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1  AccomnuaruBuble Kojibna. Maeaansl. 'omomopdu3Mebl.

Onpenenenune 1.1. Accoyuamustoe xKoavuyo ¢ edunuyeti — 3TO MHOXKECTBO R ¢ 3ajiaH-
HBIMUA HA HEM olepanudaMm CJIO0ZKEeHUA «+>» u YMHOXKEHUA « - » TaK, 9TO

1. R — abeJjieBa rpymma 1o CJIOKEeHHIO,
2. R — moHowu (ostyrpyiina ¢ eJunuiieii 1) no yMHOXKEHUIO,
3. BBINOJIHEHBI J[BE€ aKCHOMBI JTUCTPUOYTUBHOCTH:

Va,b,c € R: c(a+b)=ca+cb & (a+b)c=ac+ be.

B mamem Kypce cJIOBO <«KOJIBIO» Beerja Oy/ieT O3HAa4YaTh aCCOIUATUBHOE KOJIBIO C
eJIMHUIIEN.

Onpenenenne 1.2. [Iycrs nmogmuoxKecTBo S KOJblia R COJEP:KUAT €ro €JIMHUILY U CaMO
SIBJISIETCSI KOJIBIIOM OTHOCHUTEJIbHO TeX ke oreparnii. Torma S OyjgemM Ha3bIBATb NM00KO0Ab-

yom R.[1]

Onpepenenne 1.3. Dyementsl a, b Kosbia R kommymupyrom (nepecmanosoutst), eciun
ab = ba. DnemenT z € R Ha3bIBaeTCA UEHMPAALHDBIM, ECTH OH IIEPECTAHOBOYEH C JIIOOBIM
ssieMenToM KoJiblia R. [{enmpom Z(R) KoJIbIla HASBIBAIOT MHOYKECTBO BCEX €0 IEHTPAJIb-
HbBIX 3JIEMEHTOB

Z(R)={z€ R|VreR: rz=zr}.

Eciin B kosibie R jr00bIe jiBa 3j1eMeHTa 1epecTaHoBodHbl, T.e. Z(R) = R, 10 R Ha3bIBAIOT
KOMMYMAMUSHDLM.

! Ipyrumu ciioBaMm, BO3MOZKHO KOPPEKTHOE OrpaHutenne Ha S cHrHaTyphl (+, -, 0, 1) HCXOIHOTO KOJIb-
a.



Onpenenenune 1.4. DjaemMenT r KoJblia R obpamum cnpasa, eCii CyIIECTBYET Npacvitl
0bpamnviti K HEMY SJIEMEHT, T.e. Takoit s € R, uro rs = 1. AHaJOIUIHO ONPEIEIACTCSI
obpaTtuMocTh cjieBa. OQ6pamumovili SJEMEHT T — 9TO JJIEMEHT, OOpaTUMBbIil U clIpaBa, H

CJieBa, TOr'Ja €1ro JIEBBI U HpaBbeI O6paTHI)II'71 CAUHCTBEHHDBI U COBIIaJalOT, IIO9TOMY B 3TOM

cJTydae roBopaT o (deycmoponnem) obpammom vt

Jlokasameavcmeso xoppexmuocmu. Ecmu sr =1t =1, 10t = (sr)t = srt = s(rt) =s. O
[Tozxke OyieT npuBejieH TpUMeEp KOJIbIA € 3JIeMEHTaMI T, § TAKUX, ITO 1S = 1 £ Sr.

Omnpenenenne 1.5. Teao — koawio ¢ 1 # 0, B KOTOPOM BCSKWN HEHYJIEBOH 3JIEMEHT
obpatum. [lone — KOMMYTaTUBHOE TEJIO.

IIpumep 1.6.
1. Koubno nenbix uncen Z. B aém obparumbl TOIbKO +1.

2. Ilpumepsr moneit: Q, R, C, F
HBIX HaJl TIOJIEM.

k> DAIMOHAJILHbIC (DYHKIMN OT HECKOJIBKUX IepeMeH-

3. Iycrs B H = R* hukcuporan npoussosbubiii 6asuc {1,14, j, k}. Beegém ymuoxkenue
Ha ’JleMenTax Oasmca: i2 = j2 = k> = ijk = —1,a-1 = 1-a = a n1a Bcex
a € {i, j, k}. Tlpogoszkum ymHOKeHUEe HA BCE H 110 JIMHEHHOCTH; TIOJYIUTCA MEAO
rkeamepruoros H. 1o nmpumep Tesa, He sABJIAIONIErOCs MTOJIEM.

4. Koavyo n x n-mampuy M, (R) unax koabiom R ¢ onepanusayu (A + B);; = (A);; +
(B)ij, (A-B)ij = > (A)i(B)k;. Exurnna xomba — eannndnas marpuia E, ns

kortopoit (E);; = 6;; — cumsoa Kponexepa. Ormernm, aro M, (My(R)) = M,(R).

Onpepenenne 1.7. Tloctpoum xoavyo gopmanvrve cmenennvix pados R[[t]]. Pacemor-
pum Muoxkectso {(1;)%, | 7 € R} Bcex GECKOHEUHBIX IOCIIEI0BATEILHOCTEH 97IEMEHTOB
KOJIbIIa, R ¥ OIpeie/iuM oneparyn

j oo
(1) + (5020 = (ri + 5020, (r)2 - ()20 = [ D risj
=0 j=0

(o]
B srom ciyuae ymobuo obosnaauts (1;)5%, = > rit'. B wactnocTn, smemenTsl R KOMMY-
i=0
tupytor ¢ t. [logkomnbio B R][t]], cocrosinee u3 Beex psijioB, B KOTOPBIX JIUIL KOHETHOE
9C10 KO3 PUIMEHTOB OTAMYHO OT HyJIs, HA3BIBAETCA KOALUOM MHO20YUAEHOE OT OIHOMN

nepemennoit R[t].



3ameuanue 1.8. B ajreOpe 0OBIYHO paccMaTPUBAIOT CYMMBbI TOJIBKO KOHEYHOI'O YHUCTIA
oo
craraembix. B R|[[t]] ocmbicienna zamucs (1—¢)~! = S = 3 ') nockoabKy 3HAK CyMMEPO-
i=0
oo
i — S.3 1—t)7' = ;
BaHUsI B [IPABOii 9aCTH — 9TO YaCTh Olpejesenns saeMenta S. Samucek (1 — )71 = > s,
i=0

rae s; = t' € R|[t]], cmbiciia He umeer.

Onpenenenune 1.9. [Ipamoe npoussedenue R X S nByx xojen R, S — MHOXKeCTBO map
Busa (7, $), B KOTOPOM CJIOYKEHHE W YMHOXKEHHUE [TPOU3BOJISITCS TOKOMIIOHEHTHO. B 0b1iem
cayaae, ecin { Ry} xepn — MPOM3BOIBHOE CEMETICTBO KOJIEIl, HHIEKCHPOBAHHOE MHOYKECTBOM
A, To psimMoe TTPOU3BEIEHNE KOJIEI TOTO CeMEHCTBA ONPEIEIACTC KaK MHOYKECTBO (DY HK-
1805058

[[rRx=9F A= | |Ri| N € Ry
AEA AEA
C MMOTOYEIHBIMU OIEPAIUSIMU CJIOKEHWUS U yMHOXKeHusd. DyHKIuno f 9acto y100HO 3arm-
coBath B Buje f = [] ra, nae vy = f(A).
AEA
Onpenenenune 1.10. ['pynnosoe xoavyo RG rpyunbl G — MHOXKECTBO (hOpPMaIbHBIX

CYMM Y | T'4g, LJie JIUIIb KOHEYHOe IHCJI0 KOI(DMUINEHTOB 7'y OTJIMTIHO OT HyJIs. Y MHOXKe-
geG
HUE 3JIEMEHTOB MIPOU3BOJINTCA B COOTBETCTBUU CO CTPYKTypaMU KOJIbIa U Ipynibl. OHo

3aaéTcd Ha IPOU3BEICHNAX 1¢g-Sph = 145,gh 1 mpooizkaerca na Beé RG ¢ coxpaHenueM
guctpudbyTuBHocTU. EumHuna kosbia — 310 1x14.

Onpenenenne 1.11. Ilognoxkectso I C R Ha3bIBAETCA Npasvim udeasrom Koabiia R, ecom

1. I — noarpynmna B R 110 C/I0XKEHUIO,

2.1 3aMKHYTO OTHOCHUTEJIbHO YMHOXKEHUA Ha IJIEMEHTBHI R CIIpaBa:

Yuel, Vre R: urel.

Anasiormano onpezeisercss aeevili udean. eycmoponnutd udeas I, wiam 1mpocTo udean,
— 9TO IMOJMHOXKECTBO KOJIbIIa, KOTOPOE OJHOBPEMEHHO SBJISETCA M JIEBLIM, W IIPABLIM
nieasiom. Obosnavenne — I < R.

Onpepenenne 1.12. OaHOCTOPOHHMI WM ABYCTOPOHHMI mieas I HA30BEM HEMPUGU-
anvrom, ecin I # {0}, R. Byaem ropoputs, uto I cobemeennwid, ecin I # R.

Ob6paruM BHUMaHUE Ha IPOCTOM, HO TIOJIE3HBIH (haKT: 0ITHOCTOPOHHUN UJIU JIBYCTOPOH-
HII ujeasl COOCTBEHHBII TOTa M TOJBKO TOTJA, KOT/Ia OH He COJEPXKUT 1.

[IpaBbrit maean coOCTBEHHBIH TOT/Ia U TOJIHKO TOTJIA, KOT/Ia OH He COJEPXKUT 00PATUMbBIX
cIIpaBa 3JIEMEHTOB KOJiblia. JleiicTBuTe/IbHO, ec/id 3JIeMeHT u TIpaBoro uieasa I obiaiaer
IpaBbIM 0OpaTHbIM 7" € R, T0 1 = ur € I.



ITpumep 1.13.

1. TloamMHOZKECTBO MATPHIL ¢ HYJIEBOH i-if CTPOKOI siBJIsieTcst TpaBbiM uzeaaom B M, (R),
HO HE JIEBBIM.

2. TloaMHOKECTBO MATPHIL C HYJIEBBIM j-M CTOJIOIOM SIBJISIETCS JIEBBIM ueasoM B M, (R),
HO He IIPaBBIM.

3. B KOMMYTaTHUBHOM KOJIbIIE JII0001 O,HHOCTOpOHHI/Iﬁ niaeaJl ABJIdeTCd IBYCTOPOHHHM.
4. B Tese ecTb TOJIBLKO TpUBUaJIbHBIE OJHOCTOPOHHNE U ABYCTOPOHHUE HMOCAJIbI.

5. B npamom npoussegenun koser | [, , Ry omupeesen mieas, COCTOAIMN U3 BCEX
dyHKIMT, KOTOPbIE OTJIMIHBI OT HYJIS JIUIIb B KOHEYHOM YUC/IE TOUEK. DTOT HJIeas
HA3BIBAIOT NPAMOT cymmoti Koaey, @, ., Ry, OH COOCTBEHHEL TOTIa I TOJILKO TOL/IA,
KOI'ZIa MHOXKECTBO A OECKOHEYHO.

Onpenenenune 1.14. Ilycte M C R — HEKOTOPOE MOJIMHOXKECTBO, He 00si3aTe/IbHO KO-
HevuHoe uin cuétrHoe. Ilpasuiii udean, nopootcdénmuiti mroorcecmaom M, onipeiesisieTcss Kak
MHOKECTBO BCEX BO3MOKHBIX IIPaBBIX JIMTHEHHBIX KOMOUHAIU 9/1eMeHTOB 13 M ¢ Ko3bh-
durmentamu n3 R:

MR = me‘ m;, e M, r,e R, ne Ny CR.

=1

JleBblit upean RM onpejensiercs aHagoruduo. HMaean, nopootcdérnmnvit mmoocecmsom M,
OTIpeJIe/IAeTC s KaK

RMR = anisi m; € M, ri,s; € R, ne N} < R.

=1

Ecau M = {my,...,m,}, 1o nug RM R takzke ucnosnb3yercs obosHaderue: (my, ..., my,).
B ciyaae M = {m} Gyaem s KpaTKOCTH OIycKaTh (DUTYPHBbIE CKOOKM U mucatb Rm,
mR, RmR. Takxke Mbl OyJieM cUMTaTh, YTO IIyCTOE MHOYKECTBO & IMOPOXKIAET HYJIEBOI
uzean (0).

ITpumep 1.15. Beskwuit unean Z 2aa6Hbill, TO €CTh MOXKET ObITH MOPOXKJIEH OJIHUM 3JIe-
MEHTOM, a UMEHHO HAUOOJILIITUM OOIIUM JIEJIUTEIEM BCEX CBOUX JIEMEHTOB.

Onpepenenne 1.16. IIycrs I << R — umean. DyemedTsl R pasOuBaOTCa Ha CMEXKHBIE
kiaccol {a + I} mo agaurusHolt moArpymme I B R, npudéM Ha 9THX KJIaccaX KOPPEKTHO
OIPEJIEJIEHO YMHOXKeHUe U3 R, MOCKOIbKY 1pu i, j € I Bouimosseno (a + i)(b+ j) = ab +
ib+ aj + 1j € ab+ I. ®akroprpymnmna R/I c¢ 9Toil onepaiueil yMHOKEHMsT HA3BIBACTCS
paxmoprosvyom Kosbiia R 1o ugeany 1.



IIpumep 1.17. Koavyo eviwemos Z, — dakropkosbio Z 1o ugeasny (n). Ilpu mpocrom
|n| oHo siByISIETCST TTOJTEM.

Onpenenenue 1.18. [omomoppusm kosey — orobpazkenue @: R — S, coxpansioliee

Bee KOJIbIEBbIe ormepanui] To ectb @(r) + 79) = (r1) + (1), @(rira) = @(r1)p(r2),
©(0) =0 (310 caeayer u3 mepsoro coiictsa), (1) = 1.

B ciy4ae kommyTatnBHOro R BCAKHMit 9y1eMeHT 7 € R KOPPEKTHO ONPEJEssieT [OMO-
mopdusm R[t] — R 6viuucienua 3HAUEHRA MHOTOMIEHA: Y ;" — > ryrt. Jljia HeKoMMy-
TaTUBHOrO R Takue oTobparkeHusi roMoMOpdU3MaMu 0ObIMHO He sIBJISTIOTCS.

B Teopun KoJiel| TakzKe HYKHbI 0TOOpayKeH!sl, KOTOPbIE COXPAHSIIOT CJIOYKEHUE 1 YMHO-
JKeHNe, HO He TIepeBojsT enunuily R B eauauity S, Hanpumep, Bioxenne M, (R) B M, 1(R),
3aJIAHHOE KaK

myp e mi, 0
miy -0 Min
—
Mp1 - Mpp 0

Takue oTobpazkeHUsT MOXKHO paccMaTpPUBaTh KaK T'OMOMOPQU3MBI koaey, 6e3 e&u%uubﬂ
aJIredOpamdecKux CUCTeM HECKOJIbKO MHOTO THIa. JJisT HUX BMECTO CTPYKTYPhl MOHOU/IA 110
YMHOKEHHIO JIOCTATOYHO IOJIYTPYIIbl. Bedakuit nmeas aBsieTCss KOJIbIOM 0€3 €IMHUIIHI.
FomoMopdu3MbI, COXpAHAIONINE eIMHIILY, HA3BIBAIOT YHUMGALHbLMU, & JIPYTUe — HEeYHU-
TaJbHBIMA. B HalmemM Kypce MblI 10 YMOTIAHWIO OyJeM CIUTATh BCSIKUI TOMOMOP(MU3IM
YHUTAJIBHBIM, €CJIN He YKa3aHO WHOIO.

Onpenenenune 1.19. Hzomoppusm ¢: R — S Koser — 310 OMEKTUBHBIN TOMOMODPMU3M.
B sTom ciryuae obparHoe 0TOOpayKeHe aBTOMATHIECKH ABJISIETCS TOMOMOPhU3MOM (TIpsi-
Masl TpoBepKa). B ciryuae, Korjia Mexk 1y Kosbliamu R, S cymecTByer n30MOPQGU3M, ULy T

R=S.

Teopema 1.20 (o romomopdusme). Ilycrs p: R — S — romomopdusm koster. Torma
adpo ker p = ¢©~1(0) romomopdusma ¢ aBsiercs ugeanom kKoablia R, a o6pas (R) —
3TO TOJKONBLIO B S, u orobpazkenue m: p(R) — R/kerp, o(r) — o 1 (p(r)), ects
n30MOPGU3M.

Teopema 1.21 (o coorsercrBun ujeasnos). Ilycrs ¢: R — S — romomopdusm KoJe.
Torya ¢ OCyIIEeCTBIIAET COXPAHSIONIEe BKJIIOUEHUS B3aUMHO-OTHO3HATHOE COOTBETCTBHE
MEYKJTy MHOYKECTBOM IIPABBIX UJIeaJIOB R, coyepxkaniux ker ¢, 1 MHOYKECTBOM BCEX ITPABBIX
ujeasoB KoJbia ¢(R).

2C TouKn 3peHns yHUBEpCaTbHOI anre6pbl KoHCTaHThI 0, 1 MOYKHO TOHIMATE Kak 0-MeCTHBIE OTlepaITyi.
3B aHI0A3BIYHBIX paboTax [yis KoJel 6e3 eJMHUIbI UCIOJIb3yeTcs TEPMHUH <«INE», KOTOPBI BO3HIK
Kak KajaamOyp u3 dbpasel «ring without i (identity)s».



Onpenenenne 1.22. KosbIio HA3BIBAETCS NPOCMbLM, €CJIH B HEM DOBHO jiBa nieasa: {0}
1 BCE KOJIBIO.

JI100oe Teso sBJIsieTcs MPOCTHIM KOJIBIIOM.

KoMmmyTaTnBHOE KOJIBIIO IPOCTO TOTJIA U TOJIBLKO TOT/Ia, KOTJIa BCE €r0 HEHYJIEBBIE dJIe-
MEHTBI OOPATUMBI, TO €CTh OHO SIBJISIETCS TIOJIEM:

eci eCTh HeoOpaTuMblil ssteMedT a # 0, To (a) coCTOMT U3 HEOOPATHMBIX JIEMEHTOB
U TIO9TOMY COOCTBEHHBIIA.

Teopema 1.23 (umeasbr marpudnoro kosbiia). Ecau I < M, (R) — wumean, Torjga s
HekoToporo uueaa J < R Beinosneno I = M, (J).

Jloxazameavcmeo. JokaxkeMm, uaro Tpebyembrii uaean cosnagaer ¢ J; = {(A);1]A € I}.
VYMHOKEHIEM HA MAMpuwHbvle eOUHULbL MOXKHO, OCTaBasiCh B I, 1000 97IeMEHT MaTPHUIIHI
u3 | mepeBecTH B BepxHUil JeBblil yroun: By, BE; = B;;Ey, nostomy I C M,(J;). Ha-
oboport, U3 mMarpuil Bujga jFy, j € Ji, MOXKHO coOpaTh MPOU3BOJIbHYIO MaTpuily X u3
n
M, (J1), ammenno X = > E;;((X);En)Ey;, n mosromy M, (J;) C 1. O
4,j=1
CraenctBue 1.24. KosbIio MaTpuIl Ha [ IPOCTBIM KOJIBIIOM MpOCcTO. B wactHOCTH, MaT-
PUYHOE KOJIBIIO HAJ[ TEJIOM TIPOCTO.

OTMeTI/IM, YTO B MaTPUYIHOM KOJIbII€ Ha/J TEJIOM HET COOCTBEHHBIX niaeaJioB, HO €CTb
cOOCTBEHHBIE OJJHOCTOpPOHHUE HUAeaJabl IIpU 1 > 1.

Onpepenenune 1.25. Yacmuunvii nopadox < Ha MHOKecTBe X — 9TO OTHOIIEHHE, KO-
TOpOE

1. peduekcusno (z < x),
2. anrucummerpudto (r <y, y < T = x =1y),
3. TpPaH3UTHUBHO (x <Y, Yy< 2= < z)

Onpenenenue 1.26. /IBa snemenTta x,y € X Ha3bIBAIOTCI CPASHUMbBLMU, €CITU BBITIOI-
HEHO 110 KpaiiHeil Mepe OJHO U3 yCJoBuUil: ¥ < Yy, ¥y < x. B IpoTUBHOM ciiydae TOBOPHT,
UTO T U Y Hecpasnumvie. JIunetinoid nopadox — IacTUIHBIN TOPSIOK, B KOTOPOM JTIOObIE
JBa dJIECMEHTa CPpaBHUMBI. [[em) B 9aCTUYHO YIIOPAJAO0OYCHHOM MHOXKECTBE — 3TO JIMHENHO
YIIOPSIOUEHHOE TTOIMHOYKECTBO.

IIpumep 1.27.
1. MHOXKeCTBO TeJIBIX 9Hces Z JUHEHHO YIIOPS0IeHO CTaHIaPTHBIM 00Pa30M.

2. MuoxkecTBo nenuTesieil HATYypPaIbHOTO YUC/Ia N YaCTHIHO YIOPSAI09€HO OTHOIIIEHIEM
JEeJIMMOCTH.



3. Ecm S — MHOKeCTBO, TO ceMeilcTBO BCeX ero IOJMHOYKECTB 2° JacTUIHO yIIops/I0-
YeHO OTHOCHUTEJIHbHO OTHOIIEHUS BKJIIOUYEHMUSI.

4. MuokecTBO BCeX IIpaBbIX HAEaJIOB KOJIbIla YaCTHUYIHO YIIOPAJO0YEHO OTHOCUTEJILHO
OTHOIIICHU BKJIIOUYeHd. 10 2Ke MOXKHO CKa3aThb IIPO JIEBBIE U JIBYCTOPOHHUE HUAEAJIBI.

Onpenenenune 1.28. Ilycts Y — MOAMHOXKECTBO YACTUYIHO YIOPSAJIOUIEHHOI'O MHOYKECTBA
X. Daement a € X HasbIBaeTCsd geprheti 2panvto Y, ecan st BceX iy € Y BBIIOJHEHO
y < a. Ecmm qia Y cymecTByer XOoTs ObI OJiHa BepXHsisl I'paHb, TO Y HA3BIBAIOT 02PaAHU-
yenHuM ceepry. Keam BepxHAd TpaHb MPUHAJICKUT Y, TO €€ Ha3bIBAIOT HAUOOADULUM
anemenmom MuoxKecTBa Y. JIBOCTBEHHBIM 0OPa30M OIPEJIE/IAIOTC HUXKHSAS I'PaHb, HAU-
MEHBIIHUI 3JIeMEHT U OTPAHUIEHHOCTH CHUZY.

Onpenenenne 1.29. DeMeHT m YACTUIHO YHOPSIOIEHHOTO MHOXKECTBa X HA3BIBAETCS
maKcumasohoim, ecin Vo € X BepHa nmiutukanust (m < © = m = z). pyruvu ciaoBamu,
Bee aseMenThl u3 X \ {m} smbo menbie m, 1160 He cpaBHUMBI ¢ HUM. MuUHUMAJBHBIN
9JIEMEHT OIPEJIE/IAETCS JIBOMCTBEHHBIM 00PA30M.

JI1060it HAMOOJIBITINIT SJIEMEHT SBJIAETCI MAaKCUMAaJIbHBIM, 0OpaTHOE B OOIIEM CJIydae
HEBEPHO.

MakcuMaIbHBIX 9JIEMEHTOB MOKET OBITh HECKOJIBKO MJIN He ObITh BoBce. HanbosrbIimmit
9JIEMEHT, €CJIU CYIIEeCTBYET, €MHCTBEHEH.

Teopema 1.30 (nemma Llopra). Ilycts B yacTudno yHnopsipodeHHOM MHOKecTBe X # O
JUUTsT KAa2KJIOTO JIMHEITHO YIOPSI0YEHHOTO MTOJIMHOYKECTBA CYIIECTBYET BepXHss rpaHb. To-
ria B X ecThb 10 KpaifHell Mepe OiMH MAaKCUMAJIbHDBIN 9JIEMEHT.

Onpenenenune 1.31. YactuuHo ynopsiiotueHHOE MHOXKECTBO X HA3BIBACTCHA 8NOAHE YNO-
PAJOUEHHBLM, €cITn JTFO00e ero HEIyCTOe MOJMHOXKECTBO COJCPKUT HANMEHBIIIHI 9/IEMEHT.

Teopema 1.32 (Llepmesio). JIroboe MHOKECTBO MOYKET OBITH BIIOJIHE YIOPSIOUECHO.

B cucreme akcuom teopun muoxkects Llepmeno — @penkena semma [lopHa, akcrnoma
BbIOOpa 1 TeopeMa llepmesio normapHo SKBUBAJIEHTHBI MEXK/Ly COOOIA.

Onpe,z[e.neHI/Ie 1.33. MakcumaJjbHbIe 3JIeMEHTEI B MHOXKECTBE BCEX COOCTBEHHBIX IIpaBbIX
naeaJjioB Ha3bIBAlOT MAKCUMAANDHBIMU NPAGHBIMU udeanramu. AHaTIOrUTIHO OIIpeJeJIAI0TCA
MaKCUMaJIbHbIC JIEBbIC U JIBYCTOPOHHUE NAEAJIBI.

U3 TeopeMbl 0 COOTBETCTBUU HJIEAJIOB CJelyeT, uTo ujeasa [ <I R MakcuMmaJseH Toraa u
TOJIBKO Torjia, Koryia R/I — mpocroe KoJIbIo.

Teopema 1.34 (Kpymin). Ilycts R # {0}. Torga Besakuit cobcTBeHHDIN TpaBbIil nieast
I xonbria R JIe2KUT B HEKOTOPOM MaKCHMAaJbHOM MIPABOM Hjease. B dacTHOCTH, MaKCH-
MaJIbHbIE TIPaBble Ueasbl CyIeCTBYIOT. AHATOTMYHbBIE YTBEPXKICHNUsT BEPHBI JJIsI JIEBLIX U
JABYCTOPOHHUX H/JI€AJIOB.



oxaszameavemeo. Ilycts S — MHOXKeCTBO BCeX COOCTBEHHBIX IPABBIX HEATOB KOJIBIA
R, conepxamux I. MbI MOXKeM BBECTH YaCTUYHBIN MOPSJIOK HA S KaK OTHOIIEHUE BKJIIO-

genust. Pacemorpum npousBosibyio 1eib {C) }aep ssementor S. Tomoxum J = J C).
AEA
[Tokaxkem, aTo J — cOOCTBEHHBII IpaBbIil uaeas, cogep:kamuii I, T.e., aro J € S.

Ecmu a,b € J, o a € Cy, u b € C),. Be3 orpanudenns oOIMHOCTH MOXKHO CIATATD,
gyro C), C C),. lostomy a — b € C), C J. Orciona J — ajyuruBHas nogrpymmna R.
Kpowme toro, ectm v € R, To ar € C), C J. Ilosromy J — npassrit ugean. T.x. Bce C)
cobcrBennbie, TO jyist Bcex A € A Boimosnaeno 1 ¢ C), orkyuna 1 ¢ J. CremoBareabHo
J coberennniii. Kpome toro, I C Cy, C J. [losromy J € S, u J — Ben {C)}rea 1O
ITOCTPOEHHUIO.

Taxum 0O6paszsoM, MHOYKECTBO S yIOBIETBOPSIET YCIOBUSM jJeMMbl [lopHa, 3uaqnt, B S
NMEETCH 110 KpalHeild Mepe OJIMH MAaKCAMAaJIbHbBIA 3JIEMEHT. ]

B HYJIEBOM KOJIbBIIE HET MaKCHUMaJIbHbBIX HJI€aJIOB.

IIpumep 1.35. MakucmaJibHbIE HIeaIbI KOJIBIA IEIbIX YUCe] Z — 3TO B TOYHOCTHU HUJIe-
asbl Buja (p) = pZ, rjie p — UPOCTOe TUCIIO.

s kosten, 6€3 eIMHKUIBI TeopeMa HeBepHa, HAIPUMEpP, MAKCUMAJIbHBLIX UICAJIOB HET
B KOALUE C HYAEBbLM YMHodceruem (BCe MOMapHble TPOU3BEICHUs 3JIEMEHTOB HYJIEBbIE),
aJUIMTUBHAS TPyIia KoToporo uzomopdua Q (cm. mpesyioxkenue Jasee).

IIpensioxkenune 1.36. Ilycrs R # {0}. /s sementa a € R ciieyionye yCjIoBUsl SKBH-
BaJICHTHDI:

1. a HeobOpaTum crpasa,
2. @ JIeXKUT B HEKOTOPOM COOCTBEHHOM IIPpaBOM HJIeaJie,
3. a JIeZKUT B HEKOTOPOM MaKCHUMaJIbHOM IIpaBOM HJIcaJIe.

Joxazamenrvcmeo.

1) = 2). Ecau a veobparum cupasa, 1o aR = {ar: r € R} ne comepxur 1, a 3Ha4nT,
SIBJISIETCSI COOCTBEHHBIM.

2) = 3). Teopema Kpysms.

3) = 1). Or nporuBHOIrO, €c/Iu a O6paTHM crpasa, TO 1 HOMaJaeT B ujaeat. ITo MPOTHBO-
PEYUT TOMY, 9TO MaKCUMAaJbHBINA Ueal COOCTBEHHBII. O

HeO6paTI/IMI>H71 9JIEMECHT HEKOMMYTaTUBHOI'O KOJIbIla HE 00g3aH JIE?KATh B COOCTBEHHOM
JABYCTOPOHHEM HJI€aJIE (HpI/IMep — MaTpHUYIHOE KOJIbBIIO Ha/I HOJIGM).

Sagaum K jgekiuu 1.

Bapaua 1. /lokaxkute TeopeMy 0 roMOMOpPQU3MeE JIJisd KOJIEII.



3amaua 2. Jlokaxkute TeopeMy O COOTBETCTBUU UJI€AJIOB.

Bagaua 3. Haiijure obparuMbie 3JIeMEHTBI B TPYNIIOBOM KOJibIle a) FoZs, 6) FoZs, B)
FyZs.

Banmaua 4. Haiigure obpaTuMble 371eMeHTHl B Kosble R[[t]] hbopMabHbIX CTEIeHHbIX Psi-
JIOB HaJl KOMMYTATUBHBIM KOJIBIIOM IX.

Bamaua 5. [lokaxkure, 9T0 B OECKOHEUYHOM KOJIbIIE MHOXKECTBO OOPATUMBIX 3JIEMEHTOB
MOXKET ObITh KaK KOHEYHO, TaK 1 OeckoHeuHO. [IpuBejinTe rnmpumMep KoJiblla MOITHOCTH HE
MeHbIlle 3, B KOTOpOM 1 — eJIMHCTBEHHBIN 00paTUMBbIil 3JIEMEHT.

Bagaua 6. Haiture nientp xosbiia marpuiy M, (R), n > 1, ecim a) R — moste, 6) R —
HEKOMMYTATUBHOE TeJI0, B) R — IIPOM3BOJIBLHOE KOJIBIIO.

Bapaua 7. Ilokaxure, uro eciiu H — noarpynna rpymis! (G, TO rpynmnoBoe Kobiio RH
ABJIIETCA OIKOJILIOM KoJjblia RG.

Bamaua 8. Haiiqure neatp rpymnmnosoro kosibiia RG. Kora oHo sB/isieTcss KOMMYTaTHB-
HBIM?

Bamada 9. Onumure ujeassl B Kosblie F[[t]] dbopManibHBIX CTENEeHHBIX PIIOB HAJL IIOJIEM.

Bamaga 10. Ilycrs ¢: M,(R) — S — romomopdusm. Bepro i, aro ero obpas Ttoxke
u30MOpGEH MATPUIHOMY KOJIBILY HaJI HEKOTOPBIM KOJIbIOM 1’7

2 Moxayaun Had KOJIbIIaMMH.

Onpenenenune 2.1. Ilpasvim modysem M = Mp wam xombiiom R, wim npaBbiM R-
MOJLyJIeM, HasbiBaercst abesieBa rpymmna (M, +) ¢ onpee/IéHHBIME Ha Hefl oleparusiMu
YMHOKEHUSI CIIPpaBa Ha 9JIEMEHTBI KOJIblla R, KOTOpPBIE YI0BJIETBOPSIOT TOXKIECTBAM

Ya,b € M, r,s € R, a(rs) = (ar)s, (a+b)r =ar+br, a(r+s)=ar+as, a-1=a.
CHUMMEeTPHUYHO OIpeIesIAeTcs JeBblii Momyib r M.
IIpumep 2.2. [Ipusesém npumepbl MOJLyJICH:
1. BekTopHOe IpoCTpaHCTBO HAJL IIOJIEM.
2. Begkag abesesa rpyimma 06/1a1aeT eCTeCTBEHHON CTPYKTY POl Z-MOJLYJIA.

3. Konbio R MoxKeT MoHMMAThCA KaK NpaBblit Ri min JieBbIil g R MOJLy/Ib HaJ COOOIL.
Takwne Moy TN HA3BIBAIOT PE2YAAPHBIMAU.



4. JIroboit mpaBbiii (71€BBIil) HgeaT KOJIbIa SBJISETCS TPABBIM (JIEBBIM) MOJLYJIEM.

5. Ilpencrapiaerus rpynnsl G Hal ojeM F COOTBETCTBYIOT MOJIYJISIM HaJT TPYIIIOBBIM
kosbiom FG.

Onpenenenune 2.3. [omomoppusm npaswr R-modyasreii — orobpaxkenne ¢: Mr — Ng,
JIJIT KOTOPOTO

Va,be M, r € R, p(a+b) =p(a)+ ¢(b), plar) = p(a)r.

T'omoMopdu3MBI JIEBBIX MOJLYJIEH OIPEeIe/IAI0TCd aHaJoruaHo. JI1s JeBbIX Moysieii Mbl
6yaem mmucaTh romoMopdusM crpasa: (a)y. Tomomopdusm Moyieit HazbIBACTCS U3OMOD-
Ppusmom, ecTu OH sIBJIsT€TCsSI OMEKTUBHBIM OTOOpazkerreM. Moy, MeK Ty KOTOPBIMU MMe-
ercs u30MOpMU3M, HA3BIBAIOTCST u3omopPrumu (obosnadenne M = N).

Onpepnenenne 2.4. Ilycts M — mnpasseiit R-moaynb. Ero ajymuruBnas nogrpyrma N
HA3BIBACTCA NOOMOJYNEM, €CITI

Vre R Yue N: ur € N.

O6oznauenne: N < M. @axmopmodyav M /N — s1o ajpnrusnas daxroprpynna M /N c
oreparfel yMHOXKEHNST Ha 9JIeMEHTHI Koslblla R, 3amannoit kak (m + N)r = mr + N.

ITpumep 2.5. [loamoaynu Rr — 9TO B TOYHOCTHU TIpaBble UJIEAJBI KOJIbIla R.

Teopema 2.6 (o romomopduzme mogyieit). Ilyers ¢: M — N — romoMopdusmM Moyieii.
Torma ker ¢ < M, p(M) < N u orobpaxenne 7: (M) — M/ ker p, o(m) — ¢~ (¢(m)),
ecTb n3oMophusMm.

Teopema 2.7 (o coorBercrBun noamomyseii). Ilycrs ¢: M — N — romomopdusm mo-
nyneii. Torga ¢ OCyIIeCTBISET COXPAaHLIONee BKJIIOUYEHNUs] B3aUMHO-OTHO3HAYHOE COOT-
BETCTBUE MEXKJIy MHOXKEeCTBOM TojmMosysteir M, comepkaniux ker ¢, u MHOKECTBOM BCEX
noxmoysteit (M).

Onpenenenue 2.8. Mojgyiab M ectb 6nympenHas npAMas CYmma ceMeficTBa CBOUX O/
mogyaeir {M; | ¢ € I}, ecim Beskuit semenT m € M OJHO3HAYHO ITIPEJICTABJISETCS B
BUJIE CYMMBI Y m;, TJae m; € M; u KOJIU4IecTBO HEHYyJIeBbIX m; KoHedHo. O6o3HaudeHNE:
iel
M = M,.
iel
Onpepenenne 2.9. Ilycrs {M;}ie; — cemeiictBo npaBbix R-mojysieii. Pacemorpum aji-

qutuBHyto abeseBy rpyuiy | [ M; Bcex orobpakenuii Buga f: I — | | M;, 1ysi KOTOpBIX
el i€l

f(i) € M;. Tlonaraem (fi + f2)(i) = f1(i) + fo(i). Bamagaum yMHOXKEHHUE CIIpaBa Ha dJe-

meHTwl R: (fr)(i) = f(i)r. Takum obpaszom Mbl onpegesnan Moayab | [ M;, HasbIBaeMBbIit
i€l

npamvim npoudsedenuem momyreit { M;}ic;. Hacro 6biBaer ya00HO 3aMUCHBATH (YHKIIUIO

f BBHIE [ = Hlmi, riae m; = f(i).
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Onpenenenne 2.10. Brewnas npaman cymma @ M; npasbix R-moguyneit {M;}ie;r —
i€l
5710 oMoy b | [ M;, cocrosiiuit u3 Beex dbyukuuit f takux, aro f(i) # 0 Juiib 11 Ko-
i€l
HEYHOTO YHCJIa HHJIEKCOB i. MbI Taxxke OygeM ncnosb3oBarh obosnadenue f = @, ., m;,
rae m; = f(i). 3ameTnm, 9TO mpsMas CyMMa OTJIMYAETCS OT IPAMOrO IIPOM3BE/ICHMUS
TOJIBKO B CJIydae OeCKOHETHOro 1quciaa Momyseit M;. B mambneiimem Ml 6y1eM HCHOIB30-
BaTh CIEIUAIBLHOEe 0O03HAYECHHE JIsi CyMMBI 1 KOIUI OIHOTO W TOro »Ke Mojyis M} =

Mr @ ...® Mg, rie n — HaTypaabHOE YHCIO (B OOIIEM CIydae MPOM3BOJIBHBINA Kap/iu-
- -

Vv
n pa3

nai). B qacrtioctu, R}, — cyMMa n KOIHIT PETYIISPHOrO MOJLYJIA.

Ompenenenne 2.11.

e Cucmema nopooscdmowuz S = {m; | i € I} npaBoro R-momyns M — Takoe moj-

MHOKeCTBO M, uro Begkuii m € M npeicrasisercs B Buje » |, m;r; (Cpejau r; JIUIb
i€l

KOHEYHOe 4HC/I0 HeHyneBbiX). Obosuadenne SR = M, (S), = M wm (S) = M.

Hynepoit MOILy/Ib IIOPOXKIAETCA IIyCTBIM MHOXKECTBOM. MOIyJIb HA3LIBACTCH UUKAU-

YUecrum, eCJaInu OH IIOPOKJTaCTCA OJHUM IJIEMCHTOM 7171, B 9TOM CJIydae 6y,ZLeM IIncCaTb

M =mR.

e Ilommuoxkectso S = {m; | i € I} upasoro Moy M aunetino nezasucumo (crpa-

Ba), ecym Jirobas KOHeYHast CyMMa BHJIA y | 7;7;, TJe eCTh HeHyJIeBble T; € R, Takke
i€l
HeHyﬂeBaﬂ. HYCTOC MHOKECTBO CUUTAETCH JUHEUHO HE3aBUCUMDBIM.

e Basuc monyna M — 3To cucreMa ero MmopoXkKIAMNX S, KOTopas yAOBIETBOPSIET
JI060MY U3 JIBYX 9KBUBAJEHTHBIX ycsoBuii: 1) S jmHeiino HezaBucnMa; 2) mpejicTas-
Jierne Jjioboro m € M B Bujie JIMHEHHO KOMOUHAIIN » | 7,;T; €IMHCTBEHHO. B 3ToM

el
ciyaae M = @ m; R, tine {m;} — oaHO3IEMEHTHBIIT 6;31/10 Moyt m; R.
iel
o (C606001bil R-M00ysb — MOMYIIB, 00JIaIAI0NTHI OA3HCOM.
ITpumep 2.12. IIpuBegem npumMepbl CBOOOTHBIX MOLYJICH.
1. Hynesoit momysnn 0 camraercss CBOOOIHBIM, €ro 6a3MC — IIyCTOE MHOXKECTBO.
2. CrobojHast abejieBa IpyIina = CBOOOIHBIN Z-MOIYITb.
3. BekTopHOE IPOCTPAHCTBO HAJL TOJIEM.

4. Perynspuslit Moaynb Rpg, ero 6asuc — sto {1}.

5. MuoxkecrBo marpur; M, (R) — cBoOOAHbI MpaBblil WK JIEBBIH R-MOyib ¢ 6a31coM
U3 MaTPUIHBIX €JIMHHUII.
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IIpengyoxxenune 2.13. llpasbiit Moy M cBOOOJIEH TOTJIA W TOJIBKO TOTJIA, KOIJIA OH
n30Mopd eH IPAMOi cymMMe KOIuii Moyt Rz 110 HEKOTOPOMY MHICKCHOMY MHOXKeCTBY 1.
[Ipu sTOM jocTaTo4YHO B3ATH [, paBHOMOIIHOE BhIOpanHOMY Oaszucy M.

Jloxaszamenvcmeo.

(=) ycrb {m;};c; — 6a3uc M. Torma ar060e m € M mpencTaBuMO €MHCTBEHHBIM 00-
paszoM B Buje m = y .., m;r;. Paccmorpum N = €, ., Rr u onpejenum orobpakeHue
¢ : M — N no mpasuiy @(> .., mir;) = @,c;ri- Torma p(ar + az) = ¢(a1) + ¢(az) n
o(ar) = p(a)r. Buaaur, p — romomopdusm. OrobpazkeHne  UHbEKTHBHO, T.K. PA3JIOXKe-
Hue 1o 6asucy {m;};c; equncrBenHo. Kpome Toro, ¢ CIOpbEKTHBHO 110 MOCTPOEHHUIO.

(<) Caemyer u3 TOro, 9TO BHEIIHsAS IPsSMast CyMMa SIBJISIETCsI BHYTPEHHEH IPSIMOM CyM-
MOI TTPOEKINiT Ha KazKJ/I0€e MPIMOe CJIaraeMoe. [

Sameuanne 2.14. OrmeTum, 9T0 y CBOOOJHBIX MOYJICH HAJI HEKOMMYTATUBHBIM KOJIb-

IIOM MOTYT OBITH 0a3MChl PA3HBIX MoOIIHOCTEll. B yacTHOCTH, CyIIECTBYIOT Takue KOJIbIa
o 2 n

R, aro nmeercs m3omMopdusM npasbix Mouyseit Rr = Ry, (orkygsa Rr = R} mis Beex

n € N).

IIpennoxxkenme 2.15. Begkuit npasbiit Mojysib Mp m3omopder (hakTOpMOILY/IF0 HEKO-
TOpOro cobojHoro Moy Fg. Ilpu 3TOM MOXKHO CUMTATH, YTO MOIIHOCTH OJHOTO U3
basncoB F'r coBHagaeT ¢ MOIIHOCTHIO BHIOPAHHOTO IOPOXKIAIOIIEr0 MOAMHOXKecTBa Mp.

Jlokazameavcmeso. Tlycrs M nopoxgaercst MHOKeCTBOM S, nosioxkuM Fr = @ Rg. O1o6-

seS
paxenue ¢: Fp — M, @r; — > m;r; — CIOpBeKTUBHBI roMoMOpdu3M paBbix R-
iel el
MOJTyJIel, ero obpa3 nzomopden dakropy Fr 1o ker p. O

IIpengyioxxkenne 2.16. Bce Moyu HaJT TEJIOM CBOOOJIHBI.

Jloxazamenvemeo. Ilycrs M — npasbriit Moty Hagl Tesiom R. Ilyers ) — cemeiicTBO Beex
JINHEHHO HE3aBUCUMBIX TOJMHOXKECTB M | yIIOpsiIOUeHHOE 110 BKJIIOYEHUIO. 3aMETUM, UTO
Q # o, k. @ € (). Pacemorpum npoussosibhyto 1eiib {C) }aea dstementos (2. [Nomoxum

C = U)\GA Ci.

[Tokaxkem, uro C' nuueitHO He3aBucumo. Ilycts mq,...,m, — Jd0O0OBIE N JIEMEHTOB
muozkecTBa C' IS IPOU3BOJILHOIO HaTypasbHOro n. Ilpemmonoxum, €ro ), m;r; = 0
JIIST HEKOTOPBIX 3JIEMEHTOB KoJiblla 1; € R. Beibepem C),, ..., C), Takme, ato m; € C),.
[Tockosbky {Ch}aca — 1elb, TO 6€3 OrpaHutdeHus OOIHOCTH MOYXKHO ciauTarh, 4to C), C
Cy, gt =1,...,n. Tormam; € Cy, miai = 1,...,n. Tak kak C), TUHEHHO HE3ABUCUMO,
011 = ... = 1, = 0. Orciona C' — JuHENHO HE3aBUCHUMO B CHJIY IIPOMU3BOJBHOCTHU
mi,...,my U N.

SuaunTt, () COJIEepPKUT MaKCUMaJIbHbII d/1eMeHT S 10 Jiemme [Hopnua. [Tokaxkem, aro S
— 6azuc M. T.x. S jmHEHO HE3aBUCUMO, TO JOCTATOYHO ITOKA3aTh, YTO S HMOopoxKIaeT M.
Bosbmém npousBosibHblit m € M, He snexaruii B .S. Torma muoxkectBo S U {m} suneiino
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3aBUCUMO B CHJIy MAKCUMAJIBHOCTH S. 3HAUNT, JJI HEKOTOPBIX My, ..., My € S cyle-
CTBYIOT 79,71, ...,Tr € R, He Bce paBHbIE HY/IIO, YTO My + Zle m;r; = 0. 3amerum, 9TO
ro # 0, T.K. uHAYe MbI ObI MOJIYIUIH JUHEHHYIO 3aBUCHMOCTH 9JIEMEHTOB S, UTO HEBO3-
MOKHO B cuty S € (). Hakowner Bocmosb3yemcs TeMm, aro R — tesno. Torma ry obpatum,
OTKYIa M = Zle mgriry t. Mbl Tokasasm, 9to S mopoxkaer M B CHITy TPOU3BOTLHOCTH
m e M. O

3agaum K JeKiuu 2.

Bamaua 1. Ilycts R — KoJbllo, a,v € R, v — 0OpaTuMBbIii 3JIeMEHT, He PaBHBII 1, TpuIém
av = a. Bepno 1, uro a = 07

Bamaua 2. Jlokaxkute TeopeMy 0 TOMOMOPQU3ME I MOJLYJIEI.
3amaua 3. Jlokaxkute T€OpEMY O COOTBETCTBUU TIOJIMOJLYJIEH.

Samaua 4. IlpeabsBure B3anMHO-0HOZHATHOE COOTBETCTBHE JIEBBIX HJIEAT0B MATPUIHO-
r'o KOJIbIIa HaJl KOJIbIIOM R ¢ moaMoyiamu B g R™.

3a,uaqa 5. HOKa}KI/ITe, 9TO y KOHEYHO HOpO}K,ZLéHHOI‘O IIpaBOIro MO/yJigd Ha TEJIOM BCE
0a3ucel coaepzKaT OJMHaKOBOE KOJIMYIECTBO 3JIEMEHTOB.

3apaua 6. [Ipuseaure nmpumep MoIyJisi, He UMEIOIEro Oa3uca.

3amaua 7. [Ipusenure ipumep cBOOOIHOTO MOJLYJIsA, IMEIOIIETO JIBa Da31ca Pa3HbIX MOIII-
HOCTeIA.

Banaya 8. BepHo i, 9T0 1OIMOIY/Ib CBOOOIHOTO MOJLYJ/ISI SIBISETCST CBOOOTHBIM 7

Bamaua 9. Ilpuseaure npuMepbl KOHETHO HTOPOKIEHHOIO HE CBOOOIHOINO U CBOOOIHOIO
He KOHETHO TTOPOKIEHHOTO MOJIYJIei.

3 Henpusoanmbie moayau. Kojbo saugoMopdu3MoB.

Onpenenenne 3.1. Henpusodumwii (npocmoti) modyss M — 5T0 MOIYy/Ib, B KOTOPOM
POBHO JiBa pa3iandHbIxX mogamomys: {0}, M.

Hyepoit Mmoy/ib HE cauTaeM HEIPUBOIMMbIM.
IIpumep 3.2.

1. BekTopHOE POCTPAHCTBO HAJI MOJIEM HEIPUBOJMMO TOT/A U TOJBKO TOTJA, KOTJIa
OHO OJTHOMEPHO.
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2. HempuBommmbie Mojysin rpymmmoBoit anredbpbl FG coOTBETCTBYIOT HEITPUBOIMMBIM
npejcTaBaeHuAM rpyunsl G.

3. Ilpaswriit unean I < Rp HenpuBomuM < [ — MunuMmaibHbl TpaBbiil wmeast (B MHO-
JKeCTBE BCEX HEHYJIEBBIX ujeasioB). Kosblo He 06g3aHO COEPKATH MUHUMAJbHBIE
npasble uieasbl (npumep — Z).

ITpennoxenune 3.3. Ilycrs Mg # 0. Chemyromue yCI0BUS SKBUBAJIEHTHBIL:
1) M HenpuBOIUMbIii;
2) quis Beex 0 # m € M Bomosnmeno mR = M;
3) M = Rr/N mjist HEKOTOPOrO MaKCUMAaJIBHOTO TIpaBoro ujeasa N.

Jlokasamenvcmso. 1) < 2) Hajmune HETPUBUAJBHBIX TIOJIMO/LyJIeli PABHOCUIHHO HAJIMYUIO
HETPUBUAJILHBIX TIOJIMOJTYJIel Bua Rm.

3) = 1) Ilo Teopeme 0 COOTBETCTBUU WJICAJIOB.

2) = 3) Ilycte 0 # m € M, torma orobpaxkenue ¢: Rg +— M, r — mr, — ciopb-
eKTUBHBII roMoMopdusM R-mojyiieit, ero obpas usomopden R/ ker ¢ u HenpuBo M 1mo
1), mosTomy ker ¢p — MaKCHMAJIbHBIN PaBbIil HIeal. O

Caenacrsue 3.4. Henpusomumbie Z-MOIYIH — 9TO B TOYHOCTU KOHEJHBIE ITUKJIMIECKHE
I'PYIIIBI TPOCTOTO TMOPSAIKA.

ITpennoxkenue 3.5. AuruHas abesieBa rpynna Q He cOIEpKUT MAKCUMATBHBIX T0/I-
IPYIII, TO €CTh JId BCAKON coberBennoit moarpymmsl G < Q cymecrByer nogrpynna Go
rakag, 4To G1 < G2 < Q.

Jlokasameavcmso. Ilpeanonoxum, aro G — makcuMmasbHas noarpymma. Torga Q/G —
HEIPUBOJIMMBIN Z-MOJ1y/Ib, T.€. IUKJMYEeCKas T'PYIIa MPOCTOro nopsjaka p. s mobdoro
s+G € Q/G soumonneno p(s+G) = 0+ G. Ilycrs [ — parnuoHabHOE YUC/IO, He JIesKallee
B G. llonoxum s = f/p € Q, rorna f+ G = p(s+ G) = 0+ G. Buauur, f € G.
[Iporusopeune. [

OTMeTI/IM, 9TO AJId KOHETIHO ITOPO2KJJICHHDBIX MO,ILyntI TaKOI'O ITpuMepa IIOCTPOUTDL HeJIb-
34.

Teopema 3.6. [Iycts M — KoHEYHO MOPOXKACHHBIN TpaBblii R-mojynb. Torma Joboit
cobcTBenHbIil oMoy N < M cOepKUTC B HEKOTOPOM MaKCHMAaJIbHOM TIOIMO/LYJIE.

oxazameavemeo. Ilycts M MOPOXKIEH dJIEMEHTAMA My, . . . , My, 3aga1uM () — MHOZKe-
cTBO coOCTBeHHBIX Toamoysteit M, comepsxkamux N. 3amerum, 91o moamonyinb L < M
SIBJIsIeTCS COOCTBEHHBIM TOTJIa M TOJIBKO TOIJa, KOI'/Ia OH HE COJIEPXKUT OJHOBPEMEHHO BCe
9JIEMEHTBI My, . . . , My,. OTCI0Ia

Q={K<M|N<K, {my_, Z K}.
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Ecm {L)}xea — mpomssosbrag nenb B ), To nopoxum L = J,c, Ly, Torma ma
[IPOU3BOJIBHBIX My, Mo € Ly, HafiyTCsa MHIEKCHI A1, Ao € A, aT0 my € Ly, mo € Ly,. Tax
Kak {L)}ren — 970 1e11b, TO 6e3 orpaHryeHus OOIMHOCTH MOKHO CUuTaTh, 9ro Ly, C Ly, .
Orcioma my, my € Ly,, Ho Ly, — nonmomyss B M. 3unauut, m; — me € Ly, C L, oTKy1a
L — ajgymurtuBHag noarpymnmna B M. Takxke mys moboro r € R BbimosiHeHo rmy € Ly, C L.
Suagut, L — nmoamomayas B M.

Tak kak g Becex A € A Bomosneno {m;} | Ly, To nonygaem {m;} | Z L.

Urak, L € 2, a 3Ha9uT, BBINOJHEHBI ycaoBud JiemMmbl [lopna u B M cyrmiecTByer
MaKCHUMAJIbHBIN [TOMO/LYJTh. O

Teopema 3.7. Cuepyromue yeiaoBus i kosblia R # {0} SKBUBaJEHTHBI.
1) R — reno.
2) R cojiepKuT poBHO JiBa npaBbix uieasa: 0 u R.
) Rr — HENPUBOJUMBINA MOJIYJIb.
) 0 — MaKCHMAJIbHBIN MpaBBIi HIeal.
) Kaxkipiit HenyseBoii ssiemenT R obpaTuM cripasa.

6) Bce mpasbie R-Moysi ¢cBOOOJIHBL.
)
)
)

Ol > W

7) Bce koneuHo mopoxKi¢HHbIE TIPaBblie [R-MojIy/in ¢BOOO/HBI.
8) Bce nukimmieckue mpasbie R-MOJIyJ I CBOOO/IHBL.
CymtecTByeT ¢BOOOHBIN HEPUBOIUMBII TIPABBIi [R-MO/IYJIb.

2')-9) JleBble anasoru ycmuosuii 2)-9).

o)

Jlokasamenvcmeso. TlockonpKy 1) CHMMETPUYHO, JOCTATOYHO JOKA3aTh SKBHBAJICHTHOCTD
yeaoBuii 1)-9).

1) = 2) Uneasn, comepxKamuii o6paTiMble 3JI€MEHTHI, HeCOOCTBEHHBII.

2) < 3), 2) = 4) Cpasy u3 onpe/ieseHuii.

4) = 5) Ecim r # 0 He obpaTum crpasa 9J€MeHT, TO 7R — HEeTPUBUAJILHBIN IIPABbIii
UJTEAT.

5) = 1) Bosbmém HenysieBoii r € R, Torja, cornmacHo 5), HaiiaéTcest Takoit s € R, 4To
rs = 1. CHoBa nosib3ysich 5), BbiOepeM Jyisi s Takoe t € R, uro st = 1. 3amernm, 4To
t =1t = (rs)t = r(st) = r. llosromy sr = rs =1, r.e. r oOpaTuM.

1) = 6) okazano pamee.

6) = 7) = 8) Iloaywaercs cpasy.

8) = 9) Ilo Teopeme Kpymis cymecrByer MakcuMasbHbIil npaseiit wiean N. Torma
R/N — menpusoaumblii Moysib. [1o mpeiokernto OH TUKJINYECKU, a 3HAUNAT, CBO-
Gonublil B cuity 8).

9) = 3) Ilycts M — cBOGOIHBII HEPUBOIMMBIIT MOJLY/Ib, B dacTHOCTH, M # 0. Boibe-
peM Tpom3BOIbHBIN 6a3zuc M m BO3bMEM B HEM 110001 3j1eMeHT m. Torga orobpazkenue
r — mr 3a7aét m3omopdusm momayieir Ry = mR. C apyroit croponst, M = mR BBumy
nenpuBoguMocTu. Takum obpazom, Rr = M, a 3ua4uuTt, Rp HEPUBOIMM.

]
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Onpenenenne 3.8. Anzebpa R Ha T KOMMYTaATUBHBIM KOJIBIIOM K — 3TO KOJIBIIO CO CTPYK-
Typoit K-moysist, npuaém Beinosaeno (sr)k = s(rk) = (sk)r pnsa r,;s € R, k € K. Tomo-
mopgusm K -anzebp — 1o orobpazkenne mexiy K-anreGpamu, KOTOPOe OJJHOBPEMEHHO
SIBJISIETCS KOJIBIEBBIM U K -MOJLyJIbHBIM TOMOMOP(HU3MOM.

IIpumep 3.9. [Ipumepst K-amrebp: M, (K), K|[[t]], K[t], KG. Beakoe Koablo MOXKHO
MOHUMATh KaK Z-ajreopy. Takzxke j1000€e KOJIbIIO sB/IIeTCH aJaredpoil HaJi CBOMM IEHTPOM.

Onpepenenne 3.10. Csobodnasn n-noposcoénnan anzebpa K (xq, ..., x,) HaJ KOMMyTa-
TUBHBIM KOJIBIIOM K — MHOXKECTBO KOHEYHBLIX (POPMAJIBHBIX K -JTHHEAHBIX KOMOMHAIUI
YAy, - xi, A € K, caos ot x;, tae I = (iy,...,1;) — KOHEYHBIE YIOPSIOYCHHbIE
i

HaOOPBI HATYPAJIBHBIX unces or 1 710 n (Habop MOXKeT ObIThH IyCThIM). Y MHOKEHHE CJIOB
Ty **c Tj T4, -+ T4, TPOU3BOJUTCA KOHKaTeHaInell, sjmeMeHThl K 11epecTaHOBOYHEL CO CJI0-
BaMM; Ha BCE KOJIBIIO YMHOYXKEHUE TTPOJIOJIZKACTCA B COOTBETCTBUU C JTUCTPUOYTHUBHOCTDIO.
Euauna aarebpbl COOTBETCTBYET IyCTOMY CJIOBY U OTOXKJIECTBJIAETCA € 1k .

Onpepenenune 3.11. Koavuo srndomoppuszmos End M — MHOXKECTBO Becex ToMOMOpdU3-
MoB Mpr — Mp, Ha KOTOPOM 3aJIaHbl orepanuu ciaoxkenus (¢ + ¢)(m) = o(m) + ¥(m)
u ymuoxenus (p)(m) = ¢(1(m)). Posib eIuHUIBI KOJIbIIA BBIIOIHIET TOXK/IECTBEHHOE
oTobpazkenue idy;, HyJg — HyJIeBoe 0TOOparKeHue.

st steBbIx Momysteit amasormarao (m)(p + 1) = (m)e + (m)y, (m)(ey) = ((m)e).

3ameuanue 3.12. [Ipu BeIYHCICHUSIX B MOIY/ISIX YA00HO IUCATH SHIOMOPMU3MBI U CKa-
JIAPBI 110 pa3Hble CTOPOHBI OT 3JieMeHTa MOjyJid. 1IoCcKOIbKY orepaTopbl IpUBBIYHEE TTH-
caThb CJIeBa OT apryMeHTOB, JaJjee MbI OyJIeM pacCMaTpUBaTh IIPEUMYIIECTBEHHO IIPaBble
MOJYyJ/In MR7 XO0Td MHOI'€ PaCCyzKJ/IeHN A €CTECTBEHHBIM o6pa30M IIEPEHOCATCA 1 Ha JIEBLIE.

Kpowme Toro, mb1 Oysem ucnosib3oBaTh 3aimcu Bujia emr, ¢ € End Mg, m e M, r € R,
rjie, 3aMeTHM, PAcCTaHOBKa CKODOK He TpelyeTcs.

n

Teopema 3.13. Ilycte Mg = > M; — xoHeunas: npsimasi cymma. Torma End Mg uso-
i=1

MOPGHO KOJIBILY POPMAALHHL MAMPUY, B KOTOPBIX Ha MECTax ¢ WHJIeKcaMu (i, j) 3amuca-

HBI IIPOU3BOJIbHBIE ToMoMopdu3mel M; — M.

Zloxazameavcmeo. Ilyctsb m; — ecrecrBenHas mpoekius us M wa M;, 1;: — ecTecTBEHHOE
n

sroxenne M; B M. 3amerum, 9o mit; = 6;5idyy; (cumson Kponekepa), Y 1w = idyy.
i=1

Hna f € End Mg paccmorpum “marpuiry” (cemeiicTBo OTO6pa}KeHI/I%) o(f) = (fij),

rae fi;: My — M;j, fi; = 7 ft;. Hanporus, mia cemeiictsa orobpaxkenuit ¢;;: M; — M;
n
TaK’Ke OIpeeseH sumoMopbusM » | ¢;g;;m € End Mp. D10 B3anMuO 06paTHbIe omepa-
,j=1
n n
IIn: z Lj(ﬂ'jfbl')ﬂ'i = ldeldM = f, Z Wj(ngijTl'i)Li = ldegijldMi = ¢ij, Ipn 3TOM
i,j=1 i,j=1

o(f +9) = o(f) +v(9), (e(f9)i = 2_(2(f))ir(©(g))r;- O
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Ilpu My = ... = M, = N nosydaeM cJieyIONuil pe3yabTar.
Caencrsue 3.14. End N} = M,,(End Ng).
Teopema 3.15. End Rr = R, End g R = R.

g BToporo nzomMmopdusMa BazKHO COTJIAIICHUE, YTO TOMOMOP@MU3MBI JIEBBIX MOLyJICH
MUIITYTCA CIIPaBa.

Jloxazameavcmeo. Paccmorpum otobpazkenust m,. € End Rg, comocrasidmoliee x — 1,
TOTZA My + Mg = Myis, MyMs = My, M1 = idp,, OTKyJa OTOOPazKEHHE M: T — M,
siBsieTcst romoMopdusmom koster; R n End Rg. Ero gapo tpuBmasibho: ecim m, = 0,
0 0 = m.(1) = r-1 = r. llycte ¢ € End Rg, Torma mist Bcex r € R BBIIOJIHEHO
o(r) = (1 -1) = p(1)r = mya)(r). lostomy m : R — End Rp sBisiercst OHeKTUBHBIM
romomopdusmoM, oTkyaa R = End Rp.

B ciyuae gR mosaraem cuMMeTpudHoO (z)m, = xr g Bcex € R, u Bce mpoBepKH
IIPOBOISITCS AHAJIOTUIHO. ]

3ameuanue 3.16. Eciu B mpeabiayieit reopeme R — 310 anredpa HaJl KOMMYTaTHBHBIM
KOJIBIIOM K, TO yKa3aHHbIe N30MOPMU3MBI ABIMIOTCA n3oMopdusmamu K -aareop.

Onpepenenue 3.17. Kosbio RPP, npomusonoaooichoe K R, — 9T0 KOJIBIIO € TOM 2Ke abe-
JIeBOI1 TPYIIION 110 CJIOXKEHUIO, YMHOMKEHHE B KOTOPOM < *opp» IIPOU3BOIUTCA B 0OOPATHOM

HOPATKE: T *opp Y = Y * T.

3ameuanme 3.18. Ecjiu Obr MbI nmcagm roMmoMopdu3Mbl JIEBBIX MOJyJeil cjeBa, TO B
upeaplaymeit reopeme End gz R okazaioch 061 m3oMopdHO ROPP.

3agaum K Jjgekiuua 3.

Bamaua 1. IlpuBejgure npumep HEHYJIEBOIO MOJYJ/s, Y KOTOPOI'O HET HEIPUBOIUMOIO
TTOJIMOTYJIS.

Bamaua 2. Ilycts Np — HenpuBoauMbiii R-Mmomyib. Haiianre Bce HeIpuBOIUMBIE TTOIMO-
gy mojyass Mpr = N %.

amaua 3. Ilycts V' — BekTopHOE mpocTpaHcTBO HaJl mojieM F co caéTHBIM 6a3UCOM.
[onoxknm R = End g(V). [lokaxure, aro R = M,,(R) na Bcex n € N.

Sanaua 4. Jlokaxkure, 9TO KOJIBIO (ZO4 %‘;) He U30MOP(MHO CBOEMY ITPOTUBOIOIOKHOMY.

Haiiyiure KoyibIlo 6€3 eMHUIIBI HAUMEHbITIEHl MOITHOCTH, He M30MOP(HOE CBOEMY ITPOTHU-
BOIOJIO?KHOMY.

Bagaua 5. [lokaxkure, 9T0 mpaBblil (J€BbIi) MOLY/Ib HAJ KOJBIIOM R SIBJISIETCS JIEBBIM
(mpaBBIM) MOJLYJIEM HAJ[ KOJIbIIOM ROPP.

17



Bamada 6. Haiijure nporuBonosozxkHuoe K kKosbity Marpuil M, (R). IIposepbre, BepHO 1,
aro (M, (R))°PP = M, (R°PP).

Bapaua 7. Ilokaxkure, 9T0 B yTBep2KAcHUN O MOY/IsgpHOCTH yejaoBue K C N sgBisercs
CYIIECTBEHHBIM.

4 ApTUHOBBLI 1 HETEPOBHI MOIYJIA M KOJIbIIA.

IIpensoxenune 4.1 (moxysnsipuocts). [lycrs K, L, N — moamoynu npaBoro R-mostyiist
Mp, taxne, uro K C N. Torna semomnend| K + (LN N) = (K + L) N N.

Joxazamenvcmeso. Bamerum, uro K + (LN N) C K + L, a takxke K + (LN N) C N
B cuity Toro, uro K C N. Ilosromy K + (LN N) C (K + L) N N. O6patHO, BO3bMEM
ne€(K+L)NN.Tornan=k+l,tneke K,l€e Lyul=n—ke LN(N+K)=LNN,
T.K. K C N. Takum obpaszom, m =k +1€ K+ (LN N). O

Onpepenenune 4.2. Moxynbs M apmurnos, eciin BBIIIOJTHEHO OIHO U3 CJAEIYIONINX SKBHU-
BAJICHTHBIX YCJIOBUIA:

1) Her GeckoHEUHOM CcTPOro yobIBaIOMIEH TernoIky moamoyneir My DO My D ...

2) Besikasi GeCKOHEeUHasi HeCTpOro yobiBatommas mernouka My O My O ... moamoyieit
cmabusudupyemcs (06puwsaemces), T.e. CymecTByeT takoe n, 9to M, = M, = ... ;

3) Jiroboe HelrycToe ceMencTBO oMo Lyseil M cofepKuT MUHUMAJIBHBIA (110 BKJIFOUE-
HUIO) 9JIEMEHT.

Zoxazamesvcmeo Koppexmmocmu.

2) = 1) [oxyuaercs cpasy.

1) = 3) Ilycrp S — Hemycroe cemeiicTBo noamosyseii B M, KoTopoe He COIEPKUT
MUHAMAaJBHOTO 3j1eMenTa. Beioepem Jiroboit My € S. T.k. M7 He MUHIMAJIBHBIHN, TO MOYKEM
B34Tb Takoit My € S, uro My C M. danee paccmarpuBaem Mz C My u .. [lonyuaercs
OecKOHEeUHas CTPOro yOBIBAIOIIAs IEI0YKa, IPOTHBOPETHE.

3) = 2) Beckoneunasi HecTporo yobIBAOIIAsl MEMoYKa 06s3aHa CTAOUIN3UPOBATHCS,
HAYMHAsT ¢ MUHAMAJIBHOTO 3JIEMEHTA.

]

Onpenenenune 4.3. Moayib M 1émepos, ecin BBIIIOJHEHO OJHO U3 CJASIYIONINX SKBUBa-
JIEHTHBIX YCJIOBUIA:

1) mer GecKOHEUHOIT CTPOro 8o3pacmarowseti erouKy mojnmoyeir My C My C ..

2) Besikasi OeCKOHEYHasl HECTPOro 6o3pacmarouas nienodka M; C My C ... oaMoTy-
Jieit M crabuiu3upyercs;

3) BCsiKOE HEIyCTOe CeMeicTBO moaMoyieit M comepKuT MakcumasbHoil (10 BKITIO-
YEHUIO) JIEMEHT.

43710 COOTHOIIEHNE Jlerde 3all0MHUTD B BHJIE (K+L)NN=KNN+LNN,rne KNN =K B cuiy
KCN.
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OrnpeiesieHnst apTUHOBA U HETEPOBA MO/TYJIsT TBOMICTBEHHBI B TEOPETUKO-MHOYKECTBEHHOM
CMBICJIE.

IIpennoxenne 4.4. [lycrs N < M — noamosyib. Mogyns M aptuaoB (HETEpOB) Torma
u ToJBKO Tora, Korjga N u M /N 06a apTuHOBBI (HETEPOBHI).

Joxazameavcmeo apmunosa caywas. 1lycts M aprunos. Torga Begkas HecTporo yobia-
olas 1ernovka moaMoryseit N aBisiercs 1nernovkoit mogamoysteit M, u N Tak»Ke apTHHOB.
Ecm Ly 2 Ly O ... — nenouka nogmoayeit M/N, to 71 (Ly) D 7 Y(Ly) O ... — 1e-
nouka noamoyseit M, rine m: M — M /N — ecrecrBennasi mpoeknusi. Bropasi mernoduka
0OpBIBAETCH, IIO9TOMY OOPBIBAETCS U IIEPBas.

[Iycts N, M/N aprunossl, My O My O ... — nongmomyau M. Pacemorpum 1menovxu
MiNnN2>OMNOND...8 Nu (M +N)/ND(My+ N)/ND ... M/N. Ilycrs 0be
cTabuIM3upyIoTea Ha n-M mare uiu panee. Torga npu i > nus (M;+N)/N = (M,+N)/N
cneayer M; + N = M, + N. Ocraércs BOCIIOIb30BaThCs CBOMCTBOM MOy igpHOCcTH M, =
M,N(M,+N)=M,Nn(M;+N)=DM+ (M,NN)= M+ (M;NN) = M,. O

ﬂOKaBaTeHBCTBO HéTepOBa CJly4dad rILBOI‘/JICTBGHHO BbIHlerI/IBe,ZLéHHOMy.

Caenacrsue 4.5. [Ipsgmvasi cymMmMa KOHETHOIO YHCIa MOJLY/Iel apTuHOBa (HETEpoBa) Toria
1 TOJIBKO TOIJIA, KOTJIa BCE CjlaraeMble apTHHOBBI (HETEPOBHI).

,ﬂon‘asameﬂbcmea ,HOK&SBIB&GTCH I/IH,ZLyKILI/Ieﬁ 110 9HUCJIy CJlara€eMbIX, IIOCKOJIbKY
(Mi®...0& M)/ M, =M &...0 M,
1Ipu n > 1, C UCIIOJIb3OBaHUEM BBIINEIIPUBEICHHOI'O KpUTEPUA. L]

IIpengyoxxenne 4.6. Moy/ib HETEPOB TOI/Ia U TOJIBLKO TOTIA, KOT/Ia KaXKJIbIi €ro 10JIMO-
JIyJIb KOHEYHO TTOPOK/JIEH.

Jlokasameavcmso. dns xq,...,x, € M obosnaunm depes (xy,...,T,) TOIMOJYJb, MO-
POXKAEHHBIN TUME jieMeHTaMu. [lycts nmogmonyas N < M He KOHEIHO TOPOXKIEH. SHA-
ant, HaiiayTes v € N\ {0}, zo € N\ (x1), 23 € N\ (v1,29), u Tak masee. Torma
(xr1) C (x1,72) C ...— CTPOro Bo3pacTarolias MenoIKa moaMoy e B M.

[Iycts BCe opmoysin M koneuno nopoxkiaenol, u My C My C ... — Iernovka mojmo-
[o.¢]

nyneit M. Pacemorpum N = | M;. Ilo yciaoBuio 3ToT 110/1MO/TYJIb TTOPOXK/IEH KOHEYHBIM
i=1
YUCJIOM 3JIEMEHTOB, CKAYXKeM, Ty, ...,T,. Kaxkjbli x; 00g3aH TPUHAIEKATH HEKOTOPO-

My Mj,, 3naqnT, Bce x; npunamiekar My, tae k = max{j; | i« = 1,...,n}. Ilosromy
N = {(x1,...,2,) € M; C N upu i > k. CienoBarenbuo M; = N upu i > k, u nemnodxa
My C M, C ... crabunusupyercsd Ha 1mare k. O

IIpennoxkenune 4.7. Dunomopdusm ¢ apTuHOBa (HETEPOBA) MOJLYJIsI SIBJISETCS U30MOD-
busmMoM TOrJIA U TOJIBKO TOTJIA, KOTJla OH UHBEKTUBEH (CIOPHEKTHUBEH ).
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Joxaszameavcmeo. llycts ¢ € End M, ¢: M — M ciopbektuen, M uérepon. llenb
nommosyneit 0 C ker o C ker¢? C ... crabuiusupyercsa Ha KOHeWHOM Imare n. Taxk Kak
(M) = (M) = M, nna k € ker p umeem k = ¢"(m), onnako torna m € ker "' =
ker ", To ectb k =0, u ker p = 0.

JlokazaTebCTBO I CIydas MHHEKTUBHOIO SHI0MOPMU3Ma apTUHOBOI'O MOJLYJIsI IIPO-
BOJIUTCS AHAJIOIMYHO, TOJILKO Telepb HYZKHO PaCMaTPUBATD IEMOYKY 00pa3oB, a He sjep.

]

IIpensioxenne 4.8 (nemma @urrunra). [Iycrs moayns M ojHOBEDEMEHHO APTHHOB U
HéTepoB, ¢ € End M. Torma mis nHekoroporo n Bbimosaeno M = o™ (M) @ ker o™ (npoms-
BeJIeHNe SHIOMOP(MU3MOB — UX KOMIIO3HUIIUS).

Aoxasamesvemeo. Ilycrs nenoukn M 2 p(M) 2 ¢(p(M)) 2 ... nu 0 C kerp C
ker(p o) C ... crabuiamsupyoTcs Ha n-M Imare win paxee. Torga mis Jjiroboro x €
©" (M) Nker ™ Buimoneno = = ™ (y), 0 = " (x) = p?"(y), orkya y € ker p>* = ker ¢".
[Tosromy x = 0, a 3uaunT, cymma noamoyseit ™ (M) u ker o™ neficTBUTEIBHO IPSIMAasL.
B cuny " (M) = ¢**(M), nius kaxaoro sementa m € M waiinéres takoii p € M, uto
©"(m) = ¢*(p). Toraa MOXKHO IIPEJICTABATE 3JIeMeHT m B Buge m = " (p) + (m —¢™(p)),
e BTopoe ciaraemoe jiexkut B ker ™. ITosromy cymma o™ (M) @ ker ¢™ cocrapiser Bech
MoTyib M. O]

Onpepenenne 4.9. Koabio R apmunoso (némeposo) cnpasa, eciun Rr — apTuHOB (HE-
TepoB) R-Mojtysib. JIeBble aHAIOrH OIpeIesaoTca cumMerpruaao. Kosbio HasbiBaeTes ap-
MUH0BbLM (HEMEPOBIM), €CTT OHO apTUHOBO (HETEPOBO) U CIPaBa, U CJIEBA.

B cuy Toro, uro nogmojysin Rp — 9TO B TOYHOCTU TPaBble HJEaJIbl KOJIbIA R, TO
YCJIOBUS OOPBIBa IIEMOYEK TOIMOJLYJIEH CJIe/lyeT MHTEPIPETUPOBATH KAK YCJI0BUS 00PLIBa
[IeII0YeK IIPaBbIX NJ1€aJIOB.

Caencrsue 4.10. Kosbito R HETEpPOBO clipaBa TOTJA U TOJBKO TOTJIA, KOIJA KaKIbIi
€ro IpaBbIil nJieaJ KOHEIHO TOPOXKIEH.

CrnencrBue 4.11. Eciiu B KoJblle BCe MPABbIE UJI€AJBI TVIABHBIE, T.€. IIOPOYKJIECHBI OJIHUM
9JIEMEHTOM, TO KOJIBIIO HETEPOBO CIIPaBa.

ITpumep 4.12. 7Z nérepoBo, HO Z He sBJIsETCA apTHHOBBIM KOJIBIOM, T.K. (2) D (4) D
... D (2") D ... — GeckoHeUHAsI CTPOro yOBIBAIOIIAS [IETI0YKA UIICAJIOB.

ITpumep 4.13. Kosbio R = (% R) apTUHOBO U HETEPOBO CITPaBa: €r0 HEHYJIEBBIE ITPaBbIE

R
naeaJibl 1CYEPIIbIBalOTCA R, (Q ]R) n R—HOﬂHpOCTpaHCTBaMI/I R-ﬂByMepHOFO BEKTOPHOTI'O
0OR

00
npocrpascTsa (3 ). OnHako R He apTHHOBO M HEe HETEPOBO CJIEBA, TAK KaK €r0 JIEBBIM

HJICAJIOM SIBJISICTCs, B YaCTHOCTH, Besikoe Q-smueitnoe mopnpocrpancrso B (§§).

ITpensioxkenue 4.14. Konewano mopox IEHHbI IIpaBbIit MOy Ib M HaJT ADTHHOBLIM CIIPa-
Ba (HETEPOBBIM CIIpaBa) KOJIbIOM 1R apTHHOB (HETEPOB).
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Joxazameavcmeo. Eciu M nopoxjaercst n saeMeHTaMu, 10 u3 npesoxennii [2.13] 2.15
caeayer, uro M = F/K, rne F' = R},. Cornacuo ciencrsuio (4.5 Fr aprunos (nérepos)
KaK CyMMa MOojyJiell ¢ TakuM ke coiictBoM. ITosromy u ero dpakropmomyis M apTUHOB
(HérepoB) 10 TpeIozKeHuio (4.4 O

CaenacrBue 4.15. Iloamoysib KOHETHO TOPOXKIAEHHOTO IIpaBoro moayias Mp Haj HETe-
POBBIM CITpaBa, KOJIbIIOM KOHEYHO TTOPOXKIEH.

Zloxazameavcmeo. Bcee moamoryn HETepoBa Moty st Mp KOHEUHO TTOPOXKJIEHBI. O

Teopema 4.16 (I'misbepr, o 6asuce). Ilycts R — HérepoBo crpasa Koubio. Torna R[]
TaKKe HETEPOBO CIIpaBa.

Bes doxazameavcmea. Ecnu ycrieem, mokazkem 6oJiee 00Ul pPE3yIbTAT. m

[lasee nmpuBeeHbl KjIacCuuecKue TeopeMbl 00 nzomopdusme Moyseit. Teopemy o ro-
MoMmopduU3Me MOJIyIell TaK»Ke HAa3bIBAIOT nepsoti meopemoti Hémep 06 uzomopgusme.

IIpensioxkenune 4.17 (Bropast reopema Hérep 06 uzomopdusme). Ilyers N, K — nog-
Moy mogyast M. Torma (N + K)/K = N/(NNK).

Jlokasamenvcmeso. Pacemorpum kanonmdeckuit srmmopbusm 7@ N + K — (N + K)/K

u ecrectBenublit Monomopduszm ¢ : N — N + K. Ilonoxum ¢ = 7 o . 3amerum, 4To
kero=NNKu¢p(N)=7n(N)+0=n(N)+7n(K)=n(N+ K). Ocraérca upuMeHnTs K
¢ TeopeMy 0 romMmoMopdusMe. O

IIpensioxkenune 4.18 (Tperbs Teopema Hérep 06 mzomopdusme). Pacemorpum moynn
K <N< M. Torpa (M/K)/(N/K) = M/N.

Jlokasameavcmso. Ilycrs m : M — M/K — ecrecTBeHHasi IPOEKIUs. 3aMETHUM, YTO
k. K < N, 170 NNK < M/K u 7 (N) = N/K. PaccMOTpUM €CTECTBEHHYIO TIPOEKITHIO
my : (M) — m (M) /7 (N). Tonoxkum ¢ = 7y o m;. Torga kerd = ¢~ 1(0 + m(N)) =
7 (7 (0 4+ 11 (N))) = 7y H(m (N)) = N. Takxke ¢ — ClOpbeKIus KaK KOMIIO3HIIUS JIBYX
ciopbexnuit. OcTaérest IPUMEHNTH K ¢ TeOpeMy O TOMOMOP(U3ME. O

JIlemma 4.19 (Ilaccenxays). ITycrs panbr mogymu NV < N < M u K' < K < M. Torga
(N+(NNK))/(N+(NNK) 2 (K'+(NNK))/(K'+ (N'NnK)).
Jokasameavcmeo. Obozuatmm X = NNK, Y =N +(NNK'). Benny K' C K
X4+Y=N+4+(NNK)+(NNK)=N+(NNK).

[TosTomy JsieBast 9acTb B yTBepKAcHAN JeMMbI coBragaet ¢ (X +Y) /Y. Cormacto Bropoii
teopeme 06 mzomopdusme (X +VY)/Y = X/(X NY). Homesysics K/ C K, N' C N u
CBOMCTBOM MO/Iy/IADHOCTH, BBIYUCIIAM

XNY=(NNK)N(N'+(NNnK')=(N'NnK)+ (NNK').
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Mer mokazasu, 1to jeBast dactb nzomopdua (NNK)/((N'NK)+(NNK')). B npeapirymem
paccyxkaennn MoxkHO Besje 3aMeHuTb N #Ha K u N’ u K'. Torna moaydnres, 4To npaBas
YaCTh B YTBEP:K/IEHUH JIEMMbI U30MOpP(MHA TOMY K€ BbIParKeHUIO. O]

Sagaum K jgekiuu 4.

Bamaua 1. [IpuBegure npumep KOHETHO IMOPOXKIEHHOTO MOJYJ/IsI, KOTOPBIH HE SIBJISETCS
HETEPOBBIM.

3anauga 2. [IpuBeauTe mpumep apTUHOBA MO, KOTOPBIN He SBJIA€TCI KOHEYHO IIO-
POXKJIEHHBIM.

Banauya 3. [lokaxkure, aTo 000# apTHHOB TPaBBIl MOJIY/b HAJlI apTUHOBBIM CIIpaBa
KOJIBIIOM $IBJISICTCA KOHCYHO IOPOKICHHBIM.

Banauga 4. /lokaxkurte, 9TO KOJIBIO R apTUHOBO CIpaBa TOTJA U TOJBKO TOIJA, KOTJA
KazKJIbIfl KOHEYHO MMOPOXKIEHHBIN TTPaBbIil [R-MOTY/Ib apTHHOB.

Samaua 5. Jlokaxkute npejjoxenne 2.6 Jjisi apTUHOBBIX MOJyJIei: sH10MOpdU3M (0 ap-
THUHOBA MOJLYJIsI SIBJIIETCS M30MOP(U3MOM TOTJIa U TOJBKO TOIA, KOIJa OH MHbEKTHUBEH.

Bamada 6. [Tokaxkure, 4TO MOJKOJBIO apTHHOBA (HETEPOBA) KOJbIa He 00sg3aTeIbHO
apTUHOBO (HETEPOBO).

Bagaua 7. [lokaxure, uro jyisi jo6oro n > 1 kosbio marpui M, (R) HaJ apTHHOBBIM
(COOTB. HETEPOBBIM) CIPaBa KOJBIOM R TaKzKe sIBJISETCS ApTHHOBBIM (COOTB. HETEPOBBIM)
CIIpaBa.

Bagaua 8. Ilycrs R = F[z] — kosibiio MHOTOWwIeHOB Haji moJieM. [lokaxkure, 910 camo
KOJIBIIO R He sIBJISIeTCsl apTUHOBBIM KOJIBIIOM, HO Jjist Jitoboro 0 # I <1 R dhaKTOPKOJIBIO
R/I — apTtuHOBO.

3anaga 9. [lycts B ycinoBusx jiemvbl Ourtunra Momyinb M — KOHEYHOMEPHOE BEKTOD-
HOE IIPOCTPAHCTBO Ha/T 1ojieM. COOTBETCTBEHHO, SHIOMOPMU3M ¢ — JIMHEHHBIH OIIepaTop.
OxapakTepusyiiTe HAUMEHBIIIEE N, JJIsT KOTOPOI'O BBIITOJTHEHO YTBEPKICHUE JIEMMbI, B TE€P-
MUHAX JTUHEHHON a/reOphI.

5 Komno3umuonnbie psaabl. Teopema 2Kopaana — I'ejib-

nepa. Teopema nyiorHocTu. IlpuMuTUBHBIE KOJIBIIA.
Onpenenenne 5.1. [lycte My C My C ... C M, — tens noamoyeit. Eé i-m garxmopom
Gysem cuntarb dakropmonyib M;/M; 1, i = 1,... n. Ckaxkem, 4TO Helb MOAMOYJIeH

My C M C ... C M/, asragercs ynaomuenuem UCXOnHo# e, ecin n' = n, My = M|,
!
M, = M, u (M;){ sABIAETC TOANOCIEN0BATETLHOCTIO B (M)
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Teopema 5.2 (Ipaiiep). Ilycrs nanbr gape nemnu mogmomyeit: N = My C M; C ... C
M, =MuN =Ny C N, C...C N, = M. Torna cymecrByioT yILIOTHCHUS 0OEHX
ereil OJ[HOM U TOli ¥Ke JIMHBL k 1 Takasl 10JICTaHOBKa o Ha MHOxkecte {1,...,k}, uro
i-it pakTOp yIUIOTHEHUS TIepBOii Teru n3oMopder o (i)-My dhakTopy YIIOTHEHUS BTOPOi
IICIIN.

Hoxazamesvcmeso. Beraum mex ity momymamn M; u M, 1 ogMoayan
M;; = M; + (Mi+1 ﬂNj), J=0,...,n.

Bamernm, uro M; = M;o u M,y = M,;,. Anagornano mexay momynamu N; n Ny
JI00aBUM
Nij=N;+ (Njy1NM;), i=0,...,m.

Torga mo nemme Iaccenxaysa soiomnueno M; j11/M; ; = N1 ;/Ni ;. O

OTrmeTnM, 4TO TeopeMa He UCK/II0YaeT HAJUYUS HYJIeBbIX (DAKTOPOB B YIJIOTHEHUSX.
Onnako ux Oyner oaunakoBoe uuciio. [losromy eciiu B Teopeme Illpaitepa ncxonbie meru
CTPOT'0 BO3pacTasn, TO MOKHO CUATATh, YTO YIJIOTHEHUS TOXKE CTPOT'O BO3PACTAIOT.

Onpenenenne 5.3. Komnosuuyuorhoit pad mpaBoro Moayiasa M — mernodka moaMoyeit
0=MyC M, C...C M, =M, B KOTOPOI1 BCe (PaKTOPHI — HEIPUBOIUMBIE MOJLYJIA.

KoMmo3ununoHHbIil psiJi He MOXKET COJEPKATh MOBTOPSIONINXCS MOAMOJLYJICH, B CHITY
TOro, 4To HyﬂeBOﬁ MO/YJIb HE ABJIACTCA HEIIPUBOJIUMbBIM.

OTmeTrM, 9T0 TOCKOIBKY daktop M;/M; | HENPUBOINM, HE CYIIECTBYET TAKOIO MO-
nynsg N, aro M;_1 C N C M;. lTlosromy s1060e cTporo Bo3pacraroliee yIJIOTHEHIE KOM-
[TO3UIMOHHOTO PsAJIa COBIAIAET ¢ HUM CAMUM.

KoMIosuIuonHbiil psiji ONpeieiéH HeOJHO3HAYHO (9TO BEPHO JaXKe JIjisi BEKTOPHOTO
IPOCTPAHCTBA HAJL TIOJIEM ).

KoMmrosunnonnblii psiji He BCerjia CyNecTBYeT, HAIIPUMED, €ro HeT Y Zy,.

N3 teopemnr [lpaiiepa cpasy moJiydaem Cjeayronmil pe3yabrar.

CaexncrBue 5.4 (Kopgan, [énpaep). [lycrs Mp obiagaer KOMIIO3UIIMOHHBIM DSIJIOM.
Tora BBIIIOJIHEHO CJIe/IyIOIIee:

1) JTrobast KoHedHast CTPOro BO3PACTAOMIAS TIETIOYKA MTOJAMOJLY/IeNl MOKET OBITh YIIIOT-
HEHa, JI0 HEKOTOPOI'0 KOMIIO3UIIMOHHOI'O PAIA.

2) JIymHbBI BceX KOMIIO3UIMOHHBIX PsAJIOB PABHBI, M HAOOPBI (DAKTOPOB JIBYX KOMIIO3HU-
[IMOHHBIX PSIJIOB MOI'YT OBITH YIOPSAZOYEHBI TaK, 9TO COOTBETCTBYIOMINE (DAKTOPHI OYIYT
TONIAPHO U30MOPHBL.

Omnpenenenne 5.5. Eciu momyns M o0saiaeT HEKOTOPBIM KOMIIO3UIIMOHHBIM PSIIOM
0=MyC My C ... C M, = M, 1o GysieM TOBOPHUTb, 4TO (KOMNOSUUUOHHAA) OAUHG
mosyist pasaa n. Obosnadenue [(M) = n.
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CaencrBue 5.6. Hajmane KOMIIO3UITMOHHOTO psjia y Moyt M paBHOCHIBHO OJTHOBPE-
MEHHOI apTHHOBOCTH U HETepoBocTH M.

Jloxaszameavcmeo. BeckoHedHas CTPOro BO3paCTAlONasd WM yOBIBAIOIIAs IETIOYKa, IO
MO/TyJIell He MOIJIa ObI OBITH BKJIIOYEHa B KOHETHBI KOMITO3UITHOHHBIN Psi/I.

Ob6paTHo, ycTh MOJY/Ib HETEPOB U apTUHOB. Torma B CU/Iy apTUHOBOCTU y HETO €CTh
MUHUMAJIbHBIN HEeHyJIeBO# moaMoayab M. 3areM BbIOEpeM MUHHMAJILHBIN d1eMeHT Mo
B MHO>KECTBE BCEX ITOAMO/IyJIei, crporo comepzxkamux M. IIpomomkaem mporece. 3ame-
THIM, 9TO Ha HEKOTOPOM ITlare k MHOYKeCTBO IOJIMOJTyJIel, cTporo cojepxKarmux My, Oyaer
IIyCTO: WHAY€e MbI ObI TOJIYININ OECKOHETHYIO CTPOTO BO3PACTAIOILYIO IEMOYKY, ITO IPO-
TUBOpEYMJIO Obl HETepoBOCTU. SHAUUT, M) = M. O

IIpumep 5.7. Ilycts V' — KoneunoMepHOe BEKTOPHOE IpocTpancTBo Ha moseM F. Torma
KOMIIO3UIMOHHAs JInHA V' COBIAIAeT ¢ Pa3MEPHOCTHIO.

Jlemma 5.8. Ilycrs M — sieBblil wiin mpasblii Moy Ib Hajl KobiioM R u S = End g(M).
Torma cymecrByer kKanonndeckuii romomopdusm koser ¢ : R — End g(M).

Joxazameavcmeo. 1lycts M — sieBbiit R-momyib. s roboro r € R orpeenum oTobpa-
xerne o(r) : M — M upasuiom ¢(r)(x) = re ana moboro x € M. JIns Tpon3BOIBHBIX
x €M us e S umeem

p(r)((z)s) =71 (x)s = (rz)s = (p(r)(2))s,

T.e. (1) — 3MI0MOPGU3M IPABOTO S-MOJLYJIA.
[To ompeiesiernio ¢ sIBJIAETCST TOMOMOP(MU3MOM & TATUBHBIX TPYIIIT COOTBETCTBYIONNX
koJierl. Jlnsa o0bix 1,79 € R u x € M nposepum, 4T0

@(rire)(z) = rirer = @(r1)(r2z) = @(r1)e(r2)(x),

re. ¢ : R — End ¢(M) — romomopdusm Kourer.
st mpaBoro R-mogynst M onpenenerne romoMopdusma ¢ aHagorudto: (z)p(r) =
xr. [

JIemma 5.9 (Ilyp). Kosbio 5810MOPGU3MOB TPOCTOrO MOJLYJIS SIBJISIETCS TEIOM.

Joxazameavcmeo. 1lycts V' — npocroit npaserit mogyiab u f : V. — V' — ero suHmomMop-
dbusm. Ecn f 20, toker f ZV = ker f =0=V X f(V)£0= f(V)=V, re. f —
nzoMopdusM, crayio 6bITh, oH obparum B Kosbile End (V). ]

Onpenenenne 5.10. Iloakosbio S Kojblia JIMHEHHBIX MPeoOpa30BaHUIT JIEBOI'O BEKTOP-
HOT'O IpocTpaHcTBa V' Hajl TejoM [ HA3BIBACTCA NAOMMHGLM, €CIIU JIJI JII00O0M KOHEYHOM

JINHEIHO He3aBUCUMOiT Haj| [D CHCTEMBI 9JIeMEHTOB X1, . ..,T, € V U IPOU3BOJBHOTO HAa-
6opa JIEMEHTOB ¥y, . .., Y, € V CyIIECTBYeT TaKOil 3JeMeHT S € S, 4TO T;S = Y; IPH BCEX
1=1,...,n.
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Tomosioruveckunii TepMUH “IJIOTHOE TIOJIKOJIBIIO OObACHAETCA CJIEIYIONIM 00pPa30M:
kouib10 End (V) Beex sHI0MOPMU3MOB JIEBOTO MOJLYJIsI HAJT TPOU3BOJIBHBIM KOJIBIIOM MOXK-
HO CHa0/IUTh TOIIOJIOTHEH, UCII0JIB3Ys B KadecTBe Da3bl OKPECTHOCTEN HY/Isi MOXKECTBa, BU/IA

Uvi,...,v,) ={p € End (v)|(v1)p=... = (v,)p =0}
JIJIsl TIPOU3BOJIBHBIX KOHEYHBIX TIOMHOXKECTB {v1, ..., U, } Momyis V. Onpejenenue mior-
HOT'O IOJKOJIBIA B TOYHOCTH O3HAYaEeT, 9YTO S IVIOTHO B 3TOI TOIOJIOTHH.

Teopema 5.11 (Teopema mnornocru). [Tycrs M — npocroii mpaBblii MOJIyJIb HaJl KOJIb-
nom R, D = End g(M). Torma M — neBeiit D-Moy/ib (BEKTOPHOE TIPOCTPAHCTBO V' HAT
TesIoM), 1 JIF00OH ssieMeHT 1 € R onpejenser D-jmHeitnoe otobpazkenue ¢, 1 M — M,
3aJIaHHOE TIPABUJIOM M — M1 U OTOOPayKeHHe 1 — (p, SIBJIAETCS TOMOMOP(MU3IMOM KOJIEIT
R — End p(M), npuuém o6pas3 51oro 0TobpazkeHust siBIsieTcs IIOTHBIM TIO0/IKOJIBIIOM.

Jloxazameavcmeo. Jlerko Bujers, aro ecoim d € D, r € Rum € M, to (dm)p, =
(d(m))p, = d(m)r = d(mr) = d((m)y,), T.e. oTOOparkeHne @, sBIsAeTCA D-THHEHHBIM.
To, uTo oTobpazkeHue r +— @, ABJIAETCA TOMOMOP(MU3IMOM KOJIEI, MbI YK€ IPOBEPUIN B
JIEMMe.

JlokaxkeMm cHadaJia CjeyIoliee BCIIOMOraTeIbHOE YTBEPKICHHE:

Ecau V. — xoneurnomeproe nodnpocmparcmeo npocmparncmea pM, um € M\'V, mo
cywecmsyem asemenm r € R maxot, wmo mr # 0 u Vr = 0.

[IpoBeném okazaTeIbCTBO NHIYKIIHEH 110 pa3meprnocTu mpoctpancTsa V. Eeau dim pV =
0, yrBep:xkienne oueBuaHo. [Iycts dim pV =n > 0, eq,...,e, — 6a3uc npocrpancrsa V
u Vj — moAmpoCcTPaHCTBO, TOPOKIEHHOE €1, . . ., e, 1. [lonoxkum K = Ann g(Vy) = {r €
R : Vor = 0}. Bamerum, 9T0 110 IPENIOIOKEHUIO UHIYKIMK (IIPUMEHEHHOMY K M = €,,)
nmeeM e, K # 0. Ho torma e, K = M, tak Kak momynab M mpocroit. Jomyctum, uro u3
Vr = 0 crexyer mr = 0. Oupegenum oroopazkenne t : M — M caeayronmM IpaBIIOM:
ecmn x = eyk, rne k € K, 1o t(z) = mk. IIpoBepunM KOPPEKTHOCTH ITOIO OIPE/ICJICHUSI.
Ecmu k' € K u e,k = e k', 10 V(k — k') = 0 u, nmo gonymenuto, mk = mk’. dcuo, aro
t € D u na moboro k € K umeem mk = t(e k) = t(e,)k, orryna (m — t(e,))K = 0.
Canemosarensuo, m — t(e,) € Vo, u m € De, + Vo = V. [lporuBopeune goka3biBaer
CIPABEJJIMBOCTD BCIIOMOTATETHLHOIO YTBEPKICHUS.

Tertepy ycrs 4, ...,x, € M nuHeiiHo He3aBUcuUMas HaJi [) cucTeMa 3JIEMEHTOB U
Y1, - - - Yn — ITPOU3BOJILHBIE 3jIeMeHTbl Moy M. g Becex ¢ = 1,...,n onpexpeynnm V;
KaK IOJIIPOCTPAHCTBO, MTOPOXKIEHHOE BCEMU 3JIEMEHTAMU X1, . . . , Ty, KpoMe ;. [locKoIbKYy
x; € V;, cymecrByer sjementT a; € R rtakoit, uro Via; = 0 u x;a; # 0. Tak kak M —
pocToit Moaynb, x;a; R = M, T.e. cymecTByer sjaeMeHT b; € R Taxoit, 94ro x;a;b; = ;.
HemocpeicrBenno niposepsiercst, 9to ecau r = a1by + . ..+ a,b,, T0 s = ¢, ya0BIE€TBOpsIET
YCJIOBUIO OIPeIe/ICHUS TIJIOTHOTO TIOJIKOJIBIIA. O]

Onpenenenne 5.12. Ilpawiit R-Momynbs M Ha3bIBACTCH MOYHLM, €CJIA €r0 aHHYJIATOP
B KOJIbIle R paBeH HYJIIO, T.€.

Vre R, Mr=0=r=0.
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Onpenenenne 5.13. Kosbiio R Ha3bIBAETCS NPUMUMUEHbIM (CNPABa,), €CIIH CYIIECTBYeT
TOYHBIN MPAaBBIN TPOCTOU R-MOTY/Ib.

CaexncrBue 5.14. Kosbio R siBiisieTcst IPUMUTHBHBIM (CIIpaBa) TOTJA U TOJBKO TOT/IA,
KOTJIa OHO M30MOPGHO IJIOTHOMY TOJIKOJIBILY KOJIbIIa JUHEHHBIX TpeoOpa30BaHmil JIEBOTO
BEKTOPHOI'O TIPOCTPAHCTBA Ha/Jl HEKOTOPBIM TEJIOM.

Joxazamesvcmeo. llyctb R — IpUMHUTHUBHOE CIpaBa KOJbIO U M — TOYHBIN TTPOCTOI
npaBblit R-Momynb. B cuiy TeopeMmbl IJIOTHOCTH JOCTATOYHO MPOBEPUTH, YTO TOMOMOD-
dusm r — p, UMeeT HyJIEBOE fAJIPO, HO 9TO PABHOCUJIBHO TOMY, YTO MOJYJIb M TOYHBIIL:
ecmn @, = 0, aro 3naunt, uro Mr = 0, orkyma r = 0.

O6parno, nyctsb ¢ : R — End p(V) — unbekruBnblii romomopdusm koserl. Oupeje-
JIMM YMHOXKeHHe 3eMeHTa v € V' Ha sement r € R npasmwiom vr = (v)e(r). Torma V
[peBpalaeTcs B TOYHBIA npaBblii R-moaynb. Ecim 0 # v € V., to g moboro v/ € V
CyIIECTBYET 3jeMeHT 1 € R Takoii, uro vr = v’ (cM. onpejiesenue JIOTHOCTH pu n = 1.)
Cunenosarenbuo, vR =V u V — mpocroit R-MOyIIb. 0

IIpensioxkenune 5.15. Kosbio R siBjisiercst IPUMUTUBHBIM (CIIpaBa) TOTJA U TOJBKO TO-
r7a, Korna B R coJlep:KUTcsd MaKCUMAJIbHBIN MpaBbIil Mjieali, He COJlepzKaliuii HeHYJ/IEBbIX
1/1eaJI0B.

Zloxazameavcmeo. Ilycts Kosibio R mpuMuTuBHO cripaBa 1 M — TIpOCTOi TpaBbIil TOYHBIIM
R-mopynb. Buibepem Jo0oit HenysieBoit sjmementT m € M u paccMOoTpuM roMOMOpGhU3M
npaBbix R-moayseit f @ R — M, 3ajannbiit npasuiom r +— mr jjig Bcex r € R. Torma
f(R) # 0, mostomy f(R) = M u f(R) = R/K, rne K = ker(f). Ilo npemroxenuio (3.3
K — makcumanbhbiit mpaBbiit uigeast. [Iycts I<SRu Il C K. Torma M1 = mRI C mK = 0.
[Tockosbky M — TOYHBIIT MOIY/Ib, 9TO 03Ha4aeT, 9To [ = ().

Obparno, eciim K — MakCHMaJbHBI TPaBBIM Hjeas, He COJepPKAIUil HeHYIeBbIX
JIBYyCTOPOHHUX ujeaoB, 10 R/K — npocroit momyib 10 npejgioxkenuto |3.3, Ecmu I =
Ann g(M), 0 I <Ruus (1+ K)I =0 crenyer, aro I C K. 3naunr [ =0, re. M/K —

TOYHBIN MOJLYJIb. [l
CraenctBue 5.16. [IpocToe KObIO NIPUMHUTUBHO CIIpaBa U CJICBA.

Ounpenenienne 5.17. Wpean [ xosbiia R Ha3BIBAETCA NPUMUMUSHUM (CNPAsa), ecau
koavuo R/I npumumueno (cnpasa).

[Ipumep TPUMHUTHBHOTO CIIpaBa KOJIbIla, KOTOPOE HE SIBJISIETCA MPUMUTUBHBIM CJIEBA,
cozepkuTcs B crarbe Bergman, G. M. (1964), “A ring primitive on the right but not on
the left”, Proceedings of the American Mathematical Society, 15 (3): 473-475.

Sagadym K JeKiuua 5.
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3amaua 1. Haiijiure Bce HEPUBOIUMBIE TIPABbIE MOJLY/IH Ha/l KOJILIIOM BEPXHETPEYTOJIb-
HBIX 2 X 2-MaTPUII HAJ IIOJIEM.

Basmada 2. BepHo /i, 94TO BCAKUI HENPUBOJAMMBIH paBblii R-MOJLy/Ib H30MOP(MEH HEKO-
TopoMy (MHUHUMAJIBHOMY ) HOAMOJYI0 Rp?

3amaua 3. Ilycts moayns M mmeeT KOMIO3UITMOHHYIO JimuHy n. [lokaxkure, 4To J11000it
ero cobCTBeHHBIH MoMOyIb N TakzKe 00J1aaeT KOMIO3UIIMOHHBIM psiziom 1 [(N) < n.

Bamaua 4. Ilycts Ri ob61agaeT KOMIIO3UITMOHHBIM pstjoM. JlokaxkuTe, 9T0 BCAKHIT HEITPH-
BOJUMBI R-MOJLyJIb COAEPKUTCA cpeu (haKTOPOB STOIO PsIIA.

Samaua 5. Haiiaure KOMIIOSUITMOHHYIO JIJIMHY KOJIbIIA BBIYETOB Z, KaK Z-MOJLYJIS.

3amaua 6. Jlokaxkurte, 910 ecin S— IJIOTHOE TOJIKOJIBIIO KOJIbIA JTUHEHHDBIX TPeodpa3o-
BaHUIl JIEBOI'O BEKTOPHOTO mpocrpancTsa V' Hag Tejom D, to D = End ¢(V).

Bagaua 7. [lokaxure, uro eciiu R — npuMuTuBHOE (CIIpaBa) KOJIbIO, TO KOJIBIIO MATPUII
M,,(R) npumurusHo (crpasa).

Bamada 8. [lokaxkure, 4T0 KOMMYTATUBHOE MPUMUTHBHOE (CIIpaBa) KOJIbIO R sBiseTcs
IOJIEM.

Bamaua 9. (Orcyresue obpamenus caencrsus [5.16): Ilycrs R — KOJIbIO JIMHEHHBIX HIPe-
obpaszoBanmii pocrpancTsa V' Haz Tesiom, praém dim D(V) = oo. [okazkure, 910 KOJIb-
110 R IpUMHUTHBHO ClIpaBa, HO HE SIBJISIETCS TPOCTHIM.

6 Iloaympoctbie moayau. llokosb. MI3oTunabie KOMIIO-
HEHTHI.

Ounpenesnienne 6.1. [oaynpocmoti (énoane npusodumoiti) mModyss — 3TO MOJLYJIb, KOTO-
PBIif PACKIAIBIBACTCA B MPAMYIO CYMMY HEIPUBOINMBIX.

OTMmernM, 9TO 9Ta CyMMa MOXKET OBITh KaK KOHEUHOI Tak U OeckoHedHoii. [Ipuaém B
OeCKOHEeYHOM CJlydae OHa HeoOsi3aTeIbHO CUETHA.

IIpumep 6.2.
e HyseBoit MOy /Ib OTYIIPOCT, OH PACKJ/IAIbIBACTCS B IIYCTYIO CYMMY HEIIPUBOIUMBIX.

e Besikoe (B T.9. GECKOHEYHOMEDPHOE) BEKTOPHOE MPOCTPAHCTBO HaJL MOJIEM IOJIYIIPO-
CTO.

e [losympocroit Z-mojysnb — npsiMasi cymMMa (KOHEYHOTO Ui GECKOHEYHOI'O YHCIIA)
IUKJIAYECKUX T'PYIII IIPOCTOTO MOPS/JIKA.
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e I[lonynpocreie FG-MOmynn cOOTBETCTBYIOT BIIOJIHE MPUBOIUMBIM IIPEICTABIEHUSIM
rpymmbt G.

Hamnee xkak oobrano M obo3HavaeT mpasblit R-MOJTyIb.
IIpensioxkenune 6.3. Ilycts M packiazpiBaercs B npsamyto cymmy M = @ S;, rie Kax-
iel
JbIi MotyJib S; HerpuBojmM. Toria 9Ta npgamasi CyMMa COJIEPXKUT JIUIIh KOHETHOE YHCIIO
cJaraeMbIX B TOM U TOJIBKO B TOM CJiydae, Korjga M KOHEYHO TOPOK/IEH.

,ﬂO%GSGm&/LbCTnSO. HyCTb CyMMa KOHE€YHa, TOI'/la MO2KHO CIUTATh, 9YTO HHAEKCHOE MHOXKe-

creo I ={1,...,n}. B cuty HENpuBOANMOCTH KaXK bl MOJLYJIb S; TIOPOXKJIEH JIIOOBIM CBO-
UM HEHyJIeBbIM sjieMenToM. [{ng Beex ¢ = 1,..., n BeiGepem mpousBosbHblii s; € S; \ {0}.
PaceMoTpuM MOyt (S1, ..., Sp) g, HOPOKIEHHBIH SJIEMEHTAMH S, .. ., S,. Torma mMeem
Si € (S1,...,8n)p At Beex © = 1,...,n. CinegoBarensuo, M = (s1,...,5,)p.
O6parHo, mycTb Momynb M KoHedHO mopoxzeH, T.e. M = (mq,...,m,)p. B cuny
pasencrBa M = € S; MOKHO 3amucarhb
iel

my = 51'171 + Si1,2 4+ ...+ Sil,k17

Mo = Si2,1 + 31'272 4+ ...+ Siz,k27

My = S + Sip ...+ Sy oy

rje Kaxpli s;, , € S, .. OTcioa MHIEKCHL 14,5 TPOGEraloT HEKOTOPOE KOHEYHOE MHO-
xectBo B I. Cpean Moyseit Sia, 5 yOepeM MOBTOPAIONNECS U PACCMOTPHM MOJAMOJY/Ib B
M, papmprit mx cymme @ S;, ;. DTOT TOIMOIYIb CONEPKHUT SJNEMEHTEI My, . . . , M, & 3Ha-
AT, COBNMajaeT co BceM Moiyem M. IlpuieM Bce IpsiMble claraeMble S;, ;. Pa3/IoKeHus

M =@ S;, , B3arel u3 pasnoxennsa M = P S;. DTo BO3MOKHO TOJIBKO B ClIyHdae, KOr/Ia
iel
oba 9TUX Pa3JIOKEHUsT COBIIAJIAIOT. O

Jlemma 6.4. Ilycte M = ) S; — Heobsa3aTe/IbHO TpsMast CyMMa HEIPUBOJUMBIX TTOJI-
iel
moayaeit S; < M. Torma M momympoct u, 6osiee Toro, s joboro moamomyias N < M
CYIIECTBYET TaKoe HOAMHOKecTBO nHekcos J C I, ato M = N & @ 5.
jed
Jokxazamensvemeo. Jlokaxkem BTOpOe yTBEDKJEHHE JIEMMBbI, [I€EPBOE MOJIyUAETCH U3 HEro
npu N = 0. Ilycrs 2 — 5T0 MHOXKECTBO, COCTOSAIIEE U3 TAKUX ITOIMHOYXKECTB HHIICKCOB
J C I, aro cymma Bcex momyieil B Bblpaxkenunn N + ) S; sBiserca npamoit. Torma
jed

N #2,Bcury @ € Q (cymma N U HYJIEBOrO MOJIYJIsl, OUEBH/HO, TIPAMAs).

Yuopsaouanm € no Brimodenuio. [Tokaxkem, aro ecim {Fy}repn — menn B 2, 1o F =

(J F) rakske npunagexut ). OT npoTuBHOrO, ycts cymma P = N+ ) S; He apisercs
AEA jeF
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upsamoit. Torypa umeercs pasnoxenue nyias 0 = n+s;, + ...+ s, g HEKOTOPEIX . € N,

sj, € 5j,, Ji € F, npudeMm He Bce 3JI€MEHTHI N, Sj,, . .., S;, paBHbl Hymo. Tak kak F —

910 obbepunenue neru { Fy}rep, TO Hallgéresa unjeke A € A, takoit uro F) comepKut Bce

Jis-- -5 Jk- Cymma N + > S; asisierca npamoit B cuity F) € ). Ognako Mbl HOJTyquIn
JEF

HeTpuBHasIbHOE pasjioxkenue Hyad 0 = n + sj, + ...+ §;,, COOTBETCTBYIOIIEE 3TOH CyMMe
Motysteit, mporuBopeune. Takum obpazom, F' € ().
ITo memme Iopma B € cymecrByer MakcnMasbublii smement J. Ilycrs P = N+ ) S;.
jeJ
B cuny menpusogumoctu S; nepecedenune P N .S; pasuo jmbo S;, amubo 0. [lokaxkem, uro
qtst Beex ¢ € [ Boimostaeno PN .S; = S;. [lpemonokuM npoTuBHOE: yCTh JIJIsi HEKOTOPOTO
ip mepeceuenne PN S, mynesoe. Orcioza iy ¢ J cormacuo onpezenennto P. Jlokazkem, 910

TOIJIa CYMMa BCeX Mo/iyJieil B BbipaxkeHuu N + Z Sj oyaer npsamoii. /leiicTBuTebHO,
jGJU{io}

O=n+s;,+...+8,+5, neN, sgeS,, s; €5, ji€J;

—n—5j, —...— 8, =8 € PNY,,
orkyna 0 = sp = —n — sj, — ... —s;,. Torma n u Bce s;,, ..., s, TOKe PaBHbLI HYJIO, T.K.
cymma N+ ) S; npamas. Takum obpasom, cymma N+ > S; aBigeTcs npsaMoit. 9o
jed jeJUlio}

osnadaer, uro J U {ig} € {2, 4To npoTuBOpeUnT MaKCUMAIBHOCTH J.
Nrak, mbr mokazasu, 91o Jijist BcexX ¢ € [ Bumosineno P N.S; = S;. pyrumu ciioBamu,

S; € P. B 10 xe Bpemss M = »_S; no yciaosuto jgemmbl. [lostomy P = M, [aro u
il
TpebOBAJIOCH JI0KA3aTh. O

OTMeTHM, Y4TO PA3JI0KEHUe MOJLYJIsd B CyMMY HempuBoguMbix M = Y S; Beerjia MOXKHO
iel
IPEBPATUTH B IIPAMYIO CyMMYy, yOPaB 4acTh CJIaraeMbIX. DTO Cpa3y CJAeIyeT U3 IPeIblIy-
meit jemmel ipu N = 0.

Omnpeaenenne 6.5. [logmoayns N < M svideaiemes npamvim CAa2aeMmbiM, €CIU CyIIe-
cryer nioamonyiib N < M (donoanerue do N ) takoii, aro M = N @ N'. Takxke roopsr,
yro N — npsamoe ciaraeMoe Moyt M.

[lomoyiHeHME OTIPeIesIEHO HEOTHO3HAYHO, HO KaK [X-MO/TIyJIn BCe JIOTIOJIHEHUS] N30MOP(d-
HBI (barTop™Moyo M/N.

Jlemma 6.6. Ilycte N < M — monymu. Eciin N Boijensgerca B M npsiMbIM cJlaraeMbIM,
10 N BBIJIE/IAETCd TPAMBIM CJIaraeMbIM U BO BCAKOM Mojysie P, takom uto N < P < M.

Jloxazameavemso. Ilycte M = N @ N'. Bocnosibdyemcst mojtynstpaocTbio: P = M N P =
(N+N)NP =N+ (N'NP). IIpuuem cymma P = N + (N’ N P) okazkeTcss TPsAMOii, T.K.
NN(N'NP)CNNN =0. O
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Teopema 6.7 (kpurepuii ogyIpPOCTOTH MOYIst). Jljist Momysst M cireyrorue yeaoBus
9KBUBAJICHTHBI:
1) M pack/iaJipiBaeTcsi B CyMMY HEIPUBOIMMBIX MO/LYJIEN;
2) M 1oJIyIIpoCT, T.€. PACKJIAIBIBAECTCA B NPAMYI0 CYMMY HEIPUBOIUMBIX MOJLYJIEH;
3) BegKUil OAMOJYJIb BbIjIeisiercss B M IIPSIMbBIM CJIaraeMbIM.

Jlokasamenvcmeso. 1) = 2) Jlokazano pamee.

2) = 1) Tasrosorus.

2) = 3) [okazaHo panee.

3) = 1) Ecim M = 0, To nokasbiBaTh Heuero, fajee npeanonaraem M # 0. Ilycrs
S — cyMMaﬂ BCEX HEMPUBOIUMBIX oMoty ieit mosysas M. Ipemmnonoxum, aro S # M,
torma M = S @ T, T # 0. Paccmorpum 1pou3BOJIbHBIN HEHYJIEBOM TUKITMIECKUI 0T
Mojysib N < T'. Tak kak [N KOHEYHO IOPOXKJIEH, TO MOXKHO HAWTH B HEM MaKCUMAJIbHBIN
cobcTBeHHBIH oMoyt N’ (Teopema . Ho N’ — s10 nmoamotyib He TobKO B N, HO
u B M. 3uaqur, no myskry 3) N’ Beiaensercs npsimbiM ciaraeMbiM B M. Tlo semme
N’ BbIIE/II€TCS IPSIMBIM cylaraeMbIiM U B Mojysie N Toxke, T.e. N = N' @ P. CienoBareib-
Ho, P = N/N'. Torna u3 makcumasbuoctu N’ cyeyer, uro mojyiab P uenpusojum. [To
orpejiesieHuio Moyt S nosaydaeMm, uro P C S. B To ke Bpems 1o nocrpoenunto P C T
Omnako M = S @ T, azuauur, SNT = 0, orkyna P = 0, 9T0 IPOTUBOPEIUT HEIIPUBOU-
MoOCTH MOy P. 3HaqanT, Halre ncxoqHoe mpenoioxkenne S # M oKa3aaoch HEBEPHBIM.
[TosTomy Momyns M coBmajiaer ¢ CyMMOI BCEX CBOMX HEMPUBOIMMBIX TOIMOJTYJIEH. O

CaexncrBue 6.8. Ilycte M = €@ S;, Bce S; — menpusoaumbie moxyiu, N < M. Torga
y mMojysig N ecTb JIONOJTHEHUE ;EI/L:La P Sk, e K C I, nmpuaem N uzomopden (HO He
obs3aTeIbHO paBeH) Mojyio Sk .kIGSanCTHOCTH, ecan N HENPUBOAMMBIiL, TO HAHAETCA
kel\K
takoe i € I, aro N = S;, u pr/I\STOM Ne@s, =M.
J#i

Joxazamenvcmeo. N3 nemmpl 6.4 momywaem, aro M = N & @ Si. Henocpencrsento 1mo
KeK

OTIpeJIEJIEHUTO TIPSIMOIT CYMMBI IIPOBEPSIETCS, ITO

N=M/Ps-Bsi/Ps= D s

keK iel keK kel\K

Ecimm N HenpuBoguM, TO OH He MOXKET ObITh M30MOPQEH IPsAMOil cyMMe, B KOTOPOI
€CThb XOTsI OBl J[Ba HEHYJIEBBIX CJaraeMbiX. BeJb Torma npsiMble ciiaraeMble ObLI ObI HETPHU-
BUAJIbHBIME TToaMoayassMu B IN. SuHaunt, N = S; 1151 HeKoToporo i € 1. L]

= o
°Eciii HeIPpUBOAMMBIX TOIMOJTYJIEIl HET, TO MOJIATAeM CTaHAapTHBIM ob6paszom S = 0. OHAKO JasbIie
MBI YBUAJUM, YTO ITOT CjIyd4ail He peasiu3yeTcs.
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CaenctBue 6.9. [loamomryu n (pakTOPMOILY/IN TOJIYIIPOCTOIO MOJLYJIsd TOJIYIIPOCThI. ['0-
MOMOP}HBI 00pa3 MOJIYIIPOCTOr0 MOJLY/Is TOJIYIIPOCT.

Joxazameavcmeo. 1o npeapayIeMy ¢ieJICTBUAO MTOAMOJIYIN U (DAKTOPMOJLY/IN OKAZKY TCS
M30MOPGHBI MIPSIMO cyMMe MOJyIei S;, re ¢ mpoberaer HEKOTOPOe MOJIMHOXKECTBO B 1.
Ho Bce S; HEIpuBOIUMBL.

[Iycts ¢ : M — N — ciopbeKTuBHbIit roMoMopdu3M Mosysteit, M nosynpoct. Tora mmo
reopeMme 0 romomopduzme N = M/ ker ¢, T.e. N uzomopden daxropmoryito Moryst M,
a 3HAYUT, MOJIYIIPOCT TI0 TIPEJIBIIYIIEMY. O]

IIpengyoxxenune 6.10. Ilycte M — mosynpocToit KOHEYHOTIOPOKJAEHHBIN R-Moy/ib. To-
IJ1a JIo0bIe JiBa pasyioykenusd M B MPAMYIO CYMMY HENPUBOJIMMBIX ITOJMOJLYJIeH cO/lepzKaT
OJIMTHAKOBOE KOHEYHOE YHUCJIO CJIAraeMbIX, M CJIaraeMble B HUX MOTYT OBITH yTHOPSI0YEHbI
TakK, YTOObI COOTBETCTBYIOIIHE OBLIN TOIMAPHO M30MOPQHBI.

Aoxasamenvemeo. Ilycte M = P @ ... & P, = Q1 © ... ® Qp, vae Bce P; u (; nemnpnu-
BouMel. Tak kak Py < M = Q1 @ ... ® @, To P, m30Mopden ogaoMy u3 Momymnei );
B cuity ciescersusd [6.8] C TOYHOCTBIO J10 IepeHyMepanuyl MOXKHO CYUTaTh, 9T0 P & Q.
DTO MO3BOJIAET YJIAJTUTH 3TU CJIAraeMble U OCYIIECTBUTh WHIYKIIUIO TI0 n. baza WHIy K
n = 0 coorBerctByer M = 0 u mycToil cymMMe MOJIyJIeii, JiJisi KOTOPOW BCE BBITOJTHEHO
TPUBHAJILHBIM 00Pa30M. [

[Tycrb { Ny }aea — cemMeiicTBO Beex MaKCMMAJIbHBIX [IPaBbIX 11eaoB Kojbia R. ITo Teo-
peme Kpysist sTo cemeiictBo Herycto ipu R 7 0. BerioMHuM, 910 J11000# HEITPUBO MBI
npasbiit R-Momyas M wusomopden daxropmomymio R/Ny mia mexoropordd| Ny (mpesro-
xkenne 3.3)). Torga cemeiictBo { R/Ny}rea 3aBEIOMO BKIIIOUAET B cebst BCe HEIPUBO/MMbIE
npaBble R-Mojyiu ¢ TOYHOCTBIO 70 u3omopdusma. Beegaém na muoxkectBe {R/Ny}iea
OTHOIIEHNE SKBUBAJIEHTHOCTH KaK M30MOpPGU3M MOjyeil. Beibepem 1o oHOMY IpejcTa-
BUTEJIIO U3 KaXKJIOr0 KJiacca 3KBUBAJEHTHOCTH. 1lo/ydnTcss MHOXKECTBO HEIIPUBOINMBIX
mogyiteit { M., }yer Takoe, YTO IPOU3BOJILHBLI HEIPUBOAUMBIN HpaBbli R-Momyns M u3o-
MOpgeH B TOYHOCTH OJHOMY MOJymio M., n3 sroro MHO}KeCTBaﬂ. B sTom ciryuae Oyzem
TOBOPUTH, 9T0 M — 3T0 M0dYAb KAACCH U3OMOPHUIMA 7.

IIpumep 6.11. B HeKOTOPBIX ciiydadx KJIacChl n30MOpdU3Ma HEITPUBOIUMBIX MOLyJIei
MOKHO OTHCATh OoJiee SBHO.

6 Jl;ist mymeBoro Koablia MBI cauTaeM, 9To 1 = 0, OTKy/ia B CHJIy YHHUTAPHOCTH 1 -m = m moaydaem,
Y9TO HaJl HYJIEBBIM KOJIBIIOM CYHIECTBYET TOJILKO HyJeBoW Mojyib. OH He siBisieTcss HenpusoauMbiM. Ilo-
9TOMY HaJI HYJIEBBIM KOJIBIIOM IIyCTBIM SIBJISIETCSI KAK MHOXKECTBO MAKCHMAJIbHBIX IIPABbIX HJIEAJIOB, TaK
U MHOXKECTBO HEIIPUBOJINMBIX IIPABbIX MO/LYJIEi.

TOTMeTHM, 9TO eCJIM 3aMEeHUTh HelPUBOJANMOCTD Ha JIPYTOe CBOHCTBO MOJIYJIel, TO TAKOTO MHOMKECTBA
MOXKeT U He ObITb. B obmem ciiyvae IOJIydnTCss He MHOXKECTBO, a Kjacc. Hampumep, JBa BEKTOPHBIX
IIPOCTPAHCTBA HA/JL 1T0JIEM n30MOPGHBI TOIJIA M TOJBKO TOIJIA, KOrja ux 0asuchl paBHOMOIIHBL. OgHAKO
MHOKECTBA BCEX Kap/MHAJIOB HE CYNIECTBYET.
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e [Ilyctb R — 310 Tesio. Torma 0 — eIMHCTBEHHBIN MaKCUMAaJIbHBIN ITPaBbIi 1jieal.
SHaYUT, BCE HEIIPUBOIUMBIE ITpaBble R-MOIy I n30MOPQHBI IPABOMY PEryIAPHOMY
moayimo Rp. Ilomyqaercs, aro MuokecTBO { M, } e cOCTORT U3 0AHOTO MOyt Rp.

e [lyctb R = Z. Kak yxKe oTMevajoch, HEIIPUBOAUMBIE Z-MOIYIU — ITO KOHEYHDLIE
[UKJIMIeCKNe TPYIIIBI TPOCTOrO Mopsijka. flcHo, aro ase takue rpyunst Z/pZ, 7./ qZ
He M30MOPQHBI IIpK p # ¢ u3 coobparkeHnnit morHOocTH. [lo9TOMY B KadecTBe MHO-
xkecrBa { M, },er MoxkHO BbIOpaTh {Z/pZ | p mpocroe}.

Omnpenesteane 6.12. Ilycrs M — npoussosbublil npasbiit R-moayis, {M,},er — Bee
HEIPUBOJIMMbBIE [IPABbIE R-MOJIY/IH ¢ TOYHOCTHIO JI0 B30MOphU3MAa.

e [Joxoav monynss M — 3T0 cymMMa BceX ero HEeIPUBOIUMBIX ITOJIMO/LYJIelt:

soc M = Z{N < M | N — menpuBouM}.

o Jlng kaxoro v € I' MOXKHO OLPEIESIUTb U30MUNHY0 (00HOPOOHYI0) KOMNOHEHMY
Moy M Kak cyMMy BCeX HENPHUBOJIMMBIX ITOAMOJIYJIEH Kjacca :

— ~
SOCWM—E{N<M|N—M7}.
NzoTnmHyo KOMIOHEHTY TaKzKe HA3BIBAIOT 7 -U40KOAEM.

B obounx ciyuasgx cyMMUpPOBAHUE IO IIYCTOMY MHOYKECTBY OyJIeM CUUTATH HYJIEBBIM I0/I-
MOJLYJIEM.

N3 nyukToB 1,2 KpuTepus MOJIyIIPOCTOTHI ITOJIydIaeM, UYTO U IOKOJIb, U KazKasd W30TUII-
Hasi KOMIIOHEHTa 3aBEJIOMO SIBJISIIOTCSI TTOJIYIIPOCTBIMU MOIyJIgMU. bojee Toro, soc M —
9TO HAMOOIBIINN MOJYIIPOCTOM MTOAMOLYIb MOy M. B gacTHOCTH, BEpHO CjIeyIoIee.

3ameuanue 6.13. Moayab M 1moJiylpocT Torja U TOJbKO Torma, Korga M = soc M.

OTMmeruM, 9TO B OIpEIE/ICHIHN IOKOJIsI CyMMa He obsi3aHa ObITh mpsimoii. Harpumep,
JIJIsT BEKTOPHOI'O TIPOCTPAHCTBA V' HaJI IIOJIEM, TIOKOJIb SIBJISETCSI CyMMO# BCEX OJTHOMEPHBIX
[TO/IITPOCTPAHCTB, UTO, KOHEYHO, COBIAJIACT CO BCceM V| OJIHAKO 9Ta CyMMa OYEBHUIHO He
npsimas nipu dim V' > 2. Tem He MeHee, IOKOJb MOXKHO IIPEJICTABUTH B BHUJE MPIMOI
CyMMBbI HEIIPUBOIUMBIX MO/LyJiei, yOpaB 4acThb C/laraeMbIX (neMMa upu N = 0). To xe
BEPHO U JIJIsT U30THUITHBIX KOMITOHEHT.

Onpepenenune 6.14. Bnoane unsapuarmmoii moaMmoayab N < M — 310 Takoil moamMo-
nyib, ato @(N) C N mng Beex ¢ € End M.

Ha mpasom momyite Mpi aeficTBYIOT cKaIdpbl N3 R yMHOXKEHUEM CIIpaBa W 9HJIOMOP-
dusmbl 3 End My ymuoxkenuem cjeBa. BrioiHe nHBapUaHTHBIN TOAMOIY/Ib — 9TO abe-
JieBa moirpyiia B M, KOTopast COXpaHsIeTCsl cpa3y 0OOUME JIeHCTBUSIMU.
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Teopema 6.15. [Iycts M — nponsBosbHbIil mpasetit R-Momyib, { M., },er — Bce Henpuso-
JIIMBIE TIpaBble R-MOJy/Ii ¢ TOYHOCTDIO J10 n3oMopdu3Ma. Toraa BBIOTHEHO CIeIyIoIIee.
1) 1loKoJIb PACK/IA/IBIBACTCS B IPSAMYIO CyMMY H30THIIHBIX KOMIOHEHTE

soc M = @8067 M.

vyer

2) Besikast cyMMa HEKOTOPBIX H30THITHBIX KOMIIOHEHT BIIOJIHE HHBapUaHTHA. [Ipyrumun
ciaoBamu, Jutd Jjroboro moaMuoxkectsa [' C ' m 1t Mpom3BOJILHOTO SHI0MOPdU3Ma ¢
Bcero MojtyJig M BBITIOJTHEHO

[0) @socy M| C @5007 M.
ver el

3) Ilycrb M — mostynipocroit Mmojysb, N < M — BriojiHe MHBAPUAHTHBIIN [IOIMO/LYIIb.
Torma naiigércs Takoe mogmuoxkectso I' C I, uro

N = @SOCV M.
yel

Joxasamenvcmeo. 1) 113 onpezesenust OKOJIA cpa3y Moy daeM, 910 soc M = ) soc, M.
yerl’
Beibepem npoussosbhoe vy € I' u obosnaunm P = > soc, M. [nsa gokasarenscrsa
7€M {v0}
IIepBOI'o IIyHKTa JIOCTATOYHO II0Ka3aTh, 4TO MOy KX = PNsoc,, M gBisgerca HyJIeBbIM.

[Ipeamonoxum, aro K # 0.

Moynb soc,, M siBiisiercst cyMMO#l HEIIPUBOJIUMBIX MOJLyJIeil Kjiacca 7o. Y 0upas 4acThb
CJIaraeMbIX, MOXKHO JIOOUTHCS TOTO, 9TOOBI 9Ta CyMMa CTaja HpsMoil (J1emma npu
N = 0). Ognako K — moamMomyib B soc,, M, a snaunt, K n3oMopden mpsiMoit cymme
HEKOTOPBIX HEMPUBOJAUMBIX MOJIyJIeii Kiiacca 7o (cieacrsue [6.8)). Beibepem Kakoii-HUOY/ b
HenpuBo UMb oamoyab K < K wkmacca vg. Torna K' < K < P.

Hasnee 1o oupenenennto soc, M momyns P = > soc, M MOXKHO IPe/CTaBUTH B

yel\{ro}
BHJIE CYMMbBI HEITPUBOIUMBIX MojtyJieil. CHOBa yOupasi 4acThb Cj1araeMbIX, MOZKHO TOJIYIUTh

paznoxkenne P = @ N;, rje kaxapiit Mojuyib N; ABJISETCS HEMPUBOIAUMBIM KaKOIO-TO
el
kiacca v € I'\ {7}. Oxuako momyns K’ toxke nenpusogum, u npu stom K’ < P. Torga
K' nomxken 661Th n3oMopden ofHoMy u3 MojyJiei N; (ciencrsue . O1HAKO 9THU MOLYJIH
3aBEJ0OMO Pa3HbIX KJIACCOB M30MOpdU3Ma, NPOTUBOPEUNE.
2) Ilycts soc, M = )" .S;, tae S; — BCe HENPHUBOIUMBIE MOY/IN Kjacca y. Pacemot-
puM Ipom3BoJbHBLL s1moMopdusm ¢ € End Mpi. Torna ¢(soc, M) = > ¢(S;). Tak xax

8HekoTOpBIE U3 HUX MOTYT OBITH HYJIEBBIMMI
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ker ¢ N S; siBJIsieTCsT TOAMOJLYJIEM B HEIPUBOJAUMOM MOy e S;, To jmbo ker ¢ N .S; = §;,
6o ker ¢ NS; = 0. Crenorarensuo, mubo ¢(S;) = 0, 160 ¢(S;) mzomopden S;. Ilo-
sTOMy 00pa3 ¢(soc, M) cHOBa fABJIsIETCs CyMMO}I HEIIPUBOJAUMBIX MOJLyJIel KiIacca 7, T.e.
@(socy M) C socy, M. Takum 06pa3oM, Kazk/jasl H30TUIIHAS KOMIIOHEHTA fIBJISCTCs BIIOJIHE
MHBapUAHTHLIM oMoty 1eM. Ho jmobast cymMa BIIOJIHE HHBAPUAHTHLIX HOIMO/LYJ/Iei CHOBA
BIIOJTHC MHBAPUAHTHA.

3) Ilycte N < M Bnosse uaBapuanter, u M nosynpocr. Torma N Toxke mosynpocr,
a 3HaunT, N pacK/IaJblBaeTcsd B CyMMY HEIPUBOIUMBIX Moysei. ITosromy

NC soc, M, T={yel|IP<N: P=M,}.

yerl’

Jlnst tokazaresibCcTBa 0OPATHOTO BKIIOUEHUS JIOCTATOYHO MTOKA3ATh, UTO BMECTE C KaK IbIM
HEPUBOAUMBIM mtomoyieM P < N kjacca v Moiyib N COJMEPXKUT U BCIO M30TUIIHYIO
KOMIIOHEHTY soc, M. JIpyrumm cjioBaMu, MBI JIOJIZKHBI IIPOBEPUTH, 9TO ecin P, () — u30-
MopdHBIe HepuBoUMbIe MOAyH, ipudeMm P < N, () < M, 1o BoimosHeHo () < N.

Tax kak P N @ saBiastercs moaMoayiem u B P, u B (), To ymbo P = (), mubo cymma
P + @) npamvag. Ilepsolit cydait HaM TOYHO TOAXOIUT, pas3depém Bropoii. [lo kpurepuro
[IOJIYTIPOCTOTHI TIOIMOTY b P & () < M Bbljie/sieTcst IPSMBIM CJIaraeMbiM, a 3Hadut, M =
PeQaU nnsa uexkoroporo nogamoyis U < M. Ilyers f: P — () — u3omopdusm Mo/ryJieit.
Paccmorpum oTrobpazkenune

0:M=PoQadU—M, p+qgt+ur f(p)+ f'(q) +u.

Torna 6 — sugomopdusm momyas M, npuuém 0(P) = @, a takxke 6(Q) = P. Oxna-
KO Mojysib N BIOJIHE MHBapwanteH u cojepxkut P, a snauur, N O 0(P) = @, 4ro u
TpebOBAJIOCH.

]

3agauyn K jgekiuu 6.

Bapaua 1. [lycte M — noJiynpocToit KOHEYUHO MOPOXKIEHHBIH R-Moty/ib. JlokaxkuTe, 4To
OH 00J1a/]aeT KOMIIO3UIIMOHHBIM DSIIOM ¥ €r0 KOMITO3uIonHas jnHa [(M) paBHa Kosm-
YeCTBY CJIAraeMbIX B MPOU3BOJILHOM pazjioKeHnu N B IpPAMYyI0O CYMMY HEITPUBOIUMBIX
MOJLYJICH.

Bagaua 2. [/lokaxkure, 910 Jisl MOJIYIIPOCTOrO MOy M cieyrommue yCaoBUus PaBHO-
cunbhbl: 1) M aprunos, 2) M uérepos, 3) M KOHEYHO TOPOXKJIEH.

Bamaua 3. [lokaxkure, 9o soc M sBjsseTcss HaAUOOJIBIIIM IIOJTYIPOCTBIM IIOIMOLYJIEM
Moyt M.

3anaua 4. IIpuseaure npumMep HEHYJIEBOTO MOIYJIS C HYJIEBBIM I[OKOJIEM.

34



Bamada 5. [lokaxure, aro soc (soc M) = soc M st mpousBosibHOro R-moynsa M.

Bamagda 6. s kosbiia R MOXKHO paccMOTPETh JBa, MOKOJsA: S1 = soc (Rg) Juist IpaBoro
peryJsisipHoro MojyJist, u S = soc (gR) — mys seoro. Ilokaxkure, aTo

1) S1 u Sy aBisttoTCs MjeasaMu Kosiblia R;

2) S; u Sy He 063aTETHHO PABHBI.

Bana4ga 7. BepHo jiu, 9T0 1OKO/Ib IMUKIXIECKOTO MOJLYJ/ISI ABJISETCH ITUKITIECKIM !

3amaua 8. Ilycts monyns M packiajbiBaercsd B cymmy noamomyiaein M = My + M.
Bepno s, aro soc M = soc My + soc My?

Bamaua 9. Haiture 110KoIb Z,, KaK Z-MOJLYJId.

7 Hz3orunubie KommmoHeHTHI. ITomynpocTrie kogbiia. Teo-
pema Bennepbépna-ApTuHa.

IIpensioxkenune 7.1. Ilycrs {M, },cr — Bce HempHUBOIUMBIE IIPABBIEe R-MOJLYIIHN € TOTHO-

crbio 10 u3oMopdusma. Pacemorpum nosrynpocroit Moy M = @ S;, tae S; Henpuso-
iel
qumbl. s v € T nomoxxum I, = {i € I | S; = M, }. Torna

socy M = @Si.

i€ly

Jloxasamenvecmeso. nga moboro @ € I, Momynnb S; NIpUHAIIEKHAT KIaccy U30MOpQU3Ma, 7,
a 3HauuT, S; C soc, M 10 ompejesleHNI0 M30TUIHOM KOMIIOHEHTHI. Torja BBIIOTHEHO

@D S; Csoc, M, u ocraéres noka3aTh 0OpPATHOE BKIIOUEHUE.
iel,
[Iycte N < M — npou3BOJIbHBII HEIPUBOAMMBIN TIOJIMOLY/Ib Kitacca 7. Tak kak M =

P S;, To KaxpIil a € N eIMHCTBEHHBIM 00Pa30M PACKJIaJIbIBACTCS B CYMMY 9JIEMEHTOB
i€l

si € S;, B KOTOPOil JIUIIb KOHEYHOE YHCJIO CJIaraeMbIX OTJIUIHO OT HyJst. J1s Kaskmoro
1 € I moctpoum romomopdusm ¢; : N — S;, KOTOPBIil CTABUT B COOTBETCTBHUE JIEMEHTY
a € N ero mpoekImio s; Ha mnpsamoe ciaaraemoe S;. Torma siapo ¢; — 3TO MOAMOIYIL B
HenpuBOAMMOM Mojtysie [N, a 00pa3 — IMOAMO/IY/Ib B HEIPUBOJIUMOM MOjyse S;. SHAUHT,
¢; ABasieTcs aub0 n30MopduU3MOM, OO HyJIeBbIM romoMopduzmom. Toraa

B To ke Bpemst N — 3T0 Momynb kiacca 7y, mosromy {i € [ | S; = N} = [,. Takum
obpazom, N C € S;. Onmnako N < M — mpou3BOJIbHBIH HEITPUBOIUMBIN TOMO/YJIb
i€l
KJacca y. 3uadut, soc, M C @ S;. O
i€l
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Benomunm, aro ecim { R} er — IPOU3BOJIBHOE CEMEHICTBO KOJIEIl, MH/IEKCHPOBAHHOE
MHOZKECTBOM ', TO IpsAMOE POU3BEACHHE KOJIEI, TOr0 CeMEHCTBA ONPEIEe/IAeT S KaK MHO-
JKECTBO OTOOPaZKeHHi

[[B =3 T—=|]|R |f(v)eR,

verl’ vel’

C TIOTOYEYHBIME OTepAIsAMU CJIOKeHus u yMHoxkenus. Orobdpakenue f 49acTo ympo0HO

sanucbiBath B Buje f = [[ f(7).
vyel

IIpensioxkenne 7.2. Ilycrs {M, },cr — Bce HenmpUBOIUMBIE IIPABBIEe R-MOJLYIIH C TOYHO-
CTBIO 10 n3oMopdusma. Paccmorpum mostynpocToit mpasbiit R-momxyns M. Tor;:;aﬂ

End M = H End (soc, M).

vel

Loxasamenvcmeo. 3amanum orobpazkenne ¢ : End M — [] End (soc, M). Kazxmomy
vyel
sunomopdusmy f € End M conocrasum [] f,, rae f, moiaraeM paBHBIM OrDAHHTIEHUIO
vyerl’

. Tax Kaxk M30THIHAA KOMIIOHEHTa SOC, M — 9TO BIOJIHE WHBAPHAHTHBIH IOIMO-
socy M
nyns B M, To f., aBiderca eé sunomopdusmoM. Ilpu sTom

(f+9),=(f+9) +g

socy M

= f'y"{'g'y-

socy M

socy M

CHoOBa HOJIB3YACH TEM, 9TO SOC, M BIIOJIHE HHBAPUAHTEH, Oy IUM

(fog)y=(fog) = fvo gy

socy M

socy M

°g
socy M

ﬂaﬂee, YaUTbIBad 9TO Ha IIPAMOM IIPOU3BE/ICHUE Ollepalui 3aJaHbl IIOTOY€YHO, UMEEM

H(f‘*‘g)v:H(fv"f'gw) :va"‘Hgv? H(fog)vzn(fvogv) = Hf’YOHg’Y'

vyel vyel vyel vel vyel vyel vyel vyel

Taxzke ®(id) = id. Takum obpaszom, mocTpoenHoe orobpazkenue P AeHCTBUTEIHLHO SABJIS-
eTcs TOMOMOP]U3MOM.
Tax kax M TOJIyIIPOCT, TO OH COBIA/IAET CO CBOUM ITOKOJIEM, & 3HAYHT, PACKJIA/IHIBACTCS

B CyMMy H30THIHBIX KommoHeHT: M = @) soc, M. Ilosromy ecim orpanndenue f Ha
yel

9HeKoTOpbIe N30THITHbIE KOMIIOHEHTBI MOI'YT GBITH HYJIEBBIMHE, TOL/A HX KOJIBIIA SHIOMOPQI3MOB TOKE
OyayT HyjaeBbiMu. [[03TOMY B 5TOM IpPSIMOM IIPOM3BEJEHNE BO3MOXKHBI HYJIEBbIE MHOXKHTEJIH, KOTOPBIE
MOKHO OTOPOCUTH C TOYHOCTBIO JI0 M30MOpQU3Ma.
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KazKJIyI0 M30THITHYIO KOMIIOHEHTY SOC, M paBHO Hy/IO, TO caM f — 9TO TOXKe HyJIeBOI
sugomopdusm. Orcioga romomopdusm ¢ HHHEKTUBEH.

Ilycrs f, € End (soc, M), v € I' — npoussosbHoe cemeiicTBo su10M0pdu3MoB. Tak
kak M = € soc, M, To Kaxkaplit m € M eIUHCTBEHHBIM 00PA30M HPEICTABUM B BHJIE

~vel
m = Y, m.,, TAe M, € soc, M, u JHUIIb KOHEIHOE UHCJIO HJIEMEHTOB M., OTJIHIHO OT
yel
mysst. Onpegesmm sugomopdusm f moxyns M no upasuny f(m) = @ f,(m,). Torna
yel
O(f) = I[ fy, orkyzma cienyer cropbekTuBHOCTE D. ]
vyerl’

IIpengyoxxenune 7.3. Ilycrs D — npousBosibHoe Tejio, n € N. PaccMoTpuM MHOXKeCTBO
D" = {(dy,...,d,) | d; € D}, smemeHTBI KOTOPOr0 MBI Oy/IeM CIUTATH CTPOKAMHU C TIO-
KOODJIMHATHOM omeparmeil ciaokeHus. 3aauM Ha D™ cTpyKTypy MPaBOro MOJYJIA HA/T
KoJsibIioM Marputi R = M, (D) mocpejcTBOM yMHOMXKEHUs CTPOKU Ha ManI/ILLyH cIIpasa.
Torna D™ aBisgeTcs HENPUBOAUMBIM [R-MOJTyJIeM, U IIPU 9TOM €ro KOJIbIIO SHJI0MOPMOU3MOB

End (D}) = D.

Jloxazameavcmeo. PaccMOTpUM MTPOM3BOJIBHYIO HEHYJIEBYIO CTPOKY v = (vy,...,v,) €
D™ uycrs v; # 0 miag mekoroporo i € {1,...,n}. Ilokaxem, uro mogmoayns vR <
D™, nopoxiénHbIil v, coBnagaer co Bcem D". [l kaxmoro j € {1,...,n} paccmorpum

MaTPUYHYIO eJuHuIly Fjj, Torja

v-Eij-(v;'E)=(0,..., 1 ,...,0).
J-4 IIO3UInUA
SuaguT v R COMEepKUT BCe CTaHIapPTHBIE DA3UCHBIE BEKTOPBI, CKIAIbIBAS UX W yMHOMKASI
Ha CKaJIAPHbIE MATPUIIBI, MOXKHO IIOJIy4YUTh JII000i BekTop n3 D",

Bamaaum Ha D™ cTpyKTYypy J1eBOro D-MOIyJIst IIPY IIOMOIIIN OIIEPAIUN Y MHOYKCHUS BCEX
9JIEMEHTOB IPOU3BOJILHOI cTpoku v € D" na d € D cnesa. Oupesemy orobpazkenud |
¢ D — End (D%}) no upasuiy ¢(d)v = d - v, nas Beex d € D, v € D™. Torma s Beex
d € D, vy,ve € D", Ay, Ay € M,,(D) BbIIIOIHEHO

¢(d)(U1A1 + ’UQAQ) = dUlAl + dUQAQ = (Qb(d)’l]l)Al + ((b(d)UQ)AQ,

a 3HaInUT, ¢(d) JeHCTBUTENbHO siBJsieTcs HpoMopdusmoM D" Kak TpaBoro R-Moyiis.
IIpu sToM TpuBHAIbHBEIM o0paszoM ¢(dy + dy) = ¢(dy) + ¢(dz), ¢(didz) = ¢(d1)P(da),
¢(1) = id, caemoBaresibHo, ¢ — roMoMopdu3M KOJIell,

0B srom ciryaae M, (D) MOXKHO ecTeCTBEHHBIM 00Pa30M OTOKIECTBHTH C KOJBIOM HIOMOPMU3MOB
D™ kax sieoro D-momyus, em. caegcrsue [3.14] Tora yMHOKEHIE CTPOKH Ha MATPHUILY OKAYKETCS HE T€M
WHBIM, KaK JIEHCTBAE COOTBETCTBYIOIIErO SHIOMOP(U3Ma Ha CTPOKY.

1310 roMoMOPdI3M KOJIel] I3 TeOpeMbI IJIOTHOCTIL.
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Anpo ker ¢ saserca uneanom B D, vHo D — rteno. Ilpuuém ¢(1) = id, mosromy
ker¢p # D, otkyna ker ¢ = 0 u ¢ uabektuBen. OcTajgoch MPOBEPUTH CIOPHEKTHUBHOCTD.
Pacemorpum npoussosbabtii f € End (D). Iycrs

Torna mist Ipon3BoIBHON ¢TPOKH (dy, . . ., d,) € D™ BBIIOJHEHO
d1 dn dl dn
0 ... 0 0 ... 0
f(dl"“’dn):f (170"..’0)‘ DRI DY ... :f(l’o".’())‘ DEEIY DY D -
0 0 0 0
dp ... d,
0O ... 0
= (da *, ) *) = (ddla . 7ddn) =d (d17 7dn)7
0O ... 0
OTKY/1a CJIEJIyeT CIOP'bEKTUBHOCTb. O

BenomunMm, aro npassbrit miaean N kosbiia R Ha3biBaeTCst MUHUMAJIBHBIM, ecin N £ ()
U OH He COJIEPXKUT B ce0e HMKAKWX JIDYTUX MPaBbIX HeajoB KpOMe HyJIsd M caMoro ceds.
Henpusoaumble oMo/ 1ysin KOJIbIa KaK [IPaBOro MOJTyJIst HaJL c000it R — 9TO B TOYHOCTHU
MUHUMAJIbHbBIE TIPaBble UJI€AJIbI.

CaencrBue 7.4. [lycte R = M, (D) — xomabio marpui zHaj teaoMm D. Jlns kaxmoro
1 =1,...,n pacCMOTPHUM ITOJIMHOYKECTBO

o 0 ... O
w
‘/i = ;1 Az ... Qip Qi1y .oy Aip € D - Mn(D>,
o 0 ... 0
COCTOSIIIEee U3 BCEX MATPUI], ¥ KOTOPBIX CTPOKHU ¢ HOMepamu 1,...,¢2 — 1,4+ 1,...,n HY-
sesble. Torma Vi(n) — MUHUMAJILHBIA NpaBblil ujeays Koablia R. [Ipudém ero Koo sH-

JoMopduU3MOB Kak IpaBoro R-momyis End Vi(n) =D.

Zloxazameavcmeo. V3 nmpaBuyi MaTpUYIHOIO NIPOU3BEJICHHUS Cpa3y IOJIydaeM, ITO Vi(") —
npaBblii uieas. Ilpuaem V;.(n) mzoMopden D™ kak mpaBomy Mmogyio Hagx R = M, (D).
Ocra/loch TPUMEHUTH MIPEIBIIYINee PeI0KeH e, m

Teopema 7.5 (Mosnn, Bemep6épu, Aprun). Creyromue ycioBust SKBUBAJICHTHBI.
1) Moaysnb Rp mosympoct.

38



1’) Moxynb gR mosymnpocr.
2) Kosbiio R packiiaapiBaeTcss B KOHETHOE TIPSIMOE TPOU3BEICHUE KOJIET, MATPHIL HaT
TeJIaAMU:

R M, (D) x ... x M, (Dy),

rJie 9UCA0 k OIPEJIeJICHO eIMHCTBEHHBIM 06pa3oM U mapel (ni, Di), ..., (ng, Dy) TOXKe
OIPEJIEJICHBl OAHO3HAYHO C TOYHOCTBIO [0 IE€PEHYyMEDAIUU I 3aMEHbI Tel Ha H30Mopd-
HbIC.

Jlokazamenvcmeo (eduncmeennocmov pasaoscenua nokascem nozonee). B cuity cummer-
PHUYIHOCTH YCJIOBHUST 2) JOCTATOTHO ITOKA3ATh, 9TO 1) < 2).
1) = 2) Peryusapusiit Monyab Rp 3aBEIOMO KOHEYHO MOPOXKJIEH, T.K. ITOPOXKIACTCS
ozHOM Juih equHuIel. OnHOBpeMeHHO Rp MOIYIPOCT, a 3HAYUT, OH PACKJIAIBIBACTCS B
d
KOHEUHYIO TPAMYIO CyMMYy HEIPHBOAUMBIX ojnMomysteii R = @ I; (upemnoxkenne [6.3).

=1
HerI/IBO,ILI/IMI)Ie IIOAMO/YyJ/IN B RR — 9TO B TOYHOCTHU MMHUMaJIbHbIC ITpaBble NJcaJIbl KOJIb-

na R.

Beeném na muoxectse {Iq,...,[;} OTHOIIEHHE SKBUBAJEHTHOCTH KaK M30MODPMOU3M
mostysteit. O6o3HaInM depe3 k KOJUIeCTBO KJIACCOB 3KBUBAJIEHTHOCTH. C TOYHOCTBIO J10
IepeHyMepalii MOXKHO CUUTATh, 9TO [1, . . ., [ — IpeJIcTaBUTEIN BCEX ITUX KaaccoB. Jis
KazKJoro j = 1,...,k HOJOXKUM 7; PaBHBIM MOIIHOCTH j-TO Kijacca. Torja, rpynmmupys
m3oMopdHbIe claraeMble, MOXKHO 3amucarb Rp = I1" @ ... @ [['*, rie noaraem I;-Lj =
I;&...®1; (nj pa3). B cury npemyiozkenust [7.1| MbI 0Ty 9uin pasJiozKeHne MOJTyIIPOCTOrO
MOy Rp Ha €ro OJHOPOIHbIE KOMIIOHEHTHI /.’ C TOYHOCTBIO ;10 m30Mopdu3Ma. Ilo
Teopeme R = End Rg. Ilo upenjioxennio End Rp = End I7" x ... x End I;'*. Ilo
CJIC/ICTBUIO BbIIIOSIHEHO End I;Lj = M,,(D;), tne D; = End I; apnserca TenoM 1o

k
nemme Hlypa. Takmv obpasom, R = [ My, (D).
j=1

2) = 1) dna j=1,...,kobosnaanm R; = M, (D;). Ilpumennm cregcrsue . Toraa
R; = Vl(”j ) @ VQ("j ‘o ... @ Vn(fj ) IpsiMast CyMMa IpaBbIX R; -MoJyiIeil, mpuaéM Bce
(nj) (n;) o " . ..
Vi, ..., Vo ?) menpusoaumMbl. 3HauuT, [2; — HOIynpocToii IIpaBblit MOJLy/Ib HaJl cOOOIL.
[To ycnoBuio R = Ry X ... X Ry. Obo3naunm,

Wij = (Onyy- ., On, , V™, 0 On)CR, j=1,... ki=1.. n;.

Mjg1 0

o n;j o o
Torpa W;; — npasblii njeas xkosbla . Tak Kak Vi( 2 HeIPpUBOJUMBI IpaBblil [2;-MOJTyIIb,
To W;; — HenpusoauMblil npasbiit R-Moryib. Torga

k nj
Rr=@P(0,....0.R;,0,....0) = PP W

j=1 7j=1 =1

SABJISIETCS Pa3J/IO’KEHUEM B CYMMY HENPUBOJIUMBIX R-MoyJieit, oTKys1a Ry mosymnpoct. [
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Omnpenenenne 7.6. Koabno R Ha3biBaeTcst na/LynpocmbmH, eciu Rp (9KBUBaJIEHT-
HO rR) sBJIsIeTCs] MOJYIPOCTBIM MOJIyJIeM. JIjisi TaKuX KOJIel TaKyKe UCIOJIb3YIOTCs Tep-
MUHBI KAGCCUMECKYU NOAYNPOCTNOE KOALUO U BNOAHE NPUBOOUMOE KOALUO.

ITo Teopeme Bemnepbépaa- ApruHa, OJIyIIPOCTOE KOJIBIIO BCETIa N30MOPMHO KOHETHO-
MY TPSMOMY ITPOU3BEJIEHUIO KOJIEI] MATPHIL HA/I TEJIAMU.

IIpeagioxkenune 7.7. IloxymnpocToe KOJIBIO sIBISETCS apTHHOBBIM U HETEPOBBIM KaK CIIpa-
Ba, TaK U CJIEBA.

Joxaszamenvcmeo. Mogynb Rp pacKiaaaplBaeTcs B KOHEUHYIO MPSMYIO CyMMY HEIPUBO-
JIUMBIX TOAMOLyJIeit. Kask Iblii HelpuBOIUMBL MOYJIb ABJISeTCS U ADTUHOBBIM, 1 HETEPO-
BBIM TPUBHAJILHBIM 00pa3oM. OHAKO KOHETHAs IPsSMasi CyMMa apTHHOBBIX (HETE€POBBIX )
MozLysiefi cHOBa apTHHOB (HETepoB) Mozysb (cieacrsue [4.0)). [na rR paccyzkaeHus aHa-
JIOTHIHBI. ]

IIpengyioxxenune 7.8. Ilycts R — nosympocroe KoJibilo. Torja Bce mpaBbie U BCe JIEBbIE
MO/IYJIA HaJ, HUM SIBJISTFOTCS TIOJTYIIPOCTHIMH.

Joxazameavcmeo. Kaxprit mojynb M sBiasgercs haKTOPMO/LyIeM HEKOTOPOTO CBOOO/IHO-
ro moaysst F')re. M = F/K s nopxoagriero nojamoyias K < F (npemioxenmue [2.15)).
B 1o ke Bpems ¢cBOOOIHBIN MOMY/IbL M30MOPQEH IPAMOI CyMMe HEKOTOPOro KOJIUYIECTBa,

Komuit peryssipaoro mounysst: F' = @ Ry (npeoxenne [2.13). Oxnako Moaynb Rp mosy-

i€l
IIPOCT, T.e. ABJIAETCA CYyMMOI HENPUBOAMMBIX ogmosyseit. Ho Torma F' Toxke okaxkercs
CYMMOI HENPUBOJIMMBIX, cJejioBaTe/ibHo, [ nosympoct. [Ipu stom M — dakTopMomLy/ib

MOy F', & 3HAYUT, TOXKE IMOJTIyIIPOCT. O

Sagaum K JeKnuu 7.

Saza4da 1. Ilycte M — KOHEYHO HOPOXKJIEHHBIN MOJYJIb HaJl IIOJIYHPOCTBIM KOJIBIIOM.
Hokaxwure, aro kosbio End (M) nomymnpocro.

Bagaga 2. dBigercd i MOJyIPOCTBIM KOJIBIO JIEHCTBUTEIBHBIX BEPXHETPEYTOJIbHBIX
2 x 2 matpui?

Ba,ua‘{a 3. HOKa}KI/ITe, 4T0 JII060€ I10JIe ABJIACTCI IIOJIYIIPOCTBIM KOJIBIIOM.

Bamaua 4. Ilokaxkute, 9T0 HU /I KaKoil KOHeYHOW Ipymibl G rpynioBoe Koiabio ZG
He TIOJTyITPOCTO.

Bagaua 5. fisierca s nostynpocTsiM Kostbiio M, (Z)?

12norna 9TOT TEPMUH MCIOJIL3YeTCs B JPYTOM 3HAaYeHHH. JlasbIe MbI BCTPETHMCS C HOJIYIPOCTEIME
KOJIbIIaM# B cMbIcye JI2KeKobCcoHA.
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3amaua 6. [lokaxkurte, 4T0 npsiMoe Tipousseienne Kojel R = Ry X Ry 1o/IymmpocTo Toria
U TOJILKO TOTJIa, KOIJIa MOJIYIIPOCThI COMHOKUTEN Ry n Rs.

Bamaua 7. Ilokaxkute, 94TO0 TPOM3BOJIBHIO Hjeasa [ TOJYIPOCTOro Kojblia R dakTop
KOJIbII0 R/ ToXKe mostympocTo.

8 Onmucanune HENPUBOAMMBIX MOIYJIEI HAJI IIOJIYIIPOCTHIM
KoJiblioM. Teopema BemnnepbépHa-ApruHa JIJjIst IIPO-
CTBIX KOJIell 1 JJIs ajaredp Haja moJjgem. Aaredbpa Beii-
JId.

Teopema 8.1 (Omnmcanue HEIPUBOAMMBIX MOJIyJIEil HaJ| MOIYIPOCTHIM KOJIbIOM). Ilycrh
R — nonynpocroe Kosbio. Tora 1000t HETPUBOAUMBINA MIPaBBIil [R-MOTy/Ib m30MOpdeH
HEKOTOPOMY MUHUMAJILHOMY HpaBoMy Hjeasy Kojblia R. Jlamee mycTh M3BeCTHO Pasiio-

xkenne R = M, (Dy) x ... x M,, (Dy). Oboznaanm

0O 0 ... 0
‘/;(nj) = ;1 Qg2 ... amj Ai1y e - ,amj € DJ' g Mnj(Dj)7
0 0 0

M/i' = (Onlv"wOnj,l?‘/;;(nj)aO

Torna mna kaxmaoro j = 1,..., k umeercsa nzomopdusM npaBbix R-MoyJeit:

2 On) CR, j=1,.k i=1,...n;
Wi, 2 W 2 22T, .
HpI/I 9TOM MX KOJIbIla SHILOMOpd)I/ISMOB

Mogynu Wiy, Whs, ..., Wi, onpano #e uzomopdubt. [Ipon3sosibHbIil HEIPUBOIUMBIIL TIPa-

BoIlil °| R-monyine mszomopden onnomy us Wi, Wia, ..., Wi, B wacTtHocTH, cymecrsyer
) 9 9 ?

POBHO k HEIPUBOIMMBIX IIPABBIX [X-MOjIysIeil ¢ TOUYHOCTHIO 10 N30MOP(MU3MA.

Jlokasamenvcmso. Besgkuit HenpuBognmblii mpasblit R-moyis M usomopden Ri/N, riae
N < Rr — MakcuMaJIbHBIN ITpaBblil ujeas. [lo kpurepuio moymnpoctorsl [N BbIICIICTCS
B Rp npsmMbiM ciaraembiM, T.e. R = N @& N’ s sekoroporo nogmoayins N' < Ri. Ho

(nj)

13 i
st y1eBBIX MopyJieit HyKHO Oyner BMecTo V PACCMOTPETh AHAJIOTUYIHBIE JIEBbIE HJICAJIBI, IJIe
BMECTO HEHYJIEBOI CTPOKU OepeTcsi HEHyJIeBOil cTosberr.
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torma N' = Rr/N = M, a snaunt, N' senpuonum. Ho mHenpuBoguMbie onmonysn B Ry
— 9TO B TOYHOCTH MUHUMAJbHbBIE TIPABBIE UIEATbI.

[Iycts R = M, (D) X ... x M,, (D). U3 nokazarenncrBa TeopeMmbl Beiepbépra-
Apruna Met 3naem, 4to Rp = @ W;; — pasioxenue B CyMMy HEIPHBOAUMBIX MOYJIEIL.
[To mpesprayIIIeMy, TPOU3BOJILHBIN HEIPUBOIUMBIN MTPABbIil R-MO/LY/Ib H30MOP(EH HEKO-
TOpOMy MuHHMaJIbHOMY mpasoMy ugeany N' < Rr = @ W,;. Torna N’ nomxen 6biTh
uzomopden onuomy u3 Wi B cunty cieacrsus 6.8

Badurcupyem j € {1,...,k} n Bobepem npoussoibusie o, § € {1,...,n;}. [Tlokaxewm,
yro Wy, = Wp; kak R-monymu. PaccMoTpuM Marpuunylo eunuily Fo.z pasMepa nj X n;
U TIOJIOZKUM

Fog = (Onyy...,0 E.3,0

» M1

O,,) € R.

i1
Ompenemnm otobpazkenune Wg; — W,; Kak ymHokeHne Ha [,z caesa. Tak Kax Momymn
IpaBble, TO TaKoe 0TOOparkeHue JIeHCTBUTEIbHO Oy ieT romomMopdusMoMm moyeit. Kpowme
TOTO, OTPaHUYEHNe 3TOTO OTOOPaKeHus Ha j-if psaMoit MuoKuTeNb M, (D)) mepenocut
CTPOKY C HOMEPOM (v Ha MECTO CTPOKH ¢ HOMepoM (3. OTciofa cielyeT HHbeKTUBHOCTD 1
CIOPBEKTUBHOCTD.

Teneps 3adukcupyem «, 5 € {1,...,k} u mokaxkem, aro Wy, ¥ Wiz Pacemorpnm
eJINHUIHYIO MaTpUIly F pasmepa n, X Ng U MOJ0KAM

F=(0n,....,0n, ,E, Oy, .,,...,Op,) €R.

Torma w - F' = w ana secex w € Wi,, 5O Wig - ' = O. PaccMoTpuM IPON3BOIBHBIN
romomopdusm ¢ @ Wiy, — Wig, torma ¢(w) = ¢(w - F) = ¢(w) - F = O. Buauur, ¢
MOZKeT ObITh TOJIBKO HyJIeBBIM, orcrona Wi, £ Wig.

[Mokaxkem, uro End Wi; = D;. B cuiy cne;LCTBI/IH;LOCTaTquO MMOBEPUTH, UTO KOJIb-
110 9H10MOPPU3MOB IpaBoro R-moyna W;; n30MopdHO KOJIBILY 9H0MOP(MU3MOB IIPABOro

MOJLYJIST V,L-(nj ) Has KoTbIOM M, (D;). Heiicreurensuo, ecmu ¢ € End Vi("j ), TOTJIa Olpe-
JgemM ¢ € End Wi; o npasuity

$(0,...,A,...,0)=(0,...,6(4),...,0), AeV.

6((0,...,A,...,0)+(0,...,A,...,0)=(0,..., A+ A,...,0) =
=(0,...,6(A+ A4),...,0)=(0,...,¢(A) + ¢(4),...,0) =
O,...,¢(4),...,0) =

=¢(0,...,A,...,0)+¢(0,...., A,...,0).

I
S
>
=
s
+
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:(O,...,¢(AB]-),...,O):(O,..-,¢(A)Bj""70):
=(0,...,¢(A),...,0) - (By,...,B;) =
=¢(0,....A,...,0) - (Bi,..., By,

OTKYZa ¢ JeHCTBUTEJIBHO ABJIAeTCA SHI0MOpdU3MoM 1pasoro R-momyna Wi;. B cuity Toro,
HITO OTIEpAIH Ha MPAMOM TPOUSBEICHNN 3a/[aHbl TIOKOMIIOHEHTHO, TO Cpasy 3 olpe/ie-
—_ —

—_—

JIEHUS (;5 MOJIy4aeM @1 + ¢o = ¢1 + ng, a TaKKe Q1 0 Py = ¢1 o <;§2 uid = id. Kpowme Toro,
TOYKE TI0 OIPEJICICHUIO OTOOPaKEHHE ¢ — gzﬁ UHBEKTUBHO.

Ocramtocn HpOBepI/ITI) CIOPBLEKTUBHOCTH OCTPOEHHOIO0 FOMOMOP(hH3Ma KOJIEL] 9HI0MOP-
duzmos End V/ (n5) H End Wi, ¢ — gf) Bb16epeM npoussosbHbIl f € End W;;. Torma s
Kazkjioro A € V; HaI/I,HeTCH B € Vi( , aro f(O,...,A,...,0) = (O,...,B,...,0).
[Monoxum 1p(A) = B. Henocpencreennblie IpoBepKH aHaJIoquHble TeM, 9TO ITPOBOIUIUCH

hiaizi (]5, MOKA3bIBAIOT, YTO 1) — SHJIOMOP(MU3IM MOJLYJId V( , TIPUIEM {/; = f. O

JlokazaTeJbCTBO eJIMHCTBEHHOCTH B Teopeme MoJsmmHa-BengaepoépHna-ApTuHa.
CravaJja OTMETUM, 9TO YUCI0 k OIPeaeeHO OJJHO3HATHO KaK KOJIUIECTBO ITOMAaPHO HEN30-
MOP(MHBIX HEIIPUBOIUMBIX IIpaBbiX R-moyieit. dasee myctb umeercs n3oMopdu3M KOJIel]

R 2 My, (D1) X ... x My, (Dy) 2 Mz,(D1) % ... x Mz_(Dy).

Torna HalijyTcs JiBa pasyiokeHus Moyid Rz B CyMMY HENPUBOJIMMBIX:

k
DDV, = 1= DD
j=1 i=1

7j=1 =1

ITo npeyiozxennto [6.10] mpsiMble ciaraemble B 060UX CyMMaxX MOKHO YIOPSJIOYUTH TaK,
9TOOBI OHI OKa3aJIich IonapHo msoMopdusl. Ilycrs Wi okazasca usomopden Wi, Ox-

~Y

nako Wy = Wy, = ... =2 W,,1 u ocraybHble claraeMble UM He n30MOpdHBL. TOYHO Tak Ke
Y Y )

Wi; & Wy; & ... = W5 ; u octanbible ciaraemblie UM He u30Mopdubl. CHOBa 10 11pejiIo-

JKEHUIO HojIydaeM, 4ro ny = n;. Janee youpaem Bce ciaaraemsrte { Wiy, Woq, ..., Wy,1}

B IepBOil cymMe 1 Bee caaraembie { Wiy, Wy, ..., Wi ;1 Bo BTOpoit cymme. Temepn Mbr Mo-

JKeM OCyIIeCTBUTh WHAyKInio 1m0 k. basa wapyknum k = 0 cooTBETCTBYET IyCTOH CyMMe

HEIIPUBOJIMMBIX R-MOJLyJieii, 9TOT ciiydail TpruBUAJIEH.

Wrak, MOXKHO CUUTATDb, 9TO nj = n;, Wy; = W, ana seex ¢, j. Torna
ngEndWU%EndVVlj%Dj, j:]_,...jkf,

OTKY/da IIoJIydaeM, 9TO TeJla TOzKe OIlIpeaeJICHbl OJJHO3HaYHO. L]
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Omnpenesienne 8.2 (nanomunanue). IIpocmoe KoAb40 — TO KOJIBIIO, B KOTOPOM POBHO
JBa cobcTBeHHBIX Hcana: {0}, R.

Kak Mbl yBUIuM Jajblie IpocToe KOJIbIo HeobA3aTe/IbHO moaynpocto. OmHako mpu
YC.HOBI/H/I apTI/IHOBOCTI/I 9T KJIaCCbl KOJIEIL ,Z[eIU/ICTBI/ITe.HbHO OKa3bIBaOTCA CBA3aHBI Me}K,ZLy
CODOIA.

Teopema 8.3 (CrpoeHne npocTbIX apTUHOBBLIX KoJiel). Ciejyioliue yeJaoBus Ha KOJIbIO
R sKBUBaJIeHTHBI:

1) R npocroe u apTHHOBO CIIPABA;

2) R moJiynpocToe u Bce HEIPUBOIMMBIE TIpaBble R-Mojy/in n30MOpQHBI;

3) R= M,(D), D — reno;

17), 27) sieBble anajoru 1), 2).
HarypasibHoe n onpesesieHo eIMHCTBEHHBIM 00pa3oM U Tejio [ onpejiesieHo 0JIHO3HATHO
€ TOYHOCTBIO JI0 U30MOpdU3Ma.

Jlokazameavcmeo. B cuity cuMMeTpHYIHOCTH 3) JIOCTATOYHO JI0KA3aTh SKBHBAJEHTHOCTD
yesouit 1)-3).
1) = 2) Ilycts ¢R — npon3BoJIbHbIH MUHUMAJIBHBIN npaBblii uaean R. O cymiecTByer,

nockoyibky R aprunoso cupasa. 13 npocrorer R umeem R = RecR = ) scR — cymma
seER
npaBbix Moryseit. [Ipasorit ugean scR — obpas cR npu jgeiictBun romoMopdusaMa mpaBbix

Moyeit cr — scr. [loMmoMopdusM CIOPBbEKTHBEH 110 IIOCTPOEHUIO, ero dapo aubo 0, 6o
cR. TTostomy scR nubo mymnesoii, oo nzomopden cR. Orcoga Ri momynpoct. JIoboit
HEIPUBOJIMMBIi MTpaBbIil [R-MOTy/Ib n30MOP(MEH MUHUMAJIBHOMY ITPABOMY HJICAJY B CHJTY
reopemsl [8.1]

2) = 3) Ilo Teopeme 0 CTPOEHUY HENIPUBOMMBIX MOJIYJIEH Ha I IOy IIPOCTHIM KOJIBIIOM
nostyaaem k = 1.

3) = 1) IIpocrora kombna R = M, (D) nokazana panee (cieacrBue . Tak Kak
Kos1b10 M, (D) moaynpocro, To OHO apTHHOBO (mpeasozxenue [7.7)). ]

[Iycts Teneps F — mpousBosibHOE ToJie, R — acconuaTuBHasg aJredpa C eIuHuIei
nay F. Torga moxkHO oTOXKIecTBUTH F ¢ MHOYXKECTBOM CKAJIAPHBIX 3JEMEHTOB areOpbl
{\-1g | XA € F}. Ilosromy nasee canraem, uro F C R.

Kaxpprit R-momyns M gaBnsercsa takzxke m mojaysiem Hat F) k. F C R. JIpyrumn
crnoBamu, M siBJIIeTCsT OHOBPEMEHHO W JIMHEHHBIM ITPOCTPAHCTBOM Hat mosieM F.

s kaxxoro A € F onpenenén supomopdusm Moy ¢y @ M — M, ¢y(m) = mA.
DTO KOPPEKTHO OIPEJIEIEHHBIN SHIOMOPMU3M T.K. BCE JIEMEHTBI TIOJIsI JIEKAT B IEHTPE
koJstblia. [lpuaém mis smroboro sumomopdusma ¢ € End M BoiosHeHO

Px(p(m)) = p(m)A = p(mA) = ¢(pa(m)), m € M.

Taxum obpaszom, Bce ¢, JexKar B IEeHTpe KOJblla dH0Mopdu3MoB. B rabHeiiem BMme-
cto ¢y OyneMm mucathb npocto A. [lomydaercs, uro End M ecrecTtBennbiM 00pa3oM ToxKe
siBjisieTcst ajirebpoit na mojem .
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Jlemma 8.4. Ilycts F — anrebpanvecku 3amuyTOe 1oJie, R — F-anarebpa, Mg — Henpu-
BOJIUMBIH R-Moj1ysib, KonednoMepubrit Hajt F. Torna End Mz = F.

Aoxazamensvemeo. Kaxprit R-sumomopdusm ¢ € End My asnsiercsa ogaoBpemento [F-
JIMHEHHBIM ortepaTopoM Ha Mp. B cuiy anrebpantdeckoii 3aMKHYTOCTH TIOJI OH 00J1aJ1aeT
cobcTBennbiM 3HadeHneM A € F. 3uagut, omeparop ¢ — A BbipoxkieH. [lo ysemme Ily-
pa OH MOXKeT OBITH TOJIBKO HyseBbIM. 3HaduT, End Mg cOCTOUT TOTBKO M3 CKAJIIPHBIX
orepaTopoB (¢ yobbiM ckaagpom u3 F) u mosromy End Mp = TF. O

Teopema 8.5 (Mosun, Bennep6épu, Aprun, 06 anrebpax). Ilycte R — acconuaruBhast
anrebpa ¢ eaununneit Hajg moseMm F. Creayromnine ycJIoBusI SKBUBAJTEHTHBI.

1) Momyns R mosympoct.

1’) Momynb R 1mosIympocr.

2) Anrebpa R packiiajibiBaeTcss B KOHEIHYIO IPAMYIO cyMmy F-ajrebp marTpuir:

rie D; asndiorea anrebpamu c genenueM Hag nosieM F. Huceno k onpesesieno e1nHCTBEH-
HBIM 06pa3oM u napsl (ny, Di), ..., (ng, Di) TOXKe OIpeneseHbl OJHO3HATHO ¢ TOTHOCTHIO
JIO TIepeHyMepaIu u aaredp ¢ JieJieHueM Ha H30MOP(MHBIE.

B cnygae dimgR < oo, Bemosneno dimpD; < 0o g Beex j. Ecim dimpR < 0o u
nosie F anrebpamdyecku 3aMkayTO TO D; = F 1711 Beex J.

Zloxazameavcmeo. JlokazaTebCcTBO TOYHO TaKoe »Ke Kak B TeopeMe MosmmHa-Bemiep-
O6€épHa-ApTuHa 17151 KoJell. HemmocpecTBEHHO IIpOBEpsIeTCsl, ITO BCE HCIIOJIb3yeMble B 10-
Ka3aTe/IbCTBE M30MOP(MU3MBI KOJIEI ABJISAIOTCA Takke n3oMopdusmamu ajaredbp. Mol orry-
CTUM 9TH TeXHHYECKHe NpoBepKu. [lojiHoe jMoKa3aTe/bcTBO MOXKHO HAWTH, HaIpUMeEp, B
kuure Puuapaa Ilupca «Acconmarusubie ajiredpni», Mup, 1986.

[Tycte dimpR < oo. Eciu gyia xorg Obl ogHOro j BbinoaHeHo dimpl); = 00, TO TO-
raa dimp(M,, (Dy) & ... & M,,(Dy)) = oo, nporusopeune. 3uaqdur, dimpD; < 00 g
Bcex j. [lycts mpu aTom F anrebpamdeckn 3aMKHYTO. B mokazarenscTse Teopembr MomHa-
Bennep6épra-Apruna Tena D; ABAAIOTCA KOJIBIIAMI SHIOMOP(MU3MOB HEIIPUBOAUMEBIX RR-
mogyteil. Toryma no npeaplymeit semve D; = F. ]

Jlajiee MBI IPUBEJIEM KJIACCHYECKUIT TTPUMED MTPOCTOI0, HO HE MOJIYITPOCTOTO KOJIBIIA.

Omnpenenenne 8.6. [lepBas anzebpa Betiag nam nonaem F onpeesigercs Kak Kak pakTop
cBobouoil anredbpet Ay (F) = F (z,y) /(yx —zy —1) no ugeany HOpoKJIEHHOMY 3JIEMEHTOM
yr —xy — 1.

Bagaanm zHa anrebpe muorouienos Flz| crpykrypy gesoro A, (F)-momysst. ComocraBum
nepemennoit & € A;(F) snuneiinpiit oneparop Ha F[z], yMoHaxKIOmMit MHOrOUYIEH Ha .
[Tepemennoit y comoctaBuM opmanbaoe guddepennmpoBanne 0, 1o mepemenHoi x. [1o
npasuity Jleii6uuna 0, (xP) = P + x0, P, tne P € Fx], nosromy 0,z — 20, — 1 = 0 Kak
ortepaTopsl. Takum 06pazoM, MOKHO MOHUMATDH ajrebpy Beiiist Kak anredpy dopMabHBIX
nuddepeHIuaibHbIX OePATOPOB € MOJTUHOMHUAIBHBIMI KOI(DMDUITUECHTAMI.
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Ananornano onpezensorcs aarebpol A, (k) — Gepercss n mepeMeHHBIX U 1 COOTBET-
CTBYIONUX dudepeHnnaabHbIX OIePATOPOB.

Ormernm, uro R = A;(F) — e aprunoso kosbno: R D xR D r?R... — 6eckoneunas
CTPOTO YOBIBAIONIAS MEMOYKA PABBIX UJICAJIOB.

IIpennoxxenune 8.7. Ilycrs charF = 0. Torma A, (F) — npocroe KobII0.

Jloxazamenvcmeo. Bamernm, aro smements! A, (F) obranaior kanonndeckoit hopmoii Bu-

aa Y apx™d% rae K — KOHEYHOE MHOMKECTBO MHJIEKCOB, i), jx — HEOTPUIATETbHBIE

keK
11eJible 4Yucjia.

Bamernm, arto nepexof ot saementa 1 € Ay (F) Kk kommymamopy [r, s| = rs — sr ¢ ane-
MEHTOM § € {z, 0, } yMEeHbIIACT Ha €JINHNAILY CTEIEHN BCeX “MOHOMOB” B €r0 KAHOHUYIECKO
dopme b0 1o 0,, MO0 MO X, U YMHOKAET UX Ha HEHYJIEBble CKaJIAPBI: JJIsI OllepaTopa
T = apx™ 3%k umeem 0, T = ayiz'* 109k + T,;

Opx =1+ 20,, mosromy 07w = 9"t + 9 twd, = ... = mo" + x0T,

orkyga Tx = apjpx* 01 + 2T.

[Tosromy ecu upeas I <1 A;(F) comepKuT HEHYJIEBOI SJIEMEHT T, TO €10 MOXKHO M07100-
HBIMU OIlEpaIisIMU, He TOKWasl [, mepeBecTn B HeHyIeBoi ckajap. s aToro mocrarod-
HO 3apUKCUPOBATDL B T NPOU3BOJILHBIH “MoHOM” 1k cpesn “MOHOMOB” ¢ MaKCHMAJILHOI
CYMMOIi i + jg U B3ATH i}, pa3 KOMMYTaTOp € 0, U Ji pa3 KOMMYyTaTOp C T. 0

CaencrBue 8.8. CylecTByeT IIpocToe, HO HE apTHHOBO KOJbIO. B wacTHOCTH, CyIIie-
CTBYeT IIPOCTOE, HO HE IOJIYIIPOCTOE KOJIBIIO.

Sagaum K JeKnuu 8.

Banaya 1. Ilycrs F — noste, G — koneunas rpynma. Jlokaxknre, 9T0 TPyImoBas aaredpa
FG nosynpocra Torja u TosbKo Torna, Korja charF 1 |G| (reopema Marke).

Bapauya 2. [lokaxkure, aro eciau B rpyime G ComepKUTC OOJIBINE OJHOTO SJIEMHTA, TO
rpymmnoBas aiarebpa FG He sBjsieTcst IPOCTOii.

Bamaga 3. Vzomopdusl i rpymmnosbie Komblia RZy u R(Zg & Zs)?

3a,£[aqa 4. Haﬁ,ILI/ITe Pa3JIOZKEHUE B IIPAMOE IIPOU3BECACHUE MATPUYIHLIX KOJICI KOJIbIla

RQS-

Bamada 5. Ilycte A— KoHeuHOMepHas ajireOpa HaJ rojeM. JIoKaykuTe, 9To KOJIBIIO
M,,(A)— tosypocTo TOrja u TOJIBKO TOrJa, Korjga A— HoJIynpocTa.

Bamaua 6. [Ipu Kakux n KOJbIO BBIYETOB Z, MOJYIPOCTO?!
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9 Pamukaja /I>KekobcoHa

Benomunm, uro nogmonyns N < M Ha3bIBAETCH MAKCUMAADHOIM, €CTTU HE HANWJIETCS Ta-
koro oMoy i, uro N < K < M. B cuity TeopeMbl O COOTBETCTBAN 9TO PABHOCUIBHO
Tomy, uro M /N HenpuBommm.

Onpenenenune 9.1. Paduxan owcexobcona rad M momynss M — 310 mepecevenune Bcex
MaKCUMaJbHBIX MoMoyseil. e makcnmaibabix mogamoysieit 8 M HeT, To mosiaraem
rad M = M.

Benomuum, uro (Q; 4, 0) He nMmeer MakCUMAaJbHBIX TIOATPYII (1peioxKenue [3.5)), o1-
cioga rad Qz = Q.

Jlemma 9.2. Pajukasn rad M — st1o nopmomyias B M. Eciu N < M, rouz rad (M/N) =0
caeayer rad M C N. Takzke Beimosueno rad (M /rad M) = 0.

Joxazameavecmeo. Panukas — oaMoLysib Kak mepecedenne moaMoryeit. OcraibHoe ciie-
JIyeT U3 TeOPEeMbI O COOTBETCTBHUU TIOIMOJTYJIEI. O

Jlemma 9.3. Pagukan /IykekoOcona mosrymnpocToro Momysas pasen 0.

Loxasamenvcmeo. Ecimn M = @ S;, S; — nenpusoanmMere R-momyimn, o moaymn M; =
iel
@ S; mepecekatorcs mo 0, a daxropsr M/M; = S;. ]
i€l i)
Teopema 9.4. Moaynb Mp KOHEYHO TMOPOXKJAEH M TOJIYIIPOCT TOI/IAa M TOJBKO TOTJIA,
KOI'JIa OH apTHHOB U UMeeT HyseBoil pajukas JlxkekobcoHa.

Jlokasameavcmeo. (=) Pamukan paBeH Hyso 1o jgemme. Ecium M KOHEYHO HOPOXKJIEH-
HBII TIOJIYITPOCTON MOJIYJIb, TO OH M30MOpP(EH KOHEYHOM MpsAMOil CyMMe HEIPUBOIUMBIX
Motysteit (peiozxkeHue . Torna M apTUHOB KakK KOHEYHAs MPAMasi CyMMa apTUHOBBIX
motysteit (ciencrue .

(<) Hnsa M = 0 oueBumno, nyctb M # 0. B cuty rad M = 0 naiijiercs cemeiicTBo
S = {M;}ier mommonyneit M, Takux uro (,.; M; = 0 u Bce M/M; nenpusomumbr. O6o-
3HAYNM depe3 P MHOXKECTBO BCEBO3MOXKHBIX KOHEUHBIX TepecedeHuit mojyneit u3 S. B
cuny aptuHoBocTH M, MHOXKeCTBO P cO/lepKUT MUHUMAIBHBIN 1O BK/IIOYEHHIO SJIEMEHT,
ckaxeMm, N = M; N...N M, . Ilokaxem, aro N MoxeT ObITh paBeH Toabko 0. IIpemmo-
JIOZKMM IIPOTHBHOE, Torja BBUAY (),c; M; = 0 Moxkno maiitu nogmomyns M; 2 N. Orkyna
M; N N crporo Menbitie N, 4TO TPOTUBOPEYUT MUHUMATLHOCTH V.

Hamee o: M — (M/M;)) & ... & (M/M,;,), m — (m + M;,,....m+ M, ) — 310
romomopdusm R-momyseit. Ero gapo cosmagaer ¢ M;, N...N M, = N, a noromy HyJle-
Boe. 3HauuT, M wnzoMopdeH MOJIMOIYII0 KOHETHOIOPOXKIEHHOTO MOTYITPOCTOIO MOTYJIst
(M/My) & ...& (M/M,), cieroBarenbno M ToxKe IOJYIPOCT M KOHETHOMOPOXKICH (CM.

CJIeJICTBUE 1 TIPeJIJIoKEeHTe . ]
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Teopema 9.5 (o pamukarne /Ixxeko6cona koubia). Ilycte R # 0. st snementa r € R
SKBUBAJICHTHBI CJIC/IYIOIIHE YCIOBUS:

1) Mr = 0 st 106010 mpaBoro HenpuBoAUMOro R-mopyis M

2) r IPUHAJJICKUT [IEPECEICHUIO BCEX MAKCHMAJIbHBIX [IPABBIX UIeAIOB R;

3) st Becex x € R syemenT 1 — rx obpaTum cripasa;

4) nyst Beex x,y € R smement 1 — yra obparnm;

1’) rM = 0 ayist 1106010 JIEBOTO HENPUBOMMOro R-motyis M

2’) r UpUHAJJIEIKUT TIEPECEIEHNIO BCEX MaKCUMAJIbHBIX JIEBBIX UJIeasioB R;

3’) mst Becex © € R ssiement 1 — xr obpaTuM ciieBa.

Jlokasamenvcmso. TlockoabKy 4) — cUMMeTPHYHOE YCJIOBUE, JOCTATOYHO MOKA3aTh SKBHU-
BaJIEHTHOCTH 1)-4).

1) = 2) Ecim N C R — MakcuMaJIbHBIN npaBbiil uieas, 10 Rr/N — HEIPUBOIUMBIiA
Moyib, otkyaa (R/N)r =0+ N. Ilostomy 0+ N =(1+ N)r=r+Nur € N.

2) = 3) Ilpeamonoxum mporusHoe. [lycrs 1 — ra HeobpatuMm crnpasa, Torga 1 — rx
COJIEPXKUTCS B HEKOTOPOM MaKCHMAaJbHOM TpaBoM ujease N. B cury 2) nosydaem, 9to
re € N, orkyna 1 = (1 —rx) + rz € N. IlporuBopeune ¢ tem, 4t0 N cOOCTBEHHBII.

3) = 1): Ilycts 0 # m € M, tne M — HenpuBoauMblii Mo Iy/b. [Ipemmonoxum, aro
mr # 0, rorma mrR = M. B gactHOCTH, /15T HEKOTOPOTO T BBIIIOJTHEHO ML = M, OTKYIa
m(1 —rz) = 0. [Tockonbky 1 — rx obpaTum crpasa MO YCJIOBUIO, MMeEM IIPOTHBOPEYHE C
TeM, 9To m # 0.

4) = 3) Iomoxum y = 1.

1) + 3) = 4) Tak kak Mr = 0 Jyist BCIKOr0 HEIIPUBOIUMOTO MOyt M, To jjist Bcex
y € R mmeem Myr C Mr = 0. Ilosromy yr takzke ymposjersopsier 1), a 3HaquT u 3),
To ectb 1 — (yr)x obaamaer mpaBbiM oOpaTHBIM. Beibepem ero B Bume 1 — b, mosydaem
(1 —yrx)(1 — b) = 1. PackpsiBasi ckobku, nmeem b = —yrz(1 — b). 3amernm, aro Mb =
M(—yrz)(1 —b) C (Mr)z(1 —b) = 0. CuoBa noaygaem, aro b ymosiaersopsier 1), a
3HAYUT U 3), TO ecTh 1 — b mMeeT mpaBblit oOpaTHbIil, ckaxkeM, 1 — c. [lostomy 1 — ¢ =
(1 —yrz)(1 —b)(1 —¢) = 1—yrz, orkyaa ¢ = yrz. Takum obpaszom, 1 —b — AByCTOPOHHUIA
obparHbrit g 1 — yro. O

DJIEMEHTBI, YIOBJIETBOPLAIONINE YCIOBUAM MPEIbLIYINENl TeopeMbl, 00pa3yIoT BaXKHbI
njieasl KoJIbIa.

Onpepnenenne 9.6. Paduxan /Jowcexobecona J(R) xonbua R # 0 — nepecedyenue Beex
MaKCHUMaJIbHBIX [IPABBIX (9KBUBAJIEHTHO, JieBbIX) ujeayioB R. Cunrtaem takxke J(0) = 0.

JI1060# TIyHKT NpeIblIyIeil TeOpeMbl MOXKET ObITh B34T B KadeCTBE OIPEJIC/ICHUs Pa-
jukasa JIxkekobcoHa KoJIbIia.

CaencrBue 9.7. Pajnukan J[:kekobcona KOJIbIA ABJIAETCA JIBYCTOPOHHUM HJICAJIOM.
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Joxaszameavcmeo. Panukan /IxkekoOcoHa SB/ISETCS IepecevdeHreM PABbIX HICAJIOB, M0~
9TOMY OH CaM OKaxKeTCs mpaBbiM ujeaaoM. OIHAKO pajuKaJl €Ile U COBIAIAET C Iepece-
YeHUEM JIEBBIX UJIEAJIOB. O

CaeancrBue 9.8. Panukas /IxkekoOcoHa KOJIbIIa COBIAIAET C paJuKaaaMU JIEBOIO U IIpa-
BOro peryiagpubix mogyieit J(R) = rad Rg = rad gR.

Jlokasameavcmeo. MakcumasbHble JieBble (IIpaBble) HIeaJbl — 3TO B TOYHOCTH MAKCH-
MaJIbHBIE TIOJIMOJLYJIN JIEBOTO (IIPABOTO) PEryYJIsIPHOIO MOJLYJIS. m

OrmernM, 9TO I KoJielr 6e3 equmHuIbl, Boobie ropopsi, rad Rr u rad g R moryTt He
COBIIAIATh.

Onpenenenne 9.9. Annyssmopom upasoro R-moayiist M #asbiBaoT MHOXKecTBO Ann M =
{reR|mr=0 Vme M}.

CaenacrBue 9.10. Pagukas /I>kekobcoHa HEHYJIEBOT'O KOJIbIIA COBIIQJIET C II€pecedeHneM
AHHYJISITOPOB BCEX HENPUBOJMUMBIX MPABBIX (9KBUBAJEHTHO JIEBBIX) MOJLYJIEH.

Jlokasamenvcmso. Tlepedopmyuposka myHKToB 1), 17) Teopembl. [

st mpaBoro R-moysis M u mekoroporo nojmuoxkectsa S C R mosoxkum Ann pr(S) =
{m e M | ms=0Vs € S}. Koabio R Ha3bIBaeTCsI MOJIYIOKAIBHBIM, €CJii (haKTOPKOJIBIIO
R/J(R) moaynpocro. Kak Mbl jaJibliie YBUJIUM, BCe aPTHHOBBI KOJIBIA TIOJIYJIOKAJIbHBIE.
[TosynokasbHbIE KOJIBIA OYIyT PACCMOTPEHbBI TIOJPOOHEE B CJICYIONIEH JIEKIIUN.

Teopema 9.11. /s moboro nmpasoro R-moxyna M seimossaeno soc M C Ann p(J(R)).
Ecan xe daxropkossiio R/J(R) noxynpocro, To soc M = Ann p(J(R)).

Jloxazamenvcmeo. Tlo onpeesieHUIO OKOJIb ABJISIETC CyMMOI BCeX HEPUBOJUMBIX 1101
MoJyieit, mosromy Briodenune soc M C Ann p/(J(R)) BbiTeKaer u3 myHKTa 1) T€OpEMBL.
Iycrs R/J(R) nomynpocro. O6osaaunm N = Ann »(J(R)), R = R/J(R). Hamo no-
kazaTh, uro N C soc M. Ha N ecrecTBeHHBIM 06Pa30M BBOJHUTCS CTPYTypa R-MOLyIs:
m(r + J(R)) = mr. Tax Kak Koabno R moaympocto, To M — HOJyIpocToi R-MoTyih,
re. N = @,.,(N;)g, rae Bee (N;)z menpusoaumel. Ho orciona st Beex n € N; \ {0}
BBIIOIHEHO NR = nR = N;. 3HaunT, KaxKIblii MOxyiab N; SBJISETCS HEMPUBOIUMBIM I
uaj Koibrom R toxxe. Utax, Np = @, ;,(Ni)r, u Bce (N;)g menpusoaumer. Ilosromy
N; C soc M s Beex ¢, orkyaa N C soc M, 94T0 1 TpebOOBAJIOCH. ]

Onpegenenne 9.12. Dyement r € R Ha3bIBAETCS K6A3UPE2YAAPHBIM, €CITH 1 —7 0OPATHM.
AHAJIOrTIHO OIpeiesisieTcs KBa3uperyaapHOCTh CIIpaBa U CJIeBa.

Onpenenenne 9.13. Ilpaserit (1eBblil, 1BycTOpOHHU) neas I HA3BIBACTCS K8A3UPE2Y-
AAPHOIM, €CJIT BCE €TI0 JIEMEHTHI KBa3UPEryJIsPHBL.
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CaencrBue 9.14. Pajmkan /[>kekobcoHa SB/IsieTCs KBA3UPETYIAPHbIM HIea/ oM 1, oJjiee
TOI'0, OH COJIEPXKUT BCE IIPaBbIe, a TaK¥Ke JIeBble KBa3UPEryJIApHbIC UJIealIbl.

Jlokazameavcmeo. Paaukan KBasuperyisipeH B CUIy MyHKTa 4) TeopeMbl npu = y = 1.
Ecmu [ — npaBblit KBa3uperyagapHbIil ujieas, To Jjid BceX r € [ u Jiroboro sjaemMeHTa T
Kosibiia R mmeem xr € [, a 3uaunt, 1 — rx obparum. [lostomy I C J(R) B cuity myHKTa
3) TeopeMbl. O

OrMeTnM, 9TO KaKne-TO OTJIeJbHbIE KBA3UPETYJISIPHBIE JIEMEHTHI MOTYT U HE COJep-
KAThCA B paJlKalle.

[TonsaTne KBa3UPETyIIPHOTO IJIEMEHTa MOXKET ObITh 0DOOIIEHO Ha CIydail KoJbla 06e3
eJIMHUIIBL: SJEMEHT ' KBA3UPETryJIAPEH CIIPaBa, €CJM HAfiJIeTCA SJIEMEHT §, TaKOi uTo 1 +
s = rs. JIj1s1 KOJbIIa ¢ eJIUHATIEH 9TO OIpe/e/IeHIe SKBUBAJEHTHO MPEbIILYIIEMY, T.K. €0
MozkHO nepermcarh B Buje (1+7)(1+ s) = 1. O6obiiennoe oHATHE KBA3UPErYJISPHOCTH
[O3BOJIFIET ONPEJIEIUTE pajaukal J[xKekobcoHa JIyisi KOJbla 6e3 € MHUIIbL.

Onpenenenne 9.15. [Hoaynpumumushoe (nosynpocmoe no /owcexobcony) KOIbIO — 3TO
Takoe KOJIbIo, y Kotoporo J(R) = 0.

IIpumep 9.16. PaccmoTpum mpuMepbl KOJIElT ¢ HYJIEBBIM PaJIMKAIOM:
® [IPOCTBIE KOJIBIIA,
® TI0JIyIIPOCTBIE KOJIbIA ([IPUMEHUM JIEMMY K Monyso Rg),

e KOJIBIO TesbIX uncen J(Z) = (|  pZ = 0;
p TpocToe

e 15t sii06oro Koutbita R Beimosaeno J(R/J(R)) = 0 B cuity TeopeMbl O COOTBETCTBUN
IIpaBbIX UJI€AJI0B, TPUMEHEHHON K MAaKCHUMaJIbHBIM IIPaBbIM HjeajiaM KoJibiia K.

Cnencreue 9.17. Koabno R momynpocTo TOrJa M TONBKO TOTJA, KOTJa OHO apTUHOBO
cupasa u J(R) = 0.

Jloxasamenvcmeo. TlpuvennM T0Ka3aHHYIO paHee TeOpeMy O KOHETHOHOPOXKICHHOM IO-
JympocToM Mojyie K Rp (Teopema [9.4)). O

Hawm nonaioburcsa ciiegytolnee BCoMoraTebHOe yTBEpPK IeHUE.

IIpensioxkenne 9.18. Ecim kosbiio R apruHoBo (HETEpoBO) crpasa u [ < R, Toria
dakropkosbiio R/I Toke apTHHOBO (HETEPOBO) CIIpaBa.

Jlokasameavcmeso. Ecim monyns Rgr aptusoB, To R/I — apruHoB mpaBbiii R-MOIysib
(mpetoXKeHne . [Iycte My O My O ... — yObiBatommas Iemnovka mojmMomyieii R/ 1
Kak npasoro R/I-momyns. Torga ona Gy/er mernodkoit nojmoyieir R/ kak npasoro R-
mogyist. Llemouka obopsercs B cuiy aprunoBocru. Urak, R/I — aprunoB npasbiii R/ 1-
MOJLyJIb, T.e. R/I — apTHHOBO CIpaBa KOJIBIIO. O
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AnajloruaHoe yTBEpKIEHUE JIJTsT TOIKOJIEI] HEBEPHO.
Caexncrsue 9.19. Ecsim R aprunoso cipasa, To R/J(R) mosymnpocto.

Jloxazameavcmeo. o npenbutymemy mpeioxenuto daktopkobiio R/J(R) aprunoBo
crpaBa. IIpu sToM, Kak yke ormedasnocsk B npumepax, J(R/J(R)) = 0. Ocraércsa npume-
HUTH TPEJIBIIYINEE CJIC/ICTBHE. O

Sagaum K JekKnuu 9.

3amaua 1. [IpuBectu npumep Kojbla 6€3 €IMHUIBI, B KOTOPOM HE COBIIQJIAIOT IIepecede-
HHUE BCEX JIEBBIX MAaKCUMAaJJIbHBIX MJIEAJIOB M BCEX MPABBIX MAKCUMAaJIbLHBIX UJIEAJIOB.

Bagaua 2. [lycrs J — meroropsiit ugeas, cofgepxamuiicst B J(R). lokaxkure, 910 115
706010 7 371eMenThl 1+ J* 06pasyioT IpyIILy 110 YMHOKEHHIO, & TaKzKe 9To (haKTOPIpyIIa
(1+ J%)/(1+ J*) onpenenena u nsomopdua amnurusnoit rpymme J*/(J).

Bapgaga 3. s moboro n > 1 u xkosbia R nokaxknre, aro J(M,(R)) = M,(J(R)).
Banmaua 4. Haitnnre J(R[x]) masg KoMMyTaTHBHOTO KOJibIa Koddduimentos R.

Bamaua 5. [lycte R — moaynpuMUTHBHOE KOJIBIO U F — ¢BOOOMHBIA IIpaBblil [R-MOIYJIb.
[Tokaxkure, uro rad F' = 0.

Bapaya 6. /lokazars, o B End F* ecth poBHO 0/iH HEHYJIEBOI COOCTBEHHBIN M1ea/T —
MHOZKECTBO OIIEPATOPOB ¢ KOHEYHOMEPHBIM o6pazoM. [losromy J(R) MoxkeT He COBIAIATE
C IepecevyeHreM BCeX JIBYyCTOPOHHUX HjeasioB R.

Bapaya 7. [lokaxkure, 9TO ecqum B mpaBOM mjeasie [ Bce 3/IEMEHTHI KBAa3UPETY/ISPHBI
cpaBa, TO | KBa3uperysspeH.

10 HwuabnmoTeHTHOCTH paJgnKaJja apTUHOBA KoJibIia. Jlem-
ma Hakasmbl. Teopema Axkuazykm—XonkumHca—Jle-
BUIIKOTO.

Onpepenenune 10.1. Huavnomenwm r € R — 9T0 TaKoil 3JIeMEHT KOJIbIIA, UTO JJIsI HEKO-
TOPOro HarypaJbHOro n BhiojHeHo " = (. Haummenbiiee Takoe n Oy/ieM Ha3bIBaTb UH-
0EKCOM HUNDNOMEHMHOCTNU STIEMEHTA..

HpI/IMep HUJIBIIOTEHTHOI'O 3JIEMEHTa: B MaTPUIHOM KOJIbBIIE BO3bMEM BEPXHETPEYI'OJIb-
HYI MaTpHUILy, BCE JUarOHAJIbHbIE 3J1€eMEHThl KOTOPOIl HyJIEBBIE.

Ecmn HIIBIOTEHTHI 7, S KOMMYTHUPYIOT, TO 7 + S TaKKe HUJIBIOTEHTEH, ITOCKOIBKY
10C/Ie PACKPBITUA CKOOOK B (1 + 8)FT™ Kaxiplit MHOKUTEIL KpaTeH 6o r*, 6o s™.
B HEKOMMYyTATHBHOM KOJIBIIE CyMMa HUJIBIIOTEHTOB MOXKeT ObITh obparnmoil (Ko, Fo B

My(F)).
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Onpepnenenne 10.2. Tlpoussenennem noarpynn A u B amaurusaoii rpymmer (R, +)
KOJIbITa R Ha3bIBAETCA MHOXKECTBO, COCTOLAIIEE U3 BCEX BO3MOMKHDBIX KOHEUHBIX CyMM BHJIA
arby + ...+ apb,, rne a; € A, b € B, n € N.

BamerumMm, uro ecau A — jeBwlil upean, To AB — JeBwlil naeasr. AHAJOTMIHO, €CIn
B — mpasbrit uieas, to AB — npasblit njeas. B qacTHOCTH, IPOU3BeIeHUE JIBYCTOPOHHIX
UJ1eaJIoB OyIeT JBYCTOPOHHUM ujeaoM. B naabueiinem Hac Oy/1yT UHTEPECOBATH CTEIIEHN
HpaBbIX (JIEeBBIX, IBYCTOPOHHUX) uieasos [" = [ - . ... I. Nnoraa yaobuo cuntats 10 = R.

n pas
Onpenenenune 10.3.

e [IpaBolil mieas, Bce J1€MEHTHI KOTOPOrO HUJILIIOTEHTHBI, HA3LIBAETCI NPAGHIM HU-
AbUIEAAOM.

e [IpaBbrit ujean I HasbIBaeTCd Husbnomenwmmvim, ecan 1™ = 0 Jajad HEKOTOPOTO n.
9T0 PaBHOCUJIBHO TOMY, UTO i1 - ... -4, = 0 114 Bcex ¢; € I. HaumenbIee Takoe n
Ha3BIBAIOT UHOEKCOM HUALTOMEHMHOCTIU.

Anajiornannie onpeaesieHnd MO2KHO JaTbhb JIJId JIEBBIX U ABYCTOPOHHUX MJICAJIOB.

Besikuit mpaBblit HUJIBIIOTEHTHBIN Mj1easl SBJISeTCS TpaBbiM HuIbugeaaoMm. ObpaTHoe
HEBEPHO.

IIpumep 10.4. PaccMoTpuM KOJIBIIO MHOT'OYJIEHOB OT CUETHOT'O UMCJIa KOMMYTHUPYIOIITUX
nepeMeHHbIX Q[Tg, ..., %y, . .|, Tue 1ag ynobeTBa HyMepalus IepeMeHHbIX HATMHAETCS
¢ asoiikn. O6ozHaunm uepes I ujeas, HOPOXKIEHHBIN MHOKeCTBOM {x3, 75, ..., 2", .. .}.
Torya B dakropkosbile R = Q[za, ..., x,,...]/] uiean J, HOPOXKJIEHHBIT MHOXKECTBOM
{zg+1,...,2,+I,...}, aBIsgeTCSI HUIBUIEATIOM, HO HE HUJIbIIOTEHTEH. BoJiee Toro, uH-

JEKCbhbI HUJIBIIOTEHTHOCTHU 3JIEMEHTOB HJcaJIa J ne OI'paHHUY€HDbI.

Jlokazamenvcmeo. PacemoTpum npousBosibubiilt MHOTOWIEH f € Q[2a, .. ., Ty, . . ] 6e3 cBO-
6o/oro uneHa. [lycts n — 310 HAMOOJIBIINIT HOMED ITIEpEMEHHOI, OT KOTOPOil MHOTOYJIEH
f saBucut HerpuBnasibHO. Torma

o0

flzg, ... x,) = Z Aks,....kn 'xlz€2 Tl xﬁ"a

k27---7kn:0

rJie JIMIIb KOHETHOe YNCII0 KOIPPUIUEHTOB Gy, .k, OTII4IHO oT Hyud. [Tycte m € N paBno
YHCJIy HEHYJIEBBIX cjaraeMbl B 3Toil cymMme. Torma f MOXKHO Iepenucarh B BUIE CYMMbI
MOHOMOB f = g1 + ... + gm. Ecim MoHOM g; JIeUTCA Ha IepeMeHHYIO T, TO, BO3BOJA B

n n _ ,n—j J n n
CTEIEHD N, HOJyYaeM, 4ITO g;' JeIUTCA Ha X = T, * - &5 € I. Ilosromy BCE g7, ..., 40
JjexkatT B ujease I.
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Terepsr Bo3BeIEM MHOTOIEH f B CTEIIEHB 1MN:

J™ = (g1 + .. 4 gm)™".

PackpbiBast cKOOKHU, MOJIydnM, ITO KaxK/I0€ CjlaraeMoe NMeeT BUJT gfl coghmoToe 4y +
...+ 4, = mn. o npunnuny Jdupuxe jaj1st XoTst 661 0HOTO ¢; BBITIOJIHEHO {; > n. 3HAYUT,
BCe cjlaraeMmble JiexkaT B mjeasie I, oTKyga u cam MHOrodseH f™" jiexkut B ujeaJe I.

Haxkomner nepeiiém B dakropkossiio R = Q[zg, ..., Z,,...|/]. IlponsBosabHslii sie-
MmeHT uzeasa J umeer Bug f(xe + 1,...,x, + I). Torma

(flaa+1,...;2, +1))™ = (f(xe,...;2n) + )™ = fM 4+ 1=0+1,

OTKY/Ia BBITEKAET, 9TO J ABJIAETCS HUJIBUJIEATIOM.

C apyroit cTOpoHBI, 37eMeHT T, + [ nMeer wHjeKe HuablorenTHOCTH k. Paccmarpn-
Bas BCE BO3MOXKHBIE HaTypaJbHble k > 2, MoJydaeM, 9TO WHJEKCHI HUJIBIIOTEHTHOCTU
9JIEMEHTOB Hjeasia J He orpaHudeHbl. B yacTHOCTH, 9TOT Ujeas He MOXKET ObITh HUJIbIIO-
TEHTEH. 0

IIpensnoxenue 10.5. Besakuit npassiit (eBblit) anmbnmean I comepxurca B J(R). B
9aCTHOCTH, BCAKUI HUJIBIIOTEHTHBII TIpaBblii (JieBblit) njieas comepxurces B J(R)

Jlokasameavcmso. Hunbuiean ksasuperysspen. eficrsurensho, ecan ™ = 0, o 1 —r
obpatum T.XK. (1 —7r)(1+7r+ 7>+ ... +7"1) = 1 —r" = 1, upudem 3T jJBE CKOOKH
KOMMYTHUPYIOT. 0

Teopema 10.6. Ilycts R — apTuHOBO cripaBa KoJbllo, Torya J(R) HUIBIOTEHTEH.

Jloxasameavcmeso. B cuiny aprunoBoctn Rp juig memnoukn J O J2 D ... umeem JF =
JH1 = .., maumnag c mexoroporo k. Ilpemmonoxum, aro J* # 0. Paccmorpny MHO-
JKecTBO (), cocTodlee M3 BceX NpaBbIX HjeanoB L Taxkux, uro L C J*¥ w LJ* # 0.
Mmuoxectso ) He mycTo, T.K. cojepxutr J*. B cumy aprunosoctu Rp, B € ecTb HeKo-
TOPBLI MEHIMAIBHEIN 37eMeHT, 0003HAUNM ero Toxke Kak L. 3amermm, uro LJ* € Q,
.x. (LJ*)J* = LJ?** = LJ* # 0. B 10 e Bpema LJ* C L, orkyna LJ* = L B cuny
MHUHUMAJIBHOCTU L.

Beuny LJ* # 0 naiinerca saement ¢ € L takoit, uro £J* # 0. Orcrofa npasblit neas
(R npunaiexkut 2. Oanako (R C L, a suauut, R = L B cuty munnMaJsibaoctu L. Torma
B CHJIy TIPEJIbIIYINero BbInoiHeHO ((R).J k = (R. Tlostomy maiinérca j € J*, mia Koroporo
lj = {, orkyma (1 — j) = 0, vHo 1 — j obpaTuM W3-3a KBA3UPErYJISPHOCTH DaJUKAJIA.
IMostomy £ =0 u 0 = (R = L = LJ*. Ilporusopeune c Tem, 9to L € €. n

Caenacrsue 10.7. B apruHoBoM KosibIle pajankaJ J:kekoOcoHa cOBIAIaeT ¢ HAMOOIBIITM
HUNJIBIIOTEHTHBIM MNJJICaJIOM. B JaCTHOCTHU, 3TO BEPHO JJId KOHeqHOMepHOfI aCCOHI/IaTI/IBHOﬁ
aaredpbl HaJI IIOJIEM.
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IIpumep 10.8. Eciiu R — ajirebpa BepXHETPEYTOJILHBIX MATPHUIL HAJI TIOJIEM, TO MHOXKe-
CTBO MATPUIL ¢ HYJIEBOW JINATOHAJIBIO SBJISETCS HAUOOJBIINM HUJIBIIOTEHTHBIM UJCAJIOM,
a IOTOMY COBITaJlaeT ¢ pajukajiom J[ykekoOcoHa.

CaencrBue 10.9. ApTUHOBO KOJIBIIO MOJIYIIPOCTO TOT/A W TOJBKO TOTJA, KOIJIa B HEM
HeT HEHYJIEBBIX JIBYCTOPOHHUX HUJIBIIOTEHTHBIX UJIEAJIOB.

Joxazamesvemeo. APTUHOBO KOJIBIIO TOJYIIPOCTO TOIJIA U TOJBKO TOTJA, KOTJA €ro pa-
nukas /IxkekoOcoHa paBeH HYJIIO. O

[Tycts M — npasbiii R-moyiib, A — noarpyiimia ajgurusaoit rpymst (M, +), I — npa-
BRI nmeas kosbia R. Torma onpenenum npoussenerne Al KaK MHOXKECTBO BCEX BO3MOK-
HBIX KOHEIHBIX CYMM BHIA A171 + . ..+ a,Ty, T a; € A, r; € I, n € N. HemmocpeicTBerHo
npopepsiercs, 910 Al — moamoysb B M.

Jlemma 10.10 (remma Haxasmbr-1). Ilycrs M — KOHEYHOIODOXK/IEHHBIN IpaBblil RR-
Moysib. Ecmu Beimosneno MJ(R) = M, rorga M = 0. JIpyrumu cjioBamu, Jijis HEHyJIe-
Boro mozysst M scerna MJ(R) C M

Joxazameavemeo. Ilycts M # 0. T.xk. M KOHEYHO MOPOXKIEH, TO B HEM MOYKHO BBIODATDH
MaKCUMAJIbHBINA cobcTBeHHBIN ToaMoaysib N (Teopema [3.6). Torma M /N uenpusoaum u
(M/N)r =0 mna scex r € J(R), orkyna MJ(R) C N C M. O

CaencrBue 10.11 (emmva Hakasimbi-2). ITycrs Mpr — KOHEUHONOPOXKIEHHBII MpaBbIii
R-vmonyns, N < M — ero mojamomysb, a npasbiii miean | cogepxuresa B J(R). Ecin
Boitosineno M I + N = M, o N = M.

Jlokasameavcmso. Paxropusyem no N coorHomenue u3 ycjiopust: M /N = (MI+ N)/N.
Bamernm, uro (M I+ N)/N coBnajaer ¢ a/iuTuBHOi noarpymnnoit B M /N, mopox IEHHON
Beemu ssieMentamu Buga {mr+ N | m € M, r € I}. 910 MHOKECTBO MOKHO IIepelncarh
kak {(m+ N)r | me M, r € I}. Onuaxo ajfuTuBHas IOATPYIIIA, TOPOKIEHHAT TAKIM
muozxecTBoM coBrasaer ¢ (M/N)I. Takum obpasom, M /N = (M/N)I, orxyma M/N C
(M/N)J(R). Obparnoe Bkiodenue odesuiuo. 3uaaut, M /N = (M/N)J(R) u M/N =0

110 TIPEJILIIYIIEN JeMMeE. ]

ITpennoxkenue 10.12. Ilycts M — momynpoctoit R-momynb. Torga ciemayrormme ycioBust
SKBUBAJICHTHBI:

1) M apruHoB;

2) M wuérepos;

3) M KOHEYHO TIOPOKJIEH;

4) M obnaaer KOMIIO3UIIHOHHBIM PSIIIOM.
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Jlokasameavcmso. 1) = 2) [lycre M = @ S; — pasiiokeHne B CyMMY HEIIPHBOIMUMbIX MO-
i€l

ﬂ,yﬂeﬁ. HOK&}KGNI, Y9TO B CUJIy aPTHHOBOCTHU 3Ta CyMMa MO2KET CO/EeP2KaThb JIMITb KOHEYHOE

qrcs1o caraeMbix. OT IpOTHBHOTO, ycTh [ GecKoHeIHO. Bbibepem cI6THOE MOMHOKECTBO

{i1,4s,...} C I. Torya nemnb moMoy e

oo o [ee)
B, 2Pps, 2Ps, 2.
j=1 j=2

j=3

sABJIgETCd OECKOHETHOI CTPOro yObIBAIOIIEll, 4To IpoTHBOpevYnT apruHoBoctu. Utak, M =
S1®...8 S, — KoHeuHasd CyMMa HEIPUBOIUMBIX, & 3HAYNT, HETEPOBBIX MoryJeit. OTcioma
M uérepos (ciencrsue .

2) = 3) JIwoboii oaMOLyJIb HETEPOBA MOJLYJIsI KOHETHO TTOPOKIEH.

3) = 4) Tak Kak moaynpocToii Moyib M KOHETHO TOPOK/IEH, TO OH PACKJIaIbIBAETCSI
B KOHEUYHYIO NPSMYIO CyMMy HenpuojuMbix M = Sy @ ... ® S,, cm. upeyoxenne [6.3]
Torma

0CS CHSHPSHCS eSeS3C...C5d...e5, =M

SIBJITETCS KOMITO3UIIMOHHBIM PsJIOM, T.K. BCe ero (hbaKTOpbl M30MOPMHBI MOJIYJIsAM S;, a
3HAYUT, HEIIPUBOIUMBI.
4) = 1) Mogyiib, obsagaromuii KOMIO3UIIMOHHBIM PsIZIOM, OJTHOBPEMEHHO M apTHHOB,

u mérepos (caencrsue [b.6)). O

Teopema 10.13 (Axuzyku, Xonkunc, Jlesunkwuit). [lycrs kosbio R noaynpumapho, T.e.
pajmkan JIxexobcona J(R) mumbnorenten, a cdaxTop 1o memy R = R/J(R) asnsercs
HOJIYIIPOCTBIM KOJIBIOM. Torma jyist mponsBoJibHOrO 1pasoro R-momuyns M cieyioniye
YCIIOBUSL SKBUBAJICHTHDI:

1) M apruHoB;

2) M wuérepos;

3) M obiagaer KOMIO3UIIMOHHBIM PSIOM.

Jlokasamenvcmso. O6ozuaqaum J = J(R). Beibepem HaTypasbaoe n takum, aro J" = 0,
Ho J"1 £ 0. TlocTpouM KOHEYHYIO Lelb HOJMOLYIei

MDODMJDOMJ*D..DOMJ" D MJ"=0.

Paccmorpum dakTopsl stoit nemm F; = MJTY/MJ rne i = 1,2,...n u dbopMaabHO
nonaraem J° = R. Torna F;J = 0 npu mo6om 4. 3HaunT, Ha F; MOKHO 3a/1aTh CTPYKTYPY
MOJyJIs HaJl KosiblioM R = R/J no npasmiy f(r +J) = fr ana seex f € Fy, r € R.

BameTnM, 9TO Mpom3BosbHOE TojaMHOKecTBO X C F; gBiserca moamojyiaem nam R
TOI/Ia U TOJILKO TOIJa, Koraa X sBisercs moamosyiaeM uag R. Coenosarensno, F; — ap-
TuHOB (HETEPOB) R-MOYJIb B TOM U TOJIBKO B TOM CJiydae, Korjia F; — apTuHoB (HETEpOB)
R-MOJLyIIb.
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1) = 2) Ilyctb R-momyns M aprunoB, Torja ero nojmoayib MJ™1 Toxe apTuHoOB.
Ommaxo F; — sto daxropmoayas moayag M J 1, mostomy F; — aprunos R-monyns. Torma
1o pepLyIeMy F; — apTuHOB MOy HaJl KoubioMm R. ITo yciosuio R — mosympocroe
KOJIBIIO, & 3HAYUT, BCe MOJY/IU HaJ HUM IOJyHpOCThl. B dactHocTu, F; — 1MOJIyIpoCTOit
R-moysib. B 9TOM cirydae m3 apTHHOBOCTH CllejlyeT HETepoBocTh (mpejyioxkenme [10.12)).
Urax, Bce FY, ..., F, ABI0TCH HETEPOBBIME R-MoJtyssn. Suadnt, FY, ..., F, — HéTEpOBHI
R-momynn.

B cuny MJ" = 0 nosnyuaem, uro R-mogynan MJ" ! pagen MJ" 1 /MJ" = F,,, a 3Ha-
quT, HéTepos. U3 néreposoctu MJ" ™t u F, | = MJ"2/MJ"! cnenyer néreposocTs
M J"2(upeaiozxkenue . [Ipomomkast TakuM 2Ke 00pa3oM, MOJTydaeM, YTO BCE MOJLYJIH
MJr=t MJ=2 MJn=3, ..., MJ, M uéreposnsl. B uactnocTn, nexoaneiit Momayan M mére-
POB, 9TO U TPeOOBAJIOCH.

2) = 1) JloctaTovHO B TPEJbIILYINEM DACCYKIEHUN BCIOJIy TIOMEHSITh MeCTaMu apTh-
HOBOCTH ¥ HETEPOBOCTD.

3) < 1) & 2) Bepuo jyist mmo6oro moayist (cieacrsue [5.6). O

CaencrBue 10.14. /g xosbia R ciaeayromiue yCeIoBUs SKBUBAJICHTHBI:

1) R apruHOBO cIpaBa,

2) R uérepoBo crpasa, pagnkan Jzkekobcona J(R) HuIbIOTeHTeH, a (HaKTOp 110 HEMY
R = R/J(R) — TOIympocToe KOJIbIIO.

Jloxazameavcmeo. 1) = 2) Panukai JlxkekobcoHa apTUHOBA ClIpaBa KOJIbIA BCETIa HUTh-
HOTEeHTEH (TeopeMa . Takzke dakTop apTHHOBA CIIpaBa KOJIbIa 0 paaukaay Jlxe-
Kobcona — nosynpocroe Kombuo (caencrsue [9.19). Tlpuvenss npeapLaymyo Teopemy K
MOIYJII0 Rp, MOydaeM 9TO U3 ero apTUHOBOCTH CJIEyeT HETEPOBOCTD.

2) = 1) CHoBa npuMeHsieM IPEIbILYILYI0 TeOpeMy K MO0 Ry. O

CaexncrBue 10.15. ApTrHOBO cripaBa KOJIbIO (HAIOMHUM: ¢ euHuIel!) HETepoBo crpa-
Ba.

Jloxazamesvcmeo. HacTHBIN cirydail MpeIblIyINero CJIe/JICTBHI. O

Kontprpumep jijist KoJter 6e3 eIMHUIBE: KOJIBIO C HYJIEBBIM YMHOXKEHUEM Ha P-KBa3H-
. k .
UKJITIecKoil rpymne Zy~ = {( € C | 3k € N (P = 1} (ona sBjIsieTcst HETEPOBBIM, HO He
APTUHOBBIM, Z-MOJIyJIEM ).

CrnencrBue 10.16. Koneuno mopoxKIEHHBIN NpaBbIii MOJYJ/Ib HAJI apTUHOBBIM CIIPpABa
KOJIBIIOM SIBJISETCS HETEPOBBIM.

Joxazameavcmeo. KoHedHo MOPOKIEHHBIN TPaBbIil MOTY/Ib HAJ| aDTHHOBBIM CIIPaBa KOJIb-
IIOM CaM fABJISIETCS apTUHOBBIM, cM. mpejioxkenue [4.14] IlosTomy cnoBa mpuMenmma Teo-
pema Aku3yKn—XOnKnHCa—/ [eBUIKOTO. O
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Sagaum K jgekruu 10.

Bamaga 1. Ilocrpoiite KoMMyTaTHBHOE KOO R, pajgukan Ixekobcona J(R) KoTroporo
MMeeT MHJIEKC HUJILIIOTEHTHOCTH 3, HO BCe dj1eMeHThl J(R) nMeroT Hy/ieBble KBAJPATHI.

Bamada 2. Haitgure J(FoQ)g), ykaxKuTe €ro MHIEKC HUJIBIOTEHTHOCTH.

Bamagda 3. Haiigure J(F353). Ykazanue: BoCIob3yiiTech TeM, 9T0 B apTUHOBOM KOJIBIIE
pagukaa J[;kekobcoHa — 9TO HAMMEHBINHH uaeas, (pakTop MO KOTOPOMY IOJIYIIPOCT, a
TaK:Ke XapakTepusaleil pajJnKajia B TepMUHaX JIEHCTBHUS Ha HEIIPUBOIUMbBIE MOJLYJIN.

Bamaua 4. Jlokaxkure, 9T0 Jyis IPOU3BOJIBLHOTO ceMeiicTBa KoJer {R;}ic; BBIIOTHEHO
pasenctso J([[,c; Ri) = [L.e; J(R:).

3a,£[aqa 5. ﬂOKa}KI/ITe, 9TO B KOMMYTATUBHOM KOJIbBIIE CyMMa O6paTI/IMOI‘O JIEMEHTa U
HMNJIBIIOTECHTa o6paT1/1Ma. BepHo JIX 3TO IJId HEKOMMYTaTHUBHbBIX KOJ'IGLL?

Bagaua 6. /lokaxkure, 9T0 CyMMa JIBYX HUJIb-UJEAJIOB SBJISETCS HUJTh-HJI€aJI0M. AHAJIO-
TUYHBIA BOIIPOC O CyMMe JIBYX MPaBbIX HUJIb-UJIEATIOB — 3TO U3BecTHas mpodseMa Kére

(1930 r.).

11 JlokaabHble KoJsbhoa. aeMnoTeHThI KOJIbIIA U UX
CBsI3b C PA3JIO2KEHHEM B MPSIMYIO CyMMY

Onpenenenune 11.1. /s kosbiia R 0603nadmm gepe3 R* — MHOYXKECTBO BCeX 0OPATUMBIX
s7eMeHToB Kosbla. [Ipu R # 0 MmHOXKecTBO R* # & sBjsSeTCd TPYIION IO YMHOXKEHHIO,
KOTOPYIO HAa3BIBAIOT MYALMUNAUKGMUESHOT 2PYNNOT KOAbUQ.

Teopema 11.2 (O nokansrOM Kouible). g R # 0 ciesyroiiue ycaoBrs SKBUBAJIECHTHbI:
1) R/J(R) — reio.
2) J(R) — MakcHMAaJbHBIN paBblil uieast B R;
2’") J(R) — MakcuMaJIbHBIN JIeBblil uaean B R;
3) R obsajaer e MHCTBEHHBIM MAaKCHMAJbHBIM [TPABBIM H/IEaJI0M,;
3’) R obiajiaer eJMHCTBEHHBIM MAKCHMAJBLHBIM JIEBBIM HIEAJIOM;
4) J(R) coaep:KuT Bce HeoOpaTHMBbIE 3JIEMEHTHI KOJIbIa, T.e. R = R* U J(R);
5) HeoOpaTuMbIe 3JIeMEHTBl R cOCTaBIISIIOT COOCTBEHHBII UIealT;
6) HeoOpaTUMbIe 3JIEMEHTHI 1R COCTABJISIIOT TPYIIITY IO CJIOKEHUIO;
7) ms gioboro n € N, ecom 1 + ... + 1, € R*, To xoTst 661 ojiuH r; € R*;
8) ecau T + s € R*, TO 10 KpaiiHeil Mepe OJIMH JIEMEHT ' WK § TIPUHAIERUT R*;
9) misg Becex T € R no kpaitneit Mmepe ofuH s7eMeHT T win 1 — r obparnm;
10) qyist Beex r € R 1o KpaiiHeil Mepe OJIMH 3JIEMEHT 1 Win 1 — r oOpaTuM cripaBa;
107) myist Beex r € R 1o KpaiiHeil Mepe OJIMH 3JieMeHT 7 i 1 — 7 oOpaTuM cjieBa;
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Jlokazameavcmso. 1) = 2) B reqe R/J(R) HeT HeTPUBUATIBHBIX [IPABBIX HJIEAJIOB, OTKY/IA
10 TeOpEMe O COOTBETCTBHU HealoB J(R) — MakcHMasbHBI paBblil naean B R.

2) = 3) Ecom N — makcumasibhblii npasbiii niear, to J(R) C N, orkyna J(R) = N
B cuty MakcuMajbHoctu J(R).

3) = 1) Tak kak J(R) — mepecetdenne Bcex MaKCHMAJIbHBIX [IPABLIX neasos, 1o J(R)
COBIIAJIAET C TEM CaMbIM €IMHCTBEHHBIM MaKCHMAJLHBIM IIPABBIM ujeasoM. Torma B cuity
TEOPEMBI O COOTBETCTBUY UjleaioB B hakTopkoybie R/ J(R) HeT HeTpUBHAIbHBIX TPABBIX
uneanos, suaaut, R/J(R) — eno (teopema [3.7).

1) = 2’) = 3’) = 1) AHaJIOrUYIHO TPEBIIYIIEMY B CHIy CHMMETPHIHOCTH 1).

3) & 3’) = 4) Eciu r HeobpaTumM, TO OH HEOOPATUM XOTsI OBI ¢ OJTHON CTOPOHBI, CKaZKeM,
cupasa. Toraa r J1eKuT B HEKOTOPOM MAKCHMAJIBHOM IIPaBoM uzeade (npeozkenne|1.36).
Ho J(R) — enmHCTBeHHBI MaKCHMaJIbHBIH HpaBblii wmeast, otkyda r € J(R). Ecau r
HEOOPATUM CJI€Ba, TO PACCYZKICHNS aHAJOIMIHBL.

4) = 5) = 6) [loaywaercsa cpasy.

6) = 7) Ecsin Bce 7; HeoOpaTuMBbl, TO UX CyMMa TOKe HeobpaTuma B cuity 6).

7) = 8) YacrHblil cirydaii.

8) = 9) Umeem r+ (1 —7) =1¢€ R*.

9) = 10) Yacrublii ciayJaii.

10) = 1) Boibepem npousosbusiii a ¢ J(R). Taxk kak J(R) coBlajaer ¢ rnepecedenneMm
MaKCUMAJIbHBIX [IPABBIX HJICAJIOB, TO HAllIeTCs MaKCUMAJbHBINA IpaBeiit naeaa N Z# a. B
cuty MakcuMmaJgibHocTu N, ipaBbrit ujgeas N +alR He MoxKeT ObITh COOCTBEHHBIM, a 3HAUNUT,
cosiepxkut 1. [Tosromy g mekoropeix n € N, r € R Bbiosneno 1 = n + ar. Tak Kak
n HeobOparum crpasa, 70 1 — n = ar obparum cupasa B cuity 10), oTKyga a obpaTum
cupasa. B cuny npoussosbrocTn a ¢ J(R), mosydaem, U4ro BCe HEHYJIEBBIE SJIEMEHTBI
dakropkosbiia R/J(R) obpaTuMbl cripaBa, HO 9TO OJHO U3 S9KBUBAICHTHBIX OLPEICICHUI

Tesa (Teopema [3.7).

9) = 10’) = 1) Anasoruwmo. O

Onpenenenune 11.3. Kosbio R 10KaAbHo, €CTU Y HETO €CTh € IMHCTBEHHBI MAaKCUMAaJIb-
HBIIT IPaBbIil (SKBUBAJIECHTHO, JIEBBII) HJIeal.

JI1060# TIyHKT HpeiblIyIeil TeOpeMbl MOXKET ObITh B34T B Ka4eCTBE OIPEJIEJIEHUs JIO-
KaJIbHOT'O KOJIBIIA.
HyneBoe KoIbI10 He ABIIAETCSA JTOKAJTBHBIM TIO ONPEJIETIEHHIO.

CrnencrBue 11.4. Eciu kosibiio R JIOKAJIbHO, TO OHO COJIEPXKUT €IMHCTBEHHBI MAKCHU-
MaJIbHBIN JIBycTOpOHHMIT njteas. OOpaTHOE BEPHO B CIydae KOMMYTATHBHOTO KOJIbIA K.

Hanpuwmep, B KoJibite MaTpuil Hajl TeJIoM () — eIMHCTBEHHBI MaKCUMAJIbHBIH JIBYCTO-
POHHIH HIcaJI, HO 3TO KOJIBIIO HE JIOKAJIBHO.

CJIG,HCTBI/IG 11.5. Ecan Bce H606paTI/IMbIe JIEMEHTBI HUJIBIIOTEHTHDBI, TO KOJIBIIO JIOKAJIb-
HO.
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Joxasameavcmeo. Ecim " =0, To 1 — x — obparubiii K (1 +z + ...+ 2" 1), H

CaencrBue 11.6. /g sjmeMeHnTa 1 JJOKAJIbHOIO KOJIbIla R cjejyiolme yCjaoBUs paBHO-
cubHbL: 1) 7 obparum cupasa, 2) r obparum ciesa, 3) r obparum, 4) r € J(R).

Jlokazamenvcmeo. DiaeMeHT HeoOpaTHM clipaBa (CjeBa) TOIJIA U TOJIBKO TOTJIA, KOIJIA OH
JIEZKUT B HEKOTOPOM MaKCHUMaJIbHOM ITpaBOM (.HeBOIVI) niaeaJjie, CM. IIpeIJJI02KCHNE m TaK
KaK KOJIBIO JIOKAJILHO, TO 9TOT IpaBbiil (1eBeit) naeasn copnagaer ¢ J(R). Oxnako J(R)
— COOCTBEHHBIH HjeasI, MOITOMY YKa3aHHBIN 9JIEMEHT HEOOPATUM C JIBYX CTOPOH. O]

IIpumep 11.7.

e Jlio6oe Tesio (B TOM uncie Jiroboe MoJie) — TPUBUAJBHBIN TIPUMED JIOKAJIBLHOTO KOJIb-
na. B srom ciaydae, pajukan [:kekobcoHa paBeH HYJIIO.

o KoJIbI10 BEIYETOB Z,;, JIOKAJIBHO TOIJIA M TOJIBLKO TOIJA, KOraa n = p* 171 HEeKOTOporo
mpoctoro p. eiicrBuTeibHO, B 9TOM CJIydae Bce HeOOpaTUMbIe 3JIEMEHTHI — 3TO B
TOYHOCTH 3JIEMEHTBI njeana pZ,k. O6paTHO, eCcm IPeIIIoI0KUTD, 9TO 1 JCJIUTCA Ha
JIBa PA3JIMIHBIX IIPOCTHIX YMCJIA P, ¢, TO, BeIOUpaa m, £ € Z takumu, 910 pm~+ql = 1,
nonydaeMm pZy, + q4, = Z,, OTKyJa BBIYETHI P, He JIe;KaT B OJHOM COOCTBEHHOM
ujieasie, HO OHU HEOOPATUMBI.

o Jlnsa HpOCToroE quciia p pacCMOTPUM MHOXKeCTBO Z,y € Q, cocrogmee us apobeit, y
KOTOPBIX B HECOKPaTUMOM BUJe 3HaMeHaTeJIb HE JCJINTCA Ha P. TOF,ZL& H€O6paTI/IMbIe
SJIEMEHTBI B Z(,) UMEIOT BUJL %, TJIe M JICIUTCA Ha p, HO n He JenuTtces na p. Bee
Takue JIpobu 06pasyioT COOCTBEHHBII Uieasl, a 3HAUUT, Z(y) ABIAETCH JTOKAIbLHBIM.

e Fciu D — Teyo, TO JIOKaJIBbHBIM SBJISETCS KOJBIO R, cOCTOSINEe U3 TaKUX BEpPXHE-
TPEYTOJIbHBIX N X N Marpui, A Haj TemoM D, 9TO a1 = Ao = ... = Qyp,. lakag
MaTpHuila HeoOpaThMa TOrJa U TOJbKO TOTIa, KOrJa €€ JIraroHaJbHbIE 3JIEMEHTHI
paBHbI HYJT0. HO TpeyroJibHble MATPUIIBI ¢ HYJIEBOH JTUATOHAIBIO HUIBIIOTEHTHI, OT-
Kyza Kosbio R jokanbao. B gactHocTn, J(R) coBmagaeT ¢ MHOYKECTBOM MATPHIL C
HyJIeBoit nmmaronassio, u R/J(R) = D.

Onpegenenne 11.8. DiemMenT e Koiblla R HazbBaeTcs UJeMNOMenmom, eciiu e? = e.

B m060M Kosbile mmeroTcs TpuBuasibible njeMnorenTs: 0 u 1. Ipumeps: neTpuBraib-
HBIX MAEeMIIOTEeHTOB — JualrOHaJiIbHbIe MaTpHUYIHbIE €IUHUIIBI E“ B MaTPpUYIHBIX KOJIbITaX.
Ecmu e € R — nnemnorent, Toria f = 1 — e — 9T0O TOXKe UJIEMIIOTEHT, T.K.

fP=(1-e?=1-2¢e+e’=1-2c+e=1—c=f.

“Ecu p we mpoctoe, TO yKazaHHOE MHOXKECTBO He OyJIeT 3aMKHYTO OTHOCHTETbHO yMHO:KeHus. 11pu-
BeJIEHHAS KOHCTPYKIMSI SBJISETCS IIPIMEPOM JIOKAIU3AIUE KOMMYTATUBHOTO KOJIbLA (B JAHHOM CIIydae
KoJibIa 7).

59



Nuorma f wazeBaroT donoanenuem naemmnoreHTa e. OTMeTnM, 9TO WJIEMIIOTEHTEI €, f Bce-
rjia 0pmo20HaNbHbL, T.€.

fe=(1—ee=ec—e*=0, ef =e(l—e)=ec—e*=0.

Onpenenenne 11.9. MuoxkecTBO HueMIoTeHToB {€y,. .., e,} C R Ha3bIBaeTCSI 0pmozo-
HANDHBLM, €CIN e;e; = e;e; = 0 JIIF JTI0OBbIX ¢ # .

Onpepenenne 11.10. MHOXKeCTBO HJIEMIIOTEHTOB {€1, . . ., €, } C R HA3BIBAETCA NOAHbIM,
ecme; +...+e, =1

IIpumep 11.11. IIpuBeném npuMepbl MOJIHBIX OPTOTOHAJIBHBIX MHOYKECTB HIEMIIOTEHTOB:

e MHOXKeCTBO BCeX JMArOHAJBHBIX MATpUIHBbIX exuunl] {E; | ¢ = 1,...,n} B KoJbIe
marpur M, (R).

e Eciu e — npousBoJIbHbL uaeMnoreHT Koiblia R, To mapa {e, f}, tue f = 1 — e,
ABJISIETCH TOJTHBIM OPTOTOHAJBHBIM MHOXKECTBOM M3 JIBYX WJIEMIIOTEHTORB.

JLms KazK7I0To MJIEMIIOTEHTa € MOYKHO PACcCMOTPETh MOPOK/IEHHBIE UM TpaBbiil e R 1
JIeBbIIT Re ujieasibl, a TaKyKe MHOXKECTBO

eRe = {ere | r € R}.
Torna
ere + ese = e(re + es)e € eRe, (ere) - (ese) = e(res)e € eRe, e(ere) = ere = (ere)e,

a 3HAINT, eRe — 910 KoJIbIo ¢ eaununeil e. OTMeTnuM, YTO B paMKaX HAIIUX OIPEIeTeHui
HeJIb3s Ha3BaTh eRe TOJIKOIBIIOM B [, T.K. y HEro jpyras eJInHuIa.

IIpensioxkenne 11.12 (Pasznoxenue Ilupca). Ilycrs {ej,...,e,} € R — mosHOe Op-
TOTOHAJIbHOE MHOYKECTBO MJEMIIOTEHTOB. Torjaa mpaBblil W JIEBBI peryssipHble MOJLYJIN
PaCKJIaJIbIBAIOTCS BO (BHYTPEHHIOK) HPSIMYIO CyMMY:

1) RR: elR@...@enR,

17) RR:Rel@...@Ren.
Kpowme Toro, mmeercs paziozxkenne Koyiblia R Bo (BHYTPEHHIOK) MIPAMYIO CYMMY a/[JINTHB-
HBIX TTOJIIPYIIIL:

n
2) R = @ e,Rej.
ij=1

[Ipnuém oTobpazkenune r +— (eirej)zjzl,
KOJIBIIOM MAaTPHIL CHEIUAJIbHOTO BUJIA:

r € R 3a1aét nzoMopdusM MexKy KOJbIoM R u

etRe; eRes ... eiRe,
R esRe; eaRey ... eyRe, C M, (R)
en,Re1 e, Res ... e,Re,
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Jokasamenvcmeo. 1) s xkaxgoro r € R umeem 1-r = (30 e;)r = > " | 7, OTKyJa

Rr = Z?Zl e;R. Tenepb paccMOTPHM IPOU3BOJIBHOE pasjoxkenue Hyns 0 = Y 0 e;r;.

Jomuoxum ciieBa Ha ey, noaydum 0 = Y | eye;r; = €gry. B cuily Ipou3BOIBLHOCTH

HOMEpa k TIOJIydIaeM, 9TO BCe ClaraeMble B PA3/IOKCHUHU HYJIS CAMU DABHBI Hym(ﬂ 3HauuT,

Pa3JIoZKEHNEe HYJIAd MOXKET 6I)IT]3 TOJIbKO TpUBUaJIbHBIM, OTCIOJa CyMMa IIpAMasd.
okazaresbeTBo 17) MPOBOIUTCS AaHAJIOTUIHO.

2) Kaxpiit r € R MOXKHO TIPEJICTABUTD B BHJIE

n n n
r=1-r-1= E e |-r- E € :E e;re;.
i=1 j=1

ij=1

n

n
Buaunt, R = 'Zl eiRRej. Jlanee B npomssosbioM pasiokennu myna 0 = 3 0.
/L?]:

MOXKHO JIOMHOXKHTDL CJIeBa Ha € W cupaBa Ha ey. Torma momydanm 0 = egrgee, st BCEX
k, ¢ =1,...,n, OTKy/la BBITEKAET, YTO yKa3aHHAasd CyMMa, IPIMAas.
Nszomopdusm xoser ¢ : R — (eiRej)ijl OIIpeae/ M Kak

eirijej

ei1repr ejres ... ejrey,

€oTe1 €9T€ey ... €9Tey
o(r) =

EpTEL €EpTey ... €epTeyn

Torma o nocrpoernto ¢(r + s) = ¢(r) + ¢(s). Pacemorpum snement wa nosurwn (i,5) y
MaTpurpl G(r - §):

n

(o(r-s))ij =eirse; =er-1-se; =er Z e | sej =

k=1
n n n n
= Zez‘mkseg‘ = Z eirezsej = Z(eirek)(eksej) = Z(¢(T))zk (B(8)) ks
k=1 k=1 k=1 k=1
orkyma ¢(r - s) = ¢(r) - ¢(s). Taxxke
er ... 0
o()y=1|: . | — enuHHIA yKA3aHHOTO KOJBIIA.
0 ... e,
NHbeKTUBHOCTD ¢ CJIelyeT U3 TOro, 4TO CyMMa B IyHKTe 2) mnpsMas. Hakower jjisi mpo-
U3BOJIBHBIX 735 € R, ¢, = 1,...,n 1poodpa3 MaTPHIIbI (eirijej)zjzl HEIYCT, T.K. COJIEPYKUAT
T =11 €iTij€j, OTKY/Ia TIOJIyIaeM CIOPBEKTHBHOCTD . O

15TIpu 5TOM KO3(DPPUIUEHTEI 7; MOTYT OBITH OINpPEIeJeHbl HEOMHO3HAYHO, OJHO3HAUHBIMU OKAYKYTCS
TOJILKO TIPOU3BEJICHUAS T;€;.
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IIpennoxkenme 11.13. Ilpassbiit uaean I kKosbiia R BbIAEISIETCA HPSIMbBIM ClIaraeMbIM B
Rp Torna m TOMBLKO TOT/A, KOTJIa OH MOPOZKIAETCST HEKOTOPBIM HJIEMIIOTEHTOM.

Jlokasameavcmso. (=) llycte R = I® L, rorma 1 = e+ f ais vekoropeix € € I, f € L.
JloMHOXKas Ha e CIpaBa W CJIeBa, MOJTY UM

e=ec*+ef, e=ce*+ fe
Tora pasHocTb € — €2, ¢ 0/IHOi CTOPOHDI, PaBHa ef, a 3HAYUT, JICSKAT B IIPaBoOM uaease /.
Osnospemento e — €2 = fe € L. 3nauur, e — e € I N L, no cymma ujeanos I, L npamas,
oTKyJa € — e? = 0, T.e. € — UJEeMIIOTEHT.

Jlastee ecin @ — pOU3BOJIBHBIN d71eMeHT ugeasa I, To a = ea + fa, tne fa € L. Ho
cymma Rrp = I @& L upamas u a = a + 0 — apyroe pasjioXKeHHe 3JIeMEeHTa (. SHAUNT,
fa =0, ea = a. llostomy I = eR.

(<) Eciu I = eR, €? = e, To JlocTaTOMHO paccMOTpeTh pasjoxenue Ilupca Rp =
eR® fR,rne f=1—ce. O

IIpengyoxxenune 11.14. /g npasoro R-mojyns M ciesyromiue yCjaoBUs SKBUBAJICHTHBI:
1) M packiaabiBaeTcst BO (BHYTPEHHIOK) TIPAMYIO CyMMY HEKOTOPBIX CBOUX MOJMOJLY-
aei M =M, & ... D M,.
2) Koubiio sumomopduszmos S = End M cosepKuT mojiHoe OpToroHaIbHOE MHOYKECTBO
WJIEMIIOTEHTOB {€e1, ..., e,}, npuaém e;(M) = M;, i =1,... n.

Joxazameavcmeo. 1) = 2) Kaxpiii ssiement m € M eJMHCTBEHHBIM 00pa30M IIPEJICTa-
BUM B BUJE M = My + ...+ m,, tae m; € M;. Oupenenum 3HI0MOPMU3M €; 110 TPABUITY
e;(m) = m;. Torna e2(m) = e;(m;) = m; = e;(m), orkyna e; — unemnorent. Kpome Toro,
Yo eilm) =" m; = m, T.e. MHOXKECTBO HJICMIIOTCHTOB {€;}! | SBJISCTCS MOJIHBIM.
Hakomer e;ej(m) = e;(m;) = 0, a 3maunT, cemeiictso {e;}? ; OPTOrOHATILHO.

2) = 1) Uneem M =id(M) = > e;(M) = > M,;. Ilpuuém B cuity naeMIIOTEHTHOCTH €;
€ro orpaHmvenue Ha cBoit oOpa3 M; dABjgeTcd TOXK IeCTBEHHBIM oToOparkenueM. Ecium O =
mi + ...+ m, — pasjoxeHue HyJad, m,; € Mi, TO JIJIA BCEX ¢ BBIIIOJHEHO

0=1¢;(0)=¢;(m1+...+my) =eiler(my) + ...+ e,(my)) = e;(m;) =my.

]

12 Hepa3aoKnMble 1 CTPOro HepPa3JI0KMMbI€ MOIYJIN.
Kpurepnii jjokajabHOCTH apTMHOBa KoJiblla. Pa3iio-
keHne Kpynag—IlImuara.

2:

BCHOMHI/IM, 9TO JJIEMEHT € KOJIbIla R maswiBaercst naeMIiIOTeHTOM, €CJIM € €.
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Onpenenenne 12.1. Monyns M # 0 Hepas.iootcum, ecii OH He PACKJIAIBIBAETCS B MIPsi-
MYIO CYMMY JBYX HEHYJIEBBIX MTOJIMO/TYJICH.

IIpenmoxxenme 12.2. Mojayabs M Hepas/ioKUM TOIjIa TOJIBKO Torja, Koryga End M ne
COZIEPKUT HETPUBUATBHBIX UIEMIIOTEHTOB.

Zoxazameavcmeo. Hokazkem, uro End M comepKuT HeTpUBHAJIbHBIE HIEMIIOTEHTHI TOT/IA
U TOJIBKO TOIJIA, KOIJIa MOILY/Ib M pasiozKuM.

(<) lycts M = M; & M,, u 06a ciaraembie Henysesbie. Kombio End M comepxur
UJIEMITOTEHT e, Tipoenupytoruii #Ha Momyab M. Tak kak e(M) = My u M; —HeTpuBHAIH-
HBII TTOIMOJIMOTYJIB B M, TO e He paseHn uu 0, Hu id.

(=) Ecmn End M conepxxkut upemmnorenT e otmvabiii or 0 u id, To MOXKHO paccMoT-
PeTh IOJIHOE OPTOTOHAJIBLHOE MHOXKECTBO U3 JABYX naeMnoTHeToB {e, id — e}. Torma Moyt
M passnoxum 110 npejiozkenuo [11.14]

O]

HamomuuMm, 910 MOJTyJIb HA3BIBAETCA HEIPUBOIMMBIM, €CJIN Y HET'O HET HETPUBUAIbHBIX
HOAMOZYJICH.

ITpumepsr.

1. HenpuBojumbrit Momyib HepazioxkuM. /leiicTBuresibHO, ecyin BbioHeHO M = M7 &
My, o My u My — nopmoyrynu B M.

2. Ecau xosbio R ue obitazaer niaemmnorentamu Kpome 0, 1, To mopyinu R u g R Hepas-
JIO2KUMBI. eficrBuTeIbHO, X KoJibIa sH7g0MOopdusmos End R = End kR = R
(Teopema [3.15)), a 3HAYUT, OHU TOXKE HE COJEPIKAT MJIEMIIOTEHTOB.

HaHOMHI/IM, Y9TO KOJIBIIO Ha3bIBaCTCA JIOKAJIbHbIM, €CJIM OHO O6ﬂaﬂaeT CINHCTBECHHBIM
MaKCHUMaJIbHBIM IIPpaBbIM HJI€aJIOM (OH Ke 6yﬂeT n e JUHCTBCHHBIM MaKCHUMaJIbHBIM JIECBBIM
UJIAJIOM).

Onpenenenune 12.3. Moayas M # 0 cmpozo Hepas.sodicum, eCii ero KOJIBIO SHIOMOP-
duzmor End M snokasbHO.

9to olrpejiejienue ﬂeﬁCTBHTeHBHO ABJIAETCA 9aCTHBIM CJIYIa€eM HEPA3JI02KUMOI'O MOY-
JId B CUJIY CJIEJYIOIIETO IIPEeIJIOZKECHUA.

IIpensoxxenune 12.4. Bee uaeMIoTeHTHI JTIOKAJIBHOIO KOJIbIla, — 310 0 1 1.

Lloxazameavcmeo. Ilycts e € R — umpenorent. Tak Kak R JIOKaJbHO, TO KaKOH-TO M3
9JIeMEHTOB ¢, 1 — e obpatuM, onHako e(1 —e) = 0, mosroMy Apyroit sjieMeHT HyreBoit. [

IIpumepsr. 1. Ilycts R — JsiokasbHOe KOJIbIo, Toria B cuity End Rp = End g R = R
HoJydaeM, 9To Mojys Rr n rpR ¢cTporo Hepas3aozKUMBbI.
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2. PacemorpuMm KostbIio 1iesibix umcen Z. Bee ero mpemmnorenTsl — 310 0, 1. I[TosTomy
MOJYJb Z7 HepazaoxuM. OTHAKO KOJIBIO Z He JOKAJIBHO, Y Hero OECKOHETHO MHOTO
MaKCUMAJIbHBIX (IIPABBIX ) MJIEAJI0B. SHAUUT, MOJLY/Ib Zz HE SIBJISIETCsl CTPOrO Hepas-
JIO?KHMBIM.

Teopema 12.5. Ilycts R-moayns M sBjisieTcss OJIHOBPEMEHHO HEPA3IOXKUMbIM, apTHHO-
BbIM 1 HETepoBbIM. Torma M crporo HepaszmoxKuM. [Ipudém KazKIplil ero 9HI0MOPQMU3IM
JInOO HUJIBIIOTEHTEH, JTUO0 0OpaATHM.

Joxazamesvcmeo. PacemorpuM npousBosibHbIil sujoMopdusm ¢ € End M. Tak kak M
OJIHOBPEMEHHO 1 apTUHOB, U HETEPOB, TO 110 JiemMe OUTHHTa HANAETCS TaKoe TUCI0 1, ITO
M = " (M) & ker ¢". 31ech Kak OOBIMHO IO CTEIEHBIO MOIPA3YMEBACTCS KOMIIOZUIHST
orobpazkenuii ¢" = ¢o...o¢ (n pa3). Tak kak M HepasI0KUM, TO B TIOJYIEHHO CyMMe
OJIHO M3 CJIaraeMbIX JIOJIZKHO OBITH HYJIEBBIM.

Ecmu ker ¢™ = 0, To B cuny ker ¢ C ker ¢™ nosryuaem ker ¢ = 0, T.e. ¢ uabektunen. OJ1-
HaKO JIJIsI apTHHOBA MOJIYJ/Isi WHBEKTUBHOCTH SHI0MOP(PU3Ma paBHOCU/IbHA OMEKTUBHOCTU
(mpetozkeHme . [Tonmyuaem, 9To ¢ oOpaTuUM.

Pacemorpum Tenieps apyroit cayuqait. Ecam (M) = 0, To sHmomodpusm ¢ obparra-
eTcsd B HOJIb Ha Bcex jieMenTax Moy M. Suadut, ¢" = 0, T.e. ¢ HUIBIIOTEHTEH.

Takum obpasom, Jr0b0I sHIOMOPMU3M OO0 HUJILIIOTEHTeH, Jubo obparum. Torma
koJib1io End M jtokasbHO (ciiencTBue . Jpyrumu cioBamu, Moay/ab M cTporo Hepas-
JIOZKUM. L]

CaeacrBue 12.6. Ilycrs xkobio R # 0 aprunoBo crpasa. Torga R JI0KaJabHO B TOM U
TOJTLKO B TOM CJIydae, KOrja Bce ero mjaeMrnoTeHTsl — 310 0 u 1.

Jlokasamenvcmso. (=) Yike JI0Ka3aIM B IPEJIbLYIIEM [IPEJJIOKEHUH m

(«=) Koubrto sngomopdusmos peryisipaoro mogyiast End Rg = R (teopema . ITo
CJIEJICTBUIO U3 TeOpeMbl AKI3YKU- XOIKMHCA-J [EBUIIKOIO apTHHOBO CIIpaBa KoJIbIlo IR oKa-
JKeTcsl HETEPOBBIM CIIpaBa, T.e. MOAY/Ib Rp apruHoB n HETepos. Ilo ycmoBuio Bce uiem-
IMOTEeHTHI KoJjiblla R TpuBmaJibubl, HO End R = R, a 3Ha4YUT, BCe UJIEMIIOTEHTHI KOJIbIIA
End Ri tpusnanbubl. Torja Rr — Hepasznoxkumblit R-moayib. [lo Teopeme Rr — crporo
HepasjioxuM, T.e. End Ry — JjiokasibHoe Kosib110. Torma u3omopdHoe eMy KoibIlo R Tak:ke
OyIeT JIOKAJIbHBIM. ]

Onpenenenune 12.7. Ilpencrasienue monynsg M = My @ ... & M, B Bujie KOHEUHOI
CYMMBI HEPA3JIOZKUMbBIX TIojIMOtysteit M; nazoBéM pasaooiceruem Kpyara-Ilmuoma.

Teopema 12.8. Eciu Mmomaynb M apTUHOB WM HETEPOB, TO OH 00JIaJIaeT Pa3/I0XKEHUEM
Kpynna-IImuara.

Joxazameavcmeo. 1lyctb ns M we cymectByer pasyioxenus Kpymna-Ilvuara. B gact-
HOCTHU, caM MOJTy/ib M He MOXKeT ObITh HEPA3/JI0KUMBIM, HHAYE Oy IIIach Obl CyMMa U3
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onuoro ciaaraemoro. Ilostomy M = Ny @ M;. CHoBa x0Tst ObI OH W3 MOy/eit Ny uin
M, paznoxkum. Moxno cantathb, 9to N1 = Ny @ My , Torma M = Ny @ My & M. Bynem
IPOJIOJIZKATh 3TOT 1poriecc. Ha mrare ¢ Homepom k Mol iostyaum M = N d M, @ ... & My,
e Ny @ My, = Ni_1. 3HAUNT, MBI MOXKEM ITOCTPOUTH KAK CTPOrO yOBIBAIOIIYIO IEIOYKY

Ni2DONy 2 ...2Np 2D ...,
TaK U CTPOI'O BO3PACTAIOILYIO
My CMiBdM, C...CMi®...EM,C ...
CnenoBarebHO, MOy M He MOYXKeT ObITh HU apTHHOBBIM, HA HETEPOBBIM. O

OkasbIBaeTcst, 9TO €CJIM MOJY/Ib U apTHHOB, W HETEPOB, TO pasjoxKenune Kpysuis-
[MImuara e MHCTBEHHO ¢ TOYHOCTBIO 10 M30MOpdU3Ma ciaraeMbix. JIJis1 JoKa3aTeabcTBa
9TOro paKTa HaM ITOHAIO0UTCS CJIEIYIOIas TeEXHUIeCKas JIeMMa.

Jlemma 12.9. IlycTh nponsBosIbHBI MpaBblil R-Moyms K pacK/iaIbiBaeTcs JIByMs CIIO-
cobamu B cymmy moamomyieit K = K1 @ Ky = K1 @ Ky. Obo3naunm yepes 71 : K — K,
€CTECTBEHHYIO IIPOeKIHIo, a yepes ¢1 : K1 — K — ecrecrsennoe Bioxenue. [Tpenoiio-
JKHM, ITO OTOOPazKeHUE (1 = Tt K1 — K saBisgercs nzomopdusmom moyieit. Torma
BBITTOJIHEHO Ko = K.

Joxazameavemeo. Tak Kak ¢ = 7111 OMEKTUBHO, TO
0 =kery; D kerm NImy; = Ko N K;.

SuaguTt, cymma K P Ky aBigercs upstmoii. ITokaxkem, 9T0 OHa COBIIAIAET CO BCEM MOJLY-
Jgem K. B _ B B

B cuny K = K; & K3 mocrarouno mnposeputhb, uro K; C K & Ky, Pacemorpum
npousBosibHbIl y € K. Tak Kak (; 6uektuBHO, TO HaligéTes © € Ki, uto y = ¢1(x).
Tereps BuIUMCIIM

Ty —z) =T(y) —Ti(r) =y —Tu(r) =y — v1(x) = 0.
CuetoBareibho, y — « € l?g, OTKY/Ia
y=xz+ (y—x) GKl@f(Q,

YTO U TPeDOBAJIOCH. B
Terteps umeem, ¢ ojiHOI cToponbl, UTo K = K1 K9, a ¢ apyroii croponsl, K = KD K,
1o ycjoBuio. Tora _ _
Ky = K/K; = (K1 ® K) /Ky = Ko,

1 JIeMMa JIOKa3aHa. L]
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Crieiytony o TeopeMy CBSI3BIBAIOT C Pe3yJibTaTaMU Cpa3y MHOTHUX aBTOpPOB: Besmep-
6épn, Pemax, [IImuar, Kysmib, Axzymast.

Teopema 12.10. Ilycts R-momyiab M oJHOBpEMEHHO W apTUHOB, U HETepoB. Toria s
Hero cymectByet mpejcrasiaenne M = My @& ... & M, B Bujie CyMMbI HEPa3JIO?KUMBIX
noamosysieit M;. B mob6oM TakoOM TpeJCcTaB/IEHNN BCe MOJYJIM Ha CaMOM JleJie CTPOTO
HEPA3JIOKUMBI. HHUCJI0 cj1araeMbIX 1 OIPeJIeIeHO OJIHO3HAYHO U caMu cjiaraembie M; Toxke
OIIPE/IE/IEHBbI OJIHO3HAYHO C TOYHOCTBIO JI0 M30MOPdU3Ma U II€PEHyMePAIUH.

Joxazameavcmeo. CymecrBoBanue pazioxkenuns Kpysis-IIImuara BeiTekaeT u3 mnpesibl-
nyteit reopembl. Momyns M apTuHOB U HETEPOB, a 3HAYUT, JIFOOOI €ro MOAMO/IY b 00J1a-
JlaeT TEeMU Ke cBoiicTBamMu. B wacTHOCTH, KarK bt MOystb M; ToXKe apTUHOB U HETEPOB.
Tax xkax M; Hepa3jaoKuM, TO 1O TeopeMe [12.5 OH cTpPOoro Hepaz3IOKIM.

[Iycts Tenepsb jano jBa pazioxenus Kpysis-Ivuara

M=M®@.. ®M,=M®®.. &M.

PaccmorpuMm ectecTBeHHBIE TTPOEKITUN

oM — M;, i=1,...,n; T M— M;, j=1,...,n,
a TaK’Ke eCTECTBEHHBIE BJIOYKEHUST
i M, — M, i=1,...,n; M, — Mj=1,...,n.
[Tomoxum
Pi = T1l4, Yy =m, i=1,...,n.
Toria KOMITO3UIUS (P;1); SABISETCs SHIOMOPMU3IMOM MOy My, mpuaém

n

n n
E P = g LTl = T E LT | L =T = 1dM1,
i=1 =1

=1

Kak MbI y2Ke ycTaHOBUIN, MOJLYJIb Ml CTPOTrO HEPA3JIOKUM, T.€. €0 KOJIBII0 SHIOMOPhU3-
MOB JIoOKaJIbHO. CyMMa BCEX ;1); paBHA €JIUHUIIE, & 3HAYNT, XOTd ObI OJIHO U3 CJIAraeMbIX
JIOJIZKHO OBITH 06paTHMO MO CBOHCTBY JIOKAJIBHOIO KOJIbIIA (Teopema . [Tocne mepe-
nymeparuu mojyJieit My, ..., M, MOXHO cuuTaTh, 4TO 3HI0MOPIU3M (P11 obpatum. B
YaCTHOCTHU, OH CIOPBEKTUBEH, U MbI IIOJIydaeM

M, = Im(p191) C Im(p1) C My,

OTKY/Ia 1 TOXKE CIOPbEKTUBEH.
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[Tomensiem MecTamMu MHOXKUTEIN U PACCMOTPHUM SHI0MOpDuU3M 111 Moayasa M. Ilo-
KazkeM, 9TO OH Toxke obOparuM. lIpeanosokum nmpoTusHOE, TOra 111 HUILIOTEHTEH 110
teopeme [12.5 T.e. (¢101)¢ = 0 mis nekoroporo d. Torna

(1) = 1 (Y1) = 0,

U (0111 TOXKE HWIBIIOTEHTEH, YTO MPOTUBOpednT obparumoctu. Mrak, 11y obparum. B
YACTHOCTHU, OH UHbHLEKTUBEH:
0 = ker¢1¢1 D ker ¢y,

a 3HAYUT, (p] TOXKE NMHDHEKTUBEH.

__ Takum obpasom, orobparkeHue @) = Tt ABjIgeTcs uzoMopdusmMoM momyneit My n

M. llpumensas npeaplyniyio JeMMy K @1, noaydaeM Mo @ ... B M, = My @ ... & M.
Hasee ocymectsisiem uHayKiuio 1m0 max{n,n}. CoriacHo WHIYKTUBHON TunoTese,

€CJIM KOJIMIECTBO CJIAraeMbIX CTPOrO MeHbIe max{n,n}, To yTBepXKICHIE TeOPEMBbI BEp-

Ho. 3Hauut, My, ..., M, nocie nepenymepariun u3oMopdHbl Mojysiamu M, ..., Mz. Ipu
stom n — 1 =n — 1, orkyna n = n. Baza unaykuun max{n,n} = 0 coorsercreyer M = (
U JIBYM IIYCTBIM CyMMaM MOJLyJIeil. [

Sagaum K Jjgeknuu 12.

3amaua 1. [lokaxkure, 910 B O0INEM C/Iydae MOJIKOJIBIIO JIOKAJLHOIO KOJIbIla He 00sA3a-
TeJIbHO JIOKAJIBHO.

Bamaua 2. [lokaxkure, 9T0O €Can MOIKOJIBIO S apTHHOBOIO CIIpaBa JIOKAJIBHOIO KOJIBIA
R aprunoBO crupaBa, TO S TaKKe JOKaJIbHO.

Bamada 3. Onuimre Bce WEMIIOTEHTHI, cojepxariuecs B J(R).
Bamada 4. Onpejenure, CKOJIbKO HJIEMIOTEHTOB B KOJIbIE Z,. Ouuimre ux.

Bamaua 5. Ilycte My, ..., M, — "epaznoxumbie mopyau u M = M; @ ... & M,. llyctb
Takzke oaMoysib N < M BbienseTcs IpaMbIM ciiaraeMbiM. Bepro ymn, ato N = Ny &
o@D Ny, toe Ny 2 M, wm N; =0,i=1,...,n7?

Bamaua 6. Ouuimre KOHETHO TOPOKIEHHBIE HEPA3JIOKUMbIe Z-Moyau. [Ipuseure mpu-
Mep HePa3J0KUMOT0 Z-MOJLYJId, He ABJIAIONIEr0CsHd KOHEYHO TTOPOXKTHHBIM.

Bamaua 7. IlpuBeaure npumep Mojysis, y KOTOPOroO HET HEPA3JIOXKUMOTO TTOIMOJLYJIS.

Banaya 8. Onurmmre Hepa3I0KUMbIE MOIY/IN HAJI MTOJTYyITPOCTHIM KOJBIIOM 7.
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13 HpI/IMI/ITI/IBHbIe naemMIiIliOTeHThI. HOﬂHHTI/Ie naeMIiioTreH-
TOB. HO.TIYJIOK&.TH)HI:)IG KOJIbIla

Panee MbI BBe/IM TOHATHE HEPA3I0KUMBIX MOy Ieil. BcmoMHUM, YTO MOTY/Tb HEPA3JI0KUM,
€CJIN €10 HeJIb3d IIPpeJCTaBUTb B BUJAE CyMMBbI JIBYX HEHYJIEBbIX HO,T_LMO,H‘YIIGIU/I. MO,J:[‘YIIB CTpO-
r'0 HEPA3JIOKUM, €CJIU €0 KOJIBIO SHIOMOPMU3MOB JIOKAJIHHO.

[IpuMennM 5T TOHATUS K PEryasipHOMY MOjysi0 Ryi. Ero moaMomayin — 31o B TOYHO-
CTH IIpaBble ujeabl Koybiia K. OaHako IpaBblil UAea BhIICISIETCS IPIMBIM CJIaraeMbIM
B R TOra u TOJILKO TOT A, KOTJIa OH IIOPOXKIAeTCA HIAEMIIOTEHTOM (Hpe,ZLJIO}KeHI/Ie .
[TosTomy ecim Moty Rp pa3ioxKuMm, TO

RR:eR@(l—e)R

JJIs1 HEKOTOPOI'0 HETPUBUAJIBHOI'O UJEMIIOTEHTA €.
BajamMcest BOIIPOCOM, B KaKUX CJIydasX MOJy/ab el sBisercs pasnokumbiM. Ham
MTOHAIOONTCS CIIEyIOoNIas TeOpeEMA.

IIpengyoxxenne 13.1. IlycTh €1, €5 — JIBa MPOU3BOJILHBIX UjleMniorenTa Kojbiia R. Torma
oToOpaKeHme
® : Homp(e1 R, e2R) — egRley, D(p) = pler)

ABJIIETCS M30MOPhU3MOM TPYIIIL 110 CI0KeHuo. Ecin e; = ey = e, o ¢ 3a1aér nzomop-
dbusm kosterr End (eR) g = eRe.

Jlokazameavcmso. (Koppekraocts) [Iposepum, uro ®(p) meficTBUTENHHO JIEXKUT B €9 Req
Jt Jioboro romomopdusma ¢ : e R — ea R. meem

D(p) = ple1) = p(e]) = pler) e1 € exRey.
R
Eeo

(MabekTHBHOCTE) 3aMeThM, 4To J060i roMoMopdusm ¢ : ey R — ey R 0jiHO3HAYHO
3a/1a€TCs CBOMM 3HadeHneM p(ep), Tak Kak @(e1r) = (e)r. [losromy, ecaun ¢, 1) — nBa
pasImaHBIX ToMoMopdusMa, To ¢(e1) # ¥(ey), a 3naaut, P(p) # P().

(CropbekTuBHOCTE) 3adukcupyeM r € R n pacCMOTPUM 3JIEMEHT €97€1. 3aIauM Io-
Momopduam ¢ : e R — ea R Kak p(e1s) = egrs mis Beex s € R. Torma ®(p) = egre;.

(Coxpanenue onepaiuit) Orobpakenne ®, 04eBUIHO, COXPAHSIET CIIOKEHUE

Pl +¢) = (p+¥)(er) = wler) +¥(er) = D) + (¥).

[Iyctn Tenepns e; = ey = e. Torma

D(poy) = w(@) = w(e-(e)) = ple) - P(e) = D(p) - D(v).
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AnajiormaHasi TeopeMa BepHa JJIsI JIEBBIX HeasioB Buaa [Re.
Hanomunwm, 9ro e — equnauIa Koabia eRe.

ITpennoxkenue 13.2. Jlna wiemnorenta e # 0 caeayoomme yCIOBUS SKBUBAJEHTHBL:
1) e = s+, rae s,t — HeHyJIeBbIe OPTOTOHAIBHBIE UEMIIOTEHTHI.
2) Koubio eRe comep:KuT naeMnoTenT OTandHbiil ot e u 0.
3) Ilpasbrit umean e R — pasyioKUMBIA MOJLYJIb.
3’) Jleswiit ujean Re — pasioKuUMbIiA MOJIYJIb.

Jlokazameavcmeo. 1) = 2) YMHOKUM 00€ 4aCTH PABEHCTBA Ha S ClIpaBa; €5 = s>+1s = s.
Ananornuno se = s. Torma s = ese € eRe. Ilpu srom s # 0 110 yciioBHio, a TakkKe S # e
B cuty t # 0.

2) = 1) llyctb s € eRe — maemnorent, ondanblii or 0 u e. B cuty s € eRe nmeem
es = se = s. llonmoxum t = e — s. Torna ts = (e — s)s = s — s = 0 u anasoru4no st = 0.

2) < 3) Ilo npenpbuiyteMy TpeIoKEHIIO KOJIBIO 9HI0MOPMU3MOB Moyt eR n30-
Mopduo eRe. ITpu 3TOM MO/IY/Ib HEPA3JIOXKUM TOTJIA U TOJBKO TOIJIA, KOIJIA €ro KOJIbIO
9H10MOPMUZMOB COAEPIKUT TOJIBKO TPHBHAJILHBIE HJEMIOTEHTHI (1peyiozkenue [12.2)).

2) < 3’) CummeTpudHo. O

Onpenenenne 13.3. Unemmnorent e € R\ {0} Ha3sbIBaeTCA NPUMUMUEHDHIM, €CTTH KOO
eRe He coJIep:KUT UAEMIIOTEHTOB OTJINYIHBLIX OoT 0 u e.

Orpunanue Jiro00OT0O IMYHKTa MPEAbLIYIIETr0 MMPEIIoKeHUsT 1aéT IKBUBAJIEHTHOE OIIpe-
JeJICHUE IIPUMUTHUBHOI'O UAEMIIOTEHTA..

Anasorom pasnoxkenust Kpyimis-Imuara 1s Kosterr aB/isieTcst pa3ioKeHne e IuHATIbI
B CYMMY IPUMHUTHBHBIX OPTOTOHAJIBHBIX HJIeMIOTeHTOB 1 = e; + ... + e,. Torma B pas-
noxkenun [Tupca (npemiozkenue R =eR® ... e, R Bce ciraraemble gBIAIOTCA
HEPa3JIOKUMbIMH.

Teopema 13.4. Ilyctb Kosb1l0 R HETEpOBO cripaBa. Torma R colep:KUAT MOJTHOE OPTOTO-
HAJIbHOE MHOXKECTBO IMPUMHUTHBHBIX MJIEMIIOTeHTOB. Ipyrumu ciopamu, 1 = e + ... + e,
rjie Bce e; — IPUMUTHBHBIE UJIEMIIOTEHTHI U €;6; = e;€; = 0 J1j1s1 JII00BIX © # j.

Zloxazameavcmeo. g nérepoBa Moy Ry cymectByeT pasnoxkenne Kpyrmra-ITIvmmara
Rr =M &...3 M,, tae Bce mogaynu M; HepazaoxkuMbl (TeopeMa . [Tpsmoit cymme
Rr = M; & ... ® M, cooTBETCTBYET MOJHOE OPTOTOHAJIHLHOE MHOYKECTBO HMJIEMIIOTEHTOB
e1,...,e, Koublia End Ry, npuaém M; = e;(R) (npejoxenne . O inako End R =
R, n kaxkp1il su10MOphU3M MOIy/Id Ry ABIdeTCd YMHOXKEHUEM Ha HEKOTOPDIN 9JIEMEHT
KOJIbIla cjieBa (TeopeMa . [TosTOMy MOXKHO CUHTATDH, YTO €1, ..., €, — HUJIEMIOTCHTHI
KoJiblia IR, Takne aTo Kaxk bt M; = e; R — 1paBblii ujeast, HOpOXKIEHHBIA HAEMIIOTEHTOM
e;. Tak Kak Moy/1b M; HEPA3I0KUM, TO COOTBETCTBYIOININIA MJIEMIIOTEHT €; TPUMUTHUBEH.

]
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Onpepenenune 13.5. [lycts [ C R — npou3BoIbHOE MOJMHOXKECTBO KoJiblla K. ['oBop4T,
9TO UDEMNOMEHMBL TOOHUMAOMCA N0 MOJYA0 MHOXKeCTBa [, ecau Jijist KaxkI0ro r € R
TAKOro, 4To © — 12 € I, cyImecTByeT UJAeMIIOTEHT e, YJIOBJIeTBOPAIoNHii ¢ — 1 € 1.

Ecau I — nBycroponHuMii ngeaJs Kojblia R, TO olipe/ieieHne paBHOCUIBHO CJIEIYIOIIEMY:
JIJIsT JTIOOOTO CMEKHOIO KJjiacca 1 + I, KOTOPBI SIBJISIeTCs UIEMIIOTEHTOM B (paKTOPKOJIbIIE
R/I, maiinercsa upejcraBuresib € € r + I, KOTOPbIi GyeT MIEMIOTEHTOM B HCXOJHOM
KoJiblle R.

Hamomuum, 9To mjea Ha3bIBAETCH HUIBUJICATIOM, €CJIU JJIsd KaXKJOT'O €ro 3JIEeMEHTa
HalJIETCs CTelleHb, ITPU BO3BEJIEHUN B KOTOPYIO OH OOPATUTCHA B HOJIb.

Teopema 13.6. 1eMIIOTEHTHI TOJIHUMAIOTCS 10 MOJLYJIIO JIIOOOI0 HUJIbUICAIA.

Jlokasamenvcmeso. Pacemorpum npoussosbablil Huabuaean [ < R. Ilycrs m @ R — R/I
— 3TO ecTecTBeHHas MpoeKnus. [IpeanooKumM, 9To 3eMenT r € R yI0BIeTBOPAET COOT-
nommenuto r — r? € I, uro pasnocusibio m(r) = w(r)?. Orcriona m(r) = m(r)" ana moboro
HaTypaJbHOro n. Heobxoaumo Haiitu ujeMmnorenT e € R takoii, uro e — r € 1.

O6oznaunm s = 1 —r. Torma s/eMeHThI 7', S KOMMYTHPYIOT, T.e. 'S = s1. BoJjiee Toro, ux
npousBejieHne rs = r — r? jgexxuT B ujease I. Tak kKak I — 3To HUJIbHEAN, TO HaiéTCa
Takoe k, aro 0 = (rs)* = rksk.

[onoxknm ¢ = 1 — r* — s¥. Tlokazkem, 4To & TakxKe TpHHAIEKAT uyueany . Jeii-
CTBUTEIbHO, UMeeM 1 = r + s, otkyga 1 = (r + s)*. Tak Kak r 1 § KOMMyTUDPYIOT, TO
npumenuma dopmyta 6unoma Hoiorona: 1 =78 + rs(...) + s*. Beumy rs € I nomydaem

m(x) =71 —r* —s*) =n(rs)m(...) =0,

oTKyna r € I.

Tax kax I — amisuead, To x° = 0 mexoroporo ¢. Ilostomy 1 — 2 0671a12eT 06pATHEIM
0 yMHOXKEHUIO U = 1 4+ 2 + ... + 271, Daement r BbIpazKaeTcs KaK MHOTOHUICH OT T, S,
OTKYJa % — 9TO TOXKE MHOTOYJIEH OT 7', §, TIOITOMY % KOMMYTHUPYET C HUMHU.

Haxonery mooxnM e = urk, f = us”.

Bamernm, aro e + f = 1. [leiicrBuresibHO,
e+ f=ur"+us" =u(r*+ ") =ul-2z)=1.

k

Kpowme Toro, ef = fe = 0 B cuay Toro, uto 7¥s* = 0 u Bce 37eMeHTHI 7, 5, U KOMMYTH-

pyitor. Torma e aBageTCS MIAEMIOTEHTOM
e=c-1=clet+ f)=e+ef =
[Tpuaém
m(e) = n(uw)r(r)* = (1 +m(z) + ... + 7(x) () = x(r)* = n(r),

Te.e—1€l. L]
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OK&(SE)IB&G}TCH7 YTO IIOJHUMMaTh MO2KHO HE€ TOJIbKO OT/AeJ/IbHbIE MACMIIOTEHTBI, HO U I1e-
JIble CeMeNCTBAa OpTOI'OHaJIbHBIX MICMIIOTECHTOB. Hpe,ﬂBapI/ITeﬂbHO HaM HOH&,ZLO6I/ITCH CJIe-
Ayronjad TeEXHUYIECKasd JIEMMa.

Jlemma 13.7. Paccmorpum ABYCTOPOHHHUI mjeaJ, Jexkaminii B pajukae J[zxekobcona
I C J(R). lIpeamosoxKum, 9T0 MIEMIOTEHTHI TOJHUMAIOTCs 110 Moy o [. [Tycrs

¢?=g€R, uw—-uel, ugguecl.

Toryma B R cymiecTByeT UJIEMIIOTEHT €, KOTOPBIIl OPTOrOHAJIEH ¢ U IIPU 9TOM IIOJIHIMAET U
o mojayo I, t.e. e —u € I.

Loxazameavemeo. 1lycts f € R — pesyabrar mogusaTus u 1mo Momayao I. ITockoabky
gu,ug € I, nmeem gf = g(f —u) 4+ gu € I, a takxke fg = (f —u)g +ug € I. Tak kax [
nexur B J(R), To ssmement 1 — fg obparum. Pacemorpum

h=(1—fg) ' f(1 = fg).

On ugemnorenten, npuuém hg = 0, nockossky f(1 — fg)g = fg — f?g* = 0. Iloxkaxkewm,
aro h — f € I. [eiictBurensro, uz toxaectsa (1 — fg)h = f(1 — fg) nonygaem h — f =
fgh — fg € I, rak kak fg € I.

[Mosoxkum e = (1 — g)h. Torma ge = eg = 0. Jlasiee tak kak snementsl h— f, gf, f—u
jexxar B wiease I, 1o B pakropkosbiie R/ BBIIOJIHEHO

e+ I=1—-gh+I=01-g)f+I1=f+1=u+1.

2

[Tokazkem, aro e* = e. Jlokarxkem BCIOMOTaTeJIbHOE PaBEHCTBO

fA=fo)A—g)=(f—fo)A—g)=f1—g)P=fA—g)=f—f’9=f1—fg)

. J
'

Terreps Bo3BeIEM € B KBaIpaT

¢’ =1-g)1—fo) f(1—fo)(1—g)(1~fg)7' f(1 = fg) =

N J/
-

=(1—g)(1— fo)  fli—Fg) T=+Fa) f(1 - fg) =
=(1—-9)(1—f9) ' f1—fg)=(1—gh=e.

]

Teopema 13.8. Paccmorpum ueadt, jiexkantuit B paukase Ixxexkobcona I C J(R). [pes-
MTOJIOKUM, 9TO IO MOJAY/II0 [ TOJHUMAIOTCS MaeMIoTeHTh. Torma rob0oe KOHETHOe WIN
CYETHOE OPTOIOHAJIBLHOE MHOXKECTBO HEHYJIEBBIX UJEMIIOTEHTOB (hakTopkosbia R/ noj-
HUMAETCs 110 MOJIYJIIO [ 10 OPTOrOHAJIBHOIO MHOYKECTBA HEHYJIEBBIX MJIEMIIOTEHTOB KOJIb-
na R.

71



Jpyrumu cjioBaMu, JIjisi BCIKON KOHEYHOM WM CIETHON CUCTEMBI Uy, Us, . . . SJIEMEHTOB
KoJblla IR, Takux 4to w; & I m wu; — d;ju; € I, cymecTByeT cuCTeMa €1, €y . . . SJIEMEHTOB
KoJIbIla R, 1j1s KOTOpBIX €; — u; € I u e;e; = d;j€;, IPUIEM BCe €; HEHYJIEBBIE.

Joxaszamesvcmeo. Ha 1mare MHIYKITUU IPU TTIOCTPOEHUN €, 1 NPUMEHSEM ITPEIbIIYIIYIO
JIEeMMY K €1+ ...+ e, U U,y 1. Torma e, 1, Kak OBLIO yrKe JOKa3aHO, OPTOTOHAJIEH BCEM €;,
i < n. Kpome Toro, no yemosuio u; & I, otkyna e; = u; + (e; — w;) & I u He MOXKeT OBITH
PaBHBIM HYJIIO. 0

Onpenenenune 13.9. Kosbiio R HA3bIBAETCS NOAYAOKAALHDBIM, €CJTA (DAKTOP IO PATUKATY
Ixexobcona R/J(R) siBisiercst (KJIACCUYECKH) MOJIYIIPOCTBIM KOJIBIIOM, T.e. H30MOpdheH
[IPSIMOMY TIPOU3BEIEHUIO MATPUUIHBIX KOJIEI HaJ| TeIaMU.

IIpensioxkenne 13.10. 1) Kosbiio R ¢ KOHEUHBIM YHCIOM MAKCHMAJbHBIX TPABBIX H/Ie-
aJI0OB TOJIYJIOKAJILHO.

2) Eciim R nonynokasnbao u R/J(R) KOMMyTaTHBHO, TO B R KOHEUHOE THCIIO MAKCH-
MaJIbHBIX ITPaBbIX WJEAJIOB.

Jlokasameavcmeo. 1) Obosnaunm R = R/J(R). Eciin B R KOHeYIHOE YUCI0 MaKCHMAJIb-
HBIX [IPAaBBIX UJIEAJIOB, TO /I 1R 9TO TOKEe BEPHO B CHILy TEOPEMBI O COOTBETCTBUH MOIMO-

ayneit. Ilycts Ny, ..., N, — 3T0 Bce MakcuMaJbHbIE IIpaBblie njeaabl K. VIx nepeceuenne
coBnajiaer ¢ pajukasoM J(R), Ho on pasen Hy:o. Torma oTobpazkeHue IpaBbix R-MoyJiei
n

Tzﬁ — P }_%ﬁ/ N; nmeer myseBoe sijipo. [To Teopeme o romoMopduszme }_Siﬁ n30MopeH 1oJI-

MO,ZLyJHZO:}IOJIprOCTOFO MOJLYJIsI, & 3HAYHUT, U CaM IIOJIYIIPOCT.

2) Kosbiio R/J(R) KOMMYTATHBHO U TOJIYIIPOCTO, OITOMY OHO H30MOP(HO MPSIMOMY
npousejiernto nojeit Fy x ... X F,. Orciona 8 R/ J(R) juiih KOHEIHOE YHCTIO MAKCHMAIb-
HBIX [IPaBBIX UJIEAJIOB, 3TO B TOYHOCTU Haeasbl Buga Fy X ... F,_ 1 x 0 x F;; x ... F,. Ilo
TeopeMe O COOTBETCTBHU MOJAMOAYJEH B R ToxKe OymeT KOHEYHOE YMCJIO MAKCHUMAJIbLHBIX
IPAaBLIX UJICAJIOB. O]

OrmernM, 9TO B 0OIEM CIydae B TOJIYJIOKAJTBHOM KOJIBIE MOXKET OBITh OECKOHETHO
MHOI'0 MaKCHUMAaJILHBIX IIPaBBIX HIeasoB. B KadecTBe mpuMepa MOXKHO PacCMOTPETDH KOJIb-
IO N X M MaTPUIL HaJl OECKOHEUHBIM ITOJIEM TP 1 > 2.

ITpumepsr 13.11. 1) Besikoe Ji0KaabHOE KOJIBIO HOTYIOKATLHO.
2) Besikoe apTHHOBO €J1eBa WM CIIpaBa KOJIBIIO TaKKe MOJTyJIoKaIbHO (cirecrsue (9.19)).

Teopema 13.12 (Kswmuc, uke, 1993). Kosbio sH10MOPMOU3MOB apTHHOBOTO MOJLYJIst
IOJTYJIOKAJIBHO.

Bes doxasamenvcmea. ]
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B pasbHeiimemM Mbl JJOKaxkeM 3TOT (pakT JIId CIydas, KOTJia MOJLy/Ib OJITHOBPEMEHHO U
apTUHOB, U HETEPOB.
Sagaum K Jgeknuu 13.

3ana4da 1. [lokaxkuTe, 9T0 ecm KOablo R HETEPOBO cIpaBa, TO B HEM He MOXKET OBIThH
OECKOHEYHOTO MHOYKECTBA HEHYJIEBBIX IMONAPHO OPTOTOHAJIBHBIX UJIEMIIOTEHTOB.

Bagaua 2. J/lokaxkure, 4TO CJIEIYONME YCIOBUS HA WJIEMIIOTEHT € SKBUBAJEHTHBL:
1) e nenTpasieH (T.e. JIEXKUT B IIEHTPE KOJIbIA);
2) e KOMMYTHPYeT CO BCEMHU HUJIBIIOTEHTAMU;

3) Re =eR.

Bapauga 3. Ornpejiesinre MaKCUMAJIbHYIO MOIITHOCTH KOHETHOI'O OPTOTOHAJIBHOI'O MHOZKE-
CTBa NPUMUTHBHBIX HJIEMIIOTEHTOB, CyMMa KOTODBIX paBHa 1, B Kouble Marpui M, (F)
HAJ[ TTOJIEM.

Sagada 4. ITokaxKkure, 9TO €cjIi MHOXKECTBO BCEX MIAEMIIOTEHTOB KOJIbI[a KOHEYHO, TO €r0
MOIITHOCTDH YETHA.

amada 5. Haiianre, 10 KaKoro maeMIIOTeHTa IOJIHUMAETCA JIEMEHT 7 KOJbla Zsg 110
MOJTYJIIO pajukasia J[zxkekobcoHa.

Samaua 6. BepHo 1, 9TO HOIKOJIBIO MOJIYJIOKAJIBLHOIO KOJIBIA SIBJISETCS ITOJIYJIOKAJIb-
HBIM?

Bapmaua 7. Ilokaxkure, uro Kojb1o Marputl M, (R) HaJi 10JIyI0KAIbHBIM KOJILIOM R ToxKe
ITOJTYJIOKAJIBHO.

3amaua 8. [lokaxkure, 9TO KOHEYHOE MIPSIMOE ITPOU3BEICHUE MTOJTYJIOKAJIBHBIX KOJIET TaK-
2K€ TOJIYJIOKAJIBHO.

14 Jlokanbpuble naemiioreHThI. IlorycoBepiiieHHbIE KOJIH-
a. Teopema MioJjiiepa

BemomuuMm, 9uro gjist jrob60ro maeMmiorednTa e € R MHoxkecTBO eRe daBJIIeTCs KOJIbIIOM
¢ equnntieit e. Cienyroiasi TeopeMa IMOKa3bIBaeT KaK CBI3aHBI MEXK/Ly CODO paIiKaJIbl
KoJterl eRe n R.

Teopema 14.1. Ilycrs J = J(R) — pamukan dxxekobcona, R = R/.J. Toraa mis mo6oro
UJIEMIIOTEHTa € € [} BBIIOJIHEHO

J(eRe) =eRen J = ele, eRe/J(eRe) = eRe

riee=ce+.J€R.
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Joxaszameavcmeo. JlokazkeM HENOYKY BKJIIOYCHU

J(eRe) C eRendJ C eJe C J(eRe).

A) B) B)

A) B cuny J(eRe) C eRe, myxuo nposeputh, uro J(eRe) C J. Paccmorpum mpons-
BosbHOE U € J(eRe). 1o Teopeme (9.5 qocTaTovHO IOKA3aTh, UTO it BCeX & € R 3/eMeHT
1 —wux obparum crpaBa. Tak Kak u Je:KUT B pajukae J[xkekobcoHa KoJiblla e Re, TO CHOBa
110 Teopeme ssieMeHT e — u(exre) obparum crpasa B KoJiblle eRe. JIpyruvu cioBamu,
HaitéTes Takoit v € eRe, uro e = (e — uexe)v. daiee

e=(e—uere)v = (1 —uex)ev = (1 —ux)v.
u,v€eRe
VYMHOXKIM Ha uX CIpaBa
ur = (1 — ux)vuz.

[Tpubasum passocTh 1 — ur K 06EUM YacTsM PaBEHCTBA
1=(1—-ux)vur+1—uzr = (1 —uzx)(vuxr + 1),

oTKy/a 1 — uxr obpaTum crpaBa, 9TO U TPeDOBAJIOCH.

B) Ecim u € eRe N J, Torga u = eue € eJe.

B) Ilycre u € eJe. HyKHO poBepuTh, 9TO JJIst BCeX & € eRe 97eMeHT e — ux 06paTum
cupaBa B KoJsblle e Re. Tak kak u € eJe C J, 1o sjtemeHT 1 —ux obpaTuM ciipaBa B KOJIbIIE
R, re. 1 = (1 — ux)v gy mekoroporo v € R. YMHOMXKasl 9T0 DABEHCTBO Ha € CIIpaBa U
cJIeBa, TIOJIydaeM

e =e(l —ur)ve = (e — eux)ve = (e* —uwe)ve = (e — ux)eve,
z,u€eRe

a 3HAYWT, eve ABJIAETCd MPaBbIM OOPATHBIM JJI € — uX B KOJIbIEe elte.
JlokazkeM BTOpOe yTBepKIeHHe. PaccMOTPUM ecTeCTBEHHYIO MPoeKIuio m @ B — R

u eé orpaHuveHue w| . Bbraucgamm
eRe
kerm| =kermrNeRe=JNeRe= J(eRe)
eRe
110 jiokazanHoMy. OcTaéTest IPUMEHUTD K 7| TeopeMmy O roMoMopdu3Me KoJel|

eRe

eRe = m(eRe) = eRe/J(eRe).
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Teopema 14.2 (O jokasibHbIX ujemmnorenTax). [lycrb e € R — HeHyseBoii MIeMIOTEHT.
O6ozmaunm J = J(R), R = R/J, e = e+ J € R. Torna cieayiomue ycIoBIs SKBHBA-
JIEHTHBI:
1) eRe — JjioKaJIbHOE KOJIBIIO.
2) eR — ¢TPOro HEPa3/JIOKUMbII PABbIA R-MOJLY/Ib.
3) €R — MEUHEMAJILHBIN TIpaBbIil Haean Koabia k.
27), 3’) — sesble anajorn aa Re u Re.

Jlokasameavcmso. 1) < 2) Kosbio sugomopdusmoB Moy e R uzomopduo eRe (npes-
JIOZKEHUE . [TosTomy BCE citestyeT m3 olpejiesieHrsT CTPOro Hepas3I0zKUMOTO MOJLYJIs
(oupenenenue [12.3).

1) = 3) Tpebyercsa n0Ka3aTh, UTO ER ABJIAETCH HEIPUBOINMBIM E—MO,ZLy.HeM. s
9TOT0 JOCTATOTHO ITPOBEPHUTDH, ITO MIPOM3BOJILHBIN HEHYJIEBOI dj1eMeHT ea # () mopoxK1a-
er eR Kak R—Mog:nyﬂb (Hpe;momeHHe . Hycte N — LOJMO/LYJIb B €R, TOPOXKIEHHBIIH
3/1eMeHTOM €4, T.e. N = éaR. Hamra neis — noxasars, uro N = éR.

SamMeTumM, 4To N e obparaercs B HOJTb. MHave B cury Toro, 4ro pajukas /Ixkekob-
COHA COJIEPYKUT BCE MPaBble HUJIbUIEAIBI (IIPEJJIOKEHIEe nosnyaaem N C J(R) =0
u €a = (), 9TO IPOTUBOPEYUT BLIOOPY IJICMEHTA, Ed.

Urax, N N £ 0, rpyrumu ciosamu, éaReaR # 0. B uactnocTn, Haiinércsa takoe b € R,
gro éabe # 0. Ipudaénm smement €abé nexur B kosbie eRe. Ilo npeplayeil reopeme
eRe = eRe/J(eRe). Onnako eRe JNOKAIBHO TIO nynkty 1), mosTomy eRe apnsercs Te-
70M. B wactHOCTH, 91€MeHT €abé o6paTHM B KOJIbIE €RE, T.e. HAllIeTCs Takoe ECe, UTo
(eabe)(ece) = €. Dro o3mavaer, uTO HpaBbli uean eak comepxur e. CremoBaTeIbHO,
R = eaR = N, uro u Tpe6oBaJIOCh.

3) = 1) Ilo memme Hlypa Kombo suoMopdusMos End (eR)g aBaserca temom. C
apyroit croporsl, End (R)5 = eRe (Hpe,ZLJIO}KeHI/Ie- Io npepyieii Teopene eRE =2
eRe/J(eRe), orkyna eRe JOKaJIbHO, T.K. (akTop 10 pajukany J:kekobcoHa siBJsieTcst
TEJIOM.

2') & 1) & 3’) Cummerpudmo. O

Onpenenenne 14.3. Uaemnorent e € R\ {0} HasbBaercs saokaavhoim, eciun eRe —
JIOKAJIBHOE KOJIBIIO.

CaenacrBue 14.4. KaxXaplil JOKaIbHBIA HIEMIIOTEHT € € R ABJISI€TCs] TPUMUTHBHBIM.

Zloxazameavcmeo. JlokaibHOe KOJIBIO elle COMepKUT TOJILKO TPUBHUAJIbLHBIE HIEMIIOTEH-
Thl (ipeiozkenwe (12.4)). ]

Onpepenenne 14.5. Koabno R Ha3bIBAETCS N0OAYCOBEPULEHHDIM, €CTIU BBIIOJIHEHBI 004
YCJIOBUSI:

1) ®akrop no pajukaiy Ixekobcona R/ J(R) siBasercs (KIacCHuecKn) MOy IPOCTHIM
KOJIBIIOM, T.€. H30MOP(GEH MPSIMOMY TPOM3BEICHUIO KOJIEI MATPHUIL HAJI TEJTAMU.

2) U ieMItoTeHThl TOJHUMAIOTCSI 110 MOJLYJII0 pajaukaia JlxekobcoHa.
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IIpumepsr 14.6. 1) Eciau kosbiio R apTHHOBO CIipaBa, TO OHO TOJIycoBepiineHHo. Jlefi-
creurensuo R/ J(R) nomynpocroe kombuo (crencrsuelJ.19). Taxzke pagukan Ixekobcona
apTUHOBa clpasa Koibla Hubnorenter (teopema [10.6). [losToMy maeMIoTeHTB MOKHO
HOJHUMATD 110 MOJIYJIIO pajukasia (Teopema [13.6)).

2) Eciu kosbiio R jtokasibHO, TO 0HO mostycoBepiienro. @axrop 1o paaukary R/ J(R)
SIBJIIETCS TEJIOM, & 9TO (KJIACCHYECKHU) OJIYIPOCTOE KOJbIO. Kpome Toro, B Teje ecrb
TOJILKO TpuBHasibhbie uiemmnorentsl 0 + J(R), 1 + J(R), KOTOpble HOJIHUMAIOTCS TPUBU-
aJTbHBIM Obpazom 10 0 u 1.

HpeyK;Le 9eM JaTh XapaKTepUu3alluio COBEPIICHHBIX KOJIEI, JO0KazKeM JIEMMY.

Jlemma 14.7. Ilycrb jaHbl JiBe MOJTHbIE OPTOrOHAIBHbBIE CHCTEMbI HJIeMIOTeHTOB {v; 1
u {5}, oMHAKOBOII MOIIHOCTH N

2 . .
l=a1+...+opn, o =0;, oo = ooy =0T1pHai# j;

2 . .
L=p1+...+ 60, B =0, PBiPi=05Bi=0npui#j.
[IpeamosoxKum, 9T0 JJIst Kaxkaoro ¢ = 1,...,n npasble uiaeasbl o; R = [5; R m3oMopdHbI
kak R-momaymu. Torma Haiiaércs Takoil oOpaTuMBbIil 971IeMEeHT KOJblla ¢ € R, 9410

coet =6, i=1,...,n.

Zoxazameavcmeo. 1lyctb orobpaxkenus y; : oz R — [5; R 3a1a10T n3oMopdu3M MMpaBbixX
R-momyneit. Oupeaenum S5HIOMOPGU3M Y PeryJIgpHOro Moy Rp Kak

XM =0a@®...0x)(r) = in(air), reR.

n n

Paznozkenus [Mupca R = D,_, o, R = @,_, Bi R MOXKHO NIOHUMATH KaK BHEIIHHE IPAMbIE
CYMMBI, TOT/Ia

1 x1(r1)

X = ) rp € aiR-

Tn Xn(Tn)
Tak Kak X1, - - - , Xn B30MOPMUBMBIL, TO Y — Toxke uzomopdusm u cymecrsyer X 1. Oqaako
R = End Rp, n KaxK/1blil SHIOMOPGhU3M SBJISeTCA YMHOKEHIEM Ha HOJIXOIAMINN 3/IeMEHT

KoJIbITa caeBa (Teopema |3.15)). Tlosromy x(r) = ¢ - r ayist HeKoTOpOTO O6paTHMOro ¢ € R.
Tenepnb MOCTPOMM HOBOE Pa3/IOXKEHNE eIMHHIIL]

l=c-1-ct'=clay+...+an)ct =cajct 4+ ...+ capc .
Kazxoe ciaaraemoe
caic™t = x(a;)ch = xi(w)e T € BiReT! = BiR.
Opmako paznoxenue [upca Rp = @) f; R — upsamas cymma, npuaém 1 = 1 +...+ 5,

— JIPyroe pasJjoxKeHHe eJUHHUILI. DTO BO3MOKHO TOJIBKO IPH cayc b = ;. L]
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Jlemma 14.8. O6osnatnm J = J(R), R = R/J. [las ¢ € R cheyionume ycioBus SKBH-
BaJIEHTHBI:

1) ¢ — obpaTuMblil S1eMeHT KoJibIia R;

2) ¢ = ¢+ J — obpaTUMBIii 3JIEMEHT KOJIbIA R.

Jloxasameavemeo. 1) = 2) Ecrm 1 = de = cd, To 1 = dé = &d.

2) = 1) Tak kak ¢ obparum, To Haiigércsa d € R, uro dc = 1+ u u ed = 1 + v, e
u,v € J. B cuity KBa3uperysaspHOCTH pajiKasia 3jaeMeHTsl 1 +u 1 14 v obparumbl. Torma
l=>01+u)t d-c=c-d-(1+v)"!, re. snement c obpaTum u cupasa, u cjaesa. Toraa
JIeBBI U paBbIil 06paTHBI COBIAIAOT (ONpe/Ie/IeHne . O

Teopema 14.9 (M}Oﬂﬂepm, 1970). Kosbio R # 0 siBjisgieTcsi MOJIyCOBEPIIEHHBIM TOTIA
U TOJBKO TOTJA, KOIJIa OHO COJEPIKUT IOJIHOE OPTOrOHAJIBHOE MHOYKECTBO JIOKAJBHBIX
UJIEMIIOTEHTOB:

l=e +...4+e,, e? =e¢;, ¢;Re; nokambHO, ee; = eje; =0, Tpu ¢ # j.
Jloxazamenvcmeo. Obosuatnm kak oberano J = J(R), R = R/J.
(=) Koo R nostycosepiiienHoe, mosromy R mosymnpocroe. 1o o3Hadaer, 910 Ry —
HOJIyIPOCTOi MOy ib. [Tpu 9TOM OH KOHEYHO MOPOXKIEH (OHOM JIHUIIH €IMHUTICH KOJIBIIA),
a 3HAYWT, PACIIaIaeTCsl B KOHEUHYIO TPSIMYIO CYMMY HENPUBOJUMBIX MTOJMOJLYIel (TIpeji-

noxenue [6.3) B o o

Torna xombio suapomMopdusmos End Ry comepKuT 1moIHOEe OPTOrOHAIBHOE MHOYKECTBO
UJICMIIOTCHTOB €1, ..., Ex,:

ée1+...+e, =1, ee; =e;e;=0mpui#j,

MIPUIEM ei(ﬁﬁ) = N, (upemioxkenue . Ommaxo R = End Eﬁ, " KazKJIbI 9HI0MOP-
busm sBIsIeTCS YMHOKEHIEM Ha, 3JIEMEHT KOJIbIA CjieBa (TeopeMa . [TosToMy MOXKHO
CYUTaTh, 4TO €1,..., €, — WUIAEMIIOTEHTHl KOJILIIA E, a TaKKe Nl- = éZP. Torma B cumy
HEIIPUBOAUMOCTH II0JIyYaeM, UTO éiﬁ — MWHHAMAJIbHBIA NPaBbI WICAJI.

Tak kak R moJrycoBepIiieHHoe, TO 0 MOJIYJIIO0 paJinKasia MO THUMAIOTCI UIeMIIOTEHTHI.
[TosTomy €, ..., €, MOTYT OBITh IMOIHSITHI JJO OPTOTOHAJIBHON CHCTEMBI €1, . . . , €, UJIEMIIO-
TEHTOB KoJiblia R (Teopema . Torna ux cymma s = ey + ... + €, Toxke Oy/IeT UIEeMIIO-
TEHTOM B CHJIy opToroHajbHocTu. IIpu stom s — 1 € J. I3 KBa3uperyasipHOCTU paJiuKaJia
nostydaem, 9ro s = 1 + (s — 1) obparum. EquacTBeHHDIH 0OpATUMBIH HIEMIIOTEHT — 9TO
eIMHNUIA. SHAYNT, €1 + ...+ e, = 1.

OcraJjioch 3aMeTUTh, 9TO T.K. €; R — MUHUMAJILHBII TPABBIil Ujeas, TO KaXK bl UIeM-
HOTEHT €; JIoKaJjieH (Teopema (14.2)).

6Mueller, B.J., 1970. On semi-perfect rings. Illinois J. Math. 14.
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(<=) PaccMOTpPHM HPOEKIUH €1, . . . , €, WAEMIOTEHTOB €1, . . . , €, Ha haKTOPKOIBIO K.
Torna éy, . . ., €, — MOJHOE OPTOTOHAJIBLHOE MHOYKECTBO UJIEMIIOTEHTOB KOJIbI[A R. Bammmem
paznoxkenue [lupca

Rp=eR®...0e,R.
Tak Kak KaxK/blil UJIEMIIOTEHT €; JIOKAJIEH, TO &;R; — MUHIMAJIbHBI OpaBblil ujeas, T.e.
HEIIPUBOAUMBII IIpaBbIi E—MOILy.Hb (Teopema @ [Toyuaem, 4To R packiagbIiBaeT-
cd B CyMMY HEIPUBOIUMBIX MOaMoryeit. Orcoa Rﬁ — IOJIYIIPOCTO! MOJYJIb, U R —
IIOJIYIIPOCTOE KOJIBIIO.

[Tokazkem, 9TO UJAEMIIOTEHTHI ITOHUMAIOTCS 110 MOLY/II0 pajaukasia J[xkekoocona. [Iycrs
IIPOEKINsI HEKOTOPOI'o 3JjieMeHTa a € R gaBjsiercd MAeMIIOTEHTOM B F, Te. @’ = a, viae
a = a + J. Tpebyercs HaiiTu HaeMIOTEHT € € R, TaKoil UTO € = a.

[Ipassrit ugean (1 — d)}_% ABJIAETCA IOAMOLYJIEM IIOJIYIIPOCTOI'O PEryadAPHOI0 MOy
EE = élﬁ@. . .@énﬁ. Torma (1— EL)}_% 00J1a/1aeT JIOTOJIHEHIEM, KOTOPOE SBJIAETCA CYMMOI
HEKOTOPBIX éi}_% (cnencrBue . C TOYHOCTBIO JI0 TEepeHyMepaIui MOKHO CINTATh, UTO
JIJIsT HeKoToporo k < n

Rg=eR®...0e,Rd (1 —a)R.

B ncxorom kosbiie R paccMmorpum b = eq + ... + e;. Tak Kax ujeMIIOTEeHTHI €1, . . . , €
OpTOroHasbHLL, TO b = b — mmemnorent. Torma ero mpoexmust Ha (HaKTOPKOIBIO b =
€1+ ...+ € TakxKe OyJer HAEeMIOTEHTOM.

HpaBbII/I reas bR CONEPIKUT BCe WIEMIIOTEHTHI €4, ..., €, B cuiy bg; = €. IlosTomy
bRD &, R® ... ® e, R. O6paTHOe BK/IIOUEHNIE BBITEKAET U3 PABEHCTBA b = & + ... + €.
TakuMm o6pa30M, bR=6R® ... % e,R, oTky1a

Rz =bR® (1—a)R. (%)

U3 pasnoxenus [upca Rz = aR @ (1 — a) R u pasencrsa (*) 1mo1yqaem

aR = Ry/(1—a)R = bR.

Anayormano u3 paznoxkenus Ilupca Ry = bR ® (1-— 5)}_% U paBeHCTBa (*) MOJIydaem
(1—-a)R = Rz/bR = (1-b)R.

Hakomer| Mbr Mozkem puMeHHTE Jemmy [I4.7] K ByM TOTHBIM OPTOTOHATLHBIM CHCTe-
MaM MIEMIOTEHTOB G, 1 — a u b, 1 — b kospia R. Haiinércs O6paTI/IMbH/I SJeMenT ¢ € R
Taxoit, uto @ = ¢ tbe. Torga ¢ obpatum B Kosbie R no jemme [14.8] Dievent ¢~ Lhe sb-
JISIeTCsT MAEMIIOTEHTOM KoJiblla R, T.K. b — muemmorent. Bosee Toro, ¢ 'be mognumaer a.
Teopema OIHOCTBIO JJOKa3aHA. O
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OK&(BBIBZ%QTCH7 9TO pal3JIozKEHUE €JIMHUIBI B CyMMY OPTOI'OHAJIBHBIX HAEMIIOTEHTOB
€JIUMHCTBEHHO C TOYHOCTBLIO JO II€peCTaHOBKU CJlara€MbIX M COIIPAXKEHM A O6paTI/IMbIM JIC-
MEHTOM. ﬂﬂﬂ JOKa3aTeJIbCTBa 3TOI'O CbaKTa HaM HOHa,ILO6I/ITCH PacCcCMOTPETDb IIOHATHE U30-
MOp(beIX nACMIIOTCHTOB.

Sagaum K Jeknuu 14.

Bagaua 1. Haiiure sioKaibHble HJIEMIIOTEHTHI KOJIbIA (DOPMAIBHBIX CTEIIEHHBIX PsIJIOB
R[[x]] HAa/L KOMMYTATHBHBIM KOJBIIOM R.

Sanaua 2. Jokaxure, ato eciim R # 0 — KOMMyTaTUBHOE apTHHOBO KOJIBIO, TO R =
Ry X ... X R,, rne kaxmaoe R; JoKajJbHOE apTUHOBO. YKa3aHue: NPUMEHHUTE Teopemy
Mirosnepa.

Samaua 3. BepHo i, 9TO MOJKOJIBIO TOIYCOBEPIIEHHOIO KOJIBIIA SIBJISETCS TIOJIYCOBEP-
IIEeHHBIM !

Banaua 4. Ilycte R — nosycoBepiiienHoe Kosbio. [lokaxkure, uro joboe ero dpakrop-
KOJIBITO TOKE OJIyCOBEPIIEHHO.

Bamaua 5. Jlokaxkure, YTO KOJIBIO MaTPHI] HAJ IIOJIYCOBEPIIEHHBIM KOJIBIIOM SIBJISETCS
OJIYCOBEPIIEHHBIM.

3apaya 6. [Tokakure, 1T0 ecyin rpynmoBoe Kojbiio RG — 10JIyCOBEPIIEHHO, TO U KOJIbIIO
K03 pueHreToB R aBIgeTCd MOJIyCOBEPIIIEHHBIM.

15 MW3omopdusm ugemmnoreHTos. CBoiicTBa I10JIycoBep-
IMTEeHHBIX KOJIeI]

IIpensioxkenne 15.1 (O6 mzomopdubIx npemmnorenrax). s naemmnorento o, f € R
CJIEJTYIOIIIE YCJIOBHsT SKBUBAJIEHTHBI

1) aR = SR kak npable R-MOyJIn.

1) R = Rf xak jeBble R-MOIyJIH.

2) CymectBytor Takue © € aRf u y € fRa, uro o = xy u f = yz.

3) CymecrBytor Takue x,y € R, a0 o = xy u § = yx.

Joxazameavcmeo. 1) = 2) [lycrs ¢ : R — R — usomopduzm. Oboznaunm p(a) = y,
0 1(B) = z. Torna

y=o¢(a)=¢(@®) =pla)a € BRa, z=9¢ ' (B)=¢ () =¢ '(B)B €aRp.
—~— ——

€BR caR
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Tenepb BbrYuC UM

a=¢ (o) =9 (y) =¢ ' (By) = ¢ ' (B)y = zy,
B =0l '(B) = ¢(z) = plax) = p(a)z = yz.

2) = 3) Tasrosorus.
3) = 1) g xaxjoro r € R onpejenum

¢:aR — BR, ¢(ar)=yar =yxyr = B(yr) € BR;

Y : bR — aR, (Br)=xpfr=zyzr =aar) € aR.

[To mocTpoenuio 0b6a 0TOOparKEeHHS ABJIIIOTCA TOMOMOpdU3MaMu paBbIxX R-Moyieit. [Ipu
9TOM OHU OOPAINAIOT JIPYT JIPyTa

p(¥(Br)) = (1 (B))r = p(az)r = Byx)r = B°r = pr;
U(p(ar)) = v(p(a))r = ¢(By)r = alzy)r = o’r = ar.

') = 2) = 3) = 1’) CumMeTpHIHbIE PACCYKICHUS. O

Onpepenenne 15.2. MaemmnorenTsl o, 8 KoJblia R HA3BIBAIOTCA U3OMOPPHUIMU @ =2 [3,
ecmn R = R kak npaBble R-Moysin.

JI1000i1 TIyHKT TPEIBILYIIETO MPE/IJIOZKEHUsT MOYXKET OBITh UCIOJIL30BaH KAK OIpE/Ie/ie-
HIEe N30MOPMHBIX UJIEMIIOTEHTOB.

Teopema 15.3. Ilycte J = J(R) — pammxan [xexobcona, R = R/J. Paccmorpum
IIPOU3BOJIBHBIE HIEMIIOTEHTHI (v, 3 € R u ux npoexunn & = o+ J, = B+ J B koxble R.
Torma ciemyrorue yCa0oBUs SKBUBAJICHTHDIL:

1) a & [ KaK WIeMIoTeHThl KoJyiblia R;

2) a = [ kak I/I,Z[‘eMHOTeHTb KOJIbIA R.

Jlokasameavcmeo. 1) = 2) Homyuaem, uro o = xy, B = yx. Torna a = xy, f = yx,
OTKY/Ia CcJIeayeT n30MOppu3M a = 3 110 IpeabLIyIeMy IPeII0sKeHnIO.

~2) = 1) Ilo npeapliymieMy npejioKeHUt0 HailjlyTes Takue T,y € R, ato a = Ty,
£ = yZT. DTO 0O3HAUAET, ITO

a—xyeJ, p—yxel
Paccmorpum snement axfy. Ero npoeknus Ha GhaKTOPKOIBIIO

azfy = (zy)(zy)(zy) = a° = a.

17310 o3mauaer, uro @R = SR Kak mpasble R-MOJLyIIH.
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Torma smemMenT u = o — xfy JIEXKUAT B pajiukase. Y MHOKUB HA (v CJIEBA, TIOJIYIUM QU =
o — azrfy, OTKy1a
azfy = a(l — u).

B cuny kBasuperyisgpHocTu pajukasia djiemerT 1 — u obparum. Torma

a=azfy(l —u)™" = (azf)- (By(1 —u)™) =2y

=x/ =y’

Yro6bl IPUMEHUTH HPEJIbIIYINEe IPEIIOKEHNe, J0CTATOYHO IoKa3aTh, 910 3 = y'x’.
Pacemorpum pasznocts S — y'x’. Borancamm

(/B_y/x/)Q — /6_5y/x/+y/x/ﬁ_y/(x/y/)x/.
~
Tak kak ' € aRB u y' € R, TO nosyyaem
(/B_y/w/)z — 5_y/x/_y/w/+y/l./ — 5_y/x/,

T.€. pasHOCTD [§ — y'x’ sBJISeTCS UIEMIIOTEHTOM.

[TokazkeM, uto 3 —y'a’ nexxut B pagukase. O6osnaunm 1 —v = (1 —u)~ . Packpbiag
ckoOKu B Beipaxkenun (1 — u)(1 —v) = 1 mosyuaem, aro v = vu —u € J, K. u € J u
J — mneasa. Torma

B—ya' =3—ya'=3—-Py(1—v)azh =B — pyazs =

=B —B(yz)(yz)8 =B — B =0.

Takum obpazoMm, pasHocTb [ — y'x’ sgBiIsIeTCs WIEMIIOTEHTOM, JIEXKAIUM B pajuKaJie
Jlxeko6cona. B cuity KBasuperysisipHoCTH 3TO BO3MOXKHO TOJIBKO 1ipu S—1'x’ = 0. B urore
MBI TOJIyUnIn, 9ro o = 'y’ u § = y/'2’, orkyma a = 5 110 HpeablayIeMy IpeIIozKeHHIO.

0

Hamomuum, 9ro maemioreHT e € R Ha3bIBaeTCs MPUMHUTHBHBIM, €CJIU KOJIbIO elie
COJIEPZKUT JIMINb TPUBUAIBHBIE WJIEMIIOTEHTHI, T.e. TOJbKO 0 U e. DTO PABHOCUIBHO TO-
My, 9TO € HeJIb3s NPEJICTABUThH B BUJE € = § + ¢, TJle S,t — HeHyJIEBblE OPTOTOHAJILHBIE
UJIEMIIOTEHTHI.

Ipenyoxenne 15.4. lycrs J = J(R), R = R/J. PaccMOTpUM TIPOU3BOJIBHbII H1eM-
HoTeHT e € R u ero npoeknmo € = e+ J € R.

1) Ecin € npuMuTHBEH, TO € IPHIMHUTHBEH.

2) Eciu e npuMuTHBEH U 110 MOAY/IIO J HMOJHUMAIOTCS UJIEMIOTEHTLI, TO € TOXKe HPU-
MUTHUBEH.
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Jlokasameavcmso. 1) OT HpOTUBHOTO, IyCTh € HE IPUMHUTUBEH, T.€. € = S + {, rje s, —
HeHyJIeBble OPTOrOHAJIBLHBIC MIEMIOTeHTEL. Toryma € = 5 + t. B culy KBasuperyasipHOCTH,
pajukas IxKekobCoHa He COIepKUT HEeHyJIeBbIX UJEeMIOTeHTOB, nosrtomy 5§ # 0 u t # 0.
[Tosryannu mpoTuBopevne ¢ IPUMUTUBHOCTBIO €.

2) OT mpoTUBHOIO, IIyCTh € He MPUMUTHUBEH, T.e. € = § + f, rme s, t— HEHYyJIeBbIE Op-
TOTMOHAJIBHBIE UJIEMIIOTEHTHI. TaK Kak 110 MOJIYJ/IIO PaJIMKAJIa TOJHUMAIOTCS UJIEMIIOTEHTHI,
TO 5,1 MOryT OBITH HOJHATHI JI0 OPTOTOHAILHON CHCTEMBI S, MIEMIOTeHTOB KOJbla I
(Teopema . Pacemorpum ux cymmy € = s + t. B cuy oproronasbHocTH § Ut I10-
JydaeM, 9To € — roxke miaemuorent. [Ipuuém € paznoxkum, orkyna € R — pasio:KuMblii
paBblit R-MOJyJIb (IpeIozKeHe . C apyroii croponsl, € = 5+t = é. B wacrnocTH,
¢/ = ¢. Ilo npenpraymeit Teopeme € = e, T.e. ¢/ R = eR. Moxynb € R pasnoxuM, HO eR
HEpa3JI0KUM, T.K. € TpuMuTUBeH. [IpoTuBopeyne. O]

Temepb BCE€ TOTOBO JIjIsi TOTO, YTOOBI JOKa3aTh HECKOJBKO BaXKHBIX CBOWCTB IIOJIYCO-
BEpIIIEHHBIX KoJiel. HamomMuuMm, 9To maemMnoTeHT € € R Ha3bBaeTcsd JIOKAJIBHBIM, €CJIH
eRe — JoKaJIBLHOE KOJIBIO.

Teopema 15.5. llyctb R — moJjiycoBepiienHoe Kojblio, e € R — wmaemnorent. Tora
CJIEJTYIOIINE YCJIOBUSA SKBUBAJIEHTHBI:

1) e mpuMuTHBEH;

2) e JlOKaJIeH.

okasamenvcmeo. 2) = 1) Bepro mna moboro kousna (ciaeacrsue [14.4)).

1) = 2) O6osmaumm J = J(R), R = R/J, € = e + J. Tak Kax R ToycoBepIenHoe,
TO TI0 MOJIYJIIO PaJUKaJsa MOJIHUMAIOTCH MJIEMIIOTEHThI. T0r/1a 1Mo mpeIblLyIeMy Mpe/Iio-
YKEHUIO € — NPUMHUTHBHBI HJIEMIIOTEHT KOJIbIA R.

[Tokazkem, 4To ER — MUHIMAJIBLHBIH npasbiil ujgeas. OT MPOTUBHOIO, MYCTh HAHIETCS
0 # L C éR — merpuBHAIbHLIH oaMOLy s Ha K. Tak Kak Koabrno R — HOTycoBepIeH-
Hoe, To R — momynpocToe, T.e. Rz — mosympocToit Moyits. Toraa mommonyms éR C Ry
Toxke Tosrynpoct (ciaencrsue (6.9)). 3uadut, 060i €ro moAMOLY/Ib JOJZKEH BbIIEIATHCA
HPSAMBIM CJIaraeMbIM (TeopeM, orkyia R = L ® L' jns mexkoroporo L. 3Haunr,
MOJIY/Ib €R Pas3aoxKuM. DTO IPOTHBOPEYUT IPUMHUTHBHOCTH HICMIIOTEHTA € (IIpeIIozKe-

e [13.9).

Urak, €R — MUHUMAJIbHBIN TIPABBIN MJ1eaJl, OTKY/Ia € — JIOKAJIbHBIN HIeMIOTEHT (Teo-
pema |14.2]). O]

JlokaxkeMm eJIMHCTBEHHOCTDH B Teopeme Miosiepa.

TeopeMa 15.6. HyCTb JaHbl JIB€ IIOJIHbIE OPTOIOHAJIbHbBIE CUCTEMbI JIOKAJIbHBIX WUIAEMIIO-

TeHTOB {a; }ity, {3; )7, Kombua R

2 . .
l=a1+...+a,, o =0q;, o;Ro; 10KaIBHO, @0 = ;o = 0 Ipu  # J;
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L=p14...4 Bm B} =05 BiRB; nokambmo, BiB; = BB = 0 upu i # j.

Torma m = n u cymecTByer Takas MOJCTAHOBKa o Ha MHOxecTBe {1,...,n} u Takoit
oOpaTuMBIil 3j1eMeHT ¢ € R, 910

-1 .
cogipe =0, 1=1,...,n.

Joxazamesvemeo. Oboznaanm J = J(R), R=R/J, &; = o; + J, B; = B; + J. Samumtem
JBa pasjioxkenus llupca jiia Kosbna R

aR®..®a,R=Rr=PR&...® R

Tax KaK MIeMIOTEHTHI (v, (3 JIOKAJIbHBI, TO @R, BJE — MUHHUMaJIbHBIE IIpaBble UJleaJlbl,
T.€. HCIIpDUBOJUMDBIE E—MOILY.HI/I (TeOpeMa .

Pazoxkenne B KOHEYHYIO CyMMY HEIPUBOJMMBIX MOJYJIEl € IMHCTBEHHO C TOYHOCTHIO
10 m3omopdusma (npeamozxenue[6.10). [losTomy m = n u HaliAéTCs TaKast HOJCTAHOBKA O
na Muozkectse {1, ..., n}, 4o &, R = B;R kak npasble R-Mojyiu. 3HAMHT, HIEMIOTEHTHI
Qo(i) = f3; m3omopdusr. Orciona Qg(i) = B; Toxe nzoMopdHEI (Teopema . [TosTomy

Qo) = BiR. Ocraérca NpUMEHNTD JIEMMY m

Jlajiee MBI TIOJIy9UM KPUTEPUil, MOKA3BIBAIONINI KOT/Ia KOJIBIIO SHIOMOP(MU3MOB 3a-
JIAHHOT'O MOJIYJIS sIBJII€TCS TOJTycoBepIieHHbIM. HaM nonagobuTes ciemyromas JeMMa.

Jlemma 15.7. Ilycte M — upasbiit R-moaynb, S = End Mr — ero xojbIio 9HI0MOp-
dusmos. Ilycts M = M, & ... & M, u {e;}}; — monHOE OPTOrOHATIBLHOE MHOXKECTBO
UJIEMIIOTEHTOB KoJIbIla S Takoe, uto e;(M) = M; (npeyoxenne . Tora 118 Kak-
noro ¢ = 1,...,n uMeercss n30MOpdu3M KOJIel],

6@'5’61' =~ End (MZ)R

Zoxazameavcmeo. Eciu s € S — mpousBoIbHBIN SHI0MOPGU3M Moyt M, TO 115t JTF000-
ro m; € M; Boimosineno e;se;(m;) € M;. Ilostomy orpanuuenue e;se; — 3H10MOPdU3IM
M

i

Moyt M;. Pacemorpum romomopduszm Kosterr,

e;Se; — End (M;),,  e;se; — e;se;

i

Tak Kak e; — WJAEMIIOTEHT, TO OH JeficTByeT Ha cBOEM obpaze M; ToxaecTBeHHO. [lo-

3TOMy HAIl TOMOMOP(U3M [EPEBOJIUT € = €; B OrPaHUYEHHE €; v idpy, .

i

Ecsin o6pas supomopdusma e;se;(M;) = 0, To e;se;(M) = e;se?(M) = e;se;(M;) = 0.
3HAINT, TOMOMOPGU3M KOJIEIl HHbHEKTHBEH.

IIpoussosbretii sugoMopdusM s* € End (M;) , MOZKHO IIPOJOIZKUTD 110 SHIOMOPMU3MA
s Bcero Moy M, tak kak M; — ero mpsamoe ciaraemoe. Torma g joboro m; € M;
BBIIIOJIHEHO

/ /
e;sei(m;) = e;s(my;) = e;s'(my) = s'(my).
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MpbI nostyausin, 970 roMOMOPMU3M KOJIel] CIOPbEKTUBEH.

]

Teopema 15.8. Ilycte M — mupassbiit R-moaysib, S = End Mp — ero KoJibIio 9HI0MOD-
dusmon. Torma ciieryronue ycJaoBUsS SKBUBAJIEHTHDBI

1) S mosycoBepieHHOE;

2) M =M, & ...» M,, tiae Bce M; cTporo Hepa3JI0KUMBL.

Zoxazameavcmeo. Tlo Teopeme Miostepa S moJrycoBepiieHHOE TOT/Ia W TOJBKO TOTJIA,
KOIJIa OHO COJIEPKUT TI0JIHOE OPTOrOHAJIBHOE MHOXKECTBO {€; } | JIOKAIbHbIX UJIEMIIOTEH-
toB. Ilo mpemioxkenuio HaJUYMe MOJHOW OPTOrOHAJIBHONW CHCTEMbI HIEMIIOTEHTOB
PABHOCHUJILHO BO3MOXKHOCTH paszJioxkerust M = My & ... & M, viae e;(M) = M,.

ITo ompeneneHnio JIOKaJIbLHOCTD HAEMIIOTEHTA €; O3HAYUAET, ITO KOJBIIO €;5¢; TOKATbHO.
[To mpenpiaymeii semme End (M;)g = e;Se;. [TosroMy npaeMmnoreHTsl e; JOKAJIbHBI TOTJA
1 TOJIBKO TOTJa, Korja Moyan M; cTporo HepasIoKUMbI. n

CaenctBue 15.9. Ilycts moyns M oHOBpEMEHHO apTUHOB U HETEPOB. Toraa ero KoJib-
110 9HIOMOPGMU3MOB MOJIyCOBepIeHHOe. B qacTHOCTH, OHO TOJTYJIOKATBLHOE.

Joxazameavcmeo. Moaysis M obitajiaer paznoxennem Kpymng-IIvmuara, B KoTopom Bee
MOJLYJIH CTPOTO Hepas3toKuMbl (Teopema (12.10)). ]

Sagaum K Jjgeknuu 15.

Bagaga 1. B xombie marpur, My (Z,) TpoBepuTh, KaKie U3 NAEMIOTEHTOB H30MOPMHEL:
By, By + Era, Ea, B+ Esg, By + 3E12 + Eas.

Samada 2. Haiijgure 1mojHOe MHOXKECTBO JIOKAJIBHBIX OPTOIOHAJIBLHBIX HJIEMIIOTEHTOB B
KOJIBUE Zop,.

3amaua 3. I[lycts R — jiokaibHOe KOJIbIlo, M — cBOOO/HBIH ITpaBblii R-MOY/Ib ¢ KOHEY-
HbIM OasucoM. JlokazkuTe, I4TO KOJIbIO sH10MOopdu3MoB S = End My aBisgerca mosyco-
BEPIIEHHBIM. YKa3aHue: BOCIOIb3yHTeCh KPUTEPUEM C JIEKITHH.

Bamaua 4. Ilycts e € R — muemmorent, J = J(R) — paauxan Jxexobcona, R = R/.J,
€ = e + J. JlokaxKnuTe, 9TO nMeeTcs n30MOpMU3M IIpaBbIX R-Momyieil

eR/e] = eR.

Bagaua 5. Ilycts e € R — uaemnorent. Vcnosnbsys sagaay [, nokazxkure, 9To npasbiit
R-mopynb eR/eJ siBisieTcsi HEPUBOJAUMBIM TOTJIA U TOJIBKO TOTJA, KOTJa € JIOKAJIEH.,

Baznaua 6. [Ipusenure npuMep MOy, KOTBIO 9HI0MOPMI3MOB KOTOPOTO a) JIOKAJIbHOE,
6) 1OJIyJIOKAJIbHOE, HO He JIOKAJIBHOE.
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16 Yucroie KOJIbIla. OpTOFOHaJIbHO KOHEeYHbI€ KOJIbIla

Onpenenenune 16.1. Dyiement r € R Ha3bIBaeTCs %ucmbmﬁ, ecJii OH IIPeJICTaBUM B
BHUJIE CYMMBI UJEMIIOTEHTa U 0OPATUMOTO JJIEMEHTa

r=e-+u, e?=e, Jut
Koubnio cunraercd wucmowym B cilydae, KOrJa BCe ero 3JeMeHThbl YUCThIe.
ITpumepsr 16.2.
e Djements! 0, 1 gBisiorcs dncTbiMu B ity paBercTB 0 =1+ (—1) mw 1 =0+ 1.

e OOpaTuMBbIit 3JIEMEHT SBJISIETCS IUCTHIM B JTFOO0M KOJibile BBULy r = 0+ 7. [TosTomy
JII000€ TEeJI0 WU TO0JIe — 3TO YUCTOE KOJIBIIO.

e JlokasbHOE KOJIBIO BCErJIa SBJISETCS YUCTHIM TPUBUAIBHBIM 0O6pasoM. [leiicTBuTe b
HO, ecan 1 obparum, TO OH uuct. Ecim ke r HeoOpaTum, To 1 — r obpaTuMm 10
CBOWCTBAaM JIOKaJIbHOTO KoJibIia (Teopema [11.2)). Torma r =1+ (r — 1).

e B KoJibIle TesIbIxX unces Z IuCThIMA ABJISIOTCSA TOJIBKO 3emMeHThl — 1, 0, 1, 2. Orcroma
caMo KOJIBIIO He 00/1aJ[aeT 3TUM CBOHCTBOM.

Jlemma 16.3. Ilycts e € R — mpemnorent, Jyist koroporo eRe u (1—e)R(1—e) — auctbie
KoJibIla. Torma R Tak»Ke ducToe.

Jlokasameavcmeso. Obosnadnm e; = e, e = 1 — ey. Torma {ej, e} — momHoe oproro-
HAJIbHOE MHOXKECTBO W3 JIBYX HJEMIIOTEHTOB. 3amuineM pasioxkenune [Tupca (mpesozxke-

aue (11.12) nna xosbna R:
- [e1Re; e1Resy eire; ejres

R = , e .
esRe; esRes eare;  eorey

T11 Ti2

To1 22
1oKa3aTh, 4To X IpEJICTABUMA B BUJE CYMMbBI UJIEMIIOTEHTa U 00OpaTUMOro sjaemMenTta. 11o

YCJIOBHIO KOJIBIO €1 R61 qUCTOE, TOor'ZIa

Pacemorpum npousBosibHyI0 MaTpuily X = , TJie x;; € e;Re;. Tpebyerca

2 ! / /
x11:n+a, n=mnmn, aa = aa = ey, a,a,nEelRel.

PaccMOTpuM pa3HOCTD Togs — To1@'T12. Tak Kak Xoy € eaR 1 115 € Rey, TO 3Ta pasHOCTh
JIEXKHAT B KOJIBIE €9 Res. [1o yc/ioBUIO OHO ABJIsI€TCS YUCTBIM, 3HAYUT

Loo — 1‘2161/1'12 =0+ b, 92 = 9, b =1V'b = €9, b, b,, 0 € ey Res.

184 clean element
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Torna matpuity X MOXKHO IPEJICTABUTH B BUJIE
Ti1 T2 n+a T12
X = = =Y+ Z
(1321 IQQ) ( 21 0 + b+ $21GI$12> +

_(n 0 [ a T12
Y= (O 9) ’ Z = (J]Ql b+x21a’x12) ’

Tak Kak 17,0 — uupeMHoTeHTs, TO0 Y2 =Y.
€1R€1 €1R€2
62R€1 €2R€2

) . Hamom-

Ocrajioch TPOBEPUTDH, YTO MATPUIA Z 00OpATUMa B KOJIbIE (

€1

0

eg 0 a 0\ [er dzi2\ [ a 0\ (ex dxyo _ g
513'21@’ ()] 0 b 0 ()] N T21 b 0 €9 N

Ka}K,ZLaH U3 IIePBbLIX TpéX MaTPHI O6paTI/IMa B CHIIY
a 0\ (ad 0\ (e 0\ [(d 0\ [fa O
0 b 0 b)) \0 e/ \NO V)\O b))’
e1 0 el 0\ (e 0Y) _ el 0 el 0
33’21&/ ()] —3321@, €9 N 0 €9 o —Jﬁglal €9 .Z'Qla/ €9 ’
€1 CLISL’12 €1 —a/l’lg (€ 0 (€& —a/l’lg €1 CL/$12
0 ()] 0 €9 N 0 €9 N 0 €9 0 €9 '

Torya marpuna Z Toxke oOpaTuMa, T.K. SBJISETCS IPOU3BEIEHIEM 0OpATUMbIX MaTPHUIL. [

0
HUM, 9To e,ZLHHHHeﬁ 9TOI'0 KOJIbIla ABJIACTCA ManI/IHa ( . BaMeTI/IM, Y9TO BBIIIOJIHE-
€2

Teopema 16.4 (Xamx, HHKOHCOP@, 2001). Ilycrb R coJep»KUT TIOJIHOE OPTOTOHAJILHOE
MHOKECTBO MJIeMIoTeHTOB {e;} |, T.e.

2 . .
l=e1+...4+e, € =e;, ee;=eje;=0mupnij.

[Ipearoiokum, 9To KaxK10e Koablo €; Re; aucroe, ¢ = 1, ..., n. Torma R Tak:Ke gBJIgeTCs
IUCTDBIM.

Zloxazameavcmeo. Nnnykuus o n. [Ipu n = 1 nonyyaem e; = 1 u kosbrio R = e Rey
qucroe. Ilycrs n > 1. Cymma e = e + ... + €,_1 SIBJIFETCA UIEMIOTEHTOM B CHJIY OPTO-
FOHAJILHOCTHU CJlaraeMbiX. Torja e Re cojiepKuT BCe €1, ..., €6, 1, T.K.

n—1 n—1
ee;e = E er | e; g ek :e?:ei, 1=1,...n—1.
k=1 k=1

Y @akruaecku mpl nepemin or Matpuns (¢ 9) K Z 1pu nomommu IByX 3/1eMeHTapHBIX IpeobpasoBaHuil
BHJIa «IIpUOABUTDH K CTPOKe (CTOJIOIY) APYTyIo CTPOKY (CTOJIOEI), yMHOMKEHHYIO Ha 3JIeMEHT KOJIbIAy.
29Han, J., Nicholson, W.K., 2001. Extensions of clean rings. Communications in Algebra 29, 2589-2595
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[TosToMy KOJIBIIO €Re "ucToe 1Mo MpeoIoXKeHnio nHaykinn. Kpome Toro, 1 —e = e, u
e Re,, aucroe mo ycaosuo. OcTaéres TPUMEHUTD TPEIBIIYIIYIO JIEMMY. [

CaenctBue 16.5. Eciu R aucroe, To n M, (R) uucroe.

Zloxazameavcmeo. BpibepeMm B KavdecTBe HIEMIIOTEHTOB JUaroHaJIbHbIE MATPUUIHbBIE €11~
auiel Fy, i = 1,...,n. Torna E;M,(R)E; = R aucroe o yciaosuto. [Ipumensiem teope-
MY. O

IIpengyioxxenne 16.6. [lyctb R — 4dncroe KoJibio. Torga Bedkuii ero npasblil ujieas, He
cojiepzkalnuiicss B pajukasie /[xkekobcoHa, coJlep:KUT HEHY/IeBON UJIEMIIOTEHT.

Joxaszameavcmeo. 1lyctb N — mpaBblil ujeasi, He COJAEPKAIUil HEHYJIEBbIX UJIEMIIOTEH-
ToB. Pacemorpum npousBosibhbiii a € N. Toryma aR € N ToXKe He COIEPKUT HEHYJIEBBIX
uaemmnoreHToB. s r € R 3amnuinem ar = € + u 110 OIpeJIe/IeHII0 YUCTOro KoJblia. Torma
NIEeMIIOTEHT

u(l—e)u™ = (ar —e)(1 —e)u ' =ar(l —e)u™*

aexut B aR. 3naunt, u(l — e)u~t. B cuny obpatumoctn u nosydaem e = 1. Taxum
obpazom, u = 1 —ar obparum Jjid J1060ro r € R. 9T0 03HAYAET, UTO @ JEKUT B PaIuKaJIe
zxekobcona (Teopema [9.5)). O

Hamomuum, uro maemiorenT e € R jiokajeH, ecyim e[Re — JoKajlbHOE KOJIbIIO. Tak
KaK JIOKAJIbHOE KOJIBIIO COAEPXKUT TOJTBKO TPUBAAIBHBIE UIEMIIOTEHTHI, TO € TPUMUATHBEH.
OkasbIBaeTCst, 9TO I IUCTHIX KOJIel BepHO 1 oOpaTHOe.

Teopema 16.7. IIycts R — uucrtoe kosbio. Torna jiyig ujemnorenta e € R cieayrorue
YCJIOBUSI SKBUBAJIEHTHBI

1) e mpuMuTHBEH;

2) e JIOKaJIeH.

okasameavcmeo. 2) = 1) Bepro st ymoboro kosblia (ciaeacrsue [14.4)).

1) = 2) IlycTh e — npuMUTHBHBII HIeMIOTeHT. PaceMoTpuM ssieMeHT - € eRe, He je-
xammit B pagukarne J(eRe). Beuny J(eRe) = J(R) N eRe (reopema [14.1)), z ne nexxur
u B pagukasie J(R) ucxoanoro kosbia R. Torga 1o npegpbiIymeMy mpeiokKeHnio mpa-
BRI nyean xR comepskut uiaemnorent g # 0, T.e. g = xr g Hekoroporo r € R. Beuny
x € eRe nosrydaeM, 4To

eg = exr = xr = g.

Pacemorpun snement ege kKomblia e Re. OH maeMIIoTenTeH, T.K.
(ege)(ege) = egege = eg(eg)e = eg’e = ege.

IIpu sTOM € — IPUMHUTUBEH, a 3HAYUT, e/le CONepKUT TOJILKO TPUBHUAJIbHbBIE UJIEMIIOTCHTHI
0 u e. 3amernm, 4To ege # 0 B cuiy

0#g=g"=(eg)’ = egeg = (ege)g.
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Orcro/1a eIMHCTBEHHAST BO3MOXKHOCTDb — 3T0 ege = e. Tora

e = ege = exre x(ere),

r€eRe
T.e. 9JIeMeHT = 00paTuM cripaBa B KoJiblle e Re. OiHako x € e Re — MpOU3BOJIbHBIIN JIEMEHT,
e siexkarmuii B pagukaie J(eRe). [lostomy J(eRe) — MakcuMaIbHbL IpaBblii uieat. 1o
OJIHO W3 OIIpeJIeJIeHHIT JIOKATHLHOTO KoJiblla (Teopema [11.2)). ]

Onpenenenune 16.8. Kosbiio R Ha3BIBAETCS 0PMO20HANGHO KOHEYHDBIM, €CJIH OHO HE CO-
JEP2KUT 6eCKOH€‘{HOFO MHO2KeCTBa HEHYJICBBIX IIOIIapHO OPTOrOHaJIbHBIX MAEMIIOTEHTOB.

ITpumep. Ilycrs F — mose (Hanpumep, BEIIECTBEHHBIX YuCEN). PAcCMOTPUM JIMHEHHOe
pocTpancTBo F™ Beex GECKOHETHBIX MOC/IE0BATEILHOCTE (a1, Gg, A3, . . .) SJIEMEHTOB TI0-
ss. [Iycrs S = End F* — KoJ1b110 BeeX JIMHEHBIX OIIEpaToOpoB Ha mpocrpancTse F°. O6o-
3HAYMM Yepe3 e; € S onepaTop MpoeKImn Ha i-10 KoopauHaty, ¢ = 1,2, ... . Torma {e;}32,
— OeCKOHETHOe MHOYKECTBO OPTOIOHAJIBHBIX HIEMIIOTEHTOB.

IIpennoxkenne 16.9. Eciu kosbiio R HETEpOBO clipaBa, TO OHO OPTOIOHAJILHO KOHEYHO.

Loxazameavcmeo. Ot mpoTUBHOIO, TOTIa R COMEP:KUT 110 KpaiiHeil Mepe CIETHOEe MHOKe-
cTBO {€;}ien TIOMAPHO OPTOrOHAJIBHBIX HEHYJIEBBIX HJEMIIOTEHTOB. 3AMETUM, UTO €)1 7
e1ry + ...+ epr s 00X r; € R. Mnade, TOMHOXKWB CjieBa HA €1, MbI ITOJIYIUJIA ObI
ex+r1 = 0. Orciona e1R C e;R + eoR C ... — cTporo Bo3pacrarolas IMelovYKa MPaBbIX
MJIeasIoB, IYTO IIPOTUBOPEUUT HETEPOBOCTH. O

IIpengyoxxenune 16.10. Eciu koJibito R 110/1yJI0KaIbHOE, TO OHO OPTOTOHAJILHO KOHEYTHOE.

Jloxazamesvemeo. Ot nporuBHOTO, TOrAa B R HalIETCA 110 KpaifHeir Mepe cIéTHOe MHO-
#KecTBo { f;}2, HeHyIeBBIX OPTOTOHATBHBIX miaeMnoTenTos. O6osnaunm J = J(R), R =
R/J, fi = fi +J € R. B cuty KBasupery/IsapHOCTH, PaIHKaJl COIEPKUT TOJILKO HyJIeBbIe
HJeMIOTeHTsI, orciona f; # 0. B cuny oproronasneaoct f; # fj upu i # j. Ilosromy
{fi}2, — BeckoHewHOE MHOYKECTBO OPTOTOHATBLHEIX HIEMIOTEHTOB Kosblla K. Omaako R

HOJTYJIOKAIBHOE, MO3TOMY R MOJIyIpocToe, a 3HAYHUT, HETEPOBO (Mpe/IozKeHne . [Ipo-

TuBopeune ¢ npesoxenueM [16.9 O

Jlemma 16.11. Ilyctsb ey, ..., e, — cucTeMa OPTOTOHAJBHBIX UJIEMIIOTEHTOB U f — TIPO-
n

U3BOJIBHBIH uzemmorent. Torjga e = Y e; — TakyKe WJIEMIOTeHT. Bosee Toro, eciau f

=1
OPTOI'OHaAJIEH €, TO OH OPTOI'OHaJIEH 1 KaKIO0MY €;.

Jlokasameavcmeo. Tlepsoe yTBep:KeHne NpoOBepsieTcs HEeloCpeCTBeHHo: 2 = > e? +

n
> eie; =Y e llycrs fe =ef = 0. Torga s KaXK10ro naeMIoTeHTa €; UMeeM — fe; =
-y i=1
fee; — fez = fle —e)e; = fler + ...+ €1+ €41 + ... + e,)e; = 0, TOCKOIBKY €;
OpPTOTOHAJIEH BCEM JIEMEHTaM B CKOOKAaX. O
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Beckoneunsiit rpad G cea3eH, ecaim MeXKTy JIFOOBIMI JBYMsI BEDPIITUHAME CYIIECTBYET
KOHEUHBII 1yTh, coeauusiionuii ux. ['pad G iokasvHo Komnarxmen, eclin KaxKaasl Bep-
IIIHA COeIMHEHA PeOPOM JIMIIB ¢ KOHEYHBIM 9rcjIoM BepinuH. [IyTh B rpade HaszbiBaeTCs
NPOCMbIM, €CJIN OH HE COAEPKUT MOBTOPSIONINXCA BepIiuH. OTMETHM, 9YTO B CBSI3HOM I'Da-
de MexxK Ty JIFOOBIME JIByMs BEPIIUHAMU HAJIeTCs TPOCTOM Iy Th, COETMHAIONTNN UX.

Jlemma 16.12 (Jlemma Kénnra). Ilycts G — J10KaabHO KOMIIAKTHBINA CBA3HBI Irpad ¢
6eckonevHbIM umcjoM BepmuH. Torga B G cymecTByeT IPOCTOII Iy Th, IPOXOAIINIT Yepes3
OeCKOHETHOE YHCJIO BEPIINH U HAYMHAIONIMICS B IPOU3BOJILHO BHIODAHHOI BEPIINHE.

Jloxaszameavcmeo. BoidepeM Ji00yi0 BepiiuHy vq. 1lo ycjioBUIO U3 v BBIXOJUT ITPOCTO
IIyTh KOHEYHOW JJIMHBI B JIIOOYIO BepIMHYy. Takux myTeil OeCKOHEYHO MHOro, T.K. B (G
Heckoneuno mMHoro BepinuH. [Ipu sToM v; coenunena pedOPOM JIMINDL ¢ KOHEYHBIM YHCJIOM
Bepmiun. Cpenn nux 1o npuniuny Jlupuxie HaiiéTcs BepIInHA Vg, Yepe3 KOTOPYIO MPO-
XOIUT OECKOHETHO MHOTO YKa3aHHBIX myTeil. CTpoum myTh vieqvs. [lycTh MBI HOCTpOMIN
yTh V1€] ...VL_1€k_1Ur TAKOW, ITO 4Yepe3 vy WIAYT MPOCThbIE IMyTH B OECKOHETHOE MHO-
’KeCTBO BEPIIUH, IPUIEM HAYAJa STUX IyTeHl COBHAJIAIOT C V1€ ... Ug_ 1€k _1Uk. HO OIAThH
U CcoeJIMHeHa pebpOM JIUIIL ¢ KOHEYHBIM dncjaoM Bepinud. [lo mpunnuny upuxie we-
pe3 KaKyIo-TO BEPIIUHY Ujy1 MPOXOIUT OECKOHEYHO MHOT'O TakuX iyrteit. [Ipu srom vgyq
HE MOXKET COBIIQJIATb HU C OJHOM W3 BEPIIUH V1, ..., Uk, T.K. BCE pACCMATPUBAEMBIE Iy TH
npoctbie. CTPOUM TIYTh V1€7 . .. Uk 1€k 1UkEEUE1 U T.JI. O

Hamomuum, 4To jiepeBo — 3TO CBA3HBIN rpad 0€3 MUKJIOB.

Teopema 16.13. Ilycrs xosbio R # 0 oproronaabno kKonedno. Torma R comepkuT moJi-
HOE OPTOrOHAJILHOE MHOYKECTBO IIPUMUTHUBHBIX UJIEMIIOTEHTOR.

Zloxazameavcmeo. Ecin 1 — npuMUTHBHBIN HAEMIIOTEHT, TO JIOKa3biBaTh Hedero. [IycThb
1 me nmpumurusHa. [Ipeanosoxkum, 4To 1 HEIb3s MPEJACTABUTH B BHJE CYMMBI OPTOIO-
HaJIbHBIX NPUMUTHBHBIX UJIEMIIOTEHTOB. ByjleM cTpouTh JepeBO, BEPHIUNHBI KOTOPOIO —
neMIoTeHTsl KoJiblia R. Kopenb gepeBa coorBercTByeT 1. Tak Kax 1 He NpUMUTHB-
Ha, TO €€ MOXKHO IPEJCTABUTH B BUJE CYMMBI JIByX OPTOIOHAJbHBIX UJIEMIIOTEHTOB 1 =
e + f (upemoxenue [13.2)). JobaBum ejunuiie B rpade JiBe JOUEpHUE BEPIIUHBI €, f.
[Iycts MBI HOCTpPOWIN Pa3JIOXKEHUEe €IUHUIBI B CYMMY 1 OPTOTOHAJbHBIX HJIEMIIOTEH-
ToB 1 = e; + ...+ e,,. [lo namemy npesmnoioxKennio 1Mo Kpaiineit Mmepe oJIuH e; HE IPU-
MUTHUBEH, 3HAYHUT, ¢; = f1 + fo, vae fi, fo — oproroHasbHble wiaeMnoTeHThl. [lo Jem-
Me [16.11] Bce uieMIIOTEeHTRI €1, . . ., €;_1, €11, - - - , € OPTOrOHAJIBHBI f1, fo. [lomyaaem, uro
l=e+...+e; 1+ fi+ fote1+ ...+ e, — 9T0 pasyioxkeHne eUHUIBI B cymmy m + 1
OPTOrOHAJILHBIX UJIEMITIOTEHTOB. /lobaBuM B HallleM JiepeBe BepIIUHE €; JIBe J09YepHIe Bep-
MuHbL f1, fo.

Takum 0OpazoM MOXKHO IMOCTPOUTH pasjioxKeHue Jo0oil amuabl m € N, 3Ha9uT, MbI
[TOJIy9aeM JIEPEeBO ¢ OECKOHEUHBIM YMCJIOM BEpPIIHH. Y KasKJIOi BEPIIUHBI TOJHKO JIBE 10-
YepHUe U OJIHa POJIUTETbCKAd BEPIINHA, [T0O3TOMY Hallle JEePEBO JIOKAJIbHO KOoHe4dHO. [lo
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JleMMe Kénura MOXKHO BBIOpDATb OECKOHEYHBINH MPOCTON IyTh, HAYMHAIOMINICA B JIFOOOM
BepIHe, HAIPUMeEpP, B KOpHe JiepeBa. [lycTh BepmmHBI 3TOrO IIyTH COOTBETCTBYIOT IIO-
CJIeJIOBATEJIbHOCTU MJIEMIIOTEHTOB 1 = eq, €1, €3, . . ..

[TocTpoum GeckoHETHOE MHOYKECTBO OPTOTOHAJILHBIX UJIEMIIOTEHTOB KOJIbIla R, Y Kaxk-
JIOTO €; TIOMHMO JIOYE€PHEro WIEMIIOTEHTa €;11 €CTh €Ile OJUH JOYEPHUN MJIEMIIOTEHT

fir1. Pacemorpum mMHOXKECTBO BCeX fi, fo,. ... Ilokaxkem, 910 Kaxkjplii f; opToronajex
firr maa moboro k € N. JlefictBurenbHo, f; OpTOrOHAJIEH €; 1O mocTpoeHuio. [Ipu sTom
e = fir1+es1=fir1 + fixoteio=...= fix1+ ...+ fizk + €1k, ¥ BCE 3TO pazjIOKe-

HUS B CyMMY IIOIIAPHO OPTOrOHAJILHBIX UJIEMIIOTEHTOB, YTO POBEPAETCA UHAYKIHe 10 k
IPH [TOMOIIYU JIEMMBI CroBa npumenss gemmy [16.11] nosyuaem, uro f; oprorona-
neH fiig. Orciona { f;}ieny — 910 GeCKOHEUHOE OPTOrOHAJIBLHOE MHOYKECTBO MJIEMIIOTEHTOB.
IIpoTuBopedne ¢ OPTOrOHAJILHON KOHEYHOCTHIO KOJIbIIA. O

Teopema 16.14 (Kamusuio, }Oﬂ, 1994 ). Kousbiio R moJtycoBepIiieHHOE TOT/Ia U TOJBKO
TOI/IA, KOIJIa OHO YUCTOE M OPTOTOHAJILHO KOHEYHOE.

Jloxazameavcmeo. (=) IosycoBepiieHHOE KOJIBIIO MOJIYIOKATBHO MO OlpejiesieHuto. 11o-
9TOMY OHO HE COJIEPXKUT GECKOHETHOIO MHOYKECTBA OPTOTOHAJBHBIX HIEMIIOTEHTOB (JIeM-
Ma, . [To Teopeme Mriositepa KObIO R COEPKUT MOJHYIO OPTOIOHAILHYIO CHCTEMY
{e;}"_; noKaJIbHBIX WiIeMIoTeHTOB. [I09TOMYy Kazkii0e KOJbIo €; Re; JIOKAIbHOe, 4 3HAYWT,
qrcToe (puMepbl . Ocraércs nmpuMeHnTb TeopeMmy Xana—Hukoscona.

(=) Tlo Teopeme 1=7>3"" e, rue ¢; — UPUMHUTHBHBIC OPTOIOHAJIBLHbIE HIIEMIIO-
TEHTHI. TﬁK,KaK KOJIBITIO thHCTOe,TO]ME HpHMHTHBHbK3HﬂeMHOTeHTbIHOKaHbeI(TeO—
pema . CuoBa npuMensis Teopemy Mrosiepa, mojydaeM, 9TO KOJbIO R mosycoBep-
IITeHHOE. O

CrnencrBue 16.15. Besikoe apTrHOBO cIiipaBa KOJIBIIO TUCTOE.

Jloxaszamesvcmeo. ApTUHOBO cIpaBa KOJIBIO TOJycoBepienHoe. [losromy mpumensiem
teopemy Kammmio—HO. m

Sagaum K Jgeknuu 16.

1 20
Bamada 1. [Jnga marpunet A = | 2 2 1| € M3(Zs3) maiiaure pa3ioKeHne B BUJIE CYMMBbI
11 2

MJIEMITOTEHTa U 0OPaTUMONl MaTPUILl. BepHO Jii, 9TO 9TO pa3/ioXKeHne eIMHCTBEHHO?!

n
Bamaga 2. [lycrs f = > fix" — snement R[z], rme R — KoMMmyTaTuBHOE KOJIBIO. JloKa-
i=0

3aTb, 9TO.

21Camillo, V.P., Yu, H.-P., 1994. Exchange rings, units and idempotents. Communications in Algebra
92, 47374749
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1) f obparum < fy obparnm, a ocTanbHble KO3MQUINEHTbl HIJIBIOTEHTHBI (Ji1s fg =
1 joKazaTh UHIYKTUBHO, uTo fXtlg = 0);

2) f — nemurenpb myns < B R cymectByer sjgemMeHT 1, Jyig Kotoporo fr = 0 (pac-
CMOTpETh ¢ HAMMEHBIIeH cTerenn m, jjisi Koroporo fg = 0, W J0Ka3aTh M0 UHYKIUN
aig = 0);

3) f HunbnoTenTeH < Bee KObDMUIMEHTHI f HUIBIOTEHTHBI;

4) f wpemnorenren < f = fo, fo ugemmnorenTen.

Banmaua 3. [okaxkure, 9T0 ecau R KOMMYTATHBHO, TO R|x] He MOKET OBITH THCTBIM.

Bamagda 4. [lokaxkure, uro R[r| He MoKeT ObITh YUCTHIM HE Jyist KaKoro R. YKasaHue:
AHAJIOTMYIHO IIYHKTY 4) KOMMYTATHBHOIO CJIydasi BBIBECTH, YTO B PA3JIOKEHUN T UJEMIIO-
TEHT MOKeT OBITh PaBEH TOJIBKO €/INHUIIE.

Baga4da 5. Jlokaxkure, 9T0 KOJIBIO GOPMAIBHBIX CTEHEHHBIX PsA10B R[[x]] Has ducabim
KOJIBIIOM R Toxke umcroe.

Bagaua 6 (x reopeme Kammuio—10). [Ipuseaure npumepst a) 9UCTOrO HE OPTOrOHATBHO
KOHEYHOTO KOJIbIa U 0) OPTOrOHAJIbLHO KOHEYHOIO, HO HE YHCTOrO KOJIBIIA.

Bagaua 7. [Ipusennre npumep 9nucToro He apTHHOBaA (HU CIIpaBa, HU CJI€BA) KOJIBIIA.

17 HepBI/ItIHbIe n 1oJiyniepBuiHbIE€ NJ€AJIbI. Pa,HI/IKaJI niae-
aJla

Onpenenenune 17.1. Ilpasviii deaumensv wyss — dJIeMeHT r € R, 1js KOTOPOro CyIie-
CTBYeT Takoil HeHy/IeBo# s € R, aTo sr = (. AHAJIOrTIHO ONpeIeseTcs JIEBbI JIe/IUTe/h
HyJIsl. DJIEMEHT KOJIbIIA HA3BIBACTCS JeAumenem HyAf, €CJIN OH SBIISIETCS JTeTUTeIeM HyJIst
XOTsI OB C OJIHOI CTOPOHBI. DJIEMEHT He sIBJIAIOIINAIACS JeJTUTeIeM HyJIsT Ha3bIBAIOT pe2y-
ASADHDIM.

[IpaBbrit genmmTes b Hyss He MOKeT ObITh oOparuM crpaBa. OIHAKO OH MOYKeT OBIThH
obparumM cJieBa.

IIpumep 17.2. Ilycts V' = F*° — mpocrpaHcTBO mocseoBaTebHOCTER (X1, T2, T3, . . .)
snemenToB 1nosisg F, m R = End V. Paccmorpum nnHeitHbie ortepaTophl [, 7 ¢JIBUTa KOOP-
JINHAT HA OJHY MO3WIMIO BJIEBO M BIIPABO COOTBETCTBEHHO: [(T1,Xs,...) = (X9, x3,...),
r(xy,z9,...) = (0,21, 29,...). [lycTb p; — omeparop HmpoekIMu Ha MEPBYIO KOOPIUHATY:
p1(z1,xe,...) = (21,0,...). Torga lr roxxmecrBerno na V', #Ho pir = 0.

Onpenenenune 17.3. Konbio R HazbBaeTcs 004acmbo, €CIM OHO HEHYJIEBOE U yJIOBJIE-
TBOPSAET JTIOOOMY U3 SKBUBAJEHTHBIX YCJIOBHIA:
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1) mias mobeix 1, s € R u3 yenosust rs = 0 caenyer, aro r = 0 win s = 0;
2) 0 — eIMHCTBEHHBIN JIEBBIN JIe/INTE/b HYJIS;
3) 0 — eIMHCTBEHHBIIT TIPABbIl JETUTEb HYJIS;
3) 0 — eJIMHCTBEHHBIII JIEJTUTETH HYJIS.
KoMmmyTaTuBayo 006/1aCTh HA3BIBAIOT 004GCMBIO UEAOCNHOCTU.

IIpumepsr.
1. ObtacTbio siBjIsieTcs J1r000€e TeJ10, 1MoJje, a TaKkKe Z.
2. Eciim R — obsacth, to R[tq, ..., t,] — To)ke 0b1acTb.

3. Koubio marpur M, (R) He 6yjer ob1acTbio HE Jijisl KAKOTO KOJiblia R.

Bpemenno orpanmdumcsd ciaydaeM KoMMyTaTuBHOTO Kojblia K. Hac OyayT unrepe-
coBarh Takue uiaeaibl I < K, aro K/I sBaserca o61acTbio. DTO B TOYHOCTH UIEAIBI
CJIEJTYIONIETO BU/IA.

Onpenenenue 17.4. Vpean I B KOMMyTaTUBHOM KOJIblle K Ha3BbIBAETCS NPOCMbLM, €CJINA
I # R u w3 ycnoBus ab € [ ciemyer, 9To 10 KpaiiHeil Mepe OJUH 3JIEeMEHT a Wiau b
cosiepKuTcsa B 1.

KommyraTusrOe Kosbio K siBisiercst 06J1aCThIO TOL/IA U TOJILKO TOT/Ia, KOIJIa HYJIeBOil
uzeas (0) mpoct.

Sameuanue 17.5. Unean [ B KoMMyTaTUBHOM KOJblle K sBJISIeTCsT TTPOCTBIM TOTJIA H
TOJIBKO TOTJIA, KOT/Ia €0 TeOPETUKO-MHOKeCTBeHHOE JonioiHeHre K\ [ MyJIbTHILTHKATHBHO
3aMKHYTO, T.e. SABJSIETCS MOIYTPYIIION M0 YMHOKEHUIO.

BaMeTHM, UTO BCAKHI MaKCUMAJILHBIA Hea/1 IPOCT, T.K. (haKTop 10 HEMY OYIET IOJIEM.
O6parnoe Hesepro. B kombiie K = Fx, y] unean (y) = Ky upoct, T.K. ¢hakTop 1o Hemy
usomopden obmactu Flx], no (y) e makcumaisen, T.K. F|x] me nose.

Onpegenenne 17.6. Padukan VI naeasia I B KOMMYTaTUBHOM KOJIbIle X — MHOXKECTBO
BCEX JIEMEHTOB @ € R TaKux, 4TO J/Ii HEKOTOPOI'0 HATYpPaJbHOTO 7. BBITOJIHEHO a” € I.

OTMeTI/IM7 9TO N B OlIpeaeJICHUN MO2KET 3aBUCHUTDL OT .
Panukas uneasta cam siBiasiercs ujgeasiom. leiictBuresnbHo, ecu a” € [ u b™ € I, Torna
(a4 b)™™ € I Bugy dopmybsl 6uaoma Heiorona, a Takxe (ar)” = a™r™ € I.

Onpenenenne 17.7. Unean I <K B KOMMyTaTUBHOM KoJiblle K padukane, eciu VI=1I.

Takum obpaszom, VI — 310 HauMeHbIHi PaJInKaJIbHBIN HjeaJl, cojepKaruii [.

PanukaJyibuble ujeasibl UTPAIOT BaXKHYIO POJIb B KJIACCUYECKOH ajredbpanydeckoil reo-
MeTpun. /s anrebpantdeckn 3aMKHYTOTO 1mosst F Mexk 1y paguKaaIbHBIMA UIeaTaMu KOTb-
a MHOTOUYIeHOB F[t1, ..., t,] U pemeHusiMu cuCTEM TIOJMHOMUAJIBHBIX yPABHEHUIl CyIie-
CTBYET B3aMMHO-OJIHO3HAYHOE COOTBETCTBHUE, COXPAHLAIONIEE BKJIIOUEHUS. DTO CJIEJICTBUE
TeopeMbl ['miibbepra 0 HYJIAX.
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Teopema 17.8 (Hilbert’s Nullstellensatz). Ilycts F — asnreGpandecku 3aMKHYTOe MOJI€
u I — wupnean B kosble Flty, ..., t,]. Takxke mycts Z(I) C F" — MHOXKECTBO TOYEK, B
KOTOPBIX BCe MHOTOUJIEHBI njieasia [ obparaiores B HOJIb. Tora, eciim MHOTOUIEH [ TOXKe
obparmaercst B HOJib Bo Bcex Toukax Z(I), ro f7 € I nyst mekoroporo r € N.

Bes dokxasamensvcmsa. O
Paukasr njieana MOXKHO BBIPA3UTh B TEPMUHAX TIEPECEUYCHUT ITPOCTHIX UJICATIOB.

Teopema 17.9. Pajukan VI COBIIAJIAET C MEepecedeHneM BCEX MPOCTBIX MJIEAJIOB, COJIEP-
xKamux [. B gacrHOoCTH, MIeas paJiMKaJieH TOTrJa M TOJIBKO TOIJA, KOIJa OH SIBJISIETCS
repecedeHreM IIPOCTBIX HIeaJIOB.

Joxasicem danee 6 bosee obueti nocmanoske. O]

Bamerum, 7 € 1/(0) Torma u TosbKO Torya, Korgaa 1" = 0 mjist HekoToporo n. pyruvu
cJIoBaMu, paJiuKaJl HyJeBoro ujeasia 1/ (0) coBmazaear ¢ MHOKECTBOM BCEX HHUJIBIIOTEHT-
HBIX 9JIEMEHTOB KOMMyTaTuBHOTrO Kosibiia K. [Toaromy /(0) HA3BIBAIOT HuAbpaduka.iom.

CaencrBue 17.10. Hunbpajmkaa KOMMYTaTUBHOTO KOJIBIIA COBIAJIACT C IEPEeCeUeHUeM
BCEX IIPOCTBIX HIEAJIOB.

B HekoMMyTaTHBHOM KOJIbIIE BCEe HUJIBIIOTEHTHI HE 00si3aHbI 00pa30BbIBaTh Hiaea. Jlo-
CTATOYHO PACCMOTPETH KOJILIIO MaTPHIL HAJI TIOJIEM.

O606muM TpeapIyIIne KOHCTPYKIMKA U3 KOMMYTATUBHON aarebpbl Ha CIydail Ipons3-
BOJIBHOT'O aCCOIUATUBHOIO KoJyiblla R ¢ exuauieil. OkasbpiBaeTcs, 9T0 TOraa 0oJiee coaep-
JKaTeJIbHO PacCMATPUBATDH IPOU3BEIEHUS HE OTJETbHBIX 3JIEMEHTOB, & IEJIbIX UJIeaJIOB.
Hanomuanm, ato npoumseenennem AB jaBycTtopoHHuX ujeaoB A, B Ha3bIBaeTCs MHOXKE-
CTBO BCeX KOHEUYHBIX CyMM BHIa » a;b;, Tie a; € A, b; € B, torma AB camo siBisiercst

T
UJ1easIoM.
Onpenenenune 17.11. /IBycroponnnit uiean I <| R Ha3bBaeTcss nepsuynvim, ecan I # R
u Jist JTI00bIX BycTOpoHHUX uieaioB A, B < R u3 ycnoBus AB C [ ciemyer, 9TO 110
KpaitHeit Mmepe ojun ugeas A nin B gBIgeTCs MOJIMHOXKECTBOM B 1.
Kak obbrano (a) = RaR = {> rias; | r;,s; € R} — riaBHBI ujeast, HOPOXKIEHHBII

7
JIEMEHTOM @ B KoJiblle .

IIpeasoxkenne 17.12. /g asycroponnero uiaeana I < R, I # R, ciejyromiue yCaIoBus
9KBHBAJIEHTHDL:
1) I nepsuuen;
2) u3 (a)(b) C I cremyer, aro aubo a € I, mubo b € I,
3) uz aRb C I cienyer, aro jmbo a € I, mbo b € [;
4) mns npasbix uieanos A, B C R uz AB C [ cuenyer, aro 6o A C I, imbo B C 1.
4’) mg nesbix ugeanos A, B C R us AB C I cienyer, uro jmbo A C I, mubo B C 1.
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Jloxasameavcmeo. 1) = 2) Yacruslit cirydaii.

2) = 3) Us ycnosuga aRb C [ Beirekaer (a)(b) C I, T.K. I — AByCTOpOHHUIT Hjeal.

3) = 4) Ilpeamosoxum, aro B € I. Paccmorpum b € B, ne jexanwmii B 1. Torga ms
Besikoro a € A soimosneno aRb C A(RB) = AB C I, orkyna a € I. 3uaunr, A C [ B
cuy npousBosibHOCTH @. Cydait A € I pazdupaercs aHAJIOTHIHO.

4) = 1) Yacruslit cirydaii.

3) = 4’) = 1) CummerputHo. O

OTMeTI/IM7 49TO B IIpeAbLAYIIEM IIPEAJIOZKEHNN BCE aJIbTCPHATUBLI «mb0 ceey Joo ... »
HE ABJ/JIAI0OTCA B3aNMOUCKJ/IIOYAIOITNMMN.

ITpumep 17.13. Begruit makcumasbabiil ugean I nepuden: eciu A, B — ujgeasbl, He
nexamue B [, 7o R=A+1 =B+ 1, nostomy R = (A+1)(B+1) = AB + I, otkyna
AB Z I.

OrpejiesieHust IPOCTOrO U MEPBUYHOTO HJIeasia COrIaCOBAHBDI.

CaencrBue 17.14. Vjean KOMMYTATUBHOIO KOJIbIIA IEPBUYEH TOTJIA M TOJBKO TOIJIA,
KOIJIa, OH TIPOCT.

Jlokasamenvcmeso. TIpuMeHnM TyHKT 2) TPEJIOXKEHHs. ]

B AHIJIOI3BIYHOI JuTepaTrype n IAJjid IIPOCThIX HMACa/iOB KOMMYTaTHBHOI'O KOJIbIla, 1
JJId TIEPBUYHBIX MJI€aJIOB ITPOU3BOJIBHOI'O KOJIbIla HMCIIOJIB3YIOT OJUH WM TOT 2KE€ TEPpMHWH
prime ideals.

Onpenenenune 17.15. Hemycroe nmogmuoxkecTBO S KoJiblla R HazbIBaeTcss m-cucmemotl,
ecym Jijist JIIOObIX @, b € S cymiecTByer sjeMent r € R Takoii, 4to arb € S.

BaMeTI/IM, Y9TO BCAKOE€ MYJIBTUIIJIMKATUBHO 3aMKHYTO€ IIOJMHOZKECTBO KOJIbITa ABJIACTCHA
m-cuctemoii. OOparHnoe B 00IIEM CIydae HEBEPHO.

CaencrBue 17.16. Ilepsuunocts npeana I <I R paBHOCHIbHA TOMY, 9TO €I0 TEOPETHKO-
MHOZKECTBEHHOe jronosiHenne R\ [ aBisiercss m-CHCTeMOil.

Jloxazameavcmeo. OTpunianue myHKTa 3) MPEJJIOKEHS. O
Ham monamobarcesa m-crucTeMbl CHEINaJILHOTO BHIA.

Onpepenenne 17.17. IlocienoBarebHOCTD ag, A1, . . . JIEMEHTOB KOJIbIIa R Ha3bIBAETCS
M-TIOCJIEJIOBATE/ILHOCTBIO, €C/n a;y1 € a; Ra; g Bcex ¢ > 0.

JIemma 17.18. JIobas m-11ociae 0BaTeIbHOCTD SABJISIETCS 1M-CUCTEMOIL.
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Joxazameavemeo. Ilyctsb ag, aq, ... — HEKOTOpasi M-TOCJIeI0BATETBHOCTD. PaceMoTpum
[IPOU3BOJIbHBIC JIBA €€ 3JIEeMEeHTa ay,a;, riae [ > k > 0. Heobxomumo mokasarhb, 9TO U
apRa;, n a;Ra; conepzxKar XoTd Obl 110 OJHOMY 3JIEMEHTY Halleil 1oc/e10BaTeIbHOCTH.
[TocTpouM MenovKy BJIIOUEHUI

a+1 € ajRa; C (al_lRal_l)Ral C...Ca,RarRar_1R...q_1Raq.

Buaunt, a;11 € apRa;. AHATIOTUYIHO yIJIMHHSIS TPOU3BEICHNE BIIPABO, MOJIyIaeM BKJIIOYE-
nue a;q € aiRay. O

Onpenenenune 17.19. Paduxan VI uneana I B TPOU3BOJILHOM aCCOITUATHBHOM KOJTh-
ne R ¢ egunaumeii — 3T0 MHOXKECTBO TaKHX 3JIEMEHTOB a € R, 94TO BCAKad mM-CHCTEMA,
cojiepKaliias @, IMeeT HeIlycToe IepecedeHue ¢ ujaeaaom 1.

IIpennoxxenme 17.20. Pajukan VI COBIAJAET C MHOXKECTBOM TaKuxX a € R, 4To 1
JII000M M-I10C/Ie10BaTeILHOCTH (ai);'io, HadYWHAIoIEeRCca ¢ ag = a, HEKOTOPbI €€ YJieH a;
nonagaeT B umead 1.

Zloxazameavcmeo. 1lo npembiyieii JjeMMe BegKasi M-T10CIeI0BaTEIbHOCTD, SIBJISIETCA M-
cucremoii. TlosroMy aitst siaeMenta a € /I W IPOH3BOJBHOI M-IIOCIIEI0BATEILHOCTH
(a;)2,, TIEe ag = a, mojydaeM, 49To Tmepecederne (a;)5°, N I HEImyCTO MO OIpeJ e IeHITO
pajmkasa uieasa. OTcioma HEKOTOPHIN a; OKa3bIBaeTcsa B wujease I.

O6paTHO, yCTH 3JIeMeHT a € R yJIOBJIEeTBOPSET YCIOBUIO HA M-TIOCIEI0BATEHLHOCTH.
HokazeM, uto a € v/I. IIpeooKuM IpOTUBHOe, TOLIA HANIETCs m-cucTeMa S, couep-
Kamas a, Ho npu 3tom S NI = . Bynem crpouts m-mociienoBarebHOCTD. [loaraem
ag = a. Ilo onpenenennio m-cucreMbl Haiijercsd 1o € R Takoil, 9T0 JIeMEHT a1 = agrolg
moraiaeT B S. AHAJOrMIHO HaiijeTces r; € R Takoil, 4TO JIEMEHT Gy = (171G TOMAIAeT B
S u T.1. [lomygaem m-nocsenoBareabnocTs (a;)5%,, ag = a. Ilo namemy mpeiosokeHnio
Haiijercsa a; € I, Ho 1o nocrpoennto a; € S. IIporusopeune ¢ S N1 = @. 0

Caencrsue 17.21. Bomomsmeno 1 C {a € R | a" € I ms mexoroporo n € N}.

Joxasameavcmeo. Tonoxum a; = a*. Torga (a;)$2, — 3T0 M-TIOC/IEI0BATE/IBHOCTD, T.K.
Qip1 = a?iﬂ = a2 - 1-a% € a;Ra;. Tlo npeaplaymeMy IpeyIoKEeHHIO 1S HEKOTOPOTO i
umeem a® € I.

0

CaencrBue 17.22. s KoMMyTaTUBHOTO KOJibIla K 00a orpejie/ieHus paJinKajia uieasa
I <1 K »>KBUBaJIEHTHBHI.

Jloxazamesvcmeo. BKioueHue B OJHY CTOPOHY BEPHO JIJIst JIIOOOTO KOJIBIA B CHJTY TTPEIbI-
aytiero. O6paTHO, 3aMEeTUM, YTO B KOMMYTATHBHOM KOJIbIIE JIF0Oas M-110C/1e10BaTeIbHOCTD,

k
Ha4dunHaomadcd C 3JieMeHTa a, MO2KeT OBLITH 3allCaHa B BUJIE a, CL2’T‘1, 6L4T2, N CL2 Tkyoooy
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rae (7)72, — HOIXOJAIAs MOCJIE0BATEIBHOCTD JIEMEHTOB Kosbla. Ho /s mekoTopo-
ro n uMeeM a” € I, mpn sTom I — wmiean, orkyaa npu 2F > n smement a’
conep:xurcd B 1.

k
T, TaKKe

[]

Jlemma 17.23. Ilycts S C R — 3ro m-cucrema. IIpesmnonoxkum, aro [ << R — 910 Mak-
CUMaJIbHBI 3JIEMEHT B MHOKECTBE BCeX MjieasioB, He nepecekatommuxca ¢ S. Torma I mep-
BUYEH.

Jlokasameavcmeso. Ot mporusnoro, nyctb a,b & I, Ho (a)(b) C I. B cury makcumasbHO-
cru I, B S CyIecTBYIOT Takue 3JieMeHThl 8, ', aro s € [ + (a), s € I + (b). Pacemorpum
r € R, aua xoroporo srs’ € S. Torma srs’ € (I + (a))R(I + (b)) C I + (a)(b) C I,
MIPOTUBOpEYHE. O

Teopema 17.24. Paguxai V1 cosnanaer ¢ repecedeHeM BCEX TEPBUYHBIX WJI€AJIOB,
cojiepxkamux [. B wactHoCTH, VI — unean (T.K. SIBJISIETCSI TIEPECETHUEM UJICAJIOB).

Joxasamenvemeo. Iycrs s € /I, I C J, tne J — nepBudHbIii Izmea Paccmorpum
m-cucremy R\ J. Eciu 661 oHa cojiepkaia s, TO mepecekasach Obl ¢ niaeaaoM I, a 3HAIUT
u ¢ ujeasioM J, 9To HeBo3MoxKHO. [losTomy s € J. MbI nokazaiu, 4To

Vije ﬂ{J<l R | I CJ, J uepsuuen}.

ycrs s € /1. Tora mo OIpeeeHMIO pajiKaja CyIecTByeT m-cucreMa S, co-
JepxKalasd S, HO He Iepecekaromascs ¢ mueajoMm [. Pacemorpum ceMeiicTBO measios
Q={L<R|ICL, LNS = @}, ynopagodennoe 1o Bkjmodenuio. Torma ) # &,
TK. [ € Q. Ecim {L)} en — 1enb B Q, To €é obbeunenne caoa npuaiekut 2. [To-
sromy 1o jtemMme [lopra B () Haiigercs makcumasbHbIi ss1ement J. Waean J nepBuden mo
npeabayieit semme. [lockonbKy J He nepecekaer S, 3JIEMEHT S eMy He IIPUHAJJIEKUT.
MbI okazajm, 9To

R\\/TQR\H{JQR[IQJ, J nepBuyeH}.
0

Onpepenenue 17.25. Unean I << R noaynepsuuen, ecim Jjisi Bcakoro uieasta H <1 R,
11 kotoporo H? C I, semomneno n H C 1.

[lepBuunbIil Heas Beerja MoTynepBUYEH.
DKBUBAJECHTHOCTD CJIEYIONINX YCJIOBHUI ITPOBEPSIETCS TOYHO TaK Ke, KaK B CJIydae
MEPBUYHOTO HJICATA.

22Takoit uneas J 3aBemoMo cymecTsyer. Hampumep, no Teopeme Kpymas HaBZ@TCs MaKCHMAIBHEII
uneaJ, cojepzxkammit [. MakcuMabHBIN nteasl IePBUYEH, CM IIPUMED
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IIpengyioxxenne 17.26. /g upeana [ << R SKBUBaJIEHTHBI YCJIOBUS:
1) I momynepBuaeH;
2) u3 (a)? C I crenyer, uro a € I
3) uz aRa C I cienyer, uro a € I;
4) nna npasoro ugeana A C R us A? C I ciueayer, uto A C I.
4’) st nesoro upeana A C R u3 A? C I caenyer, ato A C 1.

[lonsiTHe MOJIYIIEPBUYHOIO Hjieaja — HEKOMMYTATUBHOE ODODINEHHME paInKAJIbHOIO
nieaJa.

Onpenenenune 17.27. Hemnycroe nogmuoxkectBo S C R Ha3bIBAeTCS N-CUCMEMOT, €CITH
JUTS KasyKJI0TO a € S CcyIecTByeT 3jieMeHT 1 € R Takoii, aro ara € S.

Kaxkast m-cucrema gBjIsieTcs N-CUCTEMO TpUBHAIbHBIM 00paszom. ObpaTHoe B 00IIeM
CJIydae HEBEPHO.

CaenacrBue 17.28. aean nmomynepBudeH TOLAA U TOJBKO TOIA, KOTIa €r0 TEOPETHKO-
MHO>KECTBEHHOE JOIIOJIHEHUE SIBJISIETCSI N-CUCTEMOII.

Jlokasamenvcmeo. Orpunianue MyHKTa 3) TPEJIOKEHHS. O

Jlemma 17.29. Ilyctb N C R gBigercd n-cucTeMoil, BbIOepeM B Heil MPOU3BOJIbHBIHN
astemenT a € N. Torma cymecrByer m-cucrema M C N takasy, uro a € M.

,ZZO%(ISGTTL@./M)CTTLGO. B kadecTBe m-cucremMbl BO3bMEM mM-I10CJIeJ0BaTE/IbHOCTD CJIEIYIOIIETrO
BUIa. HYCTB apg = a. ITo OoIIpeaeIecHuI0 N-CucreMbl, MHOXKECTBO N COJAECP2KUT I3JIEMEHTDI
a; = agTroQg, g = A1710471, . . ., Apt1 = ApTpAy, ... JJId HEKOTOPBIX T; € R. Tor,qa I1oJiaraemM
M:{al,az,...}. ]

Teopema 17.30 (O mosynepsuanom uzease). st nneasa I <I R 9KBUBaJI€HTHBI YCJIOBHUS:
1) I momynepBuaeH;
2) I =+1.

3) I — repecedenne HeKOTOPOro MHOXKECTBa IIEPBUYIHBIX UIEAJIOB;

Jokazamesvemeo. 1) = 2) Brmodenne I C +/I BBIIOIHEHO BCEr/a, HAI0 HOKA3ATE, TTO
VI C I. 9o pasnocuibio R\ I € R\ /1. Bosbmem npoussosbibiii a € R\ I, 1o MHOXKe-
crBo R\ I siBjisieTcst n-cucreMoit, T.K. uzean I nosynepsuden. 1o jieMMe MOXKHO BBIGpATH
m-cucremy M C R\ I rakyto, uro a € M. Utak, Mbl HAIILJIM M-CACTEMY, COJEPIKAIILYIO «,
HO He mepecekaoryiocs ¢ ujeasom . [lo onpesenennto pajukaia nvmeeM a ¢ V1, uro u
TpebOBAJIOCH.

2) = 3) Ucnoab3yeM HpepLIyILyio TeOpeMy O TOM, 9TO pajmkasi v/ coBmazaer ¢
repeceveHneM BCeX MEPBUYHBIX HJI€asIOB, COJIepyKaIimx 1.

3) = 1) Kaxplii nepBuvHBII Hjeall moJynepBuieH. 3aMeTHM, 9TO [epeceveHre JIio-
0Oro MHOXKECTBa, MOy IIEPBUYIHBIX UJI€AJIOB CHOBA IOJIyIEPBUYHBIN HIeal. ]
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CaencrBue 17.31. Maeayr KOMMYTaTUBHOI'O KOJIbIA K SABJISETCS PaIUKAIBLHBIM TOT/IA U
TOJILKO TOTJIa, KOTJA OH IIOJIYIIePBUYCH.

Joxazameavcmeo. Mbl yxKe TIOKa3aJId, 9TO ONPEJIE/IEHNs PAIUKaIa B KOMMYTATUBHOM M
B HEKOMMYTAaTUBHOM CJIy49adX COIJIaCOBAHDI. D

CaencrBue 17.32. Pajukan VI ujeasia [ — HaUMEHBINUN TTOJYIIEPBUYHBIN Ujieals1, co-
nepxkammit 1.

Joxazameavcmeo. llycts J — nomynepBuanbtit ujeas, cogepxxkanuit /. Torga J saBiasgercs
HepecevdeHrneM HEKOTOPBIX MepBUYIHBIX ujeaoB (Teopema [17.30). Bee onu comepxkar J, a
sHaanT, comepazkt I. C Apyroit croponsr, v/ I COBIANAET C IIEPECEUeHIEM BCEX TEPBHTHBIX

uyeasios, caepxkammx I (reopema (17.24). TTostomy VICJ. O

3agaum K Jjgeknuu 17.

3a,£[a‘{a 1. HyCTb B KOMMYTaTHBHOM KOJIbBIIE K Bce naeaJibl I'JlaBHbIE, T.€. ITIOPO2KIa0TCA
OJHHUM 3JIEMECHTOM. ,HOK&)KI/ITC, 9TO Ka)K,ZLbeI HpOCTOfI naeaJi K makcumasied.

Bamada 2. [Ipuseure nmpuMep mpocToro ujeasa B KoJblie Z[z], He SBIISIONEerocs rias-
HBIM HJI€aJIOM.

3amaua 3. [IpuBegure pumep JIByX IMEPBUYHBIX UJICAJIOB, IIepeceveHrne KOTOPbIX He Oy-
JIeT TTEPBUYHBIM.

Samaua 4. Jlokaxkure, 910 JII060€ HEHYIEBOE KOJIBIO COAEPKUT IIEPBUIHBIN HIeall.
Bamaua 5. [lyers [, J < R, I C J. Iokaxkure, uro /I C v/J.

3amaua 6. [lycrb B KOMMyTaTWBHOM KOJIbIle R ¢ equHuieil Bce ujeasbl — IIPOCTHIE.
Hokaxkurte, 9T0 R dABJIs€TCA TOJIEM.

Bagada 7. Byjer s yrBepK/ieHne 3a/1a4u [0 BEpHO, ecim 0TKa3aThCsi 0T KOMMYTaTHBHO-
cru (T.e. 9TO eCIM BCe Wjeasibl — MepBUYHbIe, TO R— Teso)?

18 IlepBuunsbiii pagukaJji. IlepBudyHble W MOJyHepPBUY-
Hble KoJsbHna. Pagukan Kére. Teopema JleBunkoro

HpI/IMeHI/IM BCe IIOJIYYE€HHbIC paHee pe3yJ/IbTaTbhl O pa/liKaJlaX hjcalla K CJIy4dalo paJuKaJia
HYJIEBOI'O HJaeaJla. Hepeg 9THUM HaM HOHa,ILO6I/ITCH cjeaytoliee olpeieJIeHue.

Onpenesnenue 18.1. DyeMenT a KoJibIla R HA3BIBAETCS CMPO20 HUALNOMEHMBILM, €CTTH
B J1000H M-TI0CJIeI0BATEILHOCTH (ai)gﬁo, HaYMHAIOIIENCcd ¢ dJIeMeHTa ag = a, HalaeTcsd
HyJsieBoit ssieMenT a; = (0 (Torja Bee MOC/IeLyToNye YIeHbl ABTOMATHIECKN TOYXKE DaBHBI
HYJIIO).
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Teopema 18.2 (O nepsuanoM pajukaie). Ciemyromiue MoIMHOKeCTBa KoJIbla R coBIa-
JAIoT:

1) pajmKkaJ HyJIEBOTO Hjeasa \/@ ,

2) mepeceveHne BCeX MEPBUYHBIX UIICAJIOB,

3) MHOXKECTBO BCEX CTPOIO HUJILIIOTEHTHBIX JIEMEHTOB,

4) HAMMEHBIHH Oy TePBUIHBIN UIEA.

Jokazamemvemeo. 1) < 2) Pagukan /I coBmasaer ¢ mepecedeHneM BCEX HEPBHYHBIX
nieanos, conepzxamux I (teopema [17.24).

1) & 3) Xapakrepusalys pajJuKaia B TeEDMIUHAX M-I0CJI€I0BATEIbHOCTEN (TIpeiio-
xenue [17.20)).

1) & 4) Pagukan /I — HauMeHBIIIH MOy IePBIYHEIA Hieast, conepzxanmuii I (caes-

crBue |17.32)). O

Onpenenenune 18.3. [lepsuunviti padukan Nil, R Konbiia R — 3T0 mepecevdenne BCeX €ro
[IEPBUYHBIX UJ1eajioB. Tak»Ke MCIOIb3YIOTCS HA3BAHUSA HUNCHUT HUALPAOUKANA T PAOUKAN
Boapa — Maxxos.

JI1000it U3 IMyHKTOB MPEJIBIIYINENl TEOPEMbI MOYXKET ObIThH B34T B KAYECTBE OIPE/IeICHUS
[IePBUYHOTO pa/JiuKaJia.

CaencrBue 18.4. llepBudnblii paJnKaJl ABIsI€TCs HUJIBUIEAIOM, T.€. BCE €r0 3JIEMEHTHI
HUJIBIIOTEHTHI. IpyrumMu cjioBaMu, KaxK Iblil CTPOTO HUJIBIIOTEHTHBIN 3JIEMEHT HUJIHIIOTEH-
TEH.

Jloxasameavcmeo. Bocnomsyemcs VI C {a € R | a® € I pyist nexoroporo n € N}. [

CaencrBue 18.5. IlepBuunbiil pajgukas Bcerjga comepKuTcs B pajankasie J[zxekobcoHa
Nil,R C J(R).

Jlokasamenvcmso. Pagukan JIzkekobcoHa Coep:KUT Bee HUIIbHIeas bl (peiozkenne|10.5)).
[l

CanencrBue 18.6. IlepButunblii pajnKas coEePKUT BCe TIPABBIE, JIEBbIE U JIBYCTOPOHHUE
HUJIBIIOTEHTHBIE UJI€AJTHI.

Joxaszameavcmeo. Tak kak pajukas Nil, R nosmynepBuden, To i npaBoro ujeana [ u3
yeaosua 1?2 C Nil,R crenyer I C Nil,R. 3Hauut, ecau i HEKOTOPOTO k BBIIOIHEHO
2 C Nil, R, To I C Nil,R. Oxnako B ciydae, Korja | HUJIBIOTEHTEH, JIJIsT JOCTATOTHOTO
Goubioro k mveem 12" = (0) C Nil, R. O

CaencrBue 18.7. IlepBuunblii pajimKag KOMMYTATUBHOI'O KOJIbIIa K COBIIAIAET C HUJIb-
PaJIKaIOM, T.e. MHOXKECTBOM BCEX HUJIBIIOTEHTHBIX 3/1eMeHTOB. OTCI0/1a 97IeMeHT KOMMY-
TATUBHOTO KOJIbIIA CTPOTO HUJILIIOTEHTEH TOT/Ia W TOJILKO TOT/Ia, KOIJla OH HUJIbIIOTEHTEH.
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Jlokasameavcmso. B kommyTtatuBaOM KoJiblle 4/ (0) coBmagaer ¢ MHOXKECTBOM HUJIBIIO-
TenToB (onpesesenue [17.6)). O

Onpepenenne 18.8. Kombio (noay)nepsuuo, ecim uneasn (0) (mosy)mepBudes.

IIpennoxenue 18.9. @axropkosbio R/ (10s1y)IepBHYHO TOTJIA 1 TOJIBKO TOTJIA, KOTIA
uneas I (mosy)nepBudes.

Joxasameavcmeo. Oboznauny R = R/I. Jlnsa xaxkaoro a € R paccMOTPHUM IIPOEKIIHIO
a=a+1 € R. Ouesuano, a = 0 Torja u ToJabKO TOr A, Korna a € I. Ilpu 5ToM paBeHcTBo
aRb = (0) pasrocmbro aRb C I. Octasnoch npuvernts npeiokenns [L7.12] [17.26, O

MCHOJII)SYH OllKMCaHUe IIEPBUYIHBIX W ITOJIYIIEPBYNHBIX HNJI€AJIOB IIOJIyY9a€M boJtee SABHYIO
XapaKTepu3alnuio aHaJIOT'MIHbIX KJIaCCOB KOJIEI.

IIpenjioxkenue 18.10. Creyromnuye ycjIoBUs Ha KOJIbIO [ SKBUBaJICHTHBI:
1) R nepsuuno, t.e. (0) — mepBUYHBIN njeal.
2) u3 (a)(b) = (0) creayer, uro smbo a = 0, smbo b = 0;
3) u3 aRb = 0 cremyer, uto aubo a = 0, 160 b = 0;
4) nist npasbix waeanos A, B uz AB = (0) crenyer, aro 6o A = (0), 6o B = (0).
4) s sebix upeasnoB A, B uz AB = (0) caenyet, uro smu6o A = (0), 6o B = (0).

Jlokazamenvcmeo. Tlpumennm npejgioxkenue [17.12] K HyseBoMy ujealy. O
IIpumepsr 18.11.

e Bcakag obstactb R gaBiasercs IIEPBUYHBIM KOJIBIIOM. KOMMYTaTI/IBHOQ KOJIBIIO K 1ep-
BHYHO TOI'Ja 1 TOJIBKO TOI'la, KOI'/JJa OHO fABJIACTCA 00J1aCTBIO.

e Besikoe mpocToe KoJibiio neppudno. JleiicrBurensio, B mpocrom kosibie (0) — max-
CUMaJTbHBIN ueas. MakcuMaJIbHbIN ueasl BCeryia IepBUYeH.

ITpennoxenue 18.12. Cremyromnue ycjaoBUs Ha KOJIBIO [ 9KBUBaJI€HTHBI:
1) R momynepsuuno, t.e. (0) — mMoyepBIUYHBIN HIeAT;
2) u3 (a)? = 0 cuenyer, uro a = 0;
3) uz aRa = 0 ciexayer, aro a = 0;
4) nist mpasoro uieana A uz A?2 = (0) cremxyer, uto A = (0);
4’) st mesoro mueana A uz A% = (0) crenyer, aro A = (0).

Joxaszameavcmeo. 1lpumenum nipeioxkenwe [17.26| K HysieBoMy ujiealty. O]

Hanomuum, 9To mpaBblii (JIeBBIi, JIBYCTOPOHHUIT) wieas ujean I Ha3bIBaeTCSd HUJTb-
ITIOTEHTHBIM, €CJIN JIJIT HEKOTOPOro N IPOU3BEIEHNE JIIOOBIX 71 9JIEMEHTOB 3TOTO HJIeaa
PaBHO HYJIIO.
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Teopema 18.13. i kosiblia R 9KBUBAJIEHTHBI YCJIOBHA:
1) R nosynepBuIHO;
2) Nil,R = 0;
3) B R HeT HEHYJIEBbIX HUJIBIIOTEHTHBIX UJICAJIOB;
4) B R HeT HEeHyJIeBbIX HUJIBIIOTEHTHBIX [IPABBIX UJIEAJIOB;
4’) B R HET HeHyJIeBBbIX HUJIBIIOTEHTHBIX JIEBBIX HJIEAJIOB.

Jloxazameavcmeo. 1) = 2) HyseBoit ueaJt moJiyepBudeH, IIpu 3TOM pajiKaJjl COBIAaer
C HAMMEHBIIUM TIOJIYTIEPBUYHBIM UJI€ATOM.

2) = 1) [lepBuunbIlil pajuKa Beeria sABASETCS TTOJIYIIEPBUTHBIM UIEATIOM.

1) = 4) Ilycrs I — ausbnorenTsiil npasblii nieas. BeibepeM n — HauMeHbIIEE 9HUCIIO
taxoe, uro I" = 0. IIpeanonoxkum, uro I nenynesoit ujgean, T.e. n > 1. Torga (I"1)? =
I?"=2 C " = (0. B cujty 0JIHOrO U3 SKBUBAJETHDLIX ONIPeIeJeHul TI0yIIepBMIHOI0 KOJIbIIa
nosydaem [~ = 0, uto nporusopeunt BEIGOPY N. 3HauuT, n = 1 u I = 0.

4) = 3) Yacruslit cirydaii.

3) = 1) B wacrnocru, ecu (a)? = 0, To (a) = 0, orkyma a = 0.

1) = 4’) = 3) Anajorudso. O

Omnpenenenne 18.14. KosbIiio, B KOTOPOM HOJIb — €IMHCTBEHHBIN HUJIBIIOTEHT, HA3bIBA~
0T PeOYUUPOBAHHBIM KONDUO.

ITpumep 18.15. IlpuBejeM npuMepsl MOTYTEPBUYHBIX KOJIEIT
e Bcsakoe mepBUYHOE KOJIBIIO TOJIYIIEPBUYHO.

e Bcaxkoe peaynupoBaHHOE KOJIBIIO R aBnsgercsa IIOJIyIIEPBUYHbIM. KOMMyTaTI/IBHOG
KOJIBIIO K IIOJIYIIEPDBUYHO TOI'/la M TOJIBKO TOI'/la, KOI'la OHO PEAYyIHPOBAaHO.

e Ec/i KOJIBbIIO TOJYIPUMUTUBHO (T.e. 00s1a/iaeT HyJieBbiM pajukaioM JzxxekobcoHa),
TO OHO Bceryia moJynepBuvHo, B cmity Briaodenus Nil,R C J(R). B wacrnocru,
[IOJTyITPOCTBIE KOJIbITA MOy IEPBUYHBI.

e [IpsimMoe mpousBeieHrEe MOTYIEPBUIHBIX KOJIEI MOIyTIepBUIHO. OTMETHM, ITO IPs-
MO€e IIPOU3BeIeHNe TePBUIHBIX KOJIEl HUKOIa He Oy/IeT HepBUTHO.

e Jlys moboro koubia R eeimosneno Nil,(R/Nil,R) = 0. [eiicrBuresbho, dhakrop-
KOJIBIO R /[ 1OJIylIepBUYHO TOTJa W TOJBKO TOIJIA, KOrja ujeas I MmoJylnepBuYeH,
upu 3tom Nil, R Kak pa3 1mojiyrnepBudeH.

CJIG,ILYIOHLHG pe3yJibTaThbl O IIEPBUYHBLIX W ITOJIYIIEPDBUYHBIX I'DYIIIIOBBIX KOJIbIIaX IIPpH-
BeJeM oes3 JOKa3aTe/JIbCTBa.

23B amrsosassraHoit auteparype — reduced ring.
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Teopema 18.16 (Komnesn). ['pynmosoe kosbiio RG HEPBHYHO TOTJa W TOJIBKO TOIJIA,
KOrJa R MepBUYHO U €IMHCTBEHHAs KOHeYHast HopMaJsbHas moarpymma B G — sto {1}.

Teopema 18.17 (ITaceman). I'pynmosoe kosbiio RG MOJIYyNEPBAYHO TOTJA ¥ TOJIBKO TO-
rj1a, Korja R 1mojynepBuvHO, a MOPSIKN BCeX KOHEYHBIX HOPMAaJIbHBIX Hojarpyiil B G He
SIBJISIIOTCSL JIEJIATEISIMA HyJid B R.

Ounpenesienne 18.18. Annyasmop Ann g(S) nogmuoxkecrsa S B mpaBom mojryie Mp —
9TO MHOXKECTBO BCEX JIEMEHTOB 7 € R, jiyig KoTopbiX nr = 0 npu Bcex n € N.

IIpasviti arnyasmop rAnn(S) momgmuoxkecta S C R pasen Ann (5), rae S paccmar-
pUBaeTCd KakK MOJIMHOXKECTBO Rp.

OTrmeTnM, 9TO MpaBbIil AHHYJIATOP BCET/Ia sABJISETCs IPaBbIM HjieaioM B IR.
Hamomuunm, uTo HeHyneBOil MpaBblil Wjeas Ha3bIBAeTCd MWUHUMAJBLHBIM, €CJIU OH He
COJIEPKUT B cebe HUKAKUX OTJIUYIHBIX OT ceOs HEHYJIEBBIX ITPABBIX HJICAJIOB.

JIemma 18.19 (Bpaysp). [lycts B Kosiblie R cylecTByeT MEHUMAJIbHBII TTPaBbIil niealt I .
Torna smbo 12 = 0, mu60 I = eR 118 HEKOTOPOTO WJIEMIOTEHTA, €.

Jloxasamesvemeso. B ciayaae I = R epunanna nopoxjaaer I, mycts manee I # R. Eciu
I? #£0, To al # 0 ana nexoroporo a € I. Beuny munumanbnoctu I = al. Bribepem r € 1
TaKnM, 910 ar = a, T.e. a(r — 1) = 0. Bnaunt, r — 1 € rAnn(a).

Pacemorpum npasbrii ugean J = rAnn(a) NI C I. B cuny MmunuMmaabaoct [, 6o
J =0, mb0o J = I. Ecm J = I, o I = rAnn(a) NI, Te. I C rAnn(a). 3uauunr,
r € rAnn(a), orkyzna 0 = ar = a. [Iporusopeune ¢ al # 0.

EnmucrBennast BosamozxkHOCTh — 910 J = 0, T.e. rAnn(a) NI = 0. YMHOXKAsT DABEHCTBO
a(r — 1) = 0 na r cupasa, nojydaem r> —r € rAnn(a). Beuay r € I Buimonneno r2 —r €
rAnn(a) NI = 0, orkyna r — upemmnorent. [Ipasbiit wgeasn r R nexxkur B I, 1 CHOBa B CHITY
MuHEMabHOCTH JTO0 7R = I, 6o rR = 0. Ecom rR = 0, tor = 0 u a = ar = 0, 410
nporuBopednut al # 0. [Tosromy rR = I. 0

Teopema 18.20. /It Kosbita R # 0 SKBUBaJEHTHBI YCJIOBUSI:

1) R nosynpocro;

2) R noJIylepBUYHO M apTUHOBO CIIpaBa,;

3) R HoJIyllepBUYIHO U YJOBJIETBOPsiET YCJIOBUIO 0OPBIBA YOBIBAIOIIUX Ielell TIaBHbIX
IIPABBIX UJICAJIOB.

2’), 3') — JIeBble aHAIOTN

Jokasameavcmeso. 1) = 2) Inga nmosynpocroro kosbiia R Beimosmeno J(R) = 0, oTkyaa
Nil,(R) = 0, snaunr R nosynepsuano. [losrynpoctoe KoJiblio Beerja apTuHOBO CIIpaBa.

2) = 3) Yacruslii ciaydaii.

3) = 1) BameruMm, 9T0 KaxKJbIil MPABBI MIeas KoJbla R copep:KuT MUHUMAJIbHBII
HpaBblil Wjeas, T.K. HHad9e MOKHO OBLIO OBbI MOCTPOUTH OECKOHEUHYIO YOBIBAIOILYIO Iie-
[OYKY MPAaBBIX MJI€AJ0B, KOTOPbIe MOXKHO BLIOpaTh ryiaBHbiMU. [1o jiemMme Bpayspa Munun-
MaJIbHBIN TIpaBbIil ujeasa [ B MOJIyIEepBUIHOM KOJIbIE 1R caM siBJISIETCS TJIABHBIM, ITPUIEM
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nopozktaercs uaemmorenToM. Cre1oBaTe/IbHO KasKIblil Takoil uaeast I = eR BbIIeIsIeTCs
psAMBIM ciaraeMbiM R = eR @ (1 — e)R.

Hastee OyeM paccyxKjaaTh OT IPOTUBHOTO, IIyCTh Ry He MOJIynpocToit Moiysb. Bo3b-
MeM B R j11000ii mpaBbIil neas, BbIOepeM B HEM MUHUMAJIbHBINA L1 W BBIIEINM €ro Ipsi-
MbIM cjaraembiM: Rrp = Ly @ T). Tak kak Rpr #He mosaynpoct, To 1) He MUHUMAJJIbHBII
IpaBbIil Ueas, BeIOEpeM B HEM MUHUMAJIbHBIN Lo U BBIJIEJUM €0 MPSIMBIM CJIaraeMbIM
Ty = Lo & T5 n T.;1. MBI nosrygaemMm O€CKOHEYHYIO CTPOTO yOBIBAIOIIYIO EMOYKY MPaBBIX

uneano 17 D Ty, D Ty D ..., npudeM KaxKablil 1 sBJIseTca TPSAMBIM cjiaraeMbiM B [,
a 3HAYUT, ITOPOXKIACTCS KAKUM-TO HJIEMIIOTEHTOM, OTKY/Aa 1; — TJIaBHBIN IpaBbIil HjeaJl.
MBI HOJTy I/ TPOTUBOPEYHE C IyHKTOM 3). O

Jlajiee MbI BBeJIeM €IE OJIMH paJiuKa/l KoJiblla. HaM moHamobuTes ciiejiyiomas JieMMa.

Jlemma 18.21. Ecim [ — npaserif (71eBbiit) nuibugear, J — AByCTOPOHHUIT HUIbUCAT
kousiblia R, Torma I 4+ J — npasbiii (sieBblit) ausbugean. OTcona cymMMa JBYCTOPOHHUX
HIJTBUIEAIOB CHOBA, ABJISAETCS JIBYCTOPOHHUM HUJIHUJIEATIOM.

Joxazameavcmeo. llyctb a € I + J, 1e. a = x +y, tne x € I, y € J. Tak xkak [ —
npasblil (JeBblil ByCTOPOHHUIT) HUIbHIeA, TO " = 0 g HeKoTOporo n. Pacemorpnm
a" = (x + y)". PackpsiBasg ckoOKH™| B BeIpakenun a” = (z +y)...(x + y), noaydaem,

(. J/
-~

n pa3s
qro a" = 2" + w = w, Tjie W — CyMMa IIPOU3BEJIEHU, COMepKAIIUX XOTd Obl OJUH .
Tak kak J — aBycroponuuii ujeasi, To w € J, nosromy a” € J. Oxgnako J — HuIbuIEAI,
orkyza (a™)™ = 0 11 HEKOTOPOro M. ]

Onpenenenne 18.22. Cymma Bcex JBYCTOPOHHMX HUJIbHIEAJIOB KOJIbIA R Ha3bIBAIOT
paduxarom Kéme, mwim seprrum nusvpadurarom. Odbosnauenue Nil*R.

Kak obbrano (a) = RaR = {>_ras; | r;,8; € R} — 1iaBublil njeas, OpOXKIEHHbILI
i
3JIEMEHTOM @ B KoJiblle R.

IIpensioxkenune 18.23. 1) Nil*R — aBycroponnuii uiean Koyibiia R.
2) Nil* R siBasiercss HanboJIbITMM HUJIbUJIEATIOM KOJIbIia R.
3) NiI'R={a € R | (a) — nuibuaean}.

Joxazameavemeo. Panukan Nil*R — maubonblmuil HUIbHIea 10 JieMMe. BKiodeHue
NiI*'R D {a € R | (a) — umiabmieasn} BBIIOJHEHO 1O omupenesnenuio. OOGparTHO, eciu
a € NilI*R, torga (a) C Nil*R u Bce seMenTsl ueana (@) HAJIBIOTEHTHI. O

IIpensioxkenne 18.24. Jlns sio6oro koubia R Beimoareno Nil, R C Nil*R C J(R). Ecin
R apTHHOBO cIpaBa, TO BCE TPU PaJyuKaJa COBIIAIAIOT.

24(D0pMyﬂa ounoMma HproToHa MOXKET HE BBIIOJIHATHCS U3-38 HEKOMMYTAaTUBHOCTU YMHO2KE€HUI.
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Hoxazameavemeo. Tak kaxk Nil, R — mmmbugeast, To Nil, R C Nil*R. Bxmouenue Nil*R C
J(R) cnemyer u3 Toro, 4ro pajuka [IyKeKoOGCoHa COMEPKUT Bee HUIbUIeabl. st apTu-
HOBa crpaBa KoJiblia J(R) Hmibnorenred. Opuako Nil, R copep:KuT Bce HUJIBIIOTEHTHBIE
upeasel. 3uaunt, J(R) C Nil,R u Bce BKIIOYEHUs B IENOYKE PAIUKAIOB OOPAIIAIOTC B
paBeHCTBA. O

I'mnoresa Kére (1930). Ecan B nmponssosbroMm Kousbiie R Beimosnneno Nil*R = 0, to R
HE UMeeT HEHYJIEBBIX OJIHOCTOPOHHUX HUJIBHJICAJIOB.

Jpyrumu cjioBaMu, €C/id B KOJIbIIE HET HEHYJIEBLIX JBYCTOPOHHUX HUJILUJIEAJIOB, TO
HET W HEHYJIEBBIX 00HOCMOPOHHUL HIIbUIeAT0B. B Hambo bIeit 00mHOCTH 9Ta Ipodbiema
moka He perreHa. Mbl TToKaxkeM jajiee, 9To rurnore3a Kére BepHa Jijist HETEPOBLIX CIIPaBa
KOJI€II.

JIlemma 18.25 (Yrymn). Ilycrs kKosbiio R y0BIeTBOPSIET YCJIOBUIO OOPHIBA BO3PACTATO-
KX Ierneil IpaBbiX aHHyIaTopoB Buja rAnn(a), a € R. Torja Bce npasble, JeBble U JBY-
CTOPOHHUE HUJIBUJICABI CojJiepKaTcsd B iepsudaHoM pajukasie Nil, R. B wacrnoctu, eciim R
nostyreppudno (T.e. Nil, R = (0)), To B R HET HeHyJIeBbIX MPABBIX, JIEBbIX U JBYCTOPOHHUX
HUJTHUICATIOB.

Jloxaszameavcmeo. CHadasia pacCMOTPUM CIydail paBoro Huabugeana [. OT npoTuBHO-
ro, nyctb I ¢ Nil,R. Cpeau ssieMeHTOB TeopeTnko-MHOKecTBeHHOi pasnoctu [ \ Nil, R
BBIOEPEM @, TAKUM YTO €r0 MpaBblil aHHYIATOP rAnn(a) MakCUMAaJeH.

[Tokaxkem, ato jursa jioboro x € R Boimonneno axa € Nil,R. Eciu axr = 0, To 310,
KOHEYHO, BepHO, mycTh ar # 0. Tak kak [ — npaBblii HUIbUAEA] U @ € [, TO JIeMEHT ax
HUJIBIIOTEHTEH, T.e. MOXKHO Haiitu Takoe k, uro (ax)F = 0, no (az)*! # 0. Toraa snement
x(ax)*~? npunajesxkur npasomy anmnynaaropy rAnn(aza), Ho He npunajteskut rAnn(a),
orkyga rAnn(aza) 2 rAnn(a). B cmry makcumasbnoctn rAnn(a) mosydaem, 9To ara He
mozker npunagyexkarsh [\ Nil, R, a snaunt, axa € Nil, R.

Paccmorpum dakToprombsio R = R/Nil,R, mycTh @, T — 06pasbl 3J1eMEHTOB a, T MK
ecrecTBeHHOl npoeknuu. B cuiny axa € Nil,R jis npoussosbHoro x € R nosydaem,
gyro aRa = 0. OnHAKO KOJbII0 R HOJIyHepBHYHO, 03ToMy @ = 0, T.e. a € Nil,R, u 910
LIOTUBOPEYHT OINPEJIEICHUIO JJIeMEHTA, .

Ecnu Teneps I — J1eBwlii Habuaeas, To st Becex a’ € I MOKHO paccMOTPETh MpaBblii
ujeast a' R. ITokazkem, uro a' R — npasblii HIiIbUIea I Jid Jioboro b € R un moboro n € N
soinosieno (a'b)" = a'(ba’)"~'b, npuuem ba’ € I, Tora, BRIOUPas n JOCTATOTHO GOJIBIIIM,

MOKHO J06uthes (ba')"™t = 0, orkyma (a’b)" = 0. Urak, a’ R — upaBblii HUIbUICAT,
suaunt, 1o npeapiaymemy o' R C Nil,R. B cuny nupoussonbnoctu a' € I nosyuaem I C
Nil, R. O

Teopema 18.26 (Jlepuikuii). [Tycrs R — uéreposo cupasa KoJbio. Torga Bee npasbie,
JIEBbIE U JIBYCTOPOHHUE HUJIbUIE€AIbl HIJILIIOTEHTHBI. boJiee Toro, cieiyromnime MHOXKECTBA
COBIIA/IAIOT:
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1) mepBuunbiii pajukan Nil, R,

2) pamukan Kére Nil*R,

3) HaubOJIBINNIT HUIBIIOTEHTHII HJIeall,

4) HauOO I TPaBbIii HUJIBIIOTEHTHBIN H1eall,
4’) HambOJIBININ{T JIEBBIN HIJIBIIOTEHTHBII H/eall.

Zoxazameavcmeo. Tak kKak R — HETEPOBO clipaBa, TO B MHOXKECTBE BCEX JIBYCTOPOHHUX
HIJIBIIOTEHTHBIX MJEAJIOB CYIIECTBYeT MaKcuMaJ bHbIH ujeas N. Torga o Teopeme o co-
OTBETCTBUU HJIeaJIOB B (haKTOpKOjbie R/N HeT HUIBIOTEHTHBIX HeanoB. 3uaunt, R/N
MIOJTYTIEPBUYHO, OTKyJa N — moJynepBumHbBI nujgeaa. B cummy Toro, uro Nil,R — Ham-
MeHbIuil mosrynepBunbiii ujeas, umeem Nil, R C N. B 1o xe Bpems Nil, R cojiep:Kut Bce
HIJIBIIOTEHTHBIE MJleasibl, OTKY/la IoJiydaeM oOpaTHoe BKJodeHne, a 3HaduT Nil,R = N.

Tak kak IpaBble aHHYJIATOPBI — 3TO IIPaBbIe UJIEAJbI, TO R y/IOBJIETBOPIET YCJIOBUIO
06pBIBa BO3PACTAIOININX Ieell MPaBbIX aHHYIATOPOB Bua rAnn(a), a € R. Ilo jgemme
VTyMu KaxK bl 0JITHOCTOPOHHUI HUIbUIeas [ cojiep:kutcd B iepsudaHoM pajinkaJe Nil, R,
o Nil, R aunbnorenren. 3HAUnT, I TOKE HUIBIIOTEHTEH.

Brunouenne Nil,R C Nil*R Bcerga soinoaneno. CHOBa 110 jieMMe YTyMU KazKIblii
JIBYCTOpPOHHMIT HUIbuea [ cojep:xkutcs B nepBudnoM pajukasie Nil, R, Torma pajiuxas
Kére Nil*R, xkak ux cymma, Takxke cojgepzxurca B Nil,R. [Tosromy mosyuaem Nil,R =
Nil*R = N.

Eciu I — npousBoJsibHBIN 1paBblil (J1eBblii, JIBYCTOPOHHWIA) HUJIBIIOTEHTHBIA M,
TO OH cojepxxkuTcd B neppudHoMm pajmkaje Nil,R = N. Orciona Nil,R = N gaBisercs
HAUOOJIBINUM IPABBIM (JIEBBIM, JIBYyCTOPDOHHUM ) HUJIBIIOTEHTHBIM UJIEAJIOM. O

CaencrBue 18.27. ['unoresa Kére BepHa /11 HETEPOBBIX CIIPaBa KOJIEII,

Zloxazameavcmeo. JIroboit ipaBelil HUIbUIEA JEKAT B HANOOJIBIIIEM ITPABOM HUJIbHU/IEa~
Jie, KOTOPBIil coBIaiaer ¢ pajankagsoM Kére mo Teopeme JleBunkoro. Orciofa, ecim pau-
ka1 Kére paBeH HyJf0, TO MPaBbIii HUJIBUIEAT MOXKET OBITH TOJIBKO HYJIEBBIM. m

Sagaun K Jjgekiuu 18.

Bamagda 1. [Ipusenure nmpumep Kosbia R u ero nogkosbiia S, 1t kKotopsix Nil(S) #
S NNil(R).

Sanaua 2. [IpuBejure npumep 3jieMeHTa HEKOTOPOIO KOJIBIA, KOTOPBIN HUJIBIIOTEHTEH,
HO HE CTPOrO HUJILIIOTCHTECH.

Bagaua 3. Jokaxwure, uro ecau [, J < R, o npoussenenue uneanos M, (1) - M,(J)
MaTpuaHOro KoJibiia M, (R) counamaer ¢ M, (IJ). BeiBecTn oTciona, 9T0 KOJIBIO MATPHIT
M,,(R) naj (0/1y )HIepBUYHBIM KOJIBIOM [ caMo OKayKeTCst (II0JTy ) IePBHIHBIM.
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Bamada 4. MoryT i B IepBUYHOM KOJIbIe OBITH HEHYJIEBbIE IIEHTPAJIbHBIE &) JIeJIUTEN
HyJis, 6) HUIBIOTEHTHI? TOT 2Ke BOIPOC JJisi MOy IIEPBUIHOIO KOJIBIIA.

Banaua 5. [Ipuseaure npumep Kosblia R Takoro, 4to ero pajukas Jlxekobcona a) cos-
[a/1aeT ¢ MePBUYHBIM PaJMKAJIOM, 6) CTOPOrO COMEPKUT B cebe TePBUIHBIN PaTHKaL.

Bama4da 6. B kosbie muorounenos Flz| nag noem F nan uiean [, OpoxKIeHHBIH MHO-
rowtenom (z? — 2z — 3)7. Haiijure V1. Tpeacrassre I B Buje epeceveHns MpoCThIX
1/1eaJIOB.

Bamaua 7. Ilokakure, 9To /1151 J1I0O0TO KOJIbIA R BBIIOJIHEHO PABEHCTBO

Nil*(R) = ({P|P — nepsuunsrit ugean u Nil*(R/P) = 0}.

Bamaua 8. Ilycts R — peaynupoBaHHOE KOJBIO, JOKAXKUTE CJIEIyIONee:

a) Juist JioobIX a, b € R ecoim ab = 0, 1o ba = 0;

6) st J00bIX a,b € R eciu ab = 0, To aRb = bRa = 0;

B) Jisl JIIOOBIX a1, ..., G, € R u 11000/ NOJCTAHOBKYA ¢ Ha N JEMEHTaX €CJIM MPOU3-
BeJICHUE ay - ... a4, = 0, TOo Torga Ray)Ray2)R ... Ragqm)y R = 0.

19 CymiecTtBenHble moaMoayan. PaBHoMepHasa pa3mep-
HOCTb

Onpenenenune 19.1. Iloamonysns N Moy M Ha3BIBACTCS CYUECMBEHHIM, UIH O0AL-
wumP|ecin NN K # 0 s moboro nemysesoro nommouyas K momynsa M. Oboznadenne
N C. M.

IIpumepsnl. 1. Tpusnanabusim obpazom M C, M g moboro mojyns M.

2. PaccMOTpuM MHOXKECTBO palmoHaabHbX ancen Q = Qg Kak Z-MoJLy/ib, T.€. IPOCTO
Kak abesieBy rpymiy 1o cjioxkenuto. [lycrs K < Qg — HenyseBoit momosyib. Ecin
panmonasbHoe wucsio a/b € K, 1o b-a/b = a € K. 3naqnr, 11060l HeHYJIEBOI
noamosysb B Q7 coseprutr HenysieBoe 1enoe uncio. [losromy Z C. Q.

3. Eciu merpusmasibublii mogmonysib 0 # N C M BbIIEASeTCS TPIMBIM CJIAraeMbIM
N & K = M, to N He Mox)eT OBITH cymiecTBeHHBIM B cuity N N K = 0.

3ameuanme 19.2. CymecrBennoe paciupenue C, TpaH3uTubHO, T.e. eciiu L C, N u
NC. M, 0o LC, M.

Joxazameavcmeo. llycts K < M — HenyJieBoil moaMoayiib. Tak Kak N CyIeCTBEHHBIH
oMoy B M, o K NN # 0. Ilostomy K N N — nenysesoit moamoyas 8 N. Ho L
— cymecrBennbiit mogamoayib B N. Torma LN K NN # 0. Orcioma L N K # 0, ato n
TpebOBAJIOCH. O

Zrio-anrymitcku an essential (large) submodule
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Jlemma 19.3 (O cymecrsensom pacrmupernn). Ecin N — noamomyis momayias M, To B
M naiinércs Taxoit noglMogLyﬂb@ L,aro N L C, M.

Joxazamesvemeo. OboznatnM depes {2 — MHOXKECTBO Takux mojamopyseit L < M, gro
LN N = 0. dcuo, aro Q # & BBy 0 € 2. Yuopsgounm ) 1o BKmodenuio. Kcin B
nernt {Ly}rep HU OJMH MOJMOJLY/Ib He Tepecekaercst ¢ N, T0 0ObeIuHEeHHe e TOXKe He
nepecekaercst ¢ N. Ilo siemme [opua B () HaiiéTCS MaKCUMAJIBHBIN 9JIEMEHT, 0O0O3HATNM
€ro Toxe Kaxk L.

Tax kak LN N = 0, ro cymma N & L npamasd. [lokaxkem, uto N & L C, M. Ilycrn
K < M — uenynepoii nioamonynb. [Ipenmonoxkum nporusuoe, Te. (N @ L) N K = 0.
[Tonpobyem momensiTh Mectamu Moy K u N. Pacemorpum nepecedenue (K @ L) N N.
[IpousBo/IbHBII 9IEMEHT U3 5TOTO Nepecedenns: umeer Buan =k + ¢, tnen € N, k € K,
¢te L Tornak=n—¢e (N&®L)NK =0. Buauur, k = 0, a rakxke n = (. B cuny
NN L =0, nonygaem, aro n = £ = 0.

Taxkum obpasom, (K @ L) NN = 0. D10 oznaqaer, uro K @ L € . IIporusopeune c
MaKCHUMaJIbHOCTHIO L. [

BenomuauM, 910 MOJTYJIb HA3BIBAETCH TOJIYIIPOCTBIM, €CJTH OH PACKJIAIbIBACTCH B CyMMY
HEIIPABOJUMBIX MOAMOTYJICH.

IIpengyoxxenune 19.4. /[iia npasoro R-momyis M ciemyroriye yCa0oBUsS SKBUBAJIEHTHDL:
1) M He coumepKuT cOOCTBEHHBIX CYIIECTBEHHBIX MTOIMOJLYJIEI;
2) M mosyupocr.

Jloxazameavcmeo. 1) = 2) Ilycre N — nogmomayibs 8 M. Tlo memme N & L C, M s
nekoroporo L < M. Ho M He comepKuT cOOCTBEHHBIX CYIIECTBEHHBIX HMOAMOJLY/Iei. 3Ha-
qut, N @ L = M. Mpbl nojsyumim, 9to JIIo60i 1moaMopayab B M BBIIEISAETCS MPAMBIM
ciaraeMbiM, oTKya M nosynpoct (Teopema .

2) = 1) Jlwoboit mogmoayns N < M Bwiaensiercs npsiMbiM ciiaraeMbiM: N @ L = M.
[Tosromy N N L = 0. O

Crenytommas mpocrast JieMMa, JTaéT CIoco0 MPOBEPKHU CYIECTBEHHOCTH TTOAMO/TYJISI.

Jlemma 19.5. g nogmonyna N < M caesytorue yClIoBUsT SKBUBAJICHTHBI:
1) N C. M;
2) s kaxgoro m € M\ {0} maitnércs rakoe r € R, uro mr € N \ {0}.

Jlokasameavcmso. 1) = 2) Tak kak N cymecrsennsiii, o N N mR # 0.
2) = 1) Pacemorpum menyseoii moamonyinb K < M. Beibepem 0 # m € K. Tlo
yCJIOBHIO Haiiiércs 7 € R takoe, ato 0 # mr € N. Suauut, mr € N N K # 0. O

CyHleCTBeHHbIG PacCHInpeHnuA ge yCTOfILII/IBbI OTHOCUTEJIbHO B3ATUA IIPAMDBIX CYMM.

26Ecom N cymecrsennsiii, To L = 0.

107



IIpensioxkenune 19.6. Ilycrs {M;}e; — BO3MOKHO GECKOHEUHOE CeMEHCTBO R-MOJIyJIei,
B KOTOPBIX BBIOpaHbI cylecTBeHHble moamonymn N; C, M;. Oboznaunm N = @ie 1 NVi,
M =@,.; M;. Torma N C. M.

Jloxaszameavcmeo. PaccMoTpuM cHavasa caydail Konednbix cymm M = My & ... & My
u N = Ny & ... N, Hokaxkem unjpyknueit mo k, ato N C, M. Ilpu k = 1 umeem
N = N; C, My = M. Ilycrs k > 1. Pacemorpum tipousBosibabiit 0 # m € M. Samnuimem
m=mq+ ...+ my, tge m; € M;. Tak kak m # 0, To X0Ts ObI OTHO U3 M; OTJIUIHO OT
HyJ1s1. Bes orpanndenns: obnHOCTH IyCTh My # 0. O603Hauum m' = mq + ... + my_1.

B cuny N, C. M), u JeMMBI Haiingres takoe r, € R, aro myr, € N \ {0}.
YMHOKUB paBeHCTBO m = m’ + my, Ha ry, HoJayduMm mry = m'ry + mygr,. Ecin nepsoe
caaraemoe m'ry = 0, To mr, = myry € N \ {0} € N\ {0} u Bcé mokazano. [Tasee
m'r, # 0.

ITo npenmnonoxkennio nuayKIun Moayib N’ = Ni@®. . .6 Ny_1 9BIsIeTC CyIIeCTBeHHBIM
noamosysiem 8 M = My &. .. @ Mj,_;. [lpumenss nemmy [19.5 x ssementy 0 # m'ry, € M/,
naiinérea takoe ' € R, uro m'rr’ € N'. Torna

mrpr’ = m'ryr’ +muryr’ € NG Ny =N, D ... 5 N

ITepsoe cnaraemoe sexkut B N', a Bropoe — B Nj,. IIpuuém nepsoe ciaaraemMoe TOYHO He
uysnesoe. Cymma N’ & N, npsimast, nosromy mryr’ £ 0. Ilar uHayKnun goka3aH.
Tenepr M = @,.; M; — OGeckoneunas cymma Momynei. Duement 0 # m € M
PacK/IaJIbIBaeTCd B KOHEUHYIO CYyMMYy M = Mg + ...+ my, tae m;, € M;,. 3unauur,
m € M;, © ... 5 M, . Ilo nokazannomy cymma N; @ ... S N, dABIAETCA CyHNIECTBEH-
HBIM TojMoztysieM B M;, & ... @ M;, . Tlo semme Haiinérea r € R, aro 0 # mr €
Ny @...®N;, € @,.; Ni = N. Beuny npoussosuoctu m € M\ {0} nonysaem N C, M
o jemme [19.5] O

Omnpenenenne 19.7. Moayns U # ( nHazbiBaeTcs paenomepubmﬂ ecyu 1100011 ero HeHy-
JIEBOI TIOJIMOJTIYJIb SIBJISIETCS CYIIECTBEHHBIM. DTO PABHOCHJILHO TOMY, UTO IepeceveHne
JIIOOBIX JIBYX HEHYJIEBBIX IOJMO/IyJIell OTJIMIHO OT HYJIS.

IIpumepsr. 1. PacemoTpum KOJIBIO HeIbiX ducen Zy Kak MOJLyJib Hal coboit. Ecau (a),
(b) — npousBosbHbIE Hieassl, 10 a-b € (a) N (b) # 0. Ilosromy Z; — paBHOMEPHBII
MO/LYJTb.

2. Ilonympocroit Moy b paBHOMEDPEH, TOJBKO €CJIH OH HEIIPUBOJINM.
3ameuanue 19.8. Eciu N C, M u N paBHomepHblit, To M ToOKe paBHOMEPHBIH.

Joxaszameavcmeo. eiicrBurenbuo, nyctb K, L — nenysesble niojamoyin B M. Tak kax
N cymiecTBEeHHBIN, TO OH HeTPpUBHATILHO Tepecekaercs ¢ numu: NNL # 0u NNK # 0. B o

2T o-aurumiicku a uniform module
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ke BpeMd, NN L u NNK — HeHyNeBble TOAMO/ Ty B paBHOMepHOM Moaysie N. ITosromy
OHI HETPUBHAJIBHO HepecekatoTcd. Ho 3T1o 3nHaumT, uyro Momymm K n L HeTpuBHATILHO
IIePECEeKalOTCs. ]

MoKHO TPUMEHUTH 9TO 3aMevYaHue K MPeJblIyuM mpuMepaM. Momayinb Zy paBHO-
MepHblit u Z C, Q. 3uaunt, Q7 ToxKe paBHOMEpHBI. Bripodyem, 3170 MOXKHO IPOBEPUTH U
HAIIPSIMYIO.

IIpengyoxxenne 19.9. [l npasoro R-momyns U cietyionuye yCJOBUS SKBUBAJIEHTHBI:
1) U paBHOMEpHBIIi.
2) st mobsix u,v € U\ {0} Boimonmeno uR NvR # 0.
3) Ilepeceuenue JH0GONO KOHEUHOTO MHOXKECTBA HEHYJIEBBIX IIOJMOJLYJIEH OTIUIHO OT
HYyJIA.
4) U He cOepKUT NPSMBIX CYMM JIByX WM OOJiee HEHYJIEBbIX MOJIMOJLYJIEH.

Jloxazameavcmeo. 1) = 2) Jlwoboit wenymesoil moamouyab B U CylecTBeHHbIH, B TOM
quciie uR.

2) = 3) Ilycrs Ny,..., Ny — Henysesble nogmonyan B U. Wunykimus no k. Basa
k = 1 tpusmanbua. [To mpemmonoxkernuto naaykmun N = Ny N ... N Ny_; # 0. Beibepem
Henysesble u € N, v € Ny. [lo mysakry 2)

O%URﬂngNﬂNk:Nlm...ﬂNk.

3) = 4) Eciu cymma HenyseBbix nogmorysieit Ny @ ... & Ny npsmasi, TO IpsMoii Gyer
cymma Ny @ Ny, orkysa Ni N Ny = 0.

4) = 1) Ilycte N — nHenyseBoii ogmoysb B U. Tlo stlemme 0 CyImecTBeHHOM paciipe-
wun, N @ L C, U misa wekoroporo L < U. Ho no nyHKTy 4) eIMHCTBEHHAS BO3MOYKHOCTh
— 710 L = 0. Suaunr, N C, U. O

B namem Kypce MbI He pa3 UCC/IeI0BAM IIPAMble cyMMbl Mojtysieit M = X1 & ...H X,
[IPU Pa3IUIHBIX JOMOJTHUTEIBHBIX YCJIOBUAX. PaccMoTpuM 6ojiee OOIIyI0 KOHCTPYKITUIO.
He Oynem TpeboBaTh, 4TOOBI CymMMa COBIIaJiaja CO BCEM MOJyJieM, T.e. Tenepb M D
X1 ®...® X,,. BagaaumMcs BOIIPOCOM, HACKOJIBKO JITUHHBIE TIPSIMbIE CyMMBbI ITOIMOJTYJIEH
MOXKET cojepxKaTh 3aJaHHbIil MOy M.

Onpenenenune 19.10. Ilycts M — nenyneBoit R-mojynib. Pasromepras, pasmepnocmbﬂ
win pasmeprocms Loadu, u.dim M momaysnsa M — 31o HanboJIbillee Takoe HATYPAJIbLHOE N,
qyro M cojepkut npgamyio cyMmy X @ ... & X, HEKOTOPBIX N HEHYJIEBBIX MOIMO/LYJIE.
Ecnu Takoro n me cymecrsyet, To nojaraeM u.dim M = co. CumraeM Takke, UYTO pas-
MEPHOCTH HYJIEBOI'O MOJILYJIsi paBHa HYJIIO.

CrnenctBue 19.11. Momayas M paBHOMEPHBIi TOrIa U TOJIBKO TOT/1a, Korga u.dim M = 1.

Zthe uniform dimension (Goldie dimension)
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oxaszameavcmeo. 1o mpeaplaymeMy IpeIozKEHNI0 PABHOMEPHOCTh PABHOCUJIBHA OT-
CYTCTBHIO MPSIMBIX CYMMY JBYX U OoJjiee TIOJIMOJTYJIeid. [

OkasbIBaeTcst, 9TO 3a/ia9a BHIUYUCICHUS PA3MEPHOCTH CBOANTCA K CyMMaM paBHOMEp-
HBIX HOJIMOJYJIEH.

Teopema 19.12. [ mompysist M # 0 ciemyroiiye yCIOBUS SKBUBAJEHTHBI:

1) udim M =n < 0.

2) CymecrBytor paBHOMepHble noamomyan Uy, ..., U, moayns M, cymma KOTODBIX
Uy & ... 0 U, npavmas u gBgeTcd cymecTBeHHbIM noamoyiaem Uy & ... e U, C, M.

Jlokasameavcmso. 1) = 2) Pacemorpum npsmyto cymmy mogmoyeit X @... & X, C M,
rae n = u.dim M. 3amernm, 9TO KaxKAblii X; paBHOMepeH, Beab uHade X; O Y @ 7
JIJTsl HEKOTOPBIX HEHYJIEBBIX oMoy et Y, Z (npejioxenne . Torma, 3amengs X; Ha
Y ®Z, nonydaem npsiMyro CyMMY O0JIbIIeH JIJIMHBI, 9TO IPOTHBOPEIUT MAKCHMATLHOCTH 1.

Ocragock npoBeputh, uto X1 @ ... ® X,, C, M. [leiicTBuTe/IbHO, IO JEMME O CyIIe-
crBeHHoM pacmmpennn X1 @ ... H X, & L C, M g wekoroporo L < M. Tak kak n
MakcuMaJbHo, To0 L = 0.

2) = 1) Ilycrs X1 68...® X, — Npou3BOJIbHASI IPsIMasi CyMMa, OJMOJLyJIeit MojyJist M .
Tpedyercst nmokazarh, uro m < n. Unaykiug o n. [Ipu n = 1 umeem U; C, M. Torma
u3 pasaomeproctu Uy ciiejryer paBaoMepHocTs M (3aMedanue @ . Ho B paBHOMEpHOM
MOJLyJIe HEeT IIPSMBIX CYMM JIBYX U 6oJiee oaMotyJieit (peioXKenue @D Buaunt, m = 1.

Hanee n > 1. O6osnaunm V' = Uy @ ... @ U,. Ilo yciosuio V' C. M, nosTomy )?1 =
X;NV #£0 gnmsaBeex i =1,...,m. Cymma X;@...DH X, npsMas, T.K. JITo00e pa3IoKeHne
Hyass 0 = 1 + ... + T, UI 9TOH CYMMBI SIBJIZETCS TaKyKe W Pa3JIOKeHHeM HYJIA JIJIst
Xi1®...0X,,. B B _ B

Obosnaunm YV; = X1 @ ... & X; 1 @ Xy @ ... & Xy, juia @ = 1,...,m. Jlpyrumu
CJIOBaMH, Y; COBNAIAET C MHOKECTBOM TE€X 3JIEMEHTOB U3 X & ... & X, Ibs NPOEKIHs
na X, pasHa Hy/o. SHadut, [, Y; = 0.

Pacemorpum mopynu Yy N Uy, ..., Y, NU;. Bee orn aBisiorcea nogmoayramu B Uy, ux
ob1iee nepecedenue Jexkut B (|-, Y;, a sHadnt, pasuo myio. Oxnako Uy paBHOMEpEH, 10-
9TOMY XOTsl ObI OJIMH U3 moMotyeit Y; N U7 1o/KeH ObITh HyJIEBBIM (TIPeJIOKEHIe .
C TOYHOCTBIO JI0 TIePeHyMepaIuil MOKHO cauTarh, 9to Y, N U; = 0.

Beeném mpoekiiuio

.V —U&...0U,.

Bee X; nexxar B V' 1o onpenenennio, mosroMy Y; Toxke jiexkuT B V. PacemorpuMm orpann-

qeHue

. Ero ganpo ker m ‘ =kermNY; =U;NY; = 0. Ilo Teopeme o romomopdusme
vi Y1

zaj1aéT nzomopdusm Y) Ha obpas w(Y)). [omyaaem
1

MOJYJIEH T

Uy®.. 00U, 27(V)=7(X®.. 6 Xy) =7(X2) & ... 0 7(Xpn)
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Tak Kak Oorpanm4ieHnue m ABJIACTCHA I/IBOMOp(bI/ISMOM MO,HyJIGfI, TO IIocC/IeIHAd CyMMa

JefCTBUTENILHO IIpAMas U glce cinaraembie B Heit Henysesble. Momymu Us, ..., U, paBHO-
MEpHbIE U, OYCBH/IHO, UX CyMMa ABJIAETCSA CYIeCTBEHHBIM oMo tyieM B cebe. Torma Mbl
MOZKEM MTPUMEHHUTD MPEJIOIOKeHne HHAYKIMU K MOIyssaM 7(Xs), ..., m(X,,). [lomyaaem,
m—1<n—1. Orcioga m < n, 9T0 1 TPeOOBAIOCH. O

[TepBoe ciiejicTBUE TEOPEMBI YTOUHSET CIy4ail OECKOHETHON pa3MepPHOCTH.

CaencrBue 19.13. [lnsa momynsa M ciemyroliue yeaoBusi SKBUBAJIEHTHI:

1) u.dim M = oo, T.e. M COmEpKUT CyMMBI HEHY/IEBBIX moamMomyiteit Xy @ ... 6 Xy
oboit mmnsl k € N.

2) M comep:KuT CUETHYIO CyMMy HemHysIeBbIx moamomyneit M O @7, X;.

Jlokasameavcmso. 1) = 2) Momyab M He MoxKeT OBbITH HENPUBOAUM, Beb MHAUE OH
paBHOMepeH, oTKyzna u.dim M = 1. Buauur, maiinéres 0 # Ny © M. Ilo nemme o cy-
mectBeHHOM pactiuperun No & Lo C. M s wekoroporo Ly < M (eciu Ly = 0, To
ybepém ero u3 cymmsl). [lo mpemsiaymmeit Teopeme moiyiu Nog u Lo He MoryT ObITH 00a
paBHOMEpHBIMU, BeJib nHade u.dim M konedna. 3HAYUT, XOTHA ObI OJMH U3 HUX COMEPIKHUT
cyMMy HenyJieBbIX roamosyneit. Iycts Nog O Ny & Ly.

Bamenum Ny Ha CyMMy JBYX ero moamoiyseit u pacemorpum Ny @ Ly @ Lg. Ilo jgem-
Me O CYIIeCTBEHHOM JonoJiHeHun Haiinérces L1, ato Ny @ Ly & Lo ® Ly C. M (ecin
L_1 =0, to ybepém ero u3 cymmbl). CHOBa 10 TeOpeme BCe MOJYJHU B CyMMe He MOIYT
OBITH paBHOMePHbIMHU, BeJb nHade u.dim M koneuna. [losromy xoTst ObI OJMH MOJIYJIb
COZIEPZKUT TPSIMYIO0 CYMMY HOAMOIY el 1 Tak majee. CyMMy MOKHO IPOJOJIZKATH CKOJIb
YTOJIHO JIOJITO, TIOSTOMY M COMEPKUT CUETHYIO CYMMY ITOJMOJTYJICH.

2) = 1) Yacruunsie cymmsr @) X; Ja0T CKOIb YTOJHO JTHHHBIE CyMMbI OMOJLY-
JIeit. O

CaencrBue 19.14. PaBHoMepHas pasMepHOCTDb YJIOBJIETBOPSAET CJIEIYIOMIMM CBOMCTBAaM:
1) wdim (M; @ ...® M) = udim M; + ...+ u.dim M. B gactHOCTH, CymMMa GecKo-
HEYHOMEPHA TOIJIa U TOJIBKO TOIJIa, KOrJa 110 KpaifHell Mepe OJHO cjiaraeMoe OECKOHEUHO-
MEPHO.
2) Ecim N — nonmonyns B M, mo u.dim N < u.dim M. Jlns koneanomepubix M, N
paBeHCTBO pa3MepHocTeil papHocuabao N C, M.

Jloxasameavcmeo. 1) Obosuadum M = @le M;. Ilycrs cmagasa Bce M; KoHedHOMED-
upl. O6o3naunm n; = u.dim M;. [lo npenpiaymeir Teopeme BoiOepemM B M; paBHOMEpPHBIE
nogamonyma Uiy, ..., Uiy, cymma KoTopelx V; = U; 1 @ ... @ U, ,, IpaAMad 1 ABjIdeTcd Cy-
mecTBeHHbIM rtomoyiem V; C, M;. Oanako cyiiecTBenHoe paciiupenne C, yCTORYINBO
OTHOCHUTEJIbHO B3THs HPAMBIX CyMM (TIpeyIozKeHre . [Tostomy V =V, & ... 8V
SIBJISIETCS CYIIECTBEHHBIM oMo tysieM B My & ... & My = M. B urtore noyrydaem

k n;
@@UZJ:V&@@V}C:VgeM

i=1 j=1
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[To Teopeme dim M = ny + ... 4 ny, 9T0 U TPeOOBAJIOCH.

B wactHOCTH, MBI IOKa3aJM, 9TO ecau Bce M; KoHeduHOMepHBI, TO M TOKe KOHEYHO-
MepeH. Terepnb mpeirnosokuM, 4To Haiiérca beckoneanomepubiit M;. Ilo npeapiaymemy
caeacTBuio M; conepKuT cueTnyio cymmy noamosyseit. Ho Torna M Toxke eé comepkur,
a 3uaunT u.dim M = oc.

2) Ecn u.dim N = 00, To N cosiepKuT 6eCKOHEUHYIO TPSMYIO CyMMY MOAMO/IYJIEH IO
npebprymemMy ciaejctsuio. Ho torma M Toxe e€ comep:kut, oTkya u.dim M = oco.

Hamee u.dim N = n < oo. Ilo Teopeme BbibepeM MPAMYIO CYMMY PaBHOMEDPHBIX IO/I-
moayeit Uy @ ... 3 U, C. N. Torma ona ke 0yaer u cymmoit nogmoysieit B M. Iloatomy
u.dim N < u.dim M mno omnpejie/ieHUIO pa3MEepPHOCTH.

[Iycrs N C, M. Tak Kak CyIIecTBeHHOE PACIIMpeHre TPAH3UTHBHO (3aMedaHie ,
ToUy & ...0U, Cc M, orkyna u.dim M = n.

Terteps ipegnonozkmM, uto N He cymiecTBeHHBIN oMo ayab B M. Ilo memme o cyre-
crBennoM pactmmupenun N @ L C, M nja aekoroporo nogmoaynd L. Tak kak N He cyre-
crBennbiit B M, To L # 0. Suauut, mosyiab M copepxut nupsmyto cymmy Uy & ... b U, & L,
KoTopas jjunaee, yeM n. Ilosromy u.dim M > n 1o onpeje/eHII0 pa3MepHOCTH. O

Sagaum K Jgeknuu 19.

3agaga 1. Ilycte V' — smmeitHoe mpocrpancTBo Haa moneMm F. B kakux ciaydaax V
PaABHOMEDPHBIN MOy/Ib Ha [F7?

3amaua 2. Yemy paBHa paBHOMEPHAS Pa3MEPHOCTD KOJIbIA IEJIBIX YUCEST 7, KaK MOJLYJIs
HaJ1 coboi?

Bamaga 3. Ectb sin B Kosbite marpury a1 moseM M, (F) cymecrsentbie mpasbie nieasbl?

Bamagda 4. Borauciaure paBHOMEPHYIO Pa3MepHOCTb KOJIbIa, MHOTOJIYEHOB R[x] Kak Mo-
JTyJIst HaJl KOJIbIloM K.

Bagada 5. Ilycrs R = F[z] — koubrio MHOrOwWwIeHOB HaJ moseM, () = F(z) — mose
panmoHaJbHBIX j1pobeit. Sagaganm Ha () CTPYKTYPY R-MOIyssi OCPEICTBOM yMHOXKEHIE
npobu Ha MHOrowreH. Ilokaxkure, uro Rg C, Qg.

Bamaua 6. Ilycrs momysns M ob6saer KOMIIOSUIIMOHHBIM psijaoM JtuHbL £. JlokaxkuTe,
gro u.dim M < /.

3apaga 7. Borunciure paBHOMEPHYIO Pa3MEPHOCTH KOJIbIA BBIYETOB Z, KaK Z-MOJYJIs.

R R
0 Q

BEIECTBEHHBIX U PAIMOHAIBHBIX dncest. [lokaxkure, uro u.dim g R = 2, Ho u.dim R = oo.

3anaua 8. Ilycts R = ( ) — KOJIBIIO TPEYTOJIbHBIX MATPHUIL C 3JIEMEHTAMU B IIOJIAX
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