M, (F) sBiasgercs BuyTpeHnum, T.e. s J060ro aBToMopdu3mMa ¢ :
M, (F) — M,(F) naiinérca obparumag marpuna S € M, (F) takag, aro ¢(A) = SAS™!
st Beex A € M, (F).



Jlokasamenvemso. Tycrs ¢ @ M, (F) — M, (F) — nexoropsiii aBomopdusm. Kak KoJib-
HEeBOH TOMOMOP(MU3M ¢ MEPEBOJUT HJAEMIOTEHTHl B HAEMIOTEHTH: ecam A% = A, To
(p(A))? = p(A?) = ¢(A). BosbméM naemnorenTHyio Marpuiy A; panra 1. Torma

W [TOCKOJIBKY (0 IBJISI€TCS OUEKTHBHBIM JIMHEHHBIM OTOOpasKeHIeM BEKTOPHBIX TTPOCTPAHCTB,
to 1 = dimp({A1BA|B € M,(F)}) = {¢(A1)Cp(A)|C € M,)(F)}. Caexosarenno,
rk p(A;) = 1.

W nemmnorenToM panra 1 sBisieTcs, HaIpUMep, MaTpudHas eqwauia Fi,. OHa Tak-
JKe SBJISeTCH JKOPAAHOBOH Marpuieil, mo3ToMy Jio0as UAEMIOTEHTHAS MaTPUIA PaHIa,
1 ¢ meii conpsizkena. B wacrnocru, p(Ey;) = T-'E;T. Bes orpanuvenus o0IIHOCTH, B
JAJIBHERTIEM J0Ka3aTeIbCTBE BMECTO aBTOMOPMU3MA (0 PACCMOTPUM €r0 KOMITO3UITUIO C
conpszkenueMm Marpuieit T'. Jlng kparkoctu, obo3naduM eé cHoBa 3a . B aTom ciyuae
90(E11) = Eq.

Yro0B! 331aTh MATPHUILY S, MOCTPOUM JUHEHHBIH oneparop Ha F", MaTpuia KOToporo
u Oyzer uckomoii. 3agaguM oneparTop ¢ mpasuioM: s Jioboit matpunsl B € M, (F)
o(Bey) = ¢(B)ey, T.e. nepsbiit cTosber MaTpuibl B mepeBonuM B nepsbiil crosbern ¢(B).
[IpoBepum KoppekToHCTh. [lycth Be; = Cey. Torma (B — Ce; = 0. IIockosibKy €1 —
e/IMHCTBEHHBIH HeHyJeBoil cTosiOKI, MaTpuisl Fyq, To (B — C)E;; = O. Ilpumenum &
9TOMY MATPUYIHOMY PAaBEHCTBY aBTOMODPMU3M (p:

o(B = C)p(En) = ¢(0) <
(e(B) —¢(C)En =0«
(p(B) = ¢(C))er = 0,

re. p(B)e; = ¢(C)ey. JluneiiHOCTH 0 0YEBUIHO CIEYeT 1O MOCTPOEHUIO U3 JTHHEHHO-
ctu . [lokaxkeMm, 9TO 0 ABIgeTCs MHBEKTUBHBIM OTOOpakeHueM. [lelicTBUTENBHO, TIYCTH
e(B)ey = 0. Torna ¢(B)Ey; = O, ¢(BEy) = O, u BE;; = O B cuily OUEKTHBHOCTH
. Takum obpazom, Be; = 0. NubekTuBHbLIl JUHEHHBIH OMepaTop Ha KOHEYHOMEPHOM
MPOCTPAHCTBE SIBISIETCS OMEKTUBHBIM OTOOparKeHueM.

OcTanoch MOKa3aTh, YTO COMPAZKEHHE ¢ IOMOIIBI0 MATPHIIBL 0 COBIAIAET C AeHCTBAEM
apromopdusma ¢. llyers A € M,,(F) — npoussosibaas marpuma. Vmeem

o(ABe1) = p(AB)er = p(A)p(B)er = p(A)o(Ber),

WK B MaTpudHOil hopme

SABe; = ¢(A)SBe;.

Korna B npoberaer MHOXKECTBO BCeX MaTpuiL, cTosider y = Be, npoberaer BCE MHOZKECTBO
F" me. SAy = p(A)Sy nas moboro y € F", orkyna

SA=p(A)S,
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nJjin B UTOTE

0(A) = SAS™.
[l

Teopema 2.12. Tlycts F — anredbpandecku 3amkayToe moje. [lycrs A mogasredpa ¢ en-
aurieit 8 M, (F). Torga cymecrsyer 6azuc mpocrpanctsa F”, B KoTopoM Jiiobast MaTpuIa
A € A npejcrasisieTcss B 6J10UHO-BEPXHETPEYTOJIBHOM BHJIE

AH A12 Ce Alk
0 AQQ R Agk

A=10 0 Az S
0 0o ... Apk
rie Ay € M, (F),i=1,...,k, ny + -+ ng = n, u maoxkectso {1,...,k} ectb 0bbeau-
HeHWe TOMAapHO HellepeceKatoNuXcss MHOXKeCTB J1, Jo, . .., J;, mpudem
2. ecan i, j € Jg, to Ay = Aj; ans Beex A € A,
3. eciu 1 € Jr, ] € Js ur 7& S, TO {(AM,A]]) A€ A} = Mnl(]F) ©® MnJ(F),

4. ecim 1 € Jg, To cymecTByer Takad marpuna A € A, uto A; = Ew Aj; = 0 ana Beex
Jj ¢ Js.

oxasameasvcmeo. Ecan A— Henpupoammas momasredpa, To 1o teopeme bepHcaiina
A = M, (F) u yreepxaenune Bepro ais k = 1 u ny = n.

IIycts y anredpsr A ecTh HeHy/IeBbIe COOCTBEHHBIE HWHBAPHAHTHBIE IOIIPOCTPAHCTB.
PacemoTpuM BCeBO3MOKHBIE TIEIIOYKH BJIOXKEHHBIX IoJnpocrpancrs suga Vo = {0} C
Vi € ... CV, = F" rue Bce V; uuBapuantabl oraocureabuo ajuredpst A. Cornacho
peI0KeHUTO m < n (Hagann wymepanuio ¢ 0), TT0O9TOMY MOXKHO BHIOPATH IEMNOUKY
Makcumasbhoil aunel. [yers Vo = {0} € Vi C ... C V,, = F" takoBa, uro eé niuHa
MakKcHMaJIbHA. B KOHETHOMEPHOM HPOCTPAHCTBE Y JTI060T0 MOAIPOCTPAHCTBA €CTh OO/
HeHue, T.e. Jiyis KaxJoro ¢ = 1,..., m cymecrByer nojupocrpanctso W; C V; takoe, 4o
Vi=Viiae W, Torma V=1V, =W, &...5W,. Beurgy uaBapuanTHOCTH BCEX MPO-
crpancTB V; orHOCuTEIHHO A 1 onipeieierHns ux gonogaHeHnit W;, B 6a3uce mpocTpaHCcTBA
F", asasiomierocsa obbeanaenneM 6a3ucoB mpocTpancTs W;, Bce MaTpunbl u3 aareopsr A
UMeIOT OJIOYHO-BepXHEeTPeyroabHblil Bul. Ilycrs Takxke n; = dim W.

g xkaxkgoro uHgekca ¢ = 1,...,m onpeneséH JUHEHHBIH oepaTop IPOeIuPOBaHKSI
F"™ na W, napastessuno @ W;, nycrs P, € M, (F) ero marpuna B Bet6pantom 6aszuce. me-
J#i

em P, = diag (0,...,0,F,0,...,0) u P, + ...+ P, = E. Paccmorpum masee momanreopy
A; = {PAlw,|A € A} C M, (F), r.e. A; — orpanuuenue ajaredpor A Ha HOIPOCTPAHCTBO



W;. Takoe orpanudenue Oyer ajredpoii, MocKoJAbKY V;_ 1 u V; mHBapUaHTHI OTHOCUTEIHHO
A.

HokaxkeMm yrep:kaenne 1. Anredpa A; aBisgercs HenpuBoauMoii. deiicTBuTebHO, ec-
g Obl MMeJIOCh COOCTBEHHOE HEeHyJIeBOe MHBapHAHTHOEe mommpocTpancTBo U; C W; mns
A;, 10 V;_1 @ U; 661710 OBl HHBAPHAHTHBIM MOANPOCTPAHCTBOM JI/Ist aaredpsl A, sexa-
UM CTPOro Mexkjay Vi_; m Vj, 494TO IPOTHBOPEYNUT MaKCHUMAJILHOCTH JJIMHbLI IEeIMOYKH
Vo={0} c Vi C...CV, =F" Torga uo reopeme Bepucaitna 2.7 A; = M, (F).

s nokasaresnbcTBa yTBep:KaeHuil 2-4 6yaeMm paccMarpuBaTh Hapel aureép A;, A;
npu ¢ # j. Oboznaunm A;; = P;Alw,. Cxkaxem, uto anrebpsr A; u A; nesasucumol, €Ciu B
anrebpe A ectb takas marpuna A, uro A; = E, a Aj; = O. D10 ycja0BIe CHMMETPHYHO,
T.X. ecin A; u A; mesasucumer, 10 A; u A; Takxe mesasucumel (¢ marpuieit £ — A € A).
Unadve, nazosém anredpol A; n A; ceasanmvimu.

Ilyctes anre6pst A; u A; cBasannble. [lokazkeMm, 4ro B 9TOM corydae Marpuisl A; u
A,; onHOBpeMeHHO Hy/eBble min Henysesble. Jomycrum Hafinercsa Marpuna A € A takas,
aro A; # O, no Aj; = O. Pacemorpum muoxkectBo Beex Takux marpur [ = {A;]|A €
Aun Aj; = O}. Bamernm, uro [ ABIgeTCS JHHEHHBIM IOAIPOCTPAHCTBOM H 3aMKHYTO
OTHOCHUTEJILHO YMHOKEHWUsT Ha MarTpulbl u3 A; ¢ J1060# CTOPOHBI, T.€. ABIAETCS JIBYCTO-
porHuM uzeasoMm B aiarebpe A; = M, (F). Ilockonsky I # 0, to I = M, (F). Torxa I
COZEPIKUT eINHUYHYIO MATPUILY, & B 3TOM ciIy4dae aareoper A; u A; OyiyT He3aBUCHMBIMHL.
[Iporusopeune.

ITycte A; m A; ceasaunble, u A; n Ay, casannbie. IIpegmnonoxum, uro A; n Ay
He3aBucuMbie. Torma ecth marpuma A € A takasa, aro A; = FE, a Ay, = O. B cuny
casannoctu A; u A; umeem Aj; # O, IpoTuBOpedne C JOKA3aHHBIM BBIIIE JIJIS CBI3aHHBIX
anrebp A; u Aj.

Torga muoxkecrsa {Js} cocrasjisiem Takum 00pa3oM, 410 i M j HONAJAIT B OJHO MHO-
JKecTBO Jj, ecan u Tosibko ecan A; u A, cBa3aHHble — B KadecTBe J; OepéM BCe HHIEKCHI
ajredp, cega3anubix ¢ Aq, ecin J; He HOKPBIBAET BCe MHOXKECTBO MHIEKCOB, IOBTOPSIEM
IPOIECC JIJIS KAKOTO-TO iy & Ji u T.JI.

VrBep:KaeHne 4 MoJIy4aercs U3 olpee/eHus He3aBUCHMBIX ajredp: mpu i € J, yMHO-
yKaeM Matpuibl ¢ £ B i-om 6moke u O B j-om 6ioke mo Beem j ¢ J;. Takxke u3 sroro
onpejie/IeHns CleyeT yTBepKaenne 2: MaoxecTso nap (Ag, Aj;) € M, (F) © M, (F) n
M3 YCJIOBUST He3aBHCHMOCTH copep:kuT napbl (E,0) u (O, F), nagee mpuMensieM yTBep-
JKJIeHHe 1 U CBOMCTBO 3aMKHYTOCTH aJreOpbl OTHOCUTEJBHO YMHOXKEHHUSI Ha €€ JIeMEHTHI.

Onpenenum orobpaxenne ¢ : A; — A; npasuiom p(A;) = Aj;. Hokaxkem, uro
oTobOpazkKeHue ¢ 3aJaH0 KOppeKTHO. JlelictBurenvHo, nmycth A # B € A, A; = By.
Torga (A — B); = O. 1 no nokazaunomy csoiicty (A — B)j; = O u Aj; = Bjj. 910
JKe PaccyzKJIeHne JIOKa3blBaeT WHHEKTHBHOCTH 0TOOparkeHus . [1o mocTpoeHnio BHIHO,
YTO PIABJISAETCS CIOPHEKTUBHBIM FOMOMODPMU3MOM ajredp, & 3HAYUT, U U30MOP(hU3IMOM.
Mzomopdusm aarebp BIeYET PABEHCTBO WX pasMepHocTeii, a mockoabky A; = M, (F) u
Aj = M,,(F), To n; = n;. Taxum obpasom, amredper A; u A; MOXKHO OTOKICCTBUTD,
pu 3ToM  Oyzner apromopdusMom marpuanoil anredper M, (F). ITo Teopeme TOT/1a
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Haitnéres obparnms mMarpuna S € M, (F), aro A; = S™'A;;S nns Beex A € A.
Qukcupyem MHOXKeCTBO J,. IlycThb 15 — ero MuHUMasnbHBI 31emedT. Torma nycTs j €
Js, J # i llyers S omnpejesénnas BbIIle MATPHIA, COOTBETCBYIONIAS WHJIEKCAM iy U J.
Torma moctponm eé 10 obparumoit matpuret 7' € M, (F): T' = diag (E, E,...,S,E ..., F),
S pacnoso:kena Ha j-oM Mecte. Torna B aaredpe T~ 1 AT Bce MATPUITHI OCTAHYTCA OJOIHO-
TpeyroabHble u Ipu 3ToM A;_ ;. = A;j. Jlanee Gepém kommosunuio Taknx 1’ 1o Beem j € Jg,
J # is. lonyuaem yrBepxKienue 3. O

CanencrBue 2.13. Ecim A — coberBennas nomanredpa amredpsr M, (F), To dim A <
2
n®—n+ 1.

Joxasamenvcmeo. Ecan B 6;109HOM 1pecTaBiennn aarebpsr A 3 u 6osee nuaroHaJ bHBIX
6Js10Ka, To momaarebpa ¢ aByms Oaokamu A 1 As sBisercs coGCTBEeHHOR 0Iaredpoit B
M, 40, (F), mosToMy €é pasmepHOCTh He MakcumasbHasg. Octaéres caydail aByOJOUHOL
aJireOphbl.

B caydae nByx OJIOKOB /il TOCTHKEHUS] MAKCHMyMa Pa3MEpPHOCTH HYYKHO MIHIMU-
supoBaTh Bhipaskenne k(n — k), 1 < k < n — 1. Muanmywm gocruraercs mpu k = 1. ]

Sagaum K Jgeknuu 1.

Bamaua 1. JlokaxkuTe, 9T0 HEHYJIEBOH JABYCTOPOHHUI nean MarpudaHoii aareGpor M, (F)
SIBJISIETCST HEMPUBOIUMOI 1oaareGpoii (3/ech HATUYNME eUHUIBI B Mojarebpe He mpe-
TIOJIATAEM ).

Bamaua 2. [IpuBegure npuvep cOGCTBEHHON HEHYIEBON HEIPUBOIANMON MOMAITeOpHI B a)

M,(R), 6) Ma(R).

Bagaua 3. [lokaxkure, uto B anredbpe M;3(C) ectb momaare6per Beex pasMeprocTeii ot 1
1o 7.

Bamaua 4. ITokaxwure, uro B anrebpe M, (C) ectb moganarebpbr Becex pazmMeprocTeit or 1
no 13.

Bagaua 5. Ecrb jin B anrebpe Ms(C) nopasnrebpa, cojepkaiiasi eJ[MHUYHYIO MaTPHILY,
pasmepnocTu 207

Bagaua 6. Hazopém marpuny A € M, (C) noaymazuueckoti, eclid ecTb TaKoe UHUCIO
n n

S =8(A) eC,aro > a;; =S(A) amaseex j=1,...,nu Y a;; = S(A) s Beex ¢ =
i=1 Jj=1

1,...,n (Bce ¢cTPOUHBIE U CTOJOIOBBI CYMMBI 9JIEMEHTOB MATPHIBI PABHBI MEZKIY COBOIf).

IIpoBepbTe, ITO MHOMKECTBO MOJYMATHUCCKUX MATPHI] gBJdeTcs I0Taare6poil aare6pol

M, (C) u onpenenute eé GIOYHBINA BH B CMBICJE TEOPEMBI



3 TpeyroabHbie MaTpuYHbIE TTOAAJATEOPHI. O THOBpEMEH-
Has TPUAHTYJIN3YEMOCTH CeMeiiCTB MaTpPHUIl U MOPOK-
néHHbIX uMu aJsredop. Teopema MakKos (kpurepuii
TPUAHTYJIN3YEMOCTH ).

[Tomanrebpy Beex Bepxuerpeyroabubix Marput, B M, (F) obosnaunm 3a T, (F).

Onpenenenne 3.1. Muoxecrso marpur {4;|i € I} C M, (F) nassBaercsa mpuareyau-
3yembim, €CIA cymecTByeT obparuman marpuna C' € M, (F) takas, aro C~1A;,C € T, (F)
I BeeX ¢ € [. DKBUBATEHTHBIM 00pa3oM rosopsart, uro marpuisl A; € M, (F), i € I,
00HOBPEMEHHO MPUGH2YAUSYEMbL, €CITH TPHAHTYIH3yeMo MHOKecTBO {A;|i € I}.

Pacemorpum muneitroe npoctpancTtBo V' Hax nmosem F u ero mogmpocTpancTBO V.

Ounpepenenne 3.2. Qaxmopnpocmparncmeom V /N HaspiBaercs pakToprpyiia abeaeBoit
rpymnsl V ono noarpymnie N, T.e. MHOXKECTBO CMeKHBIX KaaccoB (x| = z + N ¢ onepanueit
CJIOKEHUS U Ollepalieil YMHOKEHNs Ha IUCI0, 3aaHH0i mpaBuioM: A[z] = [Az].

IIycTs Ha mpocrpancTBe V' 3amaH JauHeiHbIH omepaTop A u mommpocTrpancTBo N HH-
BapHAHTHO OTHOCHTEJbHO A. Torma eMy MOXKHO COIMOCTABUTH JIMHEHHBIH omepaTop A na
dbakropupocrpancrse V/N | nonaras fl[x] = [Az| (onpejiesienne KOPPEKTHO B CHJLY MHBA-
puanTHOCcTH N). JI7151 KpATKOCTH HA30BEM A daxropom omeparopa A.

Ounpenenienne 3.3. Pacemorpum cemeiictso suneitnbx omepatopos B C L(V). Ilycrs
N C M CV — noaunpocrpaHcTBa WHBapuanTHbie oraHOcuTe bHO B. Cemeticmeom dak-
mopos cemeticmea B omuocumenvro {M, N} HasbiBaeTcsi MHOXKeCTBO BCeX (DaKTOPOB
B ua daxropupocrparctee M /N. ByaeMm roBoputb, 94TO HEKOTOPOE CBOWCTBO HaCAEIY-
emca paxmopamu, eciu J1000e ceMecTBO (haKTOPOB ceMeiicTBa, 00/1aIaI0Mero JaHHbIM
CBOMCTBOM, TakKzKe UM 00J1a1aeT.

[Ipumep Takoro cBoiicTBa: KOMMYTaTUBHOCT.

JIemma 3.4 (Jlemma o Tpuanrymusyemocrn). Ilycts P — HaBop CBOWCTB, KazxkKa0€e U3 KO-
TOpbIX Hacjaenayercd dpaxropamu. [lycts dim V' > 2. Ecim sioboe cemeiicTBO onepaTopon
Ha V', obranatomiee cpoiictamu P, mpuBoanMo (06s1a1aeT cobCTBEHHBIM HEHYJIEBHIM HH-
BAPUAHTHBIM IMOJITPOCTPAHCTBOM ), TO JII0O0e ceMeilcTBO omepaTopos Ha V, obsaaatoriee
cBoiicrBamu P, TpuaHrym3yemo.

Zokxasamenavcmeo. 1lycth B — npou3BoJIbHOE ceMeHCTBO OnepaTopoB, obJiagaoliee cBoii-
crBamu P. BeibepeM 1enouxky wHBApHAHTHBIX moanpoctpancts My = {0} C My C ... C
M,, = V ornocurenbro B MakcuMaIbHOMN JJIHHBI (CM. Hpe,ZLJIO}KeHI/IeI/I JI0Ka3aTe/IbCTBO

TeopeMbl [2.12)).
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Homnycruwm, aro mias wekoroporo k dim My /My > 1. Toraa no npeamnosoKeHuo ce-
meiictBo akTopoB cemeiictBa B orHocutesnbHo { My, My 1} obiagaer ofmuM WHBApH-
aHTHBIM nojanpocTparcTBoM L. Ho B aToMm cayuae mHOkecTBO { € My|[z] € L} Gyner
UHBAPUAHTHBIM MOJIIIPOCTPAHCTBOM OTHOCUTEIBHO B, JexkKamuMm cTporo Mexay My | u
Mj.. TlporuBopeune ¢ MAKCUMa/JIbHOCTBIO MEIMOYKH.

Torma kKak B T0Ka3aTeHCTBE TEOPEMBI PACCMOTPUM JOTTOTHEHH ST OIITPOCTPAHCTR
My, 10 My, nx pa3MepHOCTH PaBHBI 1, a 3HAYUT B OJIOTHOTPETOIBHOM BHUJE MAaTPUIL BCE
OJIOKH OYIyT UMeTh pasmep 1, T.e. MATPHUILI OYAYT TPEYrOJbHBIMHU. O]

Teopema 3.5. Ilycrs none F — anaredbpamveckn 3aMKHyTO. JI1000€e cemMeiicTBO KOMMYTH-
PYIOIIIX OMEPATOPOB TPUAHTYIH3YEMO.

oxazameavcmeo. Bocnonb3yemes aemmoit o Tpuanryausyemoct [3.4] CoitcTBo KOMMY-
TATUBHOCTU HACJEAYyeTCs (paKTOpaMu, TOITOMY JOCTATOYHO MPOBEPUTDH, UYTO ¥ KOMMYTa~
THUBHOTO CeMeiicTBa OmepaTopoB Ha MPOCTPAHCTBE pa3mMepHocTH OoJibIineit 1 ecTh HETPH-
BUAaJIbHOEC WHBAPHUAHTHOC IMOAIIPOCTPaHCTBO.

IIycts B — cemeiicTBO KOMMYTHPYIOIIUX OII€paTOPOB Ha mpocTpancrse V. Ecin Bce
JIUHEHHbIE OIepaTOpPbl CKAJSPHBIE, TO OTHOCHTEIHLHO HUX HHBAPHAHTHO JI0O0E TOIITPO-
crpanctso. Ilycrs Teneps B € B — neckangpubiit. B cury anaredbpautdeckoit 3aMKHY TOCTH
nosisi y B ectb cobcrBeHHOE Wnca0 A u cobcrBennoe nomanpocrpancrso M C V. Torma
st iobbix C € Bu x € M, umeem BCx = CBx = \Cx, Cx € M, M unBapuanTHO
OTHOCUTEJIHLHO . |

Yepes 0(A) 0603HAUNM CIIEKTP = MHOYKECTBO BCEX COOGCTBEHHBIX 3HAYCHUI MATPUIIBL
(oneparopa) A.

[TockoabKy y 11000# TPEroJbHOH MaTPHUIlhl COOCTBEHHBIMI YUCAaMHU ABJIAIOTCS IUATO-
HaJIbHBIE 3JIEMEHTHI, & JUalrOHaJIbHBIMU 3JIEMEeHTaMN CyMMbI (HpOI/IBBe;LeHI/Iﬂ) TpeyroJbHbIX
MAaTPHUIL ABJISIIOTCS CYyMMBI(IIPOU3BE/IEHNsT) TUATOHAJIBHBIX 9JIEMEHTOB UCXOIHBIX MATDHUII,

TO Jist TpUaHTym3yeMoro cemeifctsa { Ay, ..., Ar} u MHOrOwIeHa p(X1, . .., L)) OT HEKOM-
MyTHDPYIOHIUX [I€PEMEHHBIX BEPHO, YTO

o(p(Ar,..., Ar)) Cp(o(Ar),...,0(Ar)), (1)
rae p(o(Ay),...,0(Ay)) obo3HATAET MHOKECTBO BCeX 3HAUEHUI P(A1, ..., A\y), A; € o(A4;).

Onpenenenne 3.6. Brewmnee dobasienue edunuuyn: ecin A — anredbpa ¢ enuHuIei 14
u Ay — moanmpocTpancTBo B A, 3aMKHYTOe OTHOCHTEJNHLHO YMHOXKeHus, HO 14 ¢ Ay (A
— nogasrebpa 6e3 eqununpr), 10 A = Ay @ (14) ¢ ecrectBenubiM ymHOKeHHeM (A +
aly)(B+01y) = AB+aB+BA+afly nua A, B € Ay 6yaer nonaarebpoit ¢ euHuIei,
comepxateit B cebe aaredopy Ag n dim A; = dim Ag + 1.

Teopema 3.7. [lycts none F — anrebpandecku 3amkuyTo. Jliobas monaaredpa B8 M, (F),
COCTOSIIAST U3 HUJIBIIOTEHTHBIX ONMepaTopoB (310 anrebpa 6€3 eIMHUIbL ), TPHAHTYIH3YeMA.
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Hoxaszameavemeo. Ilycrn A anrebpa, B KOTOpOil Bce MaTpHIbl HUJILIOTEHTHBLI. [lycTh
N C M — unBapuanTHble npocrpancTBa orHocuTeabno A. Ecim A € Au A* = 0, to
AF = 0 u cemefictso daxropos A orHocHTENBHO M /N TO¥XKe COCTOUT M3 HUIBIIOTEHTHBIX
MaTPHII.

B aarebpe A; ¢ pobaneHHoil egunuieii Bce MaTpunbl OyAyT BHA “HUILIOTEHTHAS
IUTIOC CKAJISIpHAsA”. 3aMeTHM, 9YTO Ha IPOCTPAHCTBE Pa3MEePHOCTH XOTs OBl 2 He BCe MaTpH-
1Bl IMEIOT TaKoi BuJ (Hampumep, F; He Takasi), mosromy 1o Teopeme BepHcaiiia anrebpa
A 6yger nmpuBoauMa, W €€ HHBAPMAHTHOE IIPOCTPAHCTBO OyAeT HHBAPHAHTHBIM OTHOCH-
rensno A. CireoBarennno, Bee paxkTopaaredpsl anredpsl A Ha (HakTOPIPOCTPAHCTBAX
pPa3sMepHOCTH 2 W BBIIIE — IIPUBOJAUMBI U IIPUMEHHMA JIEMMa O TPHAHTYIU3yeMOCTH. [

Teopema 3.8. Ilycrb nmone F — anreGpaundecku 3amkuyTo. [loganre6pa A C M, (F)
TPUAHTYJIA3YEMa TOTAA M TOJBLKO TOrJA, KOTIAA BCEe MATPHUIBI-KOMMyTaTopel AB — BA,
A, B € A HUIbIOTEHTHBDI.

Joxasamenvemeo. “=" Ilycts A — tpuanrymusyema u A, B € A. Torna coriacHo coot-
HOIIIEHIIO cobcrBennbie ncyaa Matpunbl AB — BA mverot Bun off — fa, o € o(A), B €
o(B). B none F aff — fa = 0, 3naunt, 0(AB — BA) = {0} u marpuna AB — BA "uib-
HOTE€HTHA.

“<” Ecaun > 2, To B anrebpe M, (IF) ecth MaTpuibr, KOMMYTaTOPbI KOTOPBIX HEHU/Ib-

noTeHTHBI. Hampumep, a1 n = 2 MOXKHO B3aATb A = <(1) 8) , B = <(1) (1)> ,AB— BA =

-1 0
CBOICTBO, 9TO KOMMYTATOPBI BCEX MATPUIL HY/IEBbIE, HACaeayeTcs hakTopamu. [losro-
My, Bce (baxTopaaredpsr anaredpsr A Ha akTOpmpocTpaHCTBAX PA3MEPHOCTH 2 W BHITIE
JIOJYKHBI OBITH COOCTBEHHBIMH TTO/IaITe0paMu, OHM MMPUBOJIUMBI TIO TeopeMe bBepHcaiina n
IPUMEHHMA JIeMMa O TPHAHTYJIN3YEMOCTH. O]

( 0 1) ,(AB—BA)?> = —E. Jlna n > 3 1010/IHsIeM PACCMOTPEHHbIE MaTPUILBI HYJISMH.

Onpenenenne 3.9. Airedpa A Ha3BIBACTCS KOHEUHONOPOHCIEHHOT, €CJIN BCE €6 D1eMeH-
ThI MOTYT ObITH MPEJCTABIEHBI B BUJe KOHEUHBIX JUHEHHbIX KoMOuHanuil (¢ Koadbdumnu-
eaTamu 13 ) KOHEUHBIX TPOU3BEIEHIUIT HEKOTOPOTO KOHEYHOTO MHOYKECTBA €€ 9JIEMEeHTOB,
HA3BIBAEMOTO cucmemoti noposrciarousux. JIerko BUAeTh, 9To Jifobass KOHeUYHOMEepHas aJl-
redbpa 1MopoXkK1aeTcs CBOUM 06a3UCOM, T.€. SIBJISIeTCS KOHEIHOIIOPOXK IeHHOM.

Teopema 3.10 (teopema Makxkost). Ilycts nosie F anrebpandeckn 3aMKHYTO. MaTpuist
A,B € M,(F) onHOBpeMeHHO TPUAHTYJIN3YE€Mbl TOT/IA W TOJBKO TOTJA, KOTJa MAaTPHIA
p(A, B)(AB— BA) HuIbIOTeHTHA 7151 JTIOGOT0 MHOTOWIEHA P(X, Y) OT HEKOMMYTHPYIOIITHX
IIepEeMeHHBIX.

Jlokasameavemso. Ilycrs A C M, (F) — nogasnrebpa, nopoxkaéunas marpurnavu A, B
“=" [lycte marpunst A, B € M, (F) onnoBpemenno rpuanryansyemsl. Torma cormacHo
coornorenuio (1)) cobersennbie uncaa marpuipl p(A, B)(AB—BA) umetor Bun p(«, 5)(af—
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pa), a € 0(A),B € o(B). Bnone F aff — fa = 0, 3naunt, o(p(A, B)(AB — BA)) = {0}
u marpuna p(A, B)(AB — BA) HUIbIOTEHTHA.

“<” [lo 1leMMe O TPUAHTYJIU3YEMOCTH JOCTATOYHO MPOBEPHUTH, UTO IpH N > 2 al-
rebpa A asastercs npuBoanmoii. Ecin AB = BA, 10 yTBepKaeHue caeyeT u3 JI0Ka-
3aTEILCTBA TEOPEMbI [Mycte AB — BA # O. Beibepem takoit Bektop x € F", 4o
(AB — BA)x # 0. [ns uenynesoro Bektopa (AB — BA)r Bcerja HalJeTcsi MaTpHIA
C € M,(F) rakasg, aro C(AB — BA)x = x. Ecsiu 6b1 anrebpa A Gblia HEIPUBOIUMA, TO
o Teopeme bepucaitia A = M, (F) u C € A. Ho ¢ apyroit ¢cToponbi, o mocTpOeHuIo Jie-
MEHTHI aareOpbl A MpescTaBIsioTCs Kak JTUHeHHbIe KOMOMHAIIMHA TPOM3BEICHUNA MATPHUI]
A, B, 1.e. C = p(A, B) 115 HEKOTOPOI'O MHOTOYJIeHA OT HEKOMMYTHPYIOIIUX [I€PEMEHHbIX.
U3 ycnosusa p(A, B)(AB — BA)x = z torma caenyer, uro marpuna p(A, B)(AB — BA)
HEeHUTbIOTeHTHA. [loydernHoe mpoTuBOpedne JOKA3bIBAET TEOPEMY. O

Caexncrsue 3.11. [ycrs none F anrebpanvecku 3amkuyro. Ecan A, B € M, (F) u AB =
O, To marpunel A u B 0JHOBPEMEHHO TPUAHTYTH3YEMBI.

Joxasamenavcmeo. Yenosue AB = O saeudr (p(A, B)(AB — BA))? = 0. O
AHAJIOTHYHBIN KpUTEPHUil CIIpaBeJIUB U JJIsl TPOU3BOJIBHOIO CeMeHCTBAa MATPHII.

Teopema 3.12. Ilycrs none F — anrebpanveckn 3amrayTo. Muoxkecrso A C M, (F) tpu-

AHTYJIH3YeMO TOLJA B TOJIbKO TOra, Korma Marpuna A;, - -+ A; (A o Aio — AiioAini)
HUJIBIOTEHTHA [J14 00X 3Ha"deHn il nHaexca m € Z, nmarpun A; , ..., Ay Ai 5 Ais €
A.

Zoxazamenvemeso. “=" llyctb cemeiicTBo A Tpuanryauzyemo. Toraa coryiacHo cOOTHOIIIe-
auio (L) o(A;, -+ Ai, (Aiy Ai oo —Ain 0 Aiy 1)) = {0} mmaTpuma A;, - - A (A, A
Ay Aiy ) HIJIBLIOTEHTHA.

“<" Tlo nemMMe O TPUAHTYJIU3YEMOCTH JOCTATOYHO MTPOBEPUTH, YTO IIPH N > 2 MHOZKE-
ctBo A siByisiercst mpuBoAUMBIM. J[JIsT KOMMYTATHBHOTO CEMEHCTBA YTBEPXK/I€HUE CJIEIyeT
U3 J0Ka3aTeIbCTBA TEOPEMBI [Iycts Teneps B A ecTh HEKOMMYTHPYIOIIHE MATPHUITHI A
u B. Ilo ycioBuio mjis M00bIX 3HAUeHU T nHtekca m € Z u matpuit A;,, ..., A; |
A marpuna A;, - -+ A; (AB — BA) HUIBIOTEHTHA, B YACTHOCTH, SIBJISIETCSI MATPHUIIEH C HY-
JeBbIM ciesioM. Pacemorpum anrebpy B, mopoxaénanyio cemeiicrom A. TTockosbky cies
siBJIsieTcsl JTuHelHoi dbyukimeii, To marpuna C(AB — BA) Oy/1er ¢ HyJeBBIM CJIeJIOM JIJIst
Besgkoit marpunbl C' € B. Otciona no teopeme Bepucaiiia noaydaem, aro B mpuBou-
Ma, ITIOCKOJIbKY B IOJHON MaTpPUUYHON ajredpe MOXKHO HAafTH Takyio Marpuiy D, 9To

tr(D(AB — BA)) % 0. O

ZArn+1 Z.'m+2 -

JlomosiTHeHWe K JeKnuum 2:

Teopema 3.13 (teopema Jlabdmn). Iycrs nome F — anrebpandecku 3amxuyro u A, B €
M, (F). Ecan vk (AB — BA) =1, o A u B 0HOBPEMEHHO TPHAHTY/IH3YEMBI.
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Jloxazamesvemeo. Tlo jgemme 0 TpUAHTYJIN3YEMOCTH JIOCTATOYHO TMOKA3aTh HAIUYIHE 00-
MIero HHBAPUAHTHOIO IMOANPOCTPaHcTBa 1t A u B npu n > 2.

Bosbmém coberBennoe aucio A € o(B). fapo u obpas B — AF HemHyeBble HHBAPUAHT-
HBbIe TIOITPOCTPpaHCcTBa i B. [lokaxkeM, 4T0 1Mo KpaiiHneil Mepe OTHO U3 HUX WHBAPUAHTHO
oTHOCUTEBHO A.

ITo ycaosuto obpaz AB — BA nmeeT pa3sMepHOCTD 1, 3HATUT, TOPOKIACTCS HEKOTOPHIM
BekTOpOoM ¥y € ™.

Ilycrs ker(B — AE) He WHBApHAHTHO OTHOCHTENbHO A. DTO 03HAYAeT, ITO HANIETCH
takoit BekTop = € F", uto (B — AE)x =0, a (B — AE) Az # 0. Umeem

A(B — AE)x — (B — AE)Az = (AB — BA)x = By # 0.

Orciopa (B — AE)Azx = vy # 0 u y npunajiexnt obpasy (B — A\E). Torna nas npons-
BOJIHOTO BeKTOpa z € F" morydaem

A(B — A\E)z = (B — AE)Az + dy,
oTKya J1000i Bekrop A(B—\FE)z nouajgaer B 06pa3 B—AE u 06pa3 B— \FE unsapuanren

OTHOCUTEJIbHO A. O

Sagaum K Jeknuu 2.

Bagaua 1. Ilycrb nose F anrebpanuecku 3amkayTo. ITokaxkure, uro nogaiarebpa A C
M,,(F) Tpuanryam3yema Toraa u TOJBKO TOT/A, KOraa jobas mapa marpui u3 A Tpuas-
TyJIn3yeMa.

3amaua 2. K j0Kka3aTe/1bCcTBY TEOPEMbI HOSCHUTE, TIOYEeMY JIJIsS HeHYJIeBON MAaTPHUIIBI
C' ¢ HyJeBBIM CJIeoM Beerga Haitnercs takas marpuna D € M, (F), aro tr(DC') # 0.

Bamaga 3. Ilycrs nose F anrebpandeckn 3amknyro, n > 2 u A € M, (F). Haitaure
kpuTepuii Toro, uro Marpuipl A u AT oaHOBpEMEHHO TpUAHTYIU3yeMbl.

Sagaua 4. JlokaxkuTe ciaeayioliiee yrounenue reopeMbl MakKos ITycrs nose F as-
rebpandecku 3amkuyTo. Marpuust A, B € M, (F) ogHOBpeMeHHO TPHAHTYIH3YEMbI TOTIA
M TOJBKO Tora, korga Marpuna w(A, B)(AB — BA) HUIBIOTeHTHA J1Jist JTEOOOTO OJHO-
wiaeHa w(xr,y) OT HEKOMMYTUPYIONIUX TTePEMEHHbIX.

3amaua 5. [Iposepbre, gBjIsieTCs JIM TPUAHTYIU3YEMON TTapa MaTPHIIL:

1 0 1 1 O 00 0 0 O
0o 0 0 —-120 00 1 1 1
A=|-1 1 -1 0 O|,B=]00 1 1 1
o 0 0 1 O 00 0 0 O
1 -1 2 1 1 00 -1 0 -1
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Bamaua 6. [Tycrs nose F anrebpandecku 3amkuyTo, A € M, (F) Tpeyroapras Marpuna u
napa mMarpun A, B TpuaHryausyeMa. BepHoO Jii, 9YTO MOXKHO 11000paTh Ipeobpa3oBaHue,
IPUBOJAIIECE MATPUILI K TPEYIOJIBHOMY BHJLY, TaK, 4TOOBI MaTpuiia A ocTaaach HEU3MeH-
HOU?

4 IlenTpaau3aTop MaTpPHIIbl, €T0 pa3MepHOCTh. Teope-
Ma O BTOPOM IEHTPAaJIM3aTOPE.

Onpepenenne 4.1. [Tycre A, B € M, (F). Ecitu AB = BA, To TOBODAT, 9TO MAaTPHUIII
A u B nepecmanosoutb.

Ounpepenienne 4.2. [lycts A € M, (F). MHOXKecTBO BCeX MATPUIL, HEPECTAHOBOYHBIX C
A, HazbiBatOT yenmpaauzamopom marpunbl A. Obosuaanm ero C(A).

Ananornuno, nenrpanunzarop C(X) nonmuoxkecrsa X C M, (F) — sro mepeceuenne
[EHTPATU3ATOPOB BCEX IJIEMEHTOB MHOKECTBA X, T.€. MATPUIIBI, HEPECTAHOBOUYHBIE CO BCE-
MH MaTpuiamu u3 X.

Bameuanue 4.3. Bamernm, yro as abeix marpur, B,C € C(A) u uncen o, € F
BEpHO, UTO

A-BC = (AB)C = (BA)C = B(AC) = B(CA) = BC - A,
(aB + pC)A = A(aB + 5C),

HEeHTPATI3ATOP 3aMKHYT OTHOCUTEIbHO JIHHEHHBIX KOMOMHAINN W IIPOU3BEICHNUI, T.€. SIB-
JgeTcd nojgaarebpoit anrebpsl Marpun. Ilpu srom 0bag marpuna A mepecTaHOBOYHA €
coboit W eMHUIHON MaTpuneii, ciegoBatensuo, F[A] C C(A).

JIJ1sT pa3sMepHOCTH EHTPATU3aTOPA OTCIONA caenyeT omenka, 9to dim C(A) > deg pa(t)
(a(t) — murIManbHBIT MHOTOUYTEH MaTpuilbl A). /lasee Mbl TIOKaXKeM, 4TO 3Ty OIEHKY
MOKHO yiayammuTh 10 dim C(A) > n u onuimem MaTpUIbl, A/t KOTOPBIX BBINOJHEHO Pa-
serctBo dimC(A) = n.

Taxzxke eciu AB = BA, 10 C'ACC'BC = C'ABC = C7'BAC = C~'BCC'AC,
U IEeHTPAIN3ATOPBI MOJOOHBIX MATPHUI] TOXKE CONPsKeHbl Toii ke Marpureir C. CooTBeTc-
BEHHO, 3a/1a4y BBIYMCJICHUS DPA3MEPHOCTH JOCTATOYHO PEIIUTD JUIs OJHOW M3 Marpul,
OM00HBIX JAHHOM, BRIOEPEM JJIs 3TOTO YKOPJAHOBY MaTpPHILY.

O6o3nauenne 4.4. Yepes M, ;(F) o603ma1M TPOCTPAHCTBO HPSIMOYTOJBHBIX k X [ Mat-
puri Haj nojem F. [Tycrs m = min{k, (}.

IIpu k < . g aucen yq, ..., Ym € F nogsoxum
0 Yio Y2 - Ym
0 0 O ¥y ... Yno1
Ty, Ym) = .
(W1, Ym) 00 e
0 0 0 0 Y1



Anasoruano, ipu k > | jrs qucen yq, ..., Y, € F momoxum

Yi Y2 - Um
0 Y1 Ym—1
0 0 ° '
T<y17"'7ym) = 0 0 U1
0 O 0
0O 0 ... 0

IIpennoxxenne 4.5. Ilycrs F — none, A € M, (F) xopaanoa marpuna Bujga A =
A @ ... Ap, tae A; = J,,(N\;) — KopmaHoBa KiieTKa (duciaa A; MOTYT COBIIAQJATH).
Pacemorpum matpuny X € C(A). Pazobném X Ha m? 6j0K0B Xy pasMepoB ng X 1y B
cooTBeTCcTBUAN ¢ GJ0UHBIM pasbuennem A. Torna

1. er = T(yT,r;la .. 7yr,7‘;nr);

2. ecn A, = A, 10 a0 Xos = T (Yrsity -y Yrsine) B Xop = T (Ysri1s - -+ Ysrom,.), AHOO
Xos =T Yrsts- s Yrsms) B Xor = T(Ysris -+ s Ysrin,) B 3ABHCHMOCTH OT COOTHOIICHUST 1

H N,
2. ecom N\, # N\, 70 X, =0 n X,s = 0.

oxaszamenrvcmeo. N3 yenosua AX = X A nogydaem ypaBHeHUs HA FOJOKMU:
Arer = erAs

for all r,s € {1,...,m}.

Hnst dukcupoBanubix r,s € {1,...,m} Marpuna X,, OUpeIessieTcss OJHAM YPaBHEHU-
eM
A X, = X, A, (2)
Yupocrum oboznadenust: (X,s)ij = Yij, ¢ = 1,...,npj =1,...,ng.

Eciu pacnucarh ypaBuenue TTO3JIEMEHTHO, TIOJTY IUM

Arlij + Yirr,j = As¥ij + Yig—1, ecam i # ny, j # 1, (3)
MeYnpg = AsYnpj + Ynpj—1, €cm j # 1, (4)
ArYin + Yir11 = As¥i1, €CTH 1 F# g, (5)
)\Tynvwl = Asynrwl' (6)

l.s=r.
[Mockonbky eciin AX = XA, 10 (A=\E)X = X(A— )\, E), 105T0My MOXKHO CYHTATH, 4TO
Ar = 0. ITocenosaresnbro ucnonb3yst (), moswyanm, 910 Yn.1 =0, Yn, 20 =0, .., Yy o1 =
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0. HocsepoBareasno ucnoms3ys (), nanee momyaen, 910 Yp, 1 =0, Yp, 11 = 0,..., Y21 =
0. B komre ucnons3ys (3)), maxomum, uro

Yiv1,j = Yij—-1,

CJIe/I0BaTeNbHO, X, — BEPXHETPEYTOoJbHAsS MATPUIIBl BHU/IA, YKA3aHHOTO B MyHKTE 1.

2. llyctb r # s u A\, = \;. IlocaenoBarensao npumensia ({), Haxoqum yy,, 1 = 0, Y, 2 =
0,...,Ynpn.—1 = 0. BaTeMm Hocjae10BaTEJBHO IIPUMEH A , HAXOMUM Yp, 1 = 0, Yp,—11 =
0,...,921 = 0. B zakmouenun npunmMensem , nMeeM

Yit1,5 = Yij—1,

0TKyAa X, ABJISETCS IPIAMOYTOIbHOM Bepxuerpeyronsnoit marpuueit X, = T(Yrs1s -« s Yr.sim,. )
160 Xys = T(Yrsi1s - - - Yr.sin, ) B 3ABIECHMOCTH OT pazMepa. Mensist r, s MeCTaMU IIOJTY 9aeM
AHAJIOTMYHBINA BBIBOJI JJid X,

3. Ilyctb r #s u A\, # w),. Torna u3 ypaBHeHus @ BBIBOJUM (A, — As)Yn,.1 = 0,
3HAYHT, Y, 1 = 0. 3areM mocsenoBarensHo npuMerss (4), momydaeMm y,, o = 0, Yn. 3 =
0,...,Yn, n. = 0. Hasee, ncnonnsys , nojygaeM Yn, 11 = 0, Yn,—21 = 0,..., 911 = 0.

11 B konue ¢ nomompio (3) Haunuas ¢ n, — 1-0ff ¢TPOKKU U 2-T0 CTOAONA, OKOHYATETHLHO
JieJaeM BBIBOJT
X, =0.

O

Ounpepesienne 4.6. Marpuna A € M, (F) naspiBaercs yukauueckot, eciiu e MUHAMAb-
HBI MHOTOYJIEH COBIAJIaeT ¢ XapaKTepucTHiIecKuM. B TepMuHAX *KOpPIaHOBON HOpMAJIh-
HO# (OPMBI 9TO YCJIOBHE O3HAYAET, UTO KAXKIOMY COOCTBEHHOMY UHCJY COOTBETCTBYET
OJ/IHA KOPJAHOBA KJIETKA.

Caencrsue 4.7. [lycrs nose F anrebpandeckn 3amkuyto u A € M, (F). Torna dimC(A) >
n, 6oJjiee Toro, papeHcrBo dim C(A) = n BBILIOJIHEHO TOIJIA U TOJbKO TOT/A, KOTJAa MATPUILA
A — nukamgeckad.

Joxaszamesvcmeo. CauTaeM pazMepHOCTD TEHTPATIIATOPA B TTPEIIOT0KEHIH, YTO MaT-

puna A upusenena k ZKH®. Tlocuntaem paszmepHocTsh mpoctpancTsa D, mopoKIEHHO-

ro 6JI0YHO-IMATrOHAJIBHBIMEA MATPUTIAMHE U3 NeHTpaaun3aropa. [lockoabky KoapduimenTo

JIHATOHAJIBHBIX OJIOKOB X, MaTpuiibl X B Mpe/IOXKEeHUN HAXOJATCH HE3ABUCUMO JIJI
m m

6okoB, To dim D = > dim (T (Yr i1, - - -, Yoo )| Uity - - s Yrrne € F) = > 0y = n. Takum
i=1 i=1

obpazom, ockoabky D C C(A), To dimC(A) > n. Ilocaeanee HepaBeHCTBO obparaer-

Cs B PABEHCTBO, KOTJ/Ia BCe BHeIMAroHaJbHbIe 010K HyseBbie. CoracHo myHKTam 2 u 3

npeiozkenud [4.5] 9T0 BBIIOTHEHO TOLJa U TOJIBKO TOIJA, KOIJA Y Pa3HBIX KODJAHOBBIX

KJIeTOK COOCTBEHHBIE YHCJIA PA3JIUIHBI, T.€. KAK pa3 JiJisd MUKJIn4IecKoi marpunsl A. [
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CaenctBue 4.8. [lukanyeckue MaTPUIBI — 3TO B TOYHOCTU TaKHe MATPUIIDI, JIJsd KOTO-

puix C(A) = F[A].

oxazameavcmeo. Cornacuo npeapiayiemy ciaeacrsuio, dim C(A) > n. C apyroii cropo-
Hbl, 110 Teopeme Lamumibrona—Kamu dim F[A] = deg j14(t) < n, mo3TOMy COBIAJIEHHE STHX
asnreOp Bo3MOxkHO ecsn 1 Tos1bKO ecin, dimC(A) = dimF[A] = n. Cuosa upumensem
crencraue [4.7] O

Caencrsue 4.9. C(A) = M, (F) Torga u Toapko Torma, xorga A = \E.

Joxazameavcmeo. CornacHo mpeanoxkenno [4.5| ecin y marpunsr A ecth X0Tst Ob1 2 pas-
JIMYHBIX COOCTBEHHBIX YUCIA A\, U A\g, TO B IIEHTPAIN3ATOPE Y BCEX MATPHIL OYIyT HyJIeBbIe
osiokn X5, IO9TOMY OH HE MOYKET OBITH IIPOCTPAHCTBOM BCEX MATPHIL.

IIycts y A ecTb poBHO OIHO cobcTBeHHOE mcao A, Ecim A # AE, to B Z2KH® A ecthb
KJeTKa pasMepa He Menbine 2. [lycrs kiaerkn B 2KH® A ymopsmodensl mo yOLIBAHHUIO
pasmepoB. Torma ny = 2 uw ny = ny. Torma pa3smMepHOCTH TPOEKINH TEHTPAJIN3ATOPA
Ha GJIOK pa3Mmepa n; + Ny Oyjer paBHa: ny + Mg + 2Ny < N2 + Ny + 2nyny < N2 +n3 +
2n1ny = (ny +ny)?, 3HAYUT OIATH PA3MEPHOCTH MeHbIIe Pa3MepPHOCTH IIPOCTPAHCTBA Beex
MAaTpHUIIL. ]

Janee paccMoTpum mocenyonine eHTpaaun3atopbl. Hampumep, ABoitHO 1eHTpain-
3atop C(C(A)) — MHOKECTBO BCEX MATPHIL, KOTOPbIe KOMMYTHPYIOT CO BCEMU MATPHIIAMH,
KOMMYTHPYIOIIUME ¢ A.

B obmewm caygae mast sioboro moamuoxkectsa X X C C(C(X)), a Teopema 0 ABOHHOM
IEHTPATH3ATOPE AACT YCJIOBHS KOTJA 9TO BKIYEHHe 00PAIaeTcsi B PABEHCTBO. 3aMeTHM,
970 AF KOMMYTHPYIOT CO BCEMH MATPUIIAMHU, & CTEITeHN MATPUIBI A KOMMyTHDPYIOT ¢ MaT-
punamu u3 nearpasnuszaropa A, mosromy Beerga F[A] C C(C(A)). Ilosromy B MaTpuanoMm

caydae, Konedno, ne ropopsar o pasenctse C(C(A)) u {A}, no o cosnagenun C(C(A)) ¢
F[A].

Teopema 4.10. Ilycrs mone F anredpanaeckn 3amkuyto u A € M, (F). Torna C(C(A)) =
F[A], r.e. mo6ast marpuna C' KOMMYTHDYIOIIAs CO BCEMH MATPUIIAMHI, KOMMY THDY IOIIUMA
¢ A, npencTaBasieTcss B BHAE MHOTOUIEHA OT A.

Joxazameavemeo. Kaxk u B npejyioykennu J[ocTaToq9HO JTI0KA3aTh TEOPEMY B TPEIOIOKE-
uun, uro A € M, (IF) — xopmanosa marpuna. [lyctb A = A1 @ ... D A, tae A; = J,,(\)
— JKOpJaHoBa KJIeTKa (ducaa \; MOTYT coBnaaaTh). Jliobyo marpuny X € M, (F) ma m?
6J10KOB X}, PA3MEPOB Ny, X N; B COOTBETCTBUH ¢ OJIOYHBIM pasduenueM A.

amernm, 4To mepsbiii nearpaau3aTop C(A) comepKuT JuaroHaabHble MATDHUI!

D(oy,...,an) =diag (a1 Ey,, ..., anEy,).

Cnemosarensuo, CD(ay, ..., ) = D(ay, ..., ap)C. TIocKOIbKY COOTHOIIEHNE BBITOTHE-
HO JIJIs BCeX o U Marpuibl D(aq, ..., Q) SBJISIIOTCA KOPJAAHOBBIME, JJisl KAXK IO 1apbl
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r,S, 7 # S UpuUMeHsIsT npejjoxkenne [4.5| 11g a,. # «, 3axaodaem, uro C' — OJOTHO-
JIMarOHAJIbHAS MATPHUIIA.

Tax:xke BepHo, uro AC = C'A, nosromy amaroHaJbHbie 6,J0KH MaTpuibl C' IMEOT BH
Crr =T(Cr1,- -1 Crm,)-

IIycrs Teneps X € C(A) — Gnounas mMaTpuna, onpejenertas s npeatoxkennn 4.5 13
ypasraenns C'X = X C mobg0o9HO moIydaem

OTTXTS - XTSCSS‘ (7)
Ecim y kieroxk A, m Ay cobcrBenHble dncia A\, u A; pasiuddbl, 70 X3 = O u 310
cooTHoIenne TpuBnajbuo. [lycts A, = ). BoibepeM mopsiok 4uces 7,5 TakK, 4TOOLI
Ny < Ng.
Cr1 Cr2 ... Crn, 0 Yrisi1 Yrs2 - Yr,sin,
0 Cr1 oo Crpp—1 0 0 0 Yrisi1 - oo Yrsn.—1
: 0 . : 0 0 ' :
0 0 ... ¢ 0 0 0 ... 0 Yr.si1
r,8;1 T,8; <. T,8;N s,1 $,2 - SMs
0 Yy Yr,s;2 Yy Cs1 € c
0 0 0 Yrs;it -+ Yrsme—1 0 Cs1 -+ Csng—1
0 O : : 0 :
0 0 0 ... 0 Yr.s:1 0 0 ... ¢

YMHOKAS MTEePBYIO CTPOKY HA MOCJETHUN CTOJIOEI MOoydaeM ypaBHEHHUe:

Cr1Yr,sin, + Cr2Yr,sin.—2 + o+ Crn,Yr,s;1 = Csn.Yr sl + Csnp—1Yr,s;2 + -+ Cs,1Yr,sin, -

ITockoMBKY 9TO ypaBHEHHE JOTXKHO OBITH BBIIOTHEHO JJIS BCEX Yr 1, Yrs:2s - - - » Yrsim, € I,
TO HOJACTABIAA Yy sp,—it1 = 1, & OCTAJBHBIE HYJIH, IOJIYyYaeM C,; = Cg; JJId BCEX | =
1,...,n,. DT COOTHOIIEHUS TOJHOCTHIO OMpeenesioT CTPpYKTYpy MaTpuiisl C'. Octanoch
oKa3arh, 4ro ajnrebpa F[A] cocronT B TOYHOCTH M3 BCEX MATPUIL TAKOTO BH/IA.

CuepBa paccMOoTpuM cay4ail, korma Ay = ... = A, = A. Ilycrs 6e3 orpanumdeHus
OOIHOCTH Ny = Ny = ... = N, Pocemorpum marpunpl B; = (A — AE) € F[A],
j=0,...,n7 — 1. Onu cocrapisitor 6a3uc anred6psl F[A], mOCKOIBKY JHHEHHO HE3aBUCH-
MBI [0 IOCTPOEHUIO (JIMATOHAD €JIUHUI] CMEIAETCs HA OJHY MO3UIMIO BBEPX HA KAZKJIOM
mare) U ux KojmdecTBo coBnajgaer ¢ pasmeprocrbio F[A] (dimF[A] = degua(t) = ni—
MaKCHMAJbHBI pa3Mep KOPJIaHOBOH KJeTku). Toraa

ni—1

C= Z 017]‘Bj € ]F[A]

J=0

[Iycts Temepsb y Marpunbl A ectb k > 2 cOOCTBEHHBIX YHCEN. PaclosioKuM KOp-
naHoBbl KjaeTku A Tmakum 00paszom, 4To0bl BCE OJMHAKOBLIE COOCTBEHHBIE YHC/IA CTOSIN
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paaom, A = J; ® ... D Ji, B )KopaaHoBoii maTpuie J; coOpaHbl Bce KJIETKH ¢ ;. Torma
pa(t) = TTiy g, (1), Homonsmu fi(t) = Ty ;0 (1) Torma fi(Jy) = O mpu g # L u
fi(J;) siBAseTest obpaTUMOll MATpHIIEH, MOCKOJIbKY cpefu Kopueit fi(t) mer A;. Torma y
vatpun (A — N E)’ fi(A), j npoxoqut 3uauenns ot () 10 MAKCAMAIBHOTO pa3Mepa JKOp-
JIAHOBOM KJIeTKH I \; 6e3 e uHuIbl, BHE [-10 juaronabHoro 6Jioka crost 0, a B [-oM
6s10ke crout Gazuc anre6psl F[J)], T.k. fi(J;) obpaTnva. 3HAIUT yTBEPKIEHNE BEPHO U B
STOM CJIydae.

]

3agaum K JIeKnuu 3.

Bamaua 1. [Tycrs nose F anrebpandeckn 3amknyro u A € M, (F) — marpuna panra 1. a)
Haiigure stBHbI Brjt nerTpannszaTopa A B kopaaHosoil dbopme. 6) Borancaure dim C(A).

Bagaua 2. [lycrs nosie F anredpandecku 3amnyro. Haiiure MakcumasibHyo pa3mep-
HOCTB HeHTpasm3aropa veckaasiproii marpunpr A € M, (F).

Bagaua 3. [lycts mose F anrebpandecku 3avkuyto u A € M, (F). Ilokaxkute, aro C(A)
SIBJISIETCS. KOMMYTATHBHON 1oaaareOpoii Toria u TOJILKO TOrAa, Koraa A — nukimdaeckas
MaTpHILA.

010 . 0
00 1. 0
Bapgaua 4. Haiigute nearpaauzarop marpumner C'= | 1 @1 1 .
000 ...1
1 00 0

Bamaua 5. Ilycrs nosre F anre6pandeckn 3amkuayro u A € M, (FF). Mcnonb3ys Teopemy
o asoiinoM nenrpaauzarope maiiaute a) C(C(C(A))), 6) C(C(C(C(A)))).

Bamaua 6. Haiiqure, j1a kakux komiiexcubix Marput C(A) = C(A?).
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5 KommyTaTuBHBIE MaTpudHbIEe Tomaareopnl. Teopema
[ITypa (BepxHsisi rpaHUIlA PA3MEPHOCTH KOMMYTaTUB-
HOIi asredpsl). Onucanune ajaredp MaKCUMAaJILHOM pa3-
MepHOcTH. IlocTpoeHme MaKCMMaJabHOI MO BKJIIOYE-
HUIO KOMMYTATHBHOI aJiredOpbl pa3MepHOCTHU, MEHb-
el MmopgdaKa MAaTPWIL,.

5.1 Jlekmnus 4.

13 TeopeMbl O TPUAHTYTM3YEMOCTH KOMMYTATHBHOTO CeMeHCTBA MATPUIL JI/IsT KOMMY TATHB-
n(n+1)
2

YTO TOYHAsI BEPXHSIS TPAHUTA PA3MEPHOCTH, JeUCTBUTENbHO, ABJSETCS KBaJIPATHIHON
dyHKIHEH OT MopsIKa MaTPHIIL.

Hoit moganre6bper A C M, (F) creayer onenka pazmeproctu dim A < . TToxazkem,

Teopema 5.1 (Teopema Illypa). Ilycte mone F anreGpaudecku 3amkuyro. Ecaun A C
2

M, (F) — kommyrarusHas nogaarebpa, To dim A < [%1 + 1.

st nokasaresnbersa Teopembl Ilypa mogpoGHee 0CTAHOBAMCS HA CTPYKTYpe (K BO3-
MOYKHOM OJIOUHOM CTPOEHHH) KOMMYTATUBHBIX aarep.

Onpenenenne 5.2. [lycrs nosne F anreGpandeckn samxayto u A C M, (F) — nopai-
rebpa (6e3 eJUHUIBI) COCTOSINAS U3 HIUJIBIOTEHTHBIX MATPUIL (HUJIBIOTEHTHAsT aIredpa).
[To Teopeme OHa TpHaHryau3yema. OTMETHM, YTO HPOU3BEICHHE JIIOOBIX 1 BEPXHE-
HUJIBTPErOJBHBIX MATPHI] PABHO HyJi0. [Tosromy npoussenenue jao0bix n mMarpui u3 A
TaK)Ke PaBHO HyJ0. HHdekcom Huabnomenwmmuocmu win xiaccom aaredpsl A Ha30BEM
HauMeHbIIee Takoe k € N, 94T0o nmpoussegeHue J0OLX k MaTpuil aarebpsl A paBHO HYJIIO.

[ycrs A C M, (F) — mnnbnorentHas nomanrebpa knacca k, 2 < k< n. I3 k > 2 8
gacTtHOCTH cieayer, uro A # 0. Pacemorpum mpocrpancreo U; = AF™. Torma U # 0 u
npu toM U # F", nockonbky unade AFF" = A*1F" £ 0 n onnospemenno AFF" = 0,
npotuBopeure. Jlagee mMeeM IENMOYKY BJIOKEHHBIX Hoanpoctpancts F* D U; D U, =
AU, = A’ F" D ... D Uy = A¥'F" D {0}. U ecan a1 9T0# 1ENOYKH HOCTPOUTD
JIOTIOJTHSTIONe TIpocTpancTBa W; Kak B Teopeme " B3dTh O0ObenHeHne X 0a3ucoB,
TO TOJIYYUM, UTO B 3TOM Dasuce Bce MaTpuibl u3 A uMeroT 6JI09HO-HUIBTPEYOJIbHBIH BT

On, A ... Ay
Ongmy Ony .. Ag

: .. : ’
Onk,nl Onk,ng st Onk
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rae O, , — HyJleBas MaTpHUIA pa3Mepa p X ¢, A, , — KaKag-TO MATPUIIA pa3Mepa 1, X N,.
g anrebp Kjaacca 2 9TOro MpeJCcTaBIeHUS JTOCTATOYHO, YTOOBI JOKAa3aTh TEOPEMY
[MIypa.

Jlemma 5.3. Ilycts mone F anre6pandecku 3amknyto u A C M, (F) — aunbnorenrnas

nojasrebpa knacca 2. Toryma A — xkommyTtarusaa 1 dim A < [%2] :

Jloxasamesvcmeo. Tlockonbky npoussesenue JOOBX ABYX Matpuil A, B € A paBHO Hy-
mo, o0 AB = O = BA u anrebpa KOMMyTaTUBHA.
MakcumasibHast pazmMepHocTb A paBHA MAKCUMYMY BblPazKeHUs k(gv,—k), k=1,...,n—
4

. AKCUMVM HKIIUU T\ — T OCTUTIraeTCAd IIPU X — 7 U PaBE€H ——, HO IIOCKOJIBKY MBbI
L. M yM dyHKIIL b 5 v y

2
- 2
paccMarpuBaeM Ieble 3Hadenus k, To dim A < [Tﬂ . O

B obmem ciaydae, mpu k > 3 GJIOYHBIA-HUJIBTPEYTOJBHBINA BUJ €CTh U Y HEKOMMYTa-
TUBHBIX aJrebp, MOITOMY JIJisd OIIEHUBAHKUA PA3MEPHOCTH KOMMYTATUBHBIX aJreOp HYKHBI
JIOTIOJTHUTEIHHBIE PACCY K ICHUS.

Teopema 5.4. Ilycrs nose F anrebpanuecku 3amkuyro u A C M, (F) — HunbnoreHTHASD

KOMMYTaTHBHas mogaaredopa kiaacca k > 2. Torma dim A < [Tﬂ )

oxazameavcmeo. Kak u panee, paccmorpum npocrpancrso Up = AF™. Jlanee pacemor-
puMm dakrtopupoctrpaucrso F" /Uy, nycrs [x1] = x1 + Uy, ..., |[xm] = @, + Uy — ero 6a-
suc. [lomoxum V = (xy,...,2,) C F". Kaxnoii marpune A € A MOXKHO COIOCTABATH
muHeitHoe orobpazkenne O(A) : V. — Uj, Tak, uro Ha O6asuce V' OHO 3a7aHO TPABIIOM
0(A)(z;) = Az;, a nasee OpoOgOIZKAEM IO JUHEHHOCTH. 3aMETUM, 9TO MO0 HOCTPOCHHUIO
ABJISCTCS JIMHEHHBIM 0TOOpazKeHrueM MPOCTPAHCTBA A B IIPOCTPAHCTBO JTMHEHHBIX 0TO0-
paxenuit L(V,U;). Hdokaxem ero mabektusHocTh. [lycrs 0(A) = O. Torma Az; = 0
st Beex ¢ = 1,...,m. JlobaBum x noganredope A eaununanyio marpuny, A; = A @ (E).
[Tokaxkem,aro A,V = F". O6osnaunm W = A, V. Ilockonbky A C A;, to W — un-

BapuanTHO oTrHOCHTEeNAbHO A. dimV = m = n — dim U;, mOCKOJIBKY X1, ..., T,, JAHEHHO
HE3aBHCHMBI 110 MOAY/i0 U, B 9aCTHOCTH OHH IIPOCTO JIHHEHHO He3aBHCHMBI. Torma ecim
Uty ooy Up_ym — 0a3uC Uy, TO T1, ..., Ty, Uty .., Uy, — Oa3uc F". 3naunt, V + AF" = F7,

AV + AU = A F, AWV +U, = F*, W+ AF™ = F". Tlockoabky W unBapuant-
HO OTHOCHTEJIbHO A, B IOCAeIHEM PaBEHCTBE MOYKHO IepeilTu K (pakToOpIpPOCTPAHCTBY
u dakTopam ajnredper A, T.e. AF”/W = [F"/W. Ho kak ™Mbl yzKe YyIOMHUHAJIN HA BTOPOii
JIEKIUH, (paKTOPhl HUJIBIIOTEHTHBIX OIIEPATOPOB HUJIBIIOTEHTHBI, 1 €CJIU (haKTOPIPOCTPAH-
CTBO HEHYJIeBOe, TO IOCIeIHee PABEHCTBO IMPUBOIUTCA K TAKOMY »Ke IMPOTHBOPEUHIO, UTO
u AF" = F". ®akropupocTpancTBo Hysaesoe, ecmu W = AV = F".

Torna Js060it BexkTop v € F™ upeacrapaserca B Buge Az + ...+ Anr,, A; € Ay,
OTKy/Ia C MCIOJb30BAHHEM KOMMYTATHBHOCTH aiaredphbl mouaydaem, 9to Av = A(Ajx; +
o+ Apxy) = AjAz + .+ Ay Ay, = 0.
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Taxum 00pa3oM, MaKCUMaJIbHAS PA3MEPHOCTh A He TPEeBOCXOINT MAaKCUMATIBHONW pas-
meproctu npocrpancrea L(V,Up), KoTopas paBHA MaKCHMyMy BbipazkeHust m(n — m),

m=1,...,n — 1. I3 nokazanroro B mpeapiayiieii sjemme mosrydaem dim A < [%2] O

2

JIemma 5.5. Pacemorpum dyukuumio S(n) = {%} + 1. Torga S(n+m) = S(n) + S(m),

MPHYEM PABEHCTBO JIOCTHTAETCS TOTIA M TOJBKO TOTIA, Korna n = m = 1, aubo {n,m} =
{1,2}.

Jlokasamenvemso. Vimeem S(1) = 1, 5(2) = 2, nosromy S(2) = S(1)+S(1). [lyctb n > m
1 XoTd OBl omHO u3 Hux Oosbire 1. Torma

S(ntm) = [n2+mz+ 2mn]+1 > [”_2]+[22]+[@]+1 :S(n)+[m_:|+[m} >

> S(n) + [ﬁ] +1=5(n)+ S(m),

4
. mn
IpHIEM IIOCJIeHEe HEPABEHCTBO IIPEBPAINAETCI B PABEHCTBO TOJLKO €CJIH [—} = 1.
Buaunt, Korga n > m > 2 oHo crporoe. Ocratorcs caydam m = 1, n = 2,3. Ecuan
S(3) =3, S(4) =5, mosromy S(3) = S(2) +5(1), a S(4) > S(3) + S(2). ]

Zoxazameavcmeo meopemnt [lypa. 11poBenem moka3zaTenbcTBO HHAYKIMe mo n. dngan =
1 ecTh TOJBKO OTHOMEpHAS HEHYJIeBas MoJaaredpa, mo9TOMY YTBEPZXKICHHE BEPHO.

[MTar weayknun. Ecau y 060it maTpunsr A u3 aarebpor A poBHO 0JHO COOCTBEHHOE
sHavenne Ag, 10 A — Ay E — muabnorentras, u nosromy A = (E) & Ay, tne Ay —
HI/LHbHOZTeHTHaH KoMMyTaruBHas nojasrebpa. Torga no reopeme [5.4]dim A = 1+dim Aj <

n
1y H

IIycty Temeps y marpumsl A ectb k > 2 coOCTBEHHBIX 4HCeI. Pacmomo:xkuMm Kop-
JTaHOBBI KJIeTKM A TakumM 00pa3oM, UTOOBI BCe OJMHAKOBBIE COOCTBEHHBIE UHCJIA CTO-
amn pgaom, A = J; @ ... D Ji, B KOpJaHOBOH# Marpuie .J; cobpaHbl Bce KJIETKH C
M. Torma pua(t) = TTey ps, (t). Tonomum fi(t) = [[r, s, (t). Torma fi(J,) = O upu
q = 2 n fi(Jy) aBagerca obparumoit marpureii. Torga y marpurn (A — M E)! f1(A), j
HPOXOJUT 3HadYeHHs OT 0 0 MaKCHMAaJbHOTO pa3Mepa KOPJAHOBOIl KJIETKH /g \; 6e3
eJIMHUIIBI, BHe 1-ro aumaroHaJbHOro 0Jioka crodr 0, a B 1-oMm OJioke cTrouT Gasuc ajred-
pot F[J1], .. fi(J1) obparnma. Pasmep marpunsl J; ob6o3HaunM 3a ni. Yepes Gazuc
anreOper [F[J)] Beipakaercs enmHuYIHAsi MaTpuiia. 3Ha4uT, B ajarebpe A ecrb Marpuiia
E, = diag (E,,, O). [ockombky A xommyrarusra, 1o A C C(E) u U3 IpeIIoKeHns
noJIydaeM, 9To Bce MaTpuinbl B A nMmerorT O09HO-anaroHaabubii Bug. CiiemoBaTesbHO,
A = diag (B,C), B — kommyTarusuas nogasirebpa B M, (F), C— xomMmyraTuBHas mo-
nanredpa B M, _,, (F). Torma dim A = dim B + dim C u 1m0 OpenosoKeHuio WHIYKITHH,
dim B < S(n1), dimC < S(n — ny) u no aemme 5.5 dim A < S(n). O
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W3 nemmb caeayer, 4To 6J0YHO-IuaroHaabHas aaredpa OyaeT nMeTh MaKCHMalb-
HYIO Pa3MEPHOCTDb TOJIBKO JIst 1 = 2, 3. DTH CJydad PaCCMOTPUM OTIEJbHO.

Jlemma 5.6. Ilycrs nore F anre6pamdecku 3avkuyro u A C M, (F) — xommyrarusnas
nogaJsrebpa. Torma
1. mpu n = 2 dimA = S(2) = 2 Torga u TOJABKO TOrIA, Korja A conpskeHa Ju6o ¢

" N a b
aareOpoil TMaroHaJbHBIX MATPHIL, JHOO ¢ aaredbpoil MaTpuIl BUIa 0 al’ 2. mpun =3

dim A = S(3) = 3 Torma u ToJabKO TOrNA, Korga A coupsizkeHa qubo ¢ anrebpoit auaro-

a b 0
nasbabix MaTpur] D (), mu6o ¢ anrebpoit marpun suga | 0 a 0 | ; 6o A = (E)® Ay,
0 0 c
rae Ay — HUIBIOTEHTHass KOMMYTaTHBHag nojaarebpa, Ag uMeer Kjaacc 2 Wi 3, B CO-
a b c a b c
NPsZKeHa C OJTHON u3 aygredp, cocrosimux u3 marpur uga | 0 a b |, 1ubo a 0
0 0 a 0 a

Jubo

oS O e
o @ O
2@ o -

Jokazamenvemeo. 1. Ilycrs n = 2. Ecau B anrebpe ecTh MATPHUIIBI C ABYMsA COOCTBEHHbI-
MU YHC/IAMH, TOJIy4aeM CyMMY JIBYX OJIOKOB pa3Mepa OJIMH, T.e. ajarebpy juaroHajibHbIX
matpur, Do(F). Mnave, u3 3HadeHnss pa3MePHOCTH CJIEJyeT, 9YTO B ajarebpe ecTh HeCKasip-
Hasl MATPHUIA C OJHUM COOCTBEHHBIM YHCIOM, OHA 0100Ha E1g (B Mo (F) 310 nuknaeckas
marpuna), 3aaant, A = F[E5] — BTOpoii BapuaHT aireGpsi.

2. Ilyerb n = 3. Eciin B A ecTb MaTpHUIA ¢ TPeMs Pa3JInIHBIME COOCTBEHHBIMU THC-
JIAMH, 9TO OHa NOJAOOHA JAMArOHAILHON NUKJIMYeCKOH Mmarpuie D, W IpHU Iepexoxke K
xopnanoBy 6azucy A = C(D) = D3(IF). Ecain y marpur n3 A MakcuMyM JBa pa3audHbIX
cOOCTBEHHBIX YUCJIA, TO OHA Pa30UBaeTcsd B CyMMYy OJIOKOB pa3Mepos 2 u 1, B 6Ji0Ke Topsi/I-
Ka 2 y BCeX MATPHIL OJHO COOCTBEHHOE YHCJIO KPATHOCTH 2, HMOJIydaeM ajredpy MaTpHIl

a b 0
Buga | 0 a O] . Ilycrs Temepb y Beex marpull u3 A pOBHO OJIHO COOCTBEHHOE YHCIIO.
0 0 ¢

Torna A = (E) & Ay, Ay — HUIbIOTEHTHAsI. Y TBePKIeHHe TPO aarebpbl Kiacca 2 Oy-
JeT J0Ka3aHo jaJiee B obmeM ciaydae n > 2. Ilyers Ag umeer knacc 3 M mpuBeneHa K
TpeyroibHOoMy BHy. [lo ycrosuio cymectsyior A, B € Ay, AB # O. Y 3T0ii MaTpHUIs!
HEHYJIEBOM 3JIeMEeHT MOKeT ObITh ToJbKO Ha nosurmu (1,3). Umeem (AB)13 = ajabeg # 0
1 TaKIKe COBIAIALT C b12093 B CHIY KOMMYTATUBHOCTH. JTO O3HATAET, ITO dq2do3 7~ 0. To-
ria A — mukamdeckast Marpuia, nogobnas J3(0). Suaunt, A nomobua F[J3(0)], kotopas

a b c
cocrouT u3 Marpun Buga (0 a b |, O
0 0 a
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ITpu n > 4 makcuMa/bHYI0 Pa3MEPHOCTh UMEIOT TOJIBKO aareOpbl, MOJIydYeHHbIe TPU-
coeMHEeHHeM eIMHUYHON MATPUILl K HUJIBIOTEHTHON Mojaaredpe.
s HAX OlleHKa JOCTUXKHMA.

ITpumep 5.7 (Aurebpa Hlypa). Iycrs n = k+m, k,m € Nu |k —m| < 1. Paccmorpum
CJIEJLY 0N 10 KoMMyTaTuBHY 0 nojgaareopy Ag C M, (F) :

As_{(x?“xg )xéF,ZGA@mW%

Ee pasmepuocts dim p(Ag) = 1+km = [n?/4]+1 aBigercs MakcuMabHO BO3MOZKHOI 1151
KOMMYTATUBHOH 10Aa1re6phl MATPUIHOMN airebphl, CJeg0BaTebHO, Ag — MaKCHMATbHAS
KoMMyTaTuBHast ogaarebpa M, (IF).

T'unoresa 5.8 (rumoresa ['yeradeona). Ilycrs moae F anrebpandeckn 3amrayTo u A C
M, (F) — nunbpmoreHTHAS KOMMyTaTHBHAs mojasirebpa kiacca k > 2. Torma dimA <

[@iﬁf]+k—z

DTa rumnoresa JOKa3aHA /I HEKOTOPBIX KJIACCOB HUJIBIOTEHTHOCTH, HO B OOITIEM CJTY-
Jae OCTaeTcs OTKPBITONR. B mpeanosioxkeHnn, 9To OHa BepHA, HA ajJredpax KJIaccoB HUIb-
HOTEHTHOCTH Kk 2> 3 aMaKCUMyM Pa3MepHOCTH He JTOCTUTAETCS.

PacemorpuM 1010/ THUTE/IBHO CTPYKTYPY aJredp Kjiaacca 2.

Teopema 5.9. Ilycrs nose F anrebpandeckn 3amrayro u n > 2. Torma B M, (F) cy-
HmIeCTBYeT N — 1 pasjindHasg ¢ TOYHOCTBIO J0 CONPIKEHNs MAKCUMAJbHAS 110 BKIIOYECHHIO
KOMMYTaTHBHas HUJIBIIOTEHTHAS Togaarebpa Kiaacca 2.

Jlorasamenvcmso. Ilycts A C M,,(F) — nunbnorentras moganrebpa Kiaacca 2. Kak mo-
Ka3aHO BBIIIE, eCTh 0a31C B KOTOPOM BCe MATPHITH 13 A HMeI0T B109HO-HIJIBTPEYTOTBHBIT

BUI
. Om, AIQ
A= (On_m,m On_m> !

rae Ajp — Kakag-To Marpuna pasmepa m X (n —m). Bee marpunpst Ajp, A € A obpasytor
MOANPOCTPAHCTBO U B MPOCTPAHCTBE MPSIMOYTOIBHBIX MATPUIL Mo, 1 (F). Bamermm, uro
ecJIU MOJIIPOCTPAHCTBO COOCTBEHHOE, TO aarebpy MOXKHO BJIOXKUTH B OOJIBINYIO, 100ABUB
MATPHUIIBI, ¥ KOTOPBIX 6710KH A1o siexxkar B ponosnenu U 10 My, p—m(F).

[Iycth Temepn B Hamieit aaredbpe 670K pasmepa m X (n — m) UMeeT MAKCHMAIbHYIO
Pa3sMEPHOCTb.

IIycte B € M, (F) — wisnorentras marpuna u B € C(A). Pazoobém B na 610Kmu:
B — (Bll 312) Torna AB = <A12321 A1zB22>  BA = ( Om, 311A12> Eenn

BQl 322 Onfm,m Onfm Onfm,m 821A12

A19By; = O, niist Becex Ajg € Moy i (F), T0 By = Op_py - 113 yc10BUS HUIBIOTEHTHO-
cru B npu By = O marpunsl Byp u By TOKe HHAbIOTeHTHBI. VIMeem A9 By = Bi1Aq
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ngist BeexX Ayg € Moy, o (IF). TlocenoBarenpras moncranoska Ey j, j = 1,...,n—m moka-
3pIBaeT, uTo Boy = O. Torma mojacranoBKa MaTPHYHBLIX €JIHHUIL BMECTO Ajp B ypaBHeHHe
BllAIQ =0 HacT Bll =0.Te B= O 19 S A

Ecau t # m,n —m, 10 t(n — t) # m(n —m), no3ToMy aaredpbl ¢ GJIOKAME PA3HBIX
pa3MepOB IMEIOT Pa3Hble PA3MEPHOCTH, 3HAYET HEe TOJILKO HE CONPLAKEHBI, HO U BOOOIIE
He U30MOP@HHI.

Ocraéres caydait t = n — m. Auredpsl OyIyT n30MOpQHBI, HO T0KaXKeM, 9TO He CO-
upsizkenbl. Ot nporusnoro. [ycrs 6e3 orpanuuenust obunoctu m > t u T € M, (F) —
obpaTumMasi MaTpHIIA.

n—m,m On—m
Onfm B12 _ Cnfm,n
(Om,nm om) = ( Ovn ) :

Om A12 o On—m,m Cn—m,n—m
N3 paBencTBa Takux MaTpuIl, mojgydaem, 4to 1’ = .
On—m,m On—m Om,m Om,n—m

ITocKOIbKY M > m — m HOJy4eHHOe HPOCTPAHCTBO MeeT pa3MepHocTb (n — m)? <
m(n — m), T.e. yMHOXkKEHHE BCEX MATPHUI] IPOCTPAHCTBA pasMepHOCTH m(n — m) ciesa
Ha 00paTuMyl0 MATPHIY T YMEHBITHIO Pa3MepHOCTh MpOCTpaHcTBa 10 (n — m)% DTo
HEBO3MOZKHO B cumty obparumoctu 1.

Om A
T (O 12 ) - (On,m Bn,n—m)a

]

3agaum K JeKnuu 4.

Bamaua 1. [lycrs nose F anrebpandecku 3amkuyro u A € M, (F). [Tokaxxure, 410 KOM-
myTaTuBHas anreOpa F[A] sBisiercs MAaKCHMATBHOM 10 BKIIOYEHHIO TOT/IA 1 TOJIBKO TOT/IA,
Korga A — IUKINYecKass MaTPUILA.

Bamauga 2. [oxaxure ciejayiomee csoiicrso dynkuun Ilypa S(n): S(n) < S(n—1) + 3
IJIsE BCexX n = 2.

amaua 3. Ilycrs F — anrebpamuecku 3aMKHyTOe Tosie u n > 2. /lokaxwure, 9T0O B
KOMMYTaTUBHON HUIbIOTeHTHOH Tomanrebpe A C M, (F) xmacca n Haiinercst marpuma A
taxas, aro A" #£ O.

amaua 4. Ilycts F — anredbpamdeckn 3aMkuyToe moje u n > 2. Jokaxkure, 4T0 C
TOYHOCTBIO 70 compsizkeHHoCTH B M, (F) ecTh pOBHO O/THA HUTHIIOTEHTHAST KOMMY TATHBHAST
nojarebpa Kjaacca n M OHa MAKCUMAJIbHO MO BKJIOYEHUIO.

Bamaua 5. [lycrs F — anreGpandecku 3amkHyToe mosie 1 n > 4. I[lokaykure (Ha npumepe),
9TO B KOMMYTATHBHOI HIIbmoTeHTHOH nomanredope A C M, (F) kmacca k < n e Bcerma
naiijerca Marpuna A taxkas, uro AF £ O.
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5.2 Jlekmnuga 5.

[Ipu mccienoBanul MaKCUMAJIbHBIX IO BKJIIOYEHHIO KOMMYTATHBHBIX ajarebp MHTEpeceH

TaK:Ke BOIIPOC MUHUMAIBLHONW BO3MOXKHON pasMepHocTH. 3BecTHA HUXKHSAS oneHKa Jlad-
2

du acUMITOTHKHT N3 .

Teopema 5.10. I[Tycrs nose F anre6pandecku 3amkuyro u A C M, (F) — MmakcumaabHas
110 BKJIFOUEHUIO HUJIBIIOTEHTHASI KOMMY TaTuBHasl nojajrebpa kiacca k > 2, A; = (E)®A.
Torga dim A; > (2n)3 — 1.

JHoxasameavemeo. Paccmorpum noanpocrpancrso Vo = ker A, T.e. Bce Ttakme x € F”,
gyro Ar = 0. Ilycrs ¢t = dim Vj. Torma B3gas 6asuc F", B KoTOpoM mepBble ¢ BEKTOPOB
COCTABJISIIOT Ha3uc V), MOIYyIUM CJIeayIONHil OJI0UHbBI Bua 171 MaTpul u3 A:

Or A
A= .
(On—t,t A22)

0
ITycts W — nononnenue Vg o F”, 1.e. B jannomM 6a3uce 310 CTOJIOIHI (w)’ w e F

u nycre Wy = {w € F" "Apw = 0 aua scex A € A}, Bamerum, uro ecoim w € W,
To U Apw € Wy mna Beex A € A: neitcteurensno, mia marpuns A% 610k (1,2) — 310
Aj2Asy, mosToMy 110 ompeenennto Wy nmeem AjpAsw = 0. Tlyers B = {Axp|A € A}.
[To onpenenenuto B saBIsgeTcs KOMMYTaTHBHOI HUJIBIOTEHTHON momaaredbpoit B M, _; u
npocTpaHcTBo Wy HHBapHAHTHO OTHOCUTEIBHO [3.

Hoxkazxkem, aro Wy = 0. Ot nporuBHoro, mycts Wy # 0. I1o Teopeme HUJIBIIOTEHT-
Has anarebpa B tpuanrynunsyema uHa Wy, T.e. Haiinerca y # 0,y € Wy, Takoit uro By = 0
(mepBbIit BeKTOp HOBOrO Gasuca). B stom ciydae

0 A1y
A = = 0.
(y) (Azzy>

0 .
Torna (y> € Vp, nporusopeune. ITomoxkum d; = dim {A3|A € A. g kaxa0ii KoH-

kperHoil Mmarpunel A € A ypasmenue Ajpr = 0, x € F"! 5KBUBATICHTHO OTHOPOIHOM
cucreme u3 t JUHEHHBIX YpaBHEHUIl OTHOCHTEILHO N — t Hem3BecTHIX. [[0CKOJIBKY B COBO-
KYITHOCTH 110 BCEM MATPHUIAM Y TAKUX CHCTEM OOIIHUM SBJISIETCS TOJBKO HYJIEBOE DEIIeHue,
To n —t < td; (nHade obsa3aTeHHO GYAyT CBOOOJHBIE HEN3BECTHBIE W GECKOHETHO MHOTO
pelenuit).

ITo nocrpoenmio, dim A; > d; + 1, snaunt, dim A; > 7.

Tenepsb npoBeéM aHAJOIUYIHBIE PACCYZKIeHUsI st ajredpsl B, ¢ Toit pazuurngeii, 4ro
OyJeM CMOTpeTh YMHOYKEHHe Ha BEeKTOPa-CTPOKH cupasa. Ilycrs Y = F"~! — mpocTpan-
CTBO BCexX CTPOK jytuHbl n — t. TTo ananorun ¢ Vo pacemarpusaem Yy = {y € Y|yB = 0},
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s =dimY. Ilycrs Y = U @ Y}, Buibupaem 6a3uc Y, nocrpoenunbiii Kak 06'beunenue
6asmcoB U u Y. B sTom Gasuce marpuipl Asy € B npuMyT BU

_ BQ2 BZB
A22 B (Os,n—t—s Os) .

[ToBTOpsisi paccyxKjaeHusd PO NPOCTPAHCTBO PEIIeHUIl CHCTEMbl yPaBHEHUH, IMOJyYaeM

OIEHKY
n—t

dimB > —1.

S

Benomuum 1ipo yesioBue MakcumasibHoctn anrebpoi, T.e. C(A) C A. B mocrpoerHom
Hasuce MaTpuilbl aaredps A uMeT BuL

Oy Bis B
A=10 By By
O O O
3aMeTuM, 4TO MATPUIIHI BHIA
O, O Z
O O O, Ze M),
O O O

KOMMYTHUPYIOT co Bcemu Matputiamu A € A, citetoBarenbno, cojep:xkarcd B A. Otcioaa

—t
dimA>3t+1+dimB>st+n .
S

Fean t < 27503, 10 u3 ouenku dim A > 2 noayuaem, uro dim A > (2n)§

Ilycts t > 27

n
t

. 13 onenku dim A > st + 1 +dim B > st + "T_t [OJIy4aeM, 9TO

dim A > 2{t(n —t)}2.

n

Kax wmbr mokasanm pamnee, Gynkmusa x(n — x) BospacraeT Ha orpeske [0, 5], mosTomy

W=
[NIE

(n—275n5)}
= (2n)

dim A > 2{2 in

wlo

{1—(2n)"%}2 > (20)3{1 — (2n) 3} = (2n)7 — 1.
0

Teopema 5.11 (Teopema Jladbdu, 1985). Tlycrs nose F anrebpandeckn 3amkuyTo n A C

M, (F) — makcuManabHast 10 BKJIIOYEHHIO KOMMyTaTnBHas nogaarebpa. Torma dim.A >
2

(2n)s — 1.
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Joxaszamensvcmeo. Paccyxaast Kak B JokasareabcTBe Teopembl [Ilypa, 3amernm, 910 ecoru
B A BCe MATPHUIBI UMEIOT eIMHCTBEHHOE COOCTBEHHOE YHCJIO, TO A yIOBIeTBOPSIET YCIOBUIO
peabLIyIIeil TeopeMbl u dimA > (2n)% — 1.

Nuawe, korga B A ecTh MATPHUITHI ¢ HECKOJBKUME COOCTBEHHBIMU YHCIaMU, TO A compsi-
JKeHa ¢ 0J109HO-InaronaabHoi ajaredpoit. [losropss nporece i quaronaibHbIX 0JI0KOB,
MOXkeM cantarh, 910 A = By @ ... @ B,, rue Bce anredbper B; C M, (F), i = 1,...,r
YIOBJIETBOPSIOT YCJAOBUIO LPEAbLIAYIIEH TeopeMbl n dim B; > (Qni)g — 1.

Jng n < 4 ucnonb3yd onucaHue aaredp u3 JeMMbl nosiyuaem onenky dim A > n.

Torma moc/eoBaTeIbHOE TIPUMEHEHIE HEPABEHCTB

v+ {2n—2)}i > (2n)i, 1<z <n—4,

I¥]

(22)F + {2(n — 2)}3 > 1+ (2n)

w

3, 4< <

n

57

K Pa3MepHOCTSIM OJIOKOB, JTOKA3BIBAET OLEHKY M1 pasMepHocTH A.
L]

TouHOCTH 3TOI ONIEHKH HEM3BECTHA.

PaccmorpuMm oT/ie/1bHO B KadecTBe NMpUMEPa, Ha KOTOPOM YJIAETCs MOCTPOUTH TOYHbBIE
OIIHKHU ¥ KOHKDETHBbIE KOHCTPYKIMK ajaredbp, HUILIIOTEHHBIE aredphl Kiaacca 3.

ITycts A C M, (F) — uunbnorentHast nmojairbepa Kiacca 3 Takas, 4to ajarebpa A; =
(E)Y®.A sBsieTcs MAaKCHMAJIbHOH 0 BKII0YeHN 0. KaK MbI MOKa3aJ1M HA MPOIILIOH JEeKIIH,
CyIIecTByeT 6a3uc, B KOTOPOM BCce MATPHUIHI U3 A NPpUHUMAKOT B,

On, Az Az
Ong n1 Ong A23
Onsﬁl On37n2 On3

SamMerum, 9TO MaTPUIILI BAIA

O, O Z
O O, O |,ZeM, (),
O O O

KOMMYTHPYIOT cO Bcemu Marpunamu A € Ay, ciaepoBarenbno, comepxarcs B Aq. [Toso-
&M d = dim A — nyng. Torma d — 910 pasMepHOCTb MOANPOCTpaHCTBa Ag, COOTBETCBY-
forero BceMm Marpunam u3 A ¢ Ajz3 = O. Marpumna suga

O, B O
Opymi On, C
On3 ;N1 OnS ;12 OnS

nexut B C(A), eciim u tobko ecnn BAsy = A1oC naa Beex A € Ag. s xaxmoit
dbukcupoBannoit marpunbl A € Ay 910 MATPUUHOE YPABHEHU IKBUBAJIEHTHO OJHOPOIHOMN
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CUCTeMe U3 NNz JUHEHHBIX YPaBHEHUI HA 11MNo + NoN3 HEM3BECTHBIX 3JI€CEHTOB MaTpuIl B
u C. ObbennHsgs ypaBHEHHS 110 BCeM MaTpuiaMm u3 0asuca Ay mosydaeM B COBOKYITHOCTH
dnyng ypaBHeHHil, 3HATAT PA3MEPHOCTH MPOCTPAHCTBA PEIeHUil He MeHbIie ny(ng +n3) —
dning. Ilo ycioBHIO Ha MEHTPAIH3aTOP, BCE ITH MATPUIIBI-peNieHus cojep:karcsa B Ay,
OTKY/A
na(ny + ng) — dnyng < d,
ni + ns

d>ng——.

ning + 1

CreoBaTesbHO,

dim A; > HQM +nins + 1.
TLlTLg—I—l

[lo ycmoBuio Ha pasmep MaTpui, ne = n — (ny + ng). llombepem ny, ng, 9T06B MUHUMU-
3UPOBATH IIPABYI0 YaCTh BHINICO3HAYCHHOIO HEpaBeHCTBA. 13 cHMMETPUIHOCTH, MOXKHO
2m(n — 2m) 5 2mn
— s tm +1l=——+
m* + 1 m*+1
) 2n 4(n — 2x)
me+ 2 2 2
m? +1 22+1  (22+41)
MuEHEMYM BBIPAsKEHHS IOCTUTACTCA I T, ABJASIONNXCA KOpHAME 7° + 3z —n = 0. B
stoM ciiydae f(m) = 3m?+1. B wacrnocru jy1s KopHeil ypapenud z° +3x —n = 0 umeem
1 1

pacemorperh ny = ng = m > 1. Ilyers f(m) =

— 3. Haiigem mynm upoussonnoit f'(z), f'(z) = 2z —

m>n3 —n 31

dim A; > [3n% _ 4} ,

T.K. dim.A; > S(n% — n_%)2 +1>3nf—5> [Sn% - 5} .

W3 3TuX OIEHOK, B 9YaCTHOCTHU ciaenyeT, 9To dim A; > n g n < 13.

OcHoBbIBasiICh Ha PA3MEPHOCTH NEHTPAJIN3ATOPA U HOJO0HBIX MaJIbIX IpumMepax [ep-
mrenxabepom B 1961r. OblLa BBIABHHYTA THIOTE3a, YTBEPXKIAONAd YTO Pa3MEpPHOCTH
MaKCHMAJBHON 110 BKJIIOUYEHII0 KOMMYTAaTHBHON momanrebpobr anrebper M, (F) Bcerna we
MeHblIe yncyaa n (mopsigaka Marpui). Pacemorpum korTprnpumep Kyprepa, KOTOpBbIii sB-
JigeTcsd MUHUMAJIbHBIM OTHOCUTEIBHO pa3Mepa MaTpHIL.

IIpumep 5.12 (Asrebpa Kyprepa). ITocTpouM KOMMYTATHBHYIO HOAAITeOPY aareGpbl
M;4(F) pasmeproctu dim (Ag) = 13.
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Pacemorpum MHOKECTBO B BCex MaTpHIl TOPpsiaka 14 Caeayonero BIuaa:

0 0 O2x10 O,

0 O

T11 0

0 zn

T12 0

0 o0

91 O O1o O10x2
0 T21 ’
T29 0

0 m9

211 212

221 222

Yii Y12 | 211 Z12 221 222 0 0 0 0 x11 2 0 0
yar Y2 | 0 0 0 0 211 212 221 222 X w2 O 0

The ;j, Yij U % — IPOU3BOJBHBIEe daeMeHTHl Hosd F. U3 ompenenenns mmoxkectsa B
CJIeJIYeT, 9TO OHO 3aMKHYTO OTHOCHTEJIHLHO YMHOXKEHHUS U COCTOMT M3 ITOIAPHO KOMMYTH-
pyitomux Matpuil. Ilycts Mmarpuna D € B. Ona npeacrapigercd B CaeIyIONEM OJ0THOM
BUJI€E:

O, O O
D=A Oy O
Y B 0O,
[TycTn
O, O O
D=|A 04 O
Y B O,
takxKke mMarpuna u3 B. Torma
O, O O
DD=| O O, O
B'A O 0O,

CaeroBaTeIbHO TPOU3BEieHUe JI0OBIX Tpex Mmarpuil u3 B pasno mymo. Torma Aes =
(Erg) @ B — xommyrarusHas nomanredpa Myy(F) pasmepnocru 13, rae B — HuibIo-
TeHTHas Tojgaaredpa Kiaacca 3.

MakcumasnbHoCTh Ac OCTaBUM B KadecTBe yIparKHeHUs, pa30epéM TOJbKO TJIaBHBIE
mard. JleBbiit HuyKHME 2 Ha 2 GJIOK 3aI0JTHEH BCEBO3MOKHBIMEI MaTpuiiamu. Ias mokaza-
TEeJIbCTBA MAKCUMAJIBHOCTH OCTAETCs MPOBEPHUTH, YTO HEJIb3sd J00aBUTH MATPHUIl X BHJIA

O, O O
P Oy O | . Takag marpuna jexur B C(B), ecsiu u toabko eciu XD = DX te.

O Q O,
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BP = QA nns Bcex D € B. Jlna xaxaoit (pukcupoBanHoit marpuriei D € B 310 MaTt-
pUYHOe ypPaBHEHW IKBUBAJEHTHO OJHODOHON cucTeMme u3 4 JuHeHBbIX ypaBHeHU Ha 40
HEW3BECTHBIX 37eceHTOB MaTpull P u (). O0beuHdAs ypaBHEHUs MO BCeM MaTPHUIAM U3
Da3mca moJiyuaeM B COBOKYITHOCTHU 32 ypaBHEHUS, 3HAUUT PA3MEPHOCTH TPOCTPAHCTBA pe-
menuit He MeHbIe 8. OcTaéTcst IPOBEPHUTH, YTO PAHT MATPHUIILI CUCTEMBI B TOYHOCTH PABEH

32.

Sagaun K JeKnuu 5.
Bo Bcex 3azauax nosie F ajiredpandecku 3aMKHYTO.

Bamaua 1. IIpoBepbTe MaKCHMATBHOCTD 110 BKJIOUEHHIO J11st anrebpbl Kyprepa (octanoch
nposepuTh, uto MaTpuia CJIY umeer panr 32).

Bagaua 2. [Ipusenure npuMep MaKCHMAILHOM 110 BKIIOYEHHUIO KOMMYTATHBHON IOIAJI-
re6pet A C M, (F) pasmepnoctu n.

Bamaua 3. Bepuo Ju, uro npoussoibHas marpuna A € M, (F) conepxurca B Makcu-
MaJIbHOI 1O BKJIIOYEHHIO KOMMYTATUBHOI mogaaredpe?

Sagaua 4. [TocrpoiiTe MaKCUMAIbHYIO 110 BKIIOYEHUIO KOMMYTATUBHYIO ogaareopy A C
M, (F), conepzxalyto KOpJAaHOBY MATPHILY € COOCTBEHHBIM wmcsoM ( U3 JBYX KJIETOK
pasmepoB n — 1 u 1.

3amaua 5. Illyctb m,n € N, k € Z, uw k+m + 1 < n. Paccmorpum marpuny B
Evimi1 + Emiime2 + - + Emgkmirt1 € My(F). Bospmém nomnpocrpanctso By, C
M, (F), mopoxaénnoe marpunamu u3 F[B] n marpudansivu eauHunama E;;, 1 < @ <
m, m+k+1<7j < n. Ilokaxkure, aTo

a) By, ABISETCS HUIBIOTEHTHON KoMMyTaTupHoil noganrebpoit 8 M, (F) kracca k + 2;
6) anrebpa B = By, @ (E) aBiasgercss MAKCHMAIbHOM 10 BKIIIOUEHHUIO.

6 OmgHO- 1 ABYIOPOXKAEHHBIE KOMMYTATUBHBIE MATPUI-
HbIe nogaaredpnl. Teopema I'epmiTenxabepa.

HamomunMm, aTo anredpa A Ha3BIBACTCA KOHEUHONOPOHCIEHHOT, €CTIH BCE €€ 3JIeMEHThI MO-
ryT ObITH OPEJICTABJICHBI B BHUJIe KOHEUHBIX JTMHEHHBIX KoMOuHAIMH (¢ KoadbdhunmenTamu
u3 F) KOHeUHBIX MPOU3BEEHNUI HEKOTOPOrO KOHEYHOIO MHOYKECTBA €€ 3JIEMEHTOB, Ha3bI-
BaeMOro cucmemoti nopostcdaroujur. JIerko BuaeTh, 9To J100asi KOHEIHOMEpPHas aaredpa
MOPOKIAETCS CBOMM 0A3MCOM, T.e. ABISETCS KOHETHOMOPOXK IeHHoi. IHoT1a, crucTeMbl 1mo-
POXKIAIOIINX, MeHbIIe, uem 6asuc, He CyIIecTByeT, HanpuMep, Takosa aaredbpa Illypa.

JlaJtee 110 olpee/IeHUIO /I aJIreOphl ¢ eIHHAIeH Bceraa OyaeM CUuTaTh e THHHIILY CI0-
BoM OT mopoxaaorux aunsl 0. Ecin S C M, (F) — HekoTopoe KoHeIHOe MOIMHOKECTBO,
TO 1OAAIreOPY € eMHUIEH, HOPOKAEHHYIO MHOXKECTBOM S, 0003HauuM 3a L(S).

32



B 310it iekiun MbI pacCMOTPUM KOMMYTATUBHBIE MATPUIHBIE TTO1AITEOPHI, ¥ KOTOPBIX
ecThb “MaJible” CHCTEMBbI TOPOXKIAIONIUX — U3 OJHON WU JABYX MATPHIL.

U3 mpeaplaymux JeKnuii Mol 3HaeM, uro anredpa L({A}), nopoxaéHHas oIHON MaT-
purieit A, — 310 anarebpa F[A] muoroanenos or A, dim L({A}) = deg pua(t) < n o Teopeme
Favunbrona—Kasmm, mpudém paBeHCTBO JOCTHKHMO TOTJA W TOJBKO TOrma, Koraa A ss-
JsieTcs MUKJIMIecKoil Marpureil, u B atom cayvae L({A}) aBasercs MakCHMaIbHOM 110
BKJIFOUEHHIO KOMMYTAaTUBHO# asredpoit. [I03ToMy masee peds moiigeT mpo ABYHOPOZXKTEH-
HBIE AJIreOPHI.

Pacemorpum Teopemy [epritenxabepa 19611., a iMeHHO, AaHAJIOTHIHOE YTBEPXKICHHE O
Pa3sMEepHOCTH JI/Isi KOMMYTATUBHON MMOAaJredpbl, TOPOXKIAEHHON napoit marpuil. B opurn-
HabHOI pabdore ['eprirenxadepa Jiisd J0Ka3aTe/IbCTBA MCIOJIH30BAaHbl METO/IBI aarebpan-
9ecKoil reoMerTpun. Mbl pacCMOTPUM YHCTO MATPUIHOE TOKA3ATETBCTBO JTAHHOTO PE3Yib-
taTa, noaydennoe B 1990-91rr. nezaBucumo bappua u Xaamocom, u Jladpdu n Jlazapyc.

Kak u B nokazarenbctse Teopem lllypa u Jladbdu o pasmepHocTH, criepBa paccMOTPUM
HUJIbIIOTCHTHDLIA Cay4qai.

[Tycrs A € M, (F) npusenena K »KopaHoBoii HOpMaJsbHOIl (hopme u nmeer Bux J,, @
e ® Jy,, tne k =1, J,, = J,,(0) — )kopJaHoBa KJIETKA pasMepa n;, U Ny = Ng = ... =
ni = 1. PaccMoTpuM BCIOMOTaTeJbHYIO KOHCTPYKIHIO YBEJTUYEHUs pa3Mepa MaTpHIL,
HOMOTIBIO KOTOPO# BO3ZMOYKHO CJIEJIATh BCE YKOPJAAHOBBI KJIETKH MAaTPHUIBI A eIuHOr0 pas-
mepa. Counocrasum marpune A marpuny A € M, 1(F), x)opmanoBa dopma KOTOPOil —
Iy @ ... ® Jp,(k paz). g n > 2 u n; < n pasaoxum F* = F* @ F*"™. Jlna xkop-
JIaHoBoft Kjaetku J, mognpocrpancTtBo ™ ¢ 0 mHBapMaHTHO, a €€ OrpaHUYeHUe HA ITO
MOJNPOCTPAHCTBO 310 B TouHOCTH J,, (0). Torma jjisi MarTpuist A ecrBecTBeHHO BbLIE-
asercss mHBapuanTHoe npocrpancto M = (F" @ 0) @ (2 ¢ 0) & ... d (F™* & 0), a
orpaHuYeHUe A wa M s10 B TounOCTH A.

JIemma 6.1. Ilycte mose F anre6panuecku 3amkuyto u A, B € M, (F) — kommyTupyto-
e MaTpunbl, A — HuabmoTeHTHasA. [IycTh KopmanoBa HopMaabHas (popMa MaTpHIbl A
umeer Bug Jp, G ... 6 J,,, tae k > 1, J,, = J,,(0) — KopganoBa KIeTKa pasMepa n;,
ny>=ng > ... > np > 1. as varpunsl A € M, (F) u mognpoctpanctsa M, omnpesme-
JIEHHBIX BBIIIIE, HAEIETCS MaTPHUIA Be M, (F), KomMmyTHpyOMIas ¢ fl, ang Koropoit M
TaKzKe FBJIACTCS NHBAPHAHTHBIM HOANPOCTPAHCTBOM B OTDAHUYECHHAE Bua M pasuo B.

Zokxasamenavcmeo. CorIacHO PeIIOXKEeHUIO MaTpHIlbl B u B mpeacTaBisdioTcs Kak
OJsi0unbie k X k ¢ pasmepamu 0J10KOB, coorBercrByomux 0okam A u A. Benomuum 1oJio-
careifi U 6;0Ka Marpuinl B. Ilyers 4 < j, mvmeem n; = nj u Bij = T'(Yiji, - - - Yijing)-
Awajornano, ms i > j, uveeM n; < nj # By = T(Yi 1, -, Yijm,). DIOKH MATPHILHI
B gpndiorcd KBaJpaTHBIMH n; X np Marpunamu. Onpenemum B;; nmo By qna ¢ < j,
Bij = T(iji1s -+ Yijing» 05, 0), ana i > g, By =T(0,...,0,¥ij1, - -, Yijn,), LA KO-
gecTBO () TAKOBO, 9TOOBI KAZK/IBIH pa3Mep MATPHUIBI CTAT .

Torna Bce yci0BUS BBIMOIHEHBI IO TOCTPOEHUIO. O
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Jlemma 6.2. Ilycrs noste F anrebpandeckn 3aMKHYTO, KBajpaTHbie marpuns C1, ..., C),
— KBaJ[PATHBIE MATPHITHI (BO3MOKHO, PA3HBIX PA3MEPOB) ¢ MOMAPHO HEIEePECeKATOINMUCST
crekTpamu, pi(x),...,pm(z) € Flx] — mekoropsie muorounenst. Torga Hafigérces ommu
muorowren p(x) € Flx] Takoit, uto p(C;) = p;(C;) nas Beex j =1,...,m.

Zoxazamenavcmeo. lokaxkem mo maayknuu. baza m = 1 odeBuana. Ilepexon ang mpo-
U3BOJIBHOTO M TOJYIUTCS, €CIU JOKA3aTh s M = 2, MOCKOJIbKY HOBOE YCJIOBWE MOXKHO
J100ABJISITH MMOCJIEI0BATEIBHO.

[Tycts m = 2. Ucnonb3yem yuporieHabie 00o3Haqenus:: gaubl Marpuisl C' u D u MHO-
rounensl ¢ u r. Ecau p(C) = ¢(C), To MmHOTOWIEH p — ¢ aHHyaMpyeT Marpuiy C, 3HAYHT,
p—q= fuc, p= fuc + q. Amanoruano, p = gup + r. 11 obparHo, 1100616 MHOTOWIEHBI
takoit ctpykrypsl tepesogar C B ¢(C), a D B r(D). Takum 06paszom, HyKeH MHOTOWIEH P,
umeronuit ognospemento oba Bujga p = fuc+q = gup +r. Ucnonnzyem Kuraiickyio Teo-
pemy 06 OcraTkax (Hei0 J0Ka3aTeIbCTBA): 10 YCAOBHIO HA CIIEKTPHI MATPHI] MHOTOUICHbI
[lc M [Lp B3aWMHO TIPOCTHI, TOydaeM Jnueitnoe npeacrasiaerne HOM 1 = upuc + vup, n
noJaraeM p = rufic + qUip. O

Teopema 6.3 (0606mmennast Teopema lamuabrona—Kamm). ITycrs nose F anrebpanyeckn
samkuyTo 1 A, B € M, (F) — koMmMmyTupyomnie MaTpurpl, k— MakKCHMAaJIbHOE (MAKCHUMYM
110 BCeM COOCTBEHHBIM THCJIAM ) KOJHIECTBO KOPJAHOBBIX KJIETOK, OTBEYAIONTUX COOCTBEH-
HoMy umcsty marpunbl A. Torpa Haiiayres matpunst Ayq, ..., Ay € F[A] Takue, ato

BF = A\B¥'4+ ...+ A, B+ A,.

Zoxasameavcmeso. 1. Ilycrs cHaganra y A poBHO OTHO coOCTBeHHOE YHCIO A. IToCKOIBKY
F[A] = F[A — AE], moxem cunrarh, 90 A — HuIbLOTeHTHas Marpuina. [IpuBegem ee
kK KH®: A = J,, ® ... ® J,,. Ilo nemwme nepeiizem kK marpunam A m B. Torna
OTpaHWIEHNST MHOTOYIEHOB OT HuX Ha M — 3710 Te ke muorowiensl or A u B. Tlosromy
MOYKHO JIOKA3bIBATH YTBEPIKJICHUE B MPEJIIOIOKEHUH, YTO BCe KJICTKH A HMEIOT OJIUH
pasmep n;. [lo qoKazaTeIbCTBY JEMMBI O BTOPOM MEHTPATU3ATOPE, JIO00i OJIOK MATPHUITHI
B — wmnorouien or Jy,,. Koabno F[J,,| — kommyrarusho, marpuna B HaJ| HUM nmeer
pasmep k x k. Sanumiem g Hee Teopemy [amumabrona—Kau:

Bk = pl(Jnl)Bkil +oee +pk*1(']m)B +pk<Jn1>E'

C mpyroii cTOPOHBI, HAJT STOUM KOJIBIOM 10 mocTpoennto A = J, F' — ckajagpHasi MaTpu-
na, u roraa p;(J,,)B = pi(A)B mag Beex 1 = 1,... k.

II. IlycTh Temepb y MaTpunbl A m pazindHbix cobcTBeHHBIX uncen, A = A(1) @ -+ @
A(m), A; — XKopmaHoBa MaTpHUIla, OTBeYamas THCIy A;. COIIACHO TPeIOKEHUIO
MaTpuna B takzxke uMeet O109HO-TraroHanbusiii Bug B = B(1)&- - @ B(m), A(j)B(j) =
B(j)A(j), 7 = 1,...,m. Tlo nokazamnomy B nymkte 1, B(j)* = A;(j)B()* "t + -+ +
A 1(J)B() + Ar(4), 7 = 1,...,m. Jua xaxgoro i = 1,..., k, monoxum A; = A;(1) &
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.. Ay(m). Torna pasencrso B¥ = A B*! + ... + A, B + A, BHLITIOJHEHO, HO OCTAIOCH
npoBeputh, 4t0 A; € F[A]. Ilo A0Ka3annoMy B myHKTe | HaAM U3BECTHO, YTO Jyist JTI06OTO
j=1....m, A(j) = pi;(A(4)), pij(z) € Flz] — mexoropsie muorowiensl. IlockoabKy
y Kaxk70#l MaTpuibl A(j) pOBHO OJHO COOCTBEHHOE UHCJIO, TIPHYEM y KaKI0i CBOE, TO
9TH MATPHIBI YAOBIETBOPAIOT YCJIOBHAM JeMMBbI [6.2] C/ie0BaTeIbHO, IS KAXKIOTO i =
1,...,k, naiinércs obmuii Maorouwnen p;(x) Taxoit, uro A; = p;(A(1)) @ - & p;(A(m)) =
pi(A). O

Oo6sranast Teopema lamunprona—Kaum cieayer u3 910, ecan nogtoxuts A = \E. [dusa
pasmepnoctu aareopel A = L({F, A, B}) sra Teopema maér omnenky dim A < knq, 9T0 B
obmem caydae xyzxe onenku dim A < n.

Teopema 6.4. Ilycts mose F anrebpanuecku 3amuyrto u A, B € M, (F) — kommyTu-
pyIOIIye HIJIBLIOTEHTHLIE MATPUILL. 11ycTh *KopmaHoBa HopMaabHadg (opMa MaTpursl A
umeer Bun Jp, B ... 5 J,,, tae k > 1, J,, = J,,(0) — kopganosa KIeTKa pasMepa n;, u
ny =ng > ...=2ng > 1. Toraa y anrebpor A = L({E, A, B}) cymecrByer 6a3uc Bujia

B={AB|0<i<n —1,1aj=0,
0<i<ny— 1,103 j =1,

0<i<ny—1,ammj=k—1}, (8)
rae ny = Ny > ... > Ny Takue 9nucaa, 9o ny <y upu l = 2,... k.

Zoxasameasvcmeo. T1ocKOIBKY pa3sMepHOCTb He MEHSIETCS IIPU CONPSZKEHUH, Cpasy OymeM
CUUTATD, UTO A ABAIeTCS YKa3aHHON »KOpAaHoBoil MaTpureil. JlokaxkeM TeopeMy HHIYK-
e o k.

Fasa. Mpu k = 1 marpuna A sBasiercst nnkanaeckoii, mosromy B € F[A], Boipazkaercst
B BH/Ie MHOTOYJIEHA CTEeIIeHH He BbIIne n — 1 = ny — 1, 1 yTBep:K/IeHne BepHO.

Hlae. Ilycts k > 2 n jis Beex | < k— 1 yrBepxkaenue BepHo. CorvIaCHO TPeIJI0?KEHHIO
A u B upencrapasgiorcs Kak Omgounbie k Ha k marpunsl. Jdng r < k pacemorpum
noamarputst A(r) = J,, & ... & J,,, B(r) = (By;), i, = 1,...,r. I3 nepecranoousocTu
A u B creayer, aro A(r)B(r) = B(r)A(r) ans Beex r < k.

Bamerum, 4TO B CHIy KoMMmyTaTuBHOCTH ajrebpa L({F, A, B}) kak JuneiiHoe mpo-
CTPaHCTBO IIOPOZKIaeTcs BeeMu ciaoBaMmu Buja A'B7| 4,7 > 0. Yrobbl JoKa3aTh HaIHYHe
basnca Buma [ cHavasa MOKayKeM, 4TO

LU{E,AB})=(AB|0<i<n — 1,15 j=0,
0

n
<1< no— 1, 11a 5 =1,

0<i<np— L j=k—1). (9)
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JIast 5TOrO A0KazKeM, 9To jnHeiinas 06010uKa (J)) SBALETCS HE TOIBKO MOAMPOCTPaAH-
CTBOM, HO U aJreOpoii, a I 3TOro JOCTATOTHO MOKA3aTh, YTO OHA HHBAPHAHTHA OTHOCH-
TeJbHO yMHOXKeHust na A u B.

[Tpumenny uagyknmio mo r: momoknm A, = (A(r)'B(r)’™'| 0 < i < n; — 1,57 =

, 7). Jdasg r = 1 momyuaem Ty xe 6a3y, uro u upu k = 1. Hpe,ZLHOJIO}KeHI/Ie I/IH,ZLyKI_[I/II/I
HpI/I r<kA =L{E,A(r), B(r)}). YrBep:xaenue mogyaurcs Js r = k.

IIycts r < k. B atom cnyvae r+1 < k, J,, ,, HIIBNOTEHTHAT MATPHUIA HHIAEKCA 7)1 1.

Torma iy BCIKOTO V 2> Nyyq

r+1

AY = A(r) @ O,
B YaCTHOCTH, A A
AYA* = A(r)"A(r)' & O
ans Beex 1 2= 0.
Teneps nmocmotpum AY A B7:

vain _ (AW O\ (B(r) *\ _ 50 (Br) *\ (A()* O
AAB_( O O)(* *_BAA_ % O 0)’

OTKY/IA

A"A'B = A(r)"A(r)'B(r) @ O.
[Tpumensist 3T0 paccyXkaeHue j pas3, MoJIyIaeM

AYA'BY = A(r)’ A(r)'B(r) @ O.
Takum o6pasomMm,

A" A = A(r)"L{E, A(r), B(r)}) @0,

no uaayknun AV A = A(r)’ A, @ O = AY(A'B771| 0
cvmotpuMm ymHOKeHne AY Ha cmoBa u3 (A'B77Y 0 < i < n;— 1,57 = 1,...,r). Ecm
njg >V = Npyq, TO

AYE,A,... A YBIT =
AV(BL AL AT AN A A BT

(A", AV ,A”j_1>Bj_1 + A" (E A,... ,A”_I>Bj_1 C
A, +AYA
Ecm v > n; > n,qq, TO
A(E A, ... AW BIT =
(A”, AL ,A"j+”_l>Bj_1 =
A" (AT ,A”*l>ij1 -
A" A.
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'
CaenoBaresnbHo, npu v > n,y 1 umeem A A C Ay + > A" An
i=1

A" A C A,

Temnepb MokeMm mokazath, 910 AAr C A, Ilycrs j =1,...k,

A<E’ A’ e ’Anj_1>Bj_1 = <A7 AQ, s 7Anj_1>Bj_1 + <An7BJ_1> g
OTcrona BHIHO, 9TO A
BTIL({A}) C Ay,

ISt Kazkaoro j = 1, ..., k, 1 3HAYAT B CHJIY TOTO, 9TO Ay ABASETCS JTHHEHHBIM MTPOCTPAH-
CTBOM, HOJIy49aeM

ST BIL({AY) € A

[Io ob6obmménnoit Teopeme lamuiabrona—K»saum mis Bcex s > k Bce Oosbline CTeleHH

k
A'B* € Y BI71L({A}) C Ai Te. A, WHBADHAHTHO OTHOCHTENLHO YMHOKEHHs Ha A
j=1
n B, moaromy siBjisieTcst ajarebpoit, comepxkameit A u B 3naunt, A, = A.

Kax moyuurh uckomblii 6aszuc B. U3 cios B cnucke B, A, ..., A~ B AB, ..., A™71B, ...

BFU ABRL L Amm 1 BREL nocnenosarenbro auia kaxaoro j =2 u i =0,...,n; — 1,
L N

nposepseM, ecan A% 17" B/~ qumHeiitno BhIpaskaeTcs depes TpebIyHie cIoBa, TO BbI-

YEePKUBAEM €r0 M3 CHUCKA. TakuM 00pa30M MOy duM

B={AB|0<i<n —1,a1aj=0,
0<i<ny— 1,103 j =1,

0<i<n,—1,qaj=k—1},

rne ny < myupu | = 2,..., k. Ilogemy ny > n;, 7 Hna | = 1 BepHO, 4T0 1y < ng legn;.
Tanee A" B!~ pprpakaercst uepes MPEJLILIYIINAE CJA0BA CIHUCKA IO TTOCTPOEHUIO. Y MHOMXKA-
em na B. Tonywaem, aro A™ B! BoipazkaeTcs depes IpeabLIyIie CJI0Ba CIHCKA, OTKYIA
np 2 (N — 1) +1=np,.

O]

CaeancrBue 6.5. Ilycts mose F anreGpandecku 3amkuyto u A, B € M, (F) — kommyTu-
pytomue Huabnorentubie Marpupl. Torna dim L({E, A, B}) < n.

Teopema 6.6 (Teopema lepirenxabepa, 1961). Ilycts mone F anrebGpandecku 3aMKHYTO
u A, B € M,(F) — kommyrupytonue marpuisl. Torga dim L({E, A, B}) < n.
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Jlokasamenvemso. Tlycrs y marpumpt A m pasananbix cobcrBenubix uncenr, A = A(1) @
-+ @ A(m), A; — KopJaHOBa MaTpHIla pa3Mepa n;, oTBedarolnas uciay A;. CormacHo
IpeJIO>KEeHUIO , MaTpuna B Takxke nmeeT GI0UHO-THATOHANBHDI By B = B(1)®- - - @
B(m), A(j)B(j) = B(5)A(j), j = 1,...,m. Kak moka3ano B J0Ka3aTeJIbCTBE TEOPEMBI O
apoiinoM nenrpasusarope u reopembr 1ypa, amrebpa A = L({E, A, B}) cogep:xkur Bee
JUaroHaJibHbIe UJACMIIOTCHTHBIC MATPUAILI BUA Ej =06&-- ~69Enj G©---dO,j=1,...,m.

Hostomy A = @ L{Ey,, A(j), B(j)}) 1 mo npeaplaymiemy cieacTBHIO
j=1

dim A =Y " dim L({E,,, A(j), B()}) < Y _n; =n.

Jj=1 Jj=1

Sagaunm K Jeknuu 6.
Bo Bcex 3asauax nosie F ajiredpandecku 3aMKHYTO.

Bagaua 1. [IpuBenure mpumep kommytupyiomux marpuii A, B € M, (F), takux, aro
B ¢ F[Alu A¢F[B], ndimL({E, A, B}) =n.

Bagaua 2. [IpuBenure mpumep kommytupyiomux marpuii A, B € M, (F), takux, aro
B ¢ F[Alu A¢F[B], ndimL({E, A, B}) <n.

Samaua 3. [lokaxkute, 9T0 MATPHUIIHI

11 0 0 0 0 0 4 1 0 0 2 1 0
o -1 1 0 0 0 O -1 -1 1 0 -2 1 0
-1 -1 0 0 0 0 O -4 -1 0 0 -2 -1 0
A=]11 0o 0 0 1 0 O|,B=(0 0 0 0 0 0 0|¢€¢eM/C
0O -1 0 0 0 1 0 -4 -1 0 0 -2 -1 0
-1 -1 0 0 0 0 0 -4 -1 0 0 -2 -1 0
o 3 -10 -1 —-120 9 3 -1 0 6 1 O

HUJIBIIOTEHTHBI 1 KOMMYTUDYIOT. Haiiuue st anredpsr A, nopoxagunoii A, B, bazuc u3
reopemsi [6.4] Hemy pasua dim .A?

Bamaua 4. Ilycte A, B € M,(F) — koMMmyTupyfomiye HUJIbIOTEHTHBIE MATPHUILBI, KOD-
JIaHOBa HOpMaJibHast (popMa KOTOPHIX ojnHaKoBasi. MoKHO Jim 0T Oa3mca M3 TeopeMbl
nepefiTi K HoBoMy 6azncy ot cioB Al B’ KOTOPHIi yIOBIETBOPAET CACAYIONIEMY YCIOBUIO
CHMMETPUYHOCTH: i Taphl (i, ) cioBa A'B7 u A B Bxopdar, b0 He BXOAAT B Gasuc,
OJTHOBPEMEHHO?

Bamaua 5. [lycte A, B € M, (F) — KoOMMyTHDYIOTIHe HIJIBIOTEHTHBIE MATPUITBI, A nMeeT
UHJIEKC HIJIBIOTEHTHOCTH 1, B — MHIeKC HUJIBIOTEHTHOCTH S, 1 > 5. KakuM MoxKeT OBITD
KJIACC HUJIBIOTEHTHO ajreOper, nopoxaenuoit A u B?
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7 Emé mpo aaredpsl, IOPOXKAEHHBIE ITUKJINIECKITMUI MAaT-
punamu. /JIBynopok i€ HHbIE KOMMYTAaTUBHBIE MATPU Y-
HbIE€ II0JAJre0phl MAaKCUMAJIbHOI pa3sMepHOCTH.

Onpeanenenune 7.1. Pasbuenue HATYPaJIbHOIO YUCIA N — STO IPEJICTABJICHUE N B BHJIE
CYMMBI MOJIOXKUTEJBHBIX TEJIbIX YHCeJ, Ha3blBAEMBIX YaCTAMHU, TAK UYTO HOPSJIOK CJIieI0-
BAHUSI YacTeil He yUUTHIBAETCs, (T. €. pa3sOUeHus], OTINIAININECST TOJIBKO MOPSITKOM da-
crefi, CAUTAOTCs PABHBIME). B KaHOHMYECKON 3alicH pa3OueHnst YacTu MePeIuCIsIIOTCs
B HEBO3PACTAIOIIEM IOPSIJIKE.

Yucno pasbuenud P(n) HaTypaIbHOTO YUC/IA 1 ABJISETCS OJHUM U3 (DY HIAMEHTAIbHBIX
00BbEKTOB M3y4UeHHs B Teopuu uuce/i. Haxoxjgenune ero BbIpazkenus B Buje (DYyHKIUUA OT
N OCTaTCs OTKPHITON MpobieMoil. ACHMITOTHYECKOe PABEHCTBO sl 9ucja pa3OueHuit
naiineno [ X. Xapau u C. Pamanyzkanom: mpu n — oo

1 n
P(n) ~ VI

43

O6o3uavyenue 7.2. Pacemorpum nukimdeckyio marpuny C' € M, (F). B xopranosoit
HopMabHOI opMe MarTpunpl C' KazKI0My COOCTBEHHOMY 3HAUEHHIO Y; COOTBETCTBYET

¢JUHCTBEHHAs KOPAAHOBA KJIETKA pa3Mepa n;, npudeM »  n; = n. I3BecTHo, 4T0 KOpaa-
J
HOBa HOPMaJIbHas (bopMa MATPHUIILI €IMHCTBEHHA C TOYHOCTHIO 0 MOPSIKA KJIeTOK. Takum

00pa3oM, KOPJAHOBOI HOpMaJIbHON (dopMe MaTpuibl C' MOXKHO COINOCTABUTH pa3OHEeHHE
aucsia n. O6oznauum ero py(C).

Jlemma 7.3. Ilycts F — anrebpamdecku 3amkuyToe mose u n € N, n > 2. Paccmor-
puM kommyTtatusayio moganreopy A C M, (F), mopoxI8HHYIO MTUKIXIECKON MaTpuieil
A. Ecin C € A— nukimaeckas marpuna, 10 py(C) = py(A).

Jlokasamenvemso. W3 yenosus C' € A cienyer, 9o cymectByer Muorowien Q(z) € F|x]
crenenu deg Q) < n — 1 takoii, uro C' = Q(A).

IIycts 7y, ...,7 — BCe pa3judHbIe COOCTBEHHBIE 3HAYEHUS] MATPHUIBI A, KpaTHOCTEH
S1,...,8k, COOTBETCTBEHHO.

Torja coriacHO 3aMEeYaHUI0 O CIHEeKTPAX TPEYTOJIbHBIX MATPHIL COOCTBEHHBIMH 3Ha-
denugaMu MaTpuisl Q(A) 6yayt aucaa Q(v1),. .., Q(1k), mpuaém Q(7;) MOKET coOTBeT-
CTBOBATH OJIHA YKOPJAHOBA KJIETKA pasmepa S;, Jn00 HECKOJIBKO KJIETOK, CYMMa Pa3MepoB
KOTOPBIX TaKzKe€ paBHa S;.

[Mockonbky marpuna C' = Q(A) 1Mo yCJAOBHIO IHUKJINYIECKAs, TO KaKIOMY €€ co0-
CTBEHHOMY 3HAYEHHIO COOTBETCTBYET POBHO OJHA KODPJIAHOBA KJIETKA, 3HAYHUT, BCE THCIIA
Q(m), -, Q(Yx) MOTAPHO PA3IUIHBI, UM COOTBETCTBYIOT KJIETKH PA3MEPOB Si, . . ., Sk.

Taxmm obpasom, py(C) = ps(Q(A)) = ps(A). O
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Ob6ozuauenmne 7.4. [Iycts F — anredpandecku 3amkuyToe mojie un € Ny n > 2. Pacemor-
puMm KommyTaTuBHY0 Togarebpy A C M, (F), DopokIEHHYIO TUKINIECKOH MATPHIEH.
Torna wepes p;(A) obo3nadnmM pazdbuenne, COOTBETCTBYIOMNIEE MPOU3BOIBHOMN UK IHIECKOT
MaTtpuie B aaredpe A.

k-1
O6osznaunm J, = > E;;11 € Ti(F) — xopnamosa kierka pasmepa k ¢ coOCTBEH-
i=1

HeIM yncaoM 0, 1 BO3bMEM IOPOXKACHHYIO eii anrebpy N. Ona coBmajaer ¢ JmHeRHOI

obonoukoit (Ey, Jili=1,...,k—1) C Ti(F).

OGozuauenue 7.5. [Iycrb nano pasouenue p = (nq, ..., Ny,) GUCAAN, TAC N =Ny = ... =
m m

Nm =0, 1 <m < n, Y n; =n. Torma conocrasnm emy anrebpy T, = @ N, C T,(F),

=1 j=1
rje 1npdamMad CyMMa IHOHUMAECTCA KaK aﬂre6pa 6JIO"IHO—,ZLI/IaFOHaIIbeIX MaTpHIL.

Teopema 7.6. Ilycrs F — anrebpanvecku 3amkHyTOoe mosie, n € N, n > 2. Paccmorpum
koMmyTaTuBHble mogaarebpsr A, B C M, (IF), nopoxéHHbIe TUKIXIECKUMA MATPHIAMH.
Torna

1. nopanredpor A u B nouobust 8 M, (IF) rorga u rosbko rorga, korga py(A) = ps(B);
2. 8 M,,(F) comepxurcs posro P(n) pasiuvHbIX ¢ TOYHOCTBIO 10 HOA00HS IOAaaredp,
HOpO}K,ZLéHHbIX MUKJINYECKUMU MaTPpUIIaMU;

3. mojanrebpa A 1nomobHa BepXHeTpeyrosibHol nogaaredpe Ty, (4)-

Jokxazameavcmeo. YTBepK/eHUE MYHKTA 2 OYEBUJHO CJIeJIyeT U3 yTBEPKJIEHUs IIYHKTA
1. Hokaxem 1. Heobxodumocmo. Ilycts A € A, B € B — nukiudeckue marpuiibl. Jlo-
mycTuM, HafiéTcs HeBbipokKiennas Marpuna 1T € M, (F) rakas, uto B = TAT . Torna
1o jemMe 77 aarebpa B mopozKjeHa nukKjandeckoit marpuneit By = TAT L. cymecrsyer
muorowten Q(x) € Flx] cremenn deg @@ < n — 1 rakoii, uro B = Q(Br).

[Tpumvenstst emmy [7.3] B urore mosydaem

ps(A) = ps(A) = ps(TAT™) = p,(B).
Jlocmamounocmo. Ilycrs py(A) = py(B) = (N1, ... Ny), e n =2 ny = ... = ny, = 0,
I1<m<n, Y ni=n.
i=1

Torga CymecTBYIOT Takue HeBBIPOKAeHHbIe Marpunpl U,V € M, (F), uto U AU u
V1BV — :kopjaHOBBI, IpUYéM pasMepbl HX KJICTOK yIOpsI0ueHbl 10 ybbiBaHmio. 13
TOT0, UTO KaKJI0# *KOPAAHOBOM KJIETKE COOTBETCTBYET CBOE COOCTBEHHOE UUCTIO0, TIOIYYaeM

A= U(éNni)U‘l,
i=1



OTKYIa
B=VU ' AVU )L

W3 nociaeaux paBeHCTB cpa3y MOJydaeTcs U YTBEPK/IeHNe MyHKTa 3. [

N3 nokazaresiberBa Teopembl Lepiirrenxadbepa BUJIHO, YTO JIJId OLUCAHUS aJIredp Mak-
CUMAaJIbHOI pPa3sMepHOCTH AOCTATOYHO OIINCATHL TaKHe aJIFe6pr B HUJIBIIOTEHTHOM CJIy4Yae.
Pazbepém ciyuail KOpJAHOBBIX KJETOK €JuHOro pasmepa. Ilycts n = km, marpuna
A € M,(F) npusenena x )opmranosoit dopme J, @ ... @ J,(k pa3). B € M,(F) —
KOMMYTHpYOIIasi ¢ A HUIbMOTeHTHAsT MaTpuia. 3amerum, 4to yeaosue dim L({E, A <
,B}) = n osmauaer, 9TO B Teopeme 6asuc B coBmajgaeT ¢ MHOMXKECTBOM BCEX CJIOB
{ABI0<i<m—1, j=0,...,k—1}.

Kak nokaszano B 0606ménnoit reopeme lammasrona—Kamu B = (p;;(Jm)), pij(z) € Flz],
B* = fi 1(A)B*" 4 ... 4 fi(A)B + fo(A).

Onpenenenne 7.7. Hazopém marpuny B A-yukauveckot, ecan g r < k B" He BbIpa-
JKAeTCsl B BUJIe TAKOrO MHOTo4sIeHa crenenn r — 1 jn B ¢ koadbdurnmenramu u3 F[A].

Omnpenenenne 7.8. ITycts F — npoussosbuoe nosie, n € N u f(x) = 2" + a, 12" ! +
.+ a1z + ag € Flz] (Maorowren co crapmmm koxbdunuenrom 1 GymeM Ha3bIBATD YHU-
mapnvim). Conposoorcdarowets mampuuels mruozouaena f(r) Ha3BIBACTCS MATPHILA

00 0 ... 0 =—ag
1 0 0 ... 0 —a

C(f) = 01 0 ... 0 —a e M, (F).
00 0 ... 1 —a,

Teopema 7.9. Ilycrs F — npoussoasuoe mose, n € Nu A € M, (F). Marpuna A ssiser-
Csl IUKJIMIECKOR TOIJIA U TOJIBKO TOIJIA, KOIJIA OHA MOJ00HA COINPOBOXKIAIONIEH MATPHIE
CBOEr0 XapaKTePUCTUIECKOIO MHOIOUJIEHA.

Jlokasamenvemeo. J1oKa3aTesibCTBO NpeJIaraeTcsi B KA4eCTBe yIpaXKHeHus (CM. 3a/1adqu
K JIEKIINH). O

Teopema 7.10. I[Iycrs nose F anrebpandecku 3amMmkuyTo u n = km, marpuna A € M, (F)
NpuBe/ieHa K KopaanoBoit ¢opme J,, @ ... @ J,(k pa3). B € M,(F) — kommyTupyio-
mag ¢ A uunbnorentHas matpuna, B = (bj;(Jn)). Torma dim L({E, A, B}) = n Torma
W TOJBKO TOT/A, Korfga marpuna By = (b};(On)) ssnserca A-umkmraeckoii. Bomee To-
ro, B JAHHBIX YCJIOBHAX MOXKHO BBIODATHL YKODJAHOB 0aszuc aasa A, B KOTOpOM MaTpuua

O E, O ... 0 o E, O .. O
O O E, .. O o O E, .. O

Bo=|: : = . i |.B=]| : : SR
o 0 0 .. &, o o0 0 .. BE,
0 o0 o 0 Joldm)  f1(Jm)  fo(Im) Jr—1(Jm)



Jlokasameavemso. “=". Tlycrs dim L({F, A, B}) = n. OT npoTuBHOIO0, IOMYCTHM, 4TO
By ne apaserca A-uukmmaeckoit. Torma B = gy o(A)BY 2 + ... 4 g1(A) By + go(A).

B marpune By cobpaHbl ¢BOOOJHbBIE WIEHBI MHOTOYIEHOB W3 MATPHUIBI BB, MOITOMY B
MaTtpuie B — By Bce MHOTOWIEHBI 0e3 CBOOOMHBIX WIeHOB, 3HAUYUT B — By = J,,B1 aas
uwekoropoit By € M (F[J,,]). Marpuna xax ssement My (F[J,,]) — ckanspras, oTkyia
B = By + AB;, u takxke A kommytupyer ¢ By u B;. Pacemorpum BF L

B = (By+ ABy)* ' = By~ + AD,

D € My(F[J,,]) (packpsliu CKOOKE 1 BOCIOJIB30BAIUCH YCIOBHEM KOMMyTHpOBaHus ¢ A).
[Tockoabky A™ = 0, TO

Am_lBk_l = Am_lBg_l = Am_l(gk_g(A)Bg_Q + ...+ gl(A>B0 + QQ(A)) =
A" Hgr—2(A)(B — AB1)* 2 + ...+ 1(A)(B — AB1) + go(A)) =
Am_l(gk_2<A)Bk_2 + ...+ gl(A)B + go(A>),

B IIOCJIEJIHEM PABEHCTBE CHOBA HCIOJIb30BaIu (hopmysy 6unoma u yciaosue A™ = (. [lpn
ymuoxennu A" 1g;(A) Bee craraempie B g;(A), KpoMe ¢BOGOTHOTO WiIeHA, OOHYIAIOTCA,
T.e. ocraérea v;A™L, v, € F. Takum obpasom, ciaoso A™ 'BF1 pripaxeno B suje F-
mHeitnoft komounamm caos A™ 1B j = 0,...,k — 2. [Iporusopedne ¢ Tem, 4TO TH
CJIOBa COCTaBJIAIOT Oasuc B.

“<=". Bamernm, uto ec By = (b;;(0,,)) aBngerca A-TMKITIECKOH, TO MaTPHITA By =
(03;(0)) € My(F) angercs nuxamieckoit B o6branoM cMmbice. [T0CKOIbKY 110 YCIOBUIO
Ha aarebpy B gBAsgeTcs HUIBNOTEHTHONH Marpuieil, To Jaa HekoTtoporo s: O = B =
Bi+AD,. 13 ycnosua kommyrarusaoctu A u Dy, noxy4yaem, uro ADg — HUJIBIOTEHTHAS,
Torga B, a 3Ha4UT U caMma B\ ToKe HUIBIOTEHTHA. lorma BO € My(F) — nukimaeckas
HuIboreHTHast Matpuna. Ciegosarensuo, B My (IF) ona nomobHa KopaaHoBoii Kietke Jy:
T*1B0T = J}, U1 HEKOTOPO# 0OpaTUMOM MATPUILEI T € My (F). Ilycrs B stBHOM BHE,
T = (t;), S = T~' = (si;). Comoctasum um marpuust T = (ti;E,), S = (siFm) €
M, (F). Uneem

O F O ... O
O 0 FE ... O

TS =F, SBT'=1|: + + . ],

SRS
SRS
S -

O
O

npu 5ToM 110 nocrpoennto T'A = AT.
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B srom 6a3nce

mell(Jm) E + me12(Jm) me13(Jm) melk(Jm)
mezl(Jm) megg(Jm) E+ me23<Jm) Imbor(Jm)
B = - :
S br— 11(Jm) S br— 12(Jm> I br— 13(Jm) coo B4 b1 k()
[Toctpoum obparumyto marpuny P = (p;;(Jy)) € Mi(F[J,,]) Takyto, aro
pii(Jm) p12(Jm) oo p(im) J, bn E + Jnbio(Jn) ... Tmb1i ()
P21 () Do2(Jm) o pa(Jim) : :
5 : J, bk 1, 1 ) Imbie—12(m) oo E A+ Jnbi—1k(Jm)
O £,
10, 10 E . O p11<<]m) plQ(Jm) ce plk(Jm)
o ) & ) po1(Jm) p2(Jm) - por(Jim)
0 o o .. E : S
m I Jn) ... I
foldw) Fi() folm) oo foa(l)) \PLUT) P2l e P )
[Tokazkem, 910 MOXKHO Haiitu pemenue ¢ pi1(Jp) = FE,p12(Jn) = ... = pix(Jm) = O.

Torma m3 paBeHCTBA 3I€MEHTOB IIePBOil CTPOKH HOJIYIAeM:
P21 () = Inb11 (), p2a(Jim) = E + Jnbia( ), - pok(Jim) = Tnbig ().

OrnpeiesiuB 3J1€MEHTHI BTPOU CTPOKH MATPHUILI P, MIpogoJizKas 110 aHAJOIUU U3 PABEHCTB
3JIeMeHTOB [-0if cTpoku (I = 2,. .., k— 1) npousseieHusi, moJaydaeM Bblpazkenue st [+ 1-
oii crpoku P:

pl+11 Zplr J brl J)

P, (Im) = prj—1( +szr VImbri(Im), J=2,..., k.

JlokazkeM 110 MHILYKIHH, 9TO P;i— O6paTI/IMaH MaTpuIa Buja F Iioc HUJIbIOTeHTHAML:
Pii(Jm) = E + JnPii(JIm), & pij, @ # j — aunbnorentsad, p; j(Jm) = Jpbi;(Jn). Qs i =
1,2 6a3a BujHa u3 nocrpoenuit. /Insg ¢ > 3 u j = 1 B KaxK/I0M CJ1araeMOM €CTh MHOXKUTE/Ib
Jm, 103TOMY P; 1(Jm) — HuIbnoTenTHAS. Torna must i > 3, j = 2, p; j(Jm) = pic1,j—1(Jm) +

Zp, 1 (Im) Imbr (). Ecn i % j, 10 @ — 1 # j — 1, 10 IPeIIOIOKEHHIO HH/YKIHNI
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k
pi—l,j—l(Jm) = Jmﬁi—l,j—l(t]m): OTKYIa pz,](Jm> = Jm(ﬁi—l,j—l(Jm)+ ;pi—l,r(Jm)br,j(Jm))
— HHIbIOTEeHTHAs Tpebyemoro Bupa. Ecmu ¢ = j, pic1,-1(Jm) = E 4 JnDi—1i-1(Jm),
k
Pii(Jm) = E+ T (Dic1.i-1(Jm) + D Pic1r(Jm)bri(Ji)) euHIYHAS UIIOC HUIBIOTEHTHASL
r=1

TpedbyemMoro Bu/ia.
Torna Bea marpuna P = E 4+ N, N — HujIbIIOTeHTHAs, TaKasd MAaTPUIA KaK U3BECTHO

obparuma.

st obpaTuMoit MaTPHITBI MOYKHO PEIIUTh YpaBHEHHE JIIs MOCaeHEeNd CTPOKH, YTOOBI
onpenenuts MEHOTOWIEHBl fo(Jm), f1(Jm)s -y fem1(Jm)-

JIns MaTpuiel B TaKoro BUJa 110 MOCTPOEHTIO BYU/THO, UTo MaTpunbl A°B7 i =0, ..., m—
1,7=0,...,k — 1 nuneiino HE3aBUCUMBI. O
Teopema 7.11. Ilycts mose F anredbpamdyecku 3aMKHYTO W n = km, mMarpuna A €

M, (F) npusenena k xopganosoit dopme J,, & ... & J,(k pa3). B € M,(F) — kowm-
mytupymomas ¢ A HuabnorenTHas Marpuna, B = (p;;(J,)). Torna amrebpa L({E, A, B})
MaKCUMAJIbHAST MO BKJIIOYEHUIO KOMMYTATHBHASA ajarebpa TOrJa W TOJBKO TOTJA, KOTIA

dim L({E, A, B}) = n.

3agaum K JIEeKIuH 7.
Bo Bcex 3aadax nosie F ajnredpandeckn 3aMKHYTO.

Bagaua 1. Jokaxkure Teopemy

Samaua 2. YcTaHOBHTE, KaKHe U3 CJEIYIONUX KOMILIEKCHBIX MATPHIL COIPSI?KEHBI:

010 0 0 0 -11 2 3 45
001 0 0 0 0 2 3 456
000 1 0 0 0 0 -2 7289
A1_000010’A2_000010’
000 0 0 1 0 0 0 001
000 —1 -1 —1 0 0 0 000
0O 1 0 0 0 0 2 1 0 0 0 0
-1 0 1 0 0 0 1 2 1 0 0 0
0O 1 0 1 0 0 0 -1 2 1 0 0
A5 = 0O 0 1 0 1 0 , Ay = -1 0 —-12 1 0
0 -1 2 -1 1 1 -1 0 —-11 1 1
0 -1 -5 —2 -3 -2 1 0 1 1 —1 2

Bagauva 3. g MaTpuIl u3 OpeablayIneil 3a1a91 BbISCHUTH, CONPAZKEHbI JIH ITOPOKIeH-
Hble UMU aJrebpaMu’?
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Bamaua 4. Ilycre n = km, marpuna A € M, (F) npusenena x KopaazoBoii dbop-
Me Jp, @ ... @ Jn(k pa3). B € M,(F) — kommyrupytomas ¢ A HUJIbIOTEHTHAs Mat-

O E,, O . O
O O E, ... O
puna Bujia B = : : : : . Iokaxkure, jijis1 BEKTOpa
O O O . E,,
f0< m) fl(Jm) f2(Jm) fk71<Jm>
O
v = O € F[J,,]¥, uro muoxkecrso v, Bv, ..., B¥ ' juueitno nezaBucumo Haj KoJib-
FE

oM F[J,,] (T.e. HeT ux HeTpuBHAILHON KOMOUHAIMH ¢ KO3 dumentamu u3 F[.J,,| pasBnoit
HYJIEBOMY BEKTODY ).

Bamaua 5. K teopewme [7.11} IIycts n = km, matpuna A € M, (F) npusenena K x)op/a-
HOBO# dopme J,, & ... B J,(k pa3). B € M, (F) — xkommyTupyiomas ¢ A HUJIBIOTeHTHASL

O E., @) e @)
O O E, ... O

MaTpuiia Bujga B = : : : : . Ucnomwaysa mpeabiy-
O O O e E,

folm)  f1(Jm)  fo(Im) - foea(Im)
myto 3aj1ady, nokazkure, aro Marpuna C € C({A, B}) Bopaxaerca B BHe MHOTOYICHA
ot A u B, T.e. anmrebpa L({E, A, B}) MakcuMaIbHast O BKIIOYCHUIO KOMMYTATHBHAS aJl-
redpa.

Bagaua 6. K reopewme [7.11} ITycrs n = km, marpuna A € M, (F) upusesena K xopaa-
HoBoii opme J,, & ... B J(k pas). B € M,(F), kommyrupytomas ¢ A HUJIbIOTEHTHAS
MaTpHIla TaKas, YTO MaTpuia By He saBasercs A-nmukiandeckoii. [lokaxkure, aTo pasmep-
nocthb C(By) N My (F[J™1]) (kak nepeceuenns munefiHBIX TpocTpaHCTB HAT F) He MeHbIIE
k + 1. Ykazanue: MaTpuIly By MOXKHO B34Th KOPJAHOBOI OJIOYHON MaTpuieil Kak B J10-
Ka3aresbCcTBe TeopeMsl [7]

8 O0600meHns KOMMyTaTuBHOCTHA. MaTpuiibl, KOMMY TH-
pyionie ¢ TOYHOCTHIO /10 MHOXKHUTEJd, N MOPOXKIEH-
Hble nMn ajareoprsl. Hopmaasrasg dopma /IpeiizuHa.

B coornomennn kommyTaTuBHOCTH MATpuIibl AB 1 BA paBubl. OHUM U3 €CTECTBEHHBIX
0000IIeHnit OyAeT caydail, Korjma OHH MOTYT OBITh He PaBHBI, HO JUHEHHO 3aBUCUMBI KaK
BekTOpbl. [losydnm ciemyiorniee onpeeenne.
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Onpenenenne 8.1. Ecom A, B € M, (F) u cymecrByer MHO)KUTEb W € F Takoii, 4ro
AB = wBA, 10 6y1eM TOBOPUTD, 9T0 A, B KOMMYMUPY0m ¢ mouHocmsvto 00 MHOHCUTNEAA
w (W w-Kommymupyrom,).

Jlemma 8.2. Ilycrs F — mpoussoabnoe nose u A, B € M, (F). Torna xap(t) = xpa(t).

E A
Joxazameavcmeo. Paccmorpum 2n X 2n marpunsl. [lycrs C = (O E)’ torma C~! =
O [ | W BBUIOIHEHO CIEJYIONICE PABCHCTEO:

(0 ) (5 0) (0 £)=(5 1)

XapaKTepuCcTHIecKue MHOTOWICHBI 9TUX CONPSIZKCHHBIX MATPHIL PABHBI, OTKY/a IOy 9aeM
Tpebyemoe paBeHCTBO X ap(t) = xpa(t). ]

CaencrBue 8.3. Ilycrs F — mpoussoasuoe none u A, B € M,(F), AB = wBA, w #
1. Ecoim marpuna AB He sBjsieTcsl HUJIBIOTEHTHONR, TO W — HEPBOOOPA3HBI KOPEHb U3
e MHuILl crenend k < n.

Jlokazamesvecmeo. Bocnonb3yemes npeapiaymeit aemmoit: X ap(t) = xpa(t) = xwpa(t).
Eciu marpuna AB He sgBIsieTCsl HAJIBIOTEHTHON, TO €€ XapaKTePUCTHIECKUI MHOIO-
yien oranden ot t". Paccmorpum nanmenbinee j = 0,...,n — 1, mig koToporo Koadgdu-
IUEHT ¢; TOr0 MHOTOWIEHA IpK ¥ oTimden ot Hyas. g marpunst wBA kosbdunuent
XapaKTePUCTHIECKOrO MHOrOWIeHa npu t/ paBen w™ Jc¢;. OTKy/1a U3 COBIAJIEHHS MHOTO-
YJICHOB TIOJIydaeM, u4To w" 7/ = 1, T.e. AB/IgeTCd KOPHEM U3 eIMHUIBI CTelleHn n — j < n.
Kopenb u3 e iuHuUIbI CTEIIEHN N — ] SIBJSIETCS 11€PBOOOPA3HBIM KOPHEM U3 €IUHUILLI CTEIIeHI

k|(n — 7). =

JIemma 8.4. Ilycts F — anrebpandecku 3amkuytoe nore u A, B € M, (F), AB = wBA,
w # 1. Ecaun marpuna AB sBjisiercst HUJIBIOTEHTHON, TO napa A, B OJHOBpeMeHHO Tpu-
aHTYJI3yeMa.

Joxasameavcmeo. 1) Tycrs w # 0. Pacemorpum [A, B] = AB — BA = (w™! — 1)AB,
0 YCJIOBHIO OH HUJIBIMOTEHTHBIH. B cuy ycioBust w-KOMMYTHDPOBaHMUS, JIIO0OOH OJHOWIEH
M(A, B)or marpun A, B konuneapen onnouneny sujga A'BJ. Torna M(A, B)[A, B] =
a AT Bt (M(A, B)[A, B])" = oa"(A™' Bt = B(AB)"M;(A, B) = O. 3nauur,
npuMeHnMa TeopeMa [3.12]

2) ITpu w # 0 yrBepKIeHne OJYHYEHO B CJAEACTBAN m 0

Jlastee pacemorpum obmuit cry4ait, korga MaTrpunbl AB u BA He SBISIOTCS HIIBIIO-
TEHTHBIMH.
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IIpennoxxenune 8.5. Ilycrs F — mosne, w € F, w # 0, 1. [lycrs A € M, (F) — )xopnaxosa
marpuna Buga A = Ay @ ... B Ay, tie A; = J,,(\;) — KopaaHoBa KieTKa (duciaa A;
MoryT coBnaars). Pacemorpum marpuny X € M, (F), AX = wX A. Pazobsém X na m?
OJIOKOB X}, pasMepoB 1y X n; B COOTBETCTBHH ¢ O10uHBIM pasouennem A. Torma

1. Xps=0ecmmr=su\ #0, wim ecau r # s U \, # wWAg;

2. ecqim A\, = 0, TO

Yrr1t Yrr2 Yrr:3 C Yr.rin
0 wyrﬂ"?l wyTﬂ";Q e wyr,r;m-—l
er = 0 0 . .. : :
0 O wnr_ervr;l wnr_2yr77,§2
0 0 0 e W'y
3. ectm A, = WAg, TO
0 Yrsit Yrisz - Yr.sin,.
0 O 0 Wyrs1 -+ WYrsm,—1
Xps = . , Ny < Ng.
0 O . . . :
00 0 ... 0 wly.,
yr,s;l y7”75§2 ce yr,s;ns
0 wyr,s;l . wyr,s;ns—l
0 0 . i
XTS = 0 0 w”s_lyr,Sﬂ y Ny 2 Nng.
0 0 e 0
0 0 . 0

Zoxasameavcmeo. N3 yeaopua AX = X A noiaydaem ypaBHeHUs Ha OJIOKH:

AT‘XTS = WXTSAS

st Beex v, s € {1,...,m}.
Jns dukcuposannwix r,s € {1,...,m} marpuna X,, onpeessiercss OJHAM YPABHEHU-
eM
A X, s = wX, A, (10)
Yupocrum oboznadenus: (X,s)ij = Yij, ¢ = 1,...,n,,J =1,...,n,.

Ecau pacrucars ypasuenue ((10) mosaeMeHTHO, TOIYIHM

MVis + Yir1; = W AsYij + Yijo1), if ¢ £ npj # 1, (11)
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AWy = W()‘sym,j + ynr;j*1)7 if 7 # 1, (12)

Ar¥Yin F Yig11 = wWAYin, if 1 # n,, (13)
)\T‘ynr,l = W)\syn,,-,b (14)

I.s=r.
1. Myers A, # 0. Torga us (14) nonyuwaem A.(1 — w)y,.1 = 0, orkyaa y,.1 = 0. Io-
CJIEOBATENIFHO WCOJIH3YST , norydaeM Yn, 2 = 0, Yn.3 = 0,...,Yp, n. = 0. 3arem
IOCJIeI0BATENBHO Henob3ys (13)), moayanm vy, 11 =0, Yp,—21 =0,...,y11 = 0. B Kon-

ne ucnosb3ys (L1)), mavunas ¢ n, — 1-0if cTpoKy U 2-10 ¢TOIONA, OKOHIATETHHO 3aMETACM,
410

X, = 0.
2. Ilycrs A, = 0. Tocaenosarenbho ucnoab3ys (12), noayuaeM v, 1 = 0, Yn. o =
0,...,Yn,m.—1 = 0. Barem mocaegoBaTeabno ucnoab3ys ((13)), moayaum v, 1 = 0, Yn,—11 =

0,...,y21 = 0. Hakonen u3 (L1)) cremyer, uro
Yitr15 = Wlij-1,

MO3TOMY X, SBJISETCS BepXHETPeYTOJbHON MaTpuIeil BuIa

Y1 Y2 Y3 e Yn,

0 wyr wya ... WYn, -1
X.,=10 0 :

0o w2y w2y,

0o 0 ... 0 WLy,

Il. r #s.

1. Iyerp A\, # w),. Torga usz ypasuenusa (14)) momyaaem, aro (A, — wAs)yn, 1 = 0, T.e.
Yn,1 = 0. [locaenoBarensno ucnonnays (12), moxydaeM ¥, 20 = 0, Yn,. 3 =0,. .., Yn, n, = 0.
3arem mociegoBareabHo Henoabsys (13), momyaum v, —11 =0, Yp.—21 = 0,...,911 = 0.
B konue ucnonbsys (11), vauunas ¢ n, — 1-0if crpoku u 2-1o cTosibna, OKOHYATEILHO
3aMevaeM, ITo

X5 = 0.
2. llyers A\, = wl,. HocaenoBarensno menob3ys (12)), moxyaaeM v, 1 = 0, Yn, 0 =
0,...,Yn.n—1 = 0. Barem mocaegoBarenbuo uenoabsys (L3)), moxyaum yy,, 1 = 0, Y, —11 =

0,...,y21 = 0. Hakonen u3 (11) cuexyer, aro
Yir1,j = WYi -1,

MO3TOMY X, ¢ ABJISETCS BEPXHETPEYTOJBHON TPIMOYTOJIBHON MaTpHIleil BUIA

0 ... vy1 vy ... Yn,
0 0 0 w e WYp
er: . ,y1 . y.r ' ; Ny < Ny
o o0 - T T :
0 0 0 ... 0 wvliy
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0 wWy1 WYn,—1
0 0
Xps = 0 0 wnsilyl y My 2 N
0 0 0
0 0 0
O
IIpeanaoxkenme 8.6. [Iycts ' — npousBosibaoe nosie, n > 2, 2 < k < n. Toryga marpuna
o O ... O D
Dy, O ... O O
B € M, (F), nmerommas 6;10uH0e pasduenne mopsiaka k Buga B = .
O O ... D, O

HEBbLIDO2KAEHa TOTJa U TOJIBKO TOT'la, KOTI'Jla BCE €€ OJIOKH — KBa/JApaTHbI€ HEBBIPDO2KJCHHBIE
MaTpPHUIIbI.

Jokxaszamesvcmeo. 3ameTnm, 94TO MEPECTAHOBKON CTPOK 3 B moydaercs 6,109THO-THarOHa IbHAS

D, O ... O O
MaTpHIA A= R 3HAYUT, YTBEPKAEHNE MOKHO JOKA3ATh JIJI HEE.
O O ... D. O} ’
O O ... O D

Ucnonb3yem naaykimio mo k. Ilpu k = 2 nonydaem marpuity ¢ yriaom Hyseit. Eciu ee qua-
roHa/ibHble OJIOKM He KBaJPATHBIE, TO MOYKHO HEPEerpylinpoBaTh CTPOKH, PACCMOTPETH
KBa/I[paTHbIe OJIOKW, B OJHOM U3 KOTOPBIX OYJAyT HYJEBble CTPOKH, JIMOO CTOJOIBI, TaKasd
MaTpHIla BbIpOXKIeHa. [y KBaapaTHBIX OJIOKOB UCIOJIb3YyeM TeopeMy 00 ompejenTeie
¢ yrsioMm mysieit. [aee jyig Oosbiux k MaTpuiy u3 k OJJOKOB MOXKHO PAacCMOTPETh Kak

D
2 X 2 bsiounyo A = (02 )

A'— kBasipaTHbBIe HEBBIDOK/IeHHBIE (6a3a MHIYKINK), Jajee yTBePIKICHNe MOJTy 1aeTcst 3

), rne A" — Gaouno-guaronanbuag ¢ k — 1 6mokom. Dy n

[peInoJIoKeHs nHAyKnun i A’ ]

Ba}KHbIM HUHCTPYMEHTOM B U3Y4Y€HHNHU KBA3H-KOMMYTHUDYIOIIUX MaTpUL ABJA€TCA CJIe-
JAyIolias HopMaJibHasg hopma.

Teopema 8.7 (Teopema /Ipeiizuna). ITycrs F — anrebpandecku 3aMKHYTOE MOJIE U MYCTh
n € N, n > 2. Paccmorpum marpunst A, B € M, (F), koropsie yI0BIeTBOPSIIOT COOTHO-
mennio AB = e BA s mexkoroporo ckajsipa € € F, € # 1, uw marpuna AB He sBisercs
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HuabnorenTHoit. Torga wHaligyTes nesoe quciao 0 < r < n — 2 U obparumasi MaTPHUIA
P € M, (F) rakue, ato

S X

O A (15)

PlAP = {

| rmr=[0 1,

O B,
OPUYEM YHCI0 € 0043aTeNbHO SBISETCI NepEoodpasHuviM KOPHEeM U3 eJuHuUb, NOPA0Ka

k > 1, nensmero n —r, S u T — BepxXHETPEYTOJbHBIE MATPHUILI TOPsIIKA 1, MATPUIBl ST’
n T'S HUJIBTIOTEHTHBI, 1

¢ o ... O O O ... O D
O e« ... O Dy, O ... O O
r = y B'I‘ - ) (16)
O O ... e O O ... Dy O
rae C € M,—px(F) — rakas neBsipoxknennas Marpuna, 4ro o(C')Nelo(C') = & s Beex
j=1,...,k—=1,Dy,..., Dy € My_yi(F) — 1pon3BosibHbIe HEBBIPOZKIEHHBIE MATPHIIHL,
yaoBiaerBopsiiortue cootnomtenusm D;C = CD;, i =1,2,... k.

Jlokazamensvcmeo. Tpepuosnoxum, aro det(AB) = 0. Bnauur, 10 KpaiiHeii Mepe ojHA
n3 marpun, A u B aBusercs Boipoxaennoit. lomyctum, det B = 0. Haiizercs BekTop
v € F™\ {0}, Taxoit uro Bv = 0. Orciona B(Av) = e 1 A(Bv) = ¢ 'A-0 = 0, u 3nauur,
BA'w = 0 pna Beex i € NU{0}. Takum obpaszom, nognpocrpancrso W = (v, Av, A%v,...)
SIBJISIETCsT OOIIMM WHBAPHAHTHBIM MOAIIPOCTPAHCTBOM OTHOCHTEIHHO A 1 B, 1 B HeM Haii-
nercst Bektop w € W rakoit, uro Bw = 0 and Aw = Aw. lonosaum BekTop w 10 6a3uca
F" u Bo3zbMem matpuily P nepexoia K aromy bazucy. Torma

-1 . )\ k 1 . O E'S
AR = {Onm Al AR= o B

Marpunpl A; 1 By EMEIOT HOpAI0K n — 1 M TOXKe £-KOMMYTHPYIOT. I1oKa mpoussenenue
9THX OJIOKOB BBIPOZK/IEHO, OBTOPHM HTepanuio ¢ A; u B;, j > 1. 3amernM, 4T0 mporece
OCTAHOBUTCS TIPU j < N — 1, MOCKOJIBKY npoussefenne AB He aBIseTcsa HUILIOTEHTHOI
marpuneil. Cayvaii j = n — 1 He BO3MOXKEH, IOCKOJbKY HEHYJeBble ducja (MaTpHUIbl
nopsizika 1) KOMMYTHPYIOT U He MOT'YT E-KOMMYTHPOBATH. SHAYHUT, UMeeM ' = j < n — 2
u ecTh obparumas marpuna P, € M, (F), aro

S X

O A (17)

1 o
PIAP, = { o B

| [p ]

, S uT — BepxHETPEYTOJIbHBIE MATPUIILI TOPsiaKa 7, MaTputisl ST u T'S HUIBIOTEHTHBI,
u A.B, € M, ,(F) — obparumbie e-kommyTupyorne marpuibl. [To ciaencrBuio €
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— KOPEeHb U3 eJMHHUIIBI CTEINEeHU N — T, TIOITOMY 00s3aTe/IbHO SABJIAETCS TMEePBOOOPAZHBIM
KOpHEM W3 eJIMHUIILI MOpsiaka k > 1, memsmero n — r.

Pazoobém o(A,) na k wacreit ciaemyomum obpa3oM: I MPOU3BOILHOTO COOCTBEH-
noro uncaa A € o(A,) B noaMuoxkectBo S, @ = 1...,k, gobasasem €71\, mpomoKa-
eM IIPOIECC, MOKa OCTAINCh COOCTBEHHBIE YHCJIa, HE paclpeneseéHHble M0 S;, MPOIECC
OCTAHOBUTCS, MOCKOJIbKY BCEro ObLJIO He 0oJjiee n — T Pa3JMIHBIX COOCTBEHHBIX YHCE.

[Tockonbky MaTpuiia A, HeBBIpOXKIeHHAs, moaydaeMm pasbuenue o(A,) = || S;. Ilo mo-

CTpOeHHIO 81 HELyCTOo, U ecyn i A; € §; 1 A\; € S; BBILIOJIHEHO COOTHOHIGHI/IZG Ai = €A}, TO
i =7+ 1( (mod k)). CornacHo npeioKeHno ecsm y A, Her map cOOCTBEHHBIX YHCEJT
BUA A\, EA, TO B, — HyJeBas, 9TO0 TPOTHBOPEUYUT YCIOBUI HEBBIPOKJIEHHOCTH. JHAUNT,
Sy TOXKE HEIyCTO.

I[IpuBesem MaTpuiry A, K xKopaanosoit HopmaabHoit hbopme P~ A, P = diag (Cy, ..., Cy),
rie C; — JKOPJaHOBA MATPHUIA, OTBEYAMOIIAs BCEM COOCTBEHHBIM YHCIaM U3 S; (MOKa MbI
JomyckaeMm, 910 S; MOKeT ObITh IyCTO HpH i > 3, JOIMYCTUM B 3TOM CJAyYae MyCTYIO
matpuity C; mopsanka 0. /lajmee Mbr mokakem, 910 u3 HEBBIpOXKaeHnoctu A, B, ciemyer
HEIIyCTOTa BCEX MHOYKECTB.)

Torma MaTpuiry PilBTP paccMoTpuM Kak 0s10uHy0 k X k Marpuiy, P~'B,P = (D;;).
ITockoabky Matpuna A, = P71 A, P gapnsercd *KopJaHoBoH, TO K Heil TPUMEHUMO ITpeIo-

O O ... O D
. Dy, O ... O O

skenue 8.5 1o yesosuio Ha uncia B Kiaaccax S;, B = P71B,. P = ) ,
O O ... Dp O

rje noka 6sioku [; moryT nopsijika 0, ecyin myCcThbl KAKne-To

Pacemorpum cityuait, wto S; mycro mpu j > 3, a S;_1 n Sjy1 (j + 1 Gepem mo mo-
aymo k) vemycrsl. Torga marpurpt A, B, MOXHO paccMOTPeTh KAk OJOYHBIE MATPHIIBI
nopanka k — 1. Iloxydaerca, 4to cobcrBennsle unciaa A;_; u Ajyq He CBA3aHBI YMHO-
JKeHHeM Ha €, CJIeJ0BATEIbHO, IIPEII0KeHTe IOKa3bIBaeT, 4T0 0,10k D; Hy71eBoil n y
MaTpPHUILbI B €CTb HyJIeBbIe CTPOKH, IPOTUBOPEYNE C HEBBIPOK AEHHOCTHI0. Crydail mycro-
THI HECKOJILKMX MHOKECTB pasOnpaercs anaaorndno. Takum o0pazom, Bee S HEmyCThI.
W3 mpeaioKeHust . IS MATPHIEL B, [OJTY9aeM, ITO Bce OJIOKH — KBaJIpaTHBIE. E)To
O3HaYaeT COBIaJieHHe pa3MepoB BeceX MaTpull Cj —- KazK[ad U3 HUX HMeeT HOPAI0K "7

Torma u3 cOOTHOMEHUST £-KOMMYTATUBHOCTH i1 0J10KOB mosy4daeMm: Co Dy = eDy(Cl,
B CHJIy HEBBIPOXKICHHOCTH Dy OTCIOIA CJIEIYET, 9TO

CQ = D2<€C1)D2_1.
Hpogonmaﬂ OJI CJICAIOINX CTPOK,
Cg = Dg(e’ng)Dgl = D3D2(8201)D;1D§1’

1 B obIIeM BHIe '
Cj = Dj L Dg({;‘]_lCl)Dgl e Dj_l,
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Jj = 2,...,k. O6osnaanm C' = Cy, m mel BuganM, ato C; nomobua &/~ 'C' nas Beex j.
Bosemem marpuny U = diag (E,, E, Dy, D3Ds, ..., DyDy_1 -+ Dy), u conpsizkenne A" =
U(diag (E,, P))"'P 'AP,diag (E,, P)U™', B' = U(diag (E,, P))"'P"'BP,diag (E,, P)U .
[Ipu 3TOM OJIOUHAST CTPYKTYPa OCTaHeTcs, 0OpaTUMble OJIOKN U3MEHATCS CJIETYIONTIM 00-
pazom:

Al = diag (C,eC, ..., e"10),

O 0 .. 0 D
;o ... 0 o0
Br: . )

O O ... D, O

a U3 COOTHOIICHUS E-KOMMYTATUBHOCTH Telephb /it OI0KoB OymeT cienoBath, uto C D) =

D.C.

CaencrBue 8.8. B yc/oBUSX TeOpeMbl st marpunt A,, B, € M,_.(F) suza (16)
cymecrsyer obparumas Q@ € M,,_.(IF) rakast, aro

8 % 8 O O ...0O Dy

e I O ..O O

Q_lArQ = Ar = ] 5 Q_lBrQ = [ . ] 5 (18)
00 . e-ic 00 .10

rie Do = Dy DyDy_y -+ Dy € M,y (F) neBbIpoz<ienHas MaTpuna, y10BJaeTBopAIonast
coornorrenuo DyC = CD,.

Zokxasameavemeo. 13 TeopeMbl BHJIHO, 9TO Dy HEBBIPOXKIeHHAaA U KomMmyTupyet ¢ C.
Bamerum, uro BY = diag (Xy,...,Xs) , X; = D;Dj_y -+ DiDyDy_y -+ Dj,1, B 9acTHO-
cru, X; = Dy.Ilockonapky Bce Marpunpl D; HeBHIPOXKIeHHbIe KoMMyTupylomue ¢ C, T0
D;lXij =X, 11 D;lCDj = C. CrenoBaresbHO Bee MATPUITBI X; HOTOOHBI ¥ MATPUITHI
110/1001sI MOXKHO BbIOpaTh KoMmMmyTupyfomumu ¢ C. Bo3bmem

Q:E(n%r)@DQEBDgDQEBEBDkD%

torna Q1A,Q = A, u Q7'B*Q = diag (Dy, . .., Dy).

OKOHYATEIBHO MOJTyIaeM

0O 0 o D,
050~ D, O ... O O
O O .. D, O

rie
D,=1-Dy-Dy---Dy=Dy, Dy=D;' Dy-E=E,
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D;:D51~--D;1-D1-Di_1~--D2:E

JIsE BceX 1 = 3,..., k.

Sagaum K Jeknuu 8.
Bo Bcex 3amauax mose F anredpandecku 3aMKHYTO.

Bagaua 1. Ilycrs w # 0, 1. [lokaxkure, aro ecom marpunnt A, B € M, (F) onnoBpemenno
TPHAHTYIU3BIEMBI U W-KOMMYTHPYIOT, TO AB — HUJIBIOTEHTHAS MATPHUIIA.

Bamaua 2. Ilyctb w # 0,1, A € M, (F). Ilokaxure, uto w-nearpamuzatop C,(A) = {X €
M, (F) : AX = wX A} sBagercs noanpocrpanctsoMm B M, (F). B kakux cirydasix oH Oymer
moaaIredpoit?

Bamaua 3. Ilycts w # 0,1, A € M, (F) — marpuna panra 1. a) Haijigure siBHbIH Bu
w-tnenrpanusaropa C,(A) = {X € M,(F) : AX = wXA} marpunst A B KOpJaHOBOIH
dbopwme. 6) Boraucaure dimC,(A).

Bagaua 4. Ilycts w # 0,1, A € M, (F) — nenysneBas )xopmanosa martpuna. Haiinure
MaKCUMAJIBHYIO pa3MepHocTh w-teHTpaau3aropa C,(A) = {X € M, (F) : AX = wXA}.

Bagava 5. YcTaHOBUTE, UTO CJIeAYIONINe KOMILIEKCHbIe MAaTpUlbl A u B aHTHKOMMYTH-
PYIOT M HaiiuTe JJIsT HUX HOPMaJIbHYIO bopMy U3 TeopeMbl peit3nna:

3 4 2 1 =3
-2 -3 -2 -1 3
A=]|-1 -4 0 -1 3
2 2 2 0 -3
-2 -1 -2 -1 1

-3 1 4 6
5 -1 -2 —6
0O -1 —4 -3
-3 1 2 6
5 0 -2 -6

B—

Y

— NN O OO

9 Cucremsbl nopoxgaomux. Heymenbimaembie cucTeMbl
IMOPOK TAIOIINX IMMOJHOM MaTPUIHOM aJredphl, IX MaK-
CUMAaJIbHASd MOIIHOCTb.

Ilycte B = {by,...,b,,} — HemycToe KoHeuHoe MHOKecTBO (asiasut). KoHednblie 1mo-
caegoBaTeIbHOCTH OYKB U3 B HazoeMm ciaoBamu. [lycth B* obo3HaUaeT MHOXKECTBO BCEX

cjoB B ajipasure B, Fg — cBoboaublit MmoHou 1 HaJ ajadasurom B, T.e. B* ¢ oneparueit
KOHKaTeHAIUN.
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Omnpenenenne 9.1. Jlauna cnosa b;, ...b;,, tae b, € B, pasna t. bynem cumrars 1
(mycToe ¢I0BO) €JI0BOM OT d71eMeHTOB B dauns 0.

Ilycrs BY oGo3HadaeT MHOXKECTBO BceX CJI0B B ajadabuTe B JIJMHB He GoJblei i,
1> 0.

Paccmorpum anredpy A Hai npou3BoJIbHLIM 10/eM F 1 €6 KOHEUHYIO CUCTEMY [OPOK-
naromux S. [TpousseeHnst 3JIeMEHTOB U3 TOPOXKAAIOIIET0 MHOKECTBA S MOYKHO PacCcMar-
pUBaTh KaK 00pa3bl 371€MEHTOB CBOOOIHOIO MOHOUAA Fs Ipu ecTeCTBEHHOM rOMOMOP(MU3-
Me, U UX TaKKe MOKHO Ha3bIBaTh CJIOBAMH OT 0OPa3YIOIINX U UCIIOIb30BATh €CTECTBEHHOE
oboznagenne S°.

[Tostoxkum S = {14}, ecin anrebpa A cogepxur equuuiy 14, unaue, nojioxum S =

0.

O6oznauenne 9.2. Tonokum L;(S) = (S, rae (S) oboznadaer uHeiitHy0 060J09KY
MHOXKeCTBa S B HEKOTOPOM JIMHEHHOM MpocTpaHcTBe Hal mojeM [F. 3amernm, aro Lo(S) =
(14) = F nas anrebp ¢ enununeii, n Lo(S) = 0, unade.

U3 komeunomepnoctn A momydaem, dro Haiimercs takoit momep h, uto L,(S) =
Ly11(S). Ecin gyist mekoroporo h > 0 seinosseno L, (S) = L11(S), 1o

Lp42(S) = (L1(S)Lp+1(S) + L1(8)) = (L1(S)Li(S) + L1(S5)) = Ln11(S)

n takke L;(S) = L,(S) nas Beex i > h.
[ToveMy eIMHUIIA TPAIUIUOHHO CIATAETCSA CJIOBOM OT OOpA3YIOIIHX:

IIpensioxkenune 9.3. S nopoxaaer M, (IF) rorma u Tonbko Torma, korma S U{E} nopox-
naet M, (F)

Jlokazamesvcmeo. Asrebpa L(S) 3aMKHYTa OTHOCUTE/ILHO YMHOXKEHUSI HA 9JIEMEHThI MHO-
xecrBa S U {E}, T.e. apisiercss HeHyaeBbiM aBycTOpoHHUM uaeasom B M, (F), snaunr,

L(S) = M,(F) . O

Onpenenenne 9.4. Hazosém cucremy mopoxpaomux S C A Heymernvuaemot, ecim
HUKaKoe eé cOOCTBEHHOe MOAMHOKECTBO S C S He ABJISETCS] CHCTEMO TOPOXKIAIOIIAX
st A.

[Tycrb S spiisiercs HeymeHbIiaemoii cucremoii nopoxpatomux s M, (F). [Tockosbky
OJIHA, MATPHUIA MOPOKIaeT KOMMYTATHBHYIO aaredpy, ToO B HEyMeHbIIaeMoil cucreme S He
MeHee JIBYX 3JIeMEeHTOB.

ITpumep 9.5. Marpunst J = J,(0) u marpuunas exununa E,, ; nopoxgaor M, (F).

Tenepsb paccMOTPUM € JIPYTOM CTOPOHBI KaKKasl MOYKeT OBITh HAMOOIBINAT MOIIHOCTD
HEYMeHbBIIIaeMO CHCTeMbl TTOPOK TatomuX. [lokaxkeM, 9To pu n = 2 eCTh TaKue CUCTEMBI
u3 3-X MaTpuI, a Jjsd n = 3 — u3 2n — 2.
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10 11 1 0
IMpumep 9.6. Marpunp A = (O 0) ,B = (0 0) ,C = (_1 O) nopoxpaT Mo (IF)

(BMecTe ¢ E nveem Gasznc). Hukakast mapa w3 HUX He MOPOXKIAET, TOTOMY 9TO JII00as mapa
¢ A cpasy Tpeyroabhas, a BC' = O, 109ToOMy TpHAHTY/IH3yeMa.

ITpumep 9.7. Ilycts n > 3. CucreMa u3 2n — 2 MATPUYUHBIX €IUHUIL
E127 E217 E237 E327 LRI En—l,na En,n—l

SBJIETCA HEYMEeHbIaeMoil cucrtemoii mopoxkpaomux. JleiicrBure bHO, ¢ 0JIHON CTOPOHBI
E” = Ei,i+1Ei+1,z‘,i < n, En,n = En,n—lEn—l,n7 upu i < j Ei,j = Ei,i+1Ei+1,i+2 : "Ej—l,j7
AHaJIOTHYIHO IIPpH 1> ] Ei,j = Ei,i—lEi—l,i—Q s Ej—l—l,j-

Ecyiu ybpars 0jiHy U3 Marpull, TO y OCTaJbHbIX €CTh ODIIUIA Yo/l HyJIel, 109TOMY OHU
JIeZKaT B cOOCTBEHHO mojaJredpe.

Teopema 9.8. Ilycrts F — anrebpandeckn 3aMKHyTOE T0JIe, S SIBJISETCS HEYMEHBITA-
eMoit cucremoii nopoxaomux s My(F). Torma |S| < 3, 6osee Toro, |S| = 3 ecomn u
TOJILKO €CJTH JITA HEKOTOPOil HEBBIPOZK IeHHON MaTpusl P € Mo (F) seimosneno PSP =

a 0 b ¢ d 0
{A_<0 O>+aE’B_(O 0>+BE’C_(6 0)+7E}vmea’ba@d’e?a;ﬁ,’yelﬂ

npudem bd + ce = 0.

Zoxazamenvcmeso. CormacHo npeoxenuio 9.3 HeyMmenbiaemas cucreMa S He COIEPKHUT
ckasiapabix marpuil. [lycrs A, B € Su AB = BA. B Ms(IF) sit06asi Heckasisipaasi Marpuia
SIBJISIETCS INKJINIECKOiA, T.e. A — nukandeckas, a Torga B € F[A]. B srom ciyuae L(S) =
L(S \ {B}), nporusopedne ¢ HEYMEHBIIACMOCTHIO.

[peamonoxum, aro |S| = 4. llycrs A, B,C' € S. I3 HEyMeHbIIAeMOCTH MOJIYIaeM,
aro dim L({A, B,C}) < dim My(F). Ilo Teopeme amre6pa L({A, B,C}) asraercs
rpuanrym3yemoii, T.e. dim L({A, B,C'}) < 3. C Apyroit cTOPOHBI 3J/eMEHTHI HEYMEHBIa-
eMOIl CHCTeMbI OPOKIAIONINX JIHHeHO He3aBucuMbl, 3HaanT, A, B, C' — 6asuc T5(F). B
srom ciaydae E € (A, B,C), u torga S He siBisiercsi HeyMeHbItaemoii. [Iporusopedne.

Pacemorpum cayuaii [S| = 3. Ilycts B S ectb Hepmaronanusyemas marpura A. Torma
¢ TOYHOCTBIO 110 Tonobuss A = aE + Ejp. [ockosbky S nopoxgaer My(F), snaqur B S
ecThb MATpUIa B, KOTopas He SIBISETCsS BePXHETPEYTOIbHOM, T.e. by; # 0. B aToM caydae
A, B gBisiercst CHCTEMOI MOPOXK AKX, KOTOpast cTporo cojaep:kurca B S. Takum obpa-
30M, BCE TPH MATPHUIbl B HEyMeHbIaeMoil cucreme S JOJKHBI ObITH JIHATOHAIN3YEMBIMH.

a 0O
0 0
urobbl a # 0. [lycre B € S. Tlockonbky napa A, B ne nopoxygaer My(F), To 1o reopeme

b ¢
! O)+BE.

[Ipuenem marpuny A € S K KopaaHoBoii (popme u 3ammimem A = + aF Tak,

2.12| oHa SIBISIETCS TPUAHTYAM3YEMONH. 3HAUAT MOYXKEM CUUTATh, 9T0 B =

f
0

yrosbayio anredpy. Eciau f # 0, 10 B € L({A, C}), nporuBopedne ¢ Hey MEHBITAEMOCTHIO.

[Iycts C' € S, nupencrabum C' = + ~E. Umeem e # 0, urade S OpoxKIaeT Tpe-
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d 0

Buaunt, C' = (e 0) +vE. Ecau bd + ce # 0, To

(8 8) (Z 8) — (bd + ce) By

u A=aFE; +aFE € L({B,C}), mporuBopedne ¢ HEyMEHBITAEMOCTDIO. O

JIemma 9.9. Ilyctb n > 2, F — none, S C M,,(F) — tpuanrynusyemoe cemeiicro. Tora

L(S) = Lo r(S).

Hoxasameavcmeo. Ilycrs Xy, ..., X,,— Bepxuerpeyrosbnee Marpuust, X;, = (z(k);;). To-
raa
(Xl - $(1)11E>(X2 - I’(?)QQE) cee (Xn - x(n)mE) = O

PackpbiBas ckoOKH, moaydaeM, 910 Xq -+ X, € L, 1({X1,..., X }).
DT yCIOBUS COXPAHSIOTCS MPH compsizkenun, modtoMmy L(S) = L,_1(S).
[

JlemMma 9.10. Ilycts n > 3, F — anreOpanvecku 3aMKHYTOe 1OJe, S ABJIAETCS HEYMEHb-
mraemoit cucremoii nopox gatomux st M, (F) momuocru |S| > n + 2. Torga B S couep-
JKHUTCs COOCTBEHHOE TTOAMHOKecTBO S’ Takoe, 1to aarebpa L£(S’) He Tpuanryansyema.

Jloxazamenvcmeo. Jloka3aTeqbCTBO OT MPOTHBHOTO. [IycTh Takas HeyMeHbIIasi CHCTEMa
u g Ji060ro moaMuozkecTBa S’ C S MOPOKIeHHAsT UM aJaredpa TPHAHTYIH3yeMA.

1. Mokaxkewm, aro L, 1(S) = M, (F). Ins awobeix marpun Ay, ..., A, € S nmeem
{A1,..., A} < n < |S|, mostomy marpurpt A, ..., A, OTHOBPEMEHHO TPUAHTYIU3YEMbI
u L({A1,...,A.}) = Loo1({Ay, ..., An}). Buauur moboe pousseieHne n MaTpui u3 S
BBIpazKaeTcs: depes daeMenTsl u3 L, 1(S), otkyaa L, 1(S) = L(S) = M, (F).

2. MIycre k < n—1, Ay,..., A, B,C € §, 8 = {Ay,..., A, B,C}. Nmeem |S'| <
n+1 < |S|, nosromy anrebpa L(S’) — rpuanrynnsyema. Torma A - - - Ax[B, C] — wuibio-
TEHTHA 110 TeOpeMe B cuny npomssosibrOCTH BBIGOpA kK 1 Marpur A; € S nosydaew,
aro ang modoro ciosa S € 8" marpuna S[B, C] — amabnorentHa. COMIACHO TYHKTY
1 L£,-1(S) = M,(F). Buaunt anredbpa M, (F)[B, C] umeer 6a3uc u3 HUIHIOTEHTHHIX JJI€-
mentos. Ecim [B, C] — marpuna panra r > 0, To ¢ Tounocrsio g0 noxobus M, (F)[B, C] —
IIPOCTPAHCTBO MATPHIL, COCTOSIIEE U3 BCEX MATPHI, Y KOTOPHIX HEHYJIEBBIE TOJIbBKO HEKO-
TOpPBIE BbIJEJEHHBIE ' CTOJIONOB. MBI MOJYYWINA, 9TO ¥ TOrO MMPOCTPAHCTBA €CTh Oas3mnc
M3 HAJIBIMOTEHTHBIX MATPHIl, B YACTHOCTH, OH COCTOUT U3 MATDUIL ¢ HYJeBLIM cienom. 1o
JMHEHHOCTH CJIefla, ¥ BCeX MATPHI[ W3 3TOrO MPOCTPAHCTBA HYJIEBO CJIel, IMPOTHBOPE-
4me, T.K. B TAKOM IIPOCTPAHCTBE COJEPKUTCsI JIMAIOHAJbHAS MATUYHAS €JAMHUIA. TaKum
obpazom, [B,C] = O. B cuny npoussonbrocru bibopa B, C, mMbl nomyanin, 9410 S —
KOMMYTaTHBHOE ceMeiicTBo, HO Torma oHo He nopoxkuaer M, (F). O
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Teopema 9.11. [lyctb n > 3, k < n, F — anredpanveckn 3amkuyToe mnoJje. [Tosoxxum

A= MkO(F) g C M, (F). ITycts Tak:xke matpuist X,Y € M, (F) B 6aounom Buge X =
X1 Xio o Y1 Yio
(X21 X22) Y = (Y21 Y22> , X11, Y11 € My)(F) noneropsitor yeaosuo Xi9Ys # O.
My (F) O
Torna anredpa B = L({AU{X,Y}}) conepxur noganredpy nogooHyo 0 at

Jlokasamenvemso. 3amerum, uro diag (Ey, O) € A, mosromy 0 X , 0 0 € B.
O O Yo1r O

Ilo ycnosuro mHaifigyTes uumekcsl 4,7, 1 < 4,7 < k, aro (X12Y21);; # 0. Ilo ycrosumo

Eyi, Ej; € A, rorga (O Ean) ,( 0 O) € B. 910 mospoasger 6e3 orpaHu-

O O YauEj; O
rr ... Tp—k
_ ‘ 0o ... 0
YeHusT OOIIHOCTH Ipejnojararb, 910 ¢ = J = 1 n X9 = . . , Yo =
0 0
: : . , IpUYIeM T1Y1 + ... Tpn_gYn_r = a # 0.
[Mokazkem, uto cymecrByer obparumas V. € M, _,(F), takas aro (xy,...,2,—)V =
1
Y1 0
(a,0,...,0) m V! : = | . | . Bropoe ypaBHeHme ompejaessier mepBblii cTos6eI]
Yn—k 0
maTpuisl V. Bosbmes noganpocrpanctso U C F*~F pemennit ypapuenns (1, ..., Tp_p)u =
Y1
0. Ono umeer pasmepHocTb n—k—1u : ¢ U. Torma ocrasiimecst CTOIONBI MATPHU-
Yn—k

bl V' MOXKHO 3aIlOJIHUTE OasucoMm U, mMOydnTcs HEBBIpOXKIeHHas Mmarpura. Compsraem
B marpuneit diag (E, V). Do conpsizkenne ToxaecTBeHHO Ha A, a marpunsl X n Y re-
peiiIyT B MaTpU4Hble eUHUNLL F) ;1 1 Ej4q 1. Ho Torna B sT0l anrebpe comepxkarcs Bee

MaTpPHILbI (Mk+01 (F) 8) .
[

Teopema 9.12. Ilycts F — anredbpanmdyeckn 3aMKHYTOe 1oJ1e, S ABJISETCS HEYyMeHbITaeMOoit
cucremoii mopoxparomux s Ms(F). Torna |S| < 4.
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Joxazamenvecmeo. Ot mportusHOTO, ycTh |S| > 5.

B sTom cayuae mo steMme Haiiferca noamuoxkecrso S’ C S, uro anrebpa A =
L(S’) ne tpuanryausyema. [lo Teopeme B 6;109HOM BHJE A ecTh THArOHAJIBHBIN OJI0K
My(F) U

O F

U3 Toro, uto A — nopasrebpa, cieiayer, uro jubo Uy = {0}, 6o Uy = F2. Takke
o Teopeme st n = 2 MOoxKHO cunTarb, 4ro |S'| < 3. Ilockonbky S ¢ A, 1o B S ecrb
MmaTpuia Y ¢ Yo # 0.

IIycts Uy = F2. Torga B S’ ects Marpuna X ¢ Xy # 0. [TocKOMBKY 118 HeHY/IeBBIX
marpun, Xio, Yo pasmepos 1 Ha 2 Bomoaneno yciaosue Xi2Ye; # O, 1o mo reopeme [
S'U{Y} C S nopoxgaer M;(F), nporusBopeune.

npodosostcenue caedyem...

M, (F). Bes orpanmuenus obmaocrn, A = (

3agaum K JeKnuu 9.
Bo Bcex 3amadax nosie F ajnredpandecku 3aMKHYTO.

Bamaua 1. [Tycrs A € M, (F) — npoussosbHasi HecKajsipHas MaTpuiia. BepHo Jii, 910
eé MOKHO JIOTIOJHUTD JI0 HEYMEHBIAaeMOi CHCTeMbl TTIOpoXK aatormx aiareopur M, (F)?

Bamaua 2. [okaxure ciegyionryo Teopemy o 3amene ajst My(F): [ycrs S smasercs
HeyMeHbITaeMoii cuctemoii mopoxgaormux st Mo (F) mommoctu 3, A € My (F) — npous-
BOJIbHAS HeCKaJsApHas MaTpuna. Torna B S Hajimerca Takas MaTpuma B, 94T0 IpH 3aMeHe
B ma A TOXKe HOJIyYnTCS HeyMeHbIIaeMas CHCTEMA IIOPOXKIAIOIINX.

Bamaua 3. [Mokaxkute, uro napa kommjekcHbix Marpun, D = diag (1,¢,...,e"7 1), tue €

— HepBOOOPA3HBIl KOpeHb cTenenn n u3 eguHUNp, C' = Fio + Eys + ...+ E, 1, + E,
nopoxaaer M, (C).

Sapaua 4. Byjer jin BepHO yTBepkKIeHHE TPeIblayIeil 33 adu, ecan € # 1 — mpons-
BOJTbHBIN KOPEHb CTENeHH N U3 € TUIITHIIIHL !

Bagaua 5. [Ipuseaure npuMep HEYMEHBIIACMOI CHCTEMBI IOPOKIAIOIINX, COCTOAIICH N3
3-x marpu, s anaredper M, (F) npu arobom n > 3.
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