
Ýëëèïòè÷åñêèå êðèâûå â êðèïòîãðàôèè

Îáÿçàòåëüíûå çàäà÷è

Îñåííèé ñåìåñòð 2011/2012 ó÷åáíîãî ãîäà

(1) Íàéäèòå âñå ïîðîæäàþùèå ýëåìåíòû â ãðóïïå F∗
37.

(2) Ñêîëüêî ðåøåíèé èìååò óðàâíåíèå xn − 1 = 0 â ïîëå F16 äëÿ n = 2, 12, 10?
(3) Íàéäèòå âñå íåïðèâîäèìûå ìíîãî÷ëåíû ñòåïåíè 4 íàä F3.
(4) Ñêîëüêî ñóùåñòâóåò íåïðèâîäèìûõ ìíîãî÷ëåíîâ ñòåïåíè 6 íàä F4?
(5) Ïðè êàêîì a êðèâàÿ, çàäàííàÿ óðàâíåíèåì x3 + y3 + z3 + axyz = 0 â P2,

ïðèâîäèìà?
(6) Ïðè êàêîì a êðèâàÿ, çàäàííàÿ óðàâíåíèåì x3+y3+z3+axyz = 0 â P2, îñîáà?
(7) Íàéäèòå âñå îñîáûå òî÷êè êðèâîé, çàäàííîé óðàâíåíèåì y4 − xz3 − 4xyz2 −

2xy2z + x2z2 = 0 â P2.
(8) Íàéäèòå êîîðäèíàòû âñåõ òî÷åê ïåðåãèáà êóáè÷åñêîé êðèâîé Ôåðìà x3+y3+

z3 = 0.
(9) Íàéäèòå òî÷êè ïåðåãèáà êðèâîé x2y + y2z + z2x = 0 (õàðàêòåðèñòèêà � ïðî-

èçâîëüíàÿ).
(10) Íàéäèòå êîîðäèíàòû âñåõ òî÷åê ïåðåãèáà êóáè÷åñêîé êðèâîé x3 + y3 + z3 +

axyz = 0.
(11) Íàéäèòå íîðìàëüíóþ ôîðìó Âåéåðøòðàññà êóáè÷åñêîé êðèâîé Ôåðìà x3 +

y3 + z3 = 0.
(12) Âû÷èñëèòå j-èíâàðèàíò êðèâîé Ôåðìà x3 + y3 + z3 = 0.
(13) Ïîñòðîéòå ýëëèïòè÷åñêóþ êðèâóþ ñ j-èíâàðèàíòîì j = 7.
(14) Âûáðàâ â êà÷åñòâå íåéòðàëüíîãî ýëåìåíòà òî÷êó (0 : 1 : 0), íà êðèâîé y2+y =

x3 − x íàéòè nP äëÿ P = (0, 0) è ëþáîãî n.
(15) Íàéäèòå âñå òî÷êè ïîðÿäêà 2 íà êðèâîé y2 = x3 + x.
(16) Íàéäèòå âñå òî÷êè ïîðÿäêà 3 íà êðèâîé y2 − x3 + 2 = 0 íàä ïîëåì F47.
(17) Âûïèñàòü ÿâíûå ôîðìóëû äëÿ ãðóïïîâîãî çàêîíà íà ýëëèïòè÷åñêîé êðèâîé

y2 + y = x3 íàä ïîëåì õàðàêòåðèñòèêè 2 (â êà÷åñòâå íåéòðàëüíîãî ýëåìåíòà
âîçüìèòå áåñêîíå÷íóþ òî÷êó).

(18) Ñêîëüêî ñóùåñòâóåò òî÷åê ïîðÿäêà 3 íà ýëëèïòè÷åñêîé êðèâîé y2 + y = x3

íàä ïîëåì Fq äëÿ q = 2, 4, 5, 7, 8?
(19) Âîñïîëüçóéòåñü ãðóïïîâûì çàêîíîì è ïîñòðîéòå ñåìåéñòâî ðàöèîíàëüíûõ

ðåøåíèé óðàâíåíèÿ y2 = x3 + x− 1.
(20) Íàéäèòå ïîðÿäîê òî÷êè P = (0, 4) íà ýëëèïòè÷åñêîé êðèâîé y2 = x3 + 16.
(21) Íàéäèòå ïîðÿäîê òî÷êè P = (0, 1) íà ýëëèïòè÷åñêîé êðèâîé y2 = x3 + x + 1

íàä ïîëåì F3.
(22) Íàéäèòå ïîðÿäîê òî÷êè P = (2, 3) íà ýëëèïòè÷åñêîé êðèâîé y2 = x3 + 1 íàä

ïîëåì F5.
(23) Îïèøèòå òî÷êè ïîðÿäêà 3 íà ýëëèïòè÷åñêîé êðèâîé y2 = x3 + cx2 + ax + b

íàä ïîëåì õàðàêòåðèñòèêè 3.
(24) Êàê ìîæíî âûðàçèòü ℘′′ ÷åðåç ℘?
(25) Ñêîëüêî èìååòñÿ òî÷åê ïîðÿäêà n íà ýëëèïòè÷åñêîé êðèâîé íàä C?

(26) Íàéäèòå ïîðÿäîê òî÷êè P = (2, 1) íà ýëëèïòè÷åñêîé êðèâîé y2 = x3 + x + 1
íàä ïîëåì õàðàêòåðèñòèêè 5.

(27) Íàéäèòå ïîðÿäîê òî÷êè P = (2, 1) íà ýëëèïòè÷åñêîé êðèâîé y2 = x3 + x íàä
ïîëåì õàðàêòåðèñòèêè 3.
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(28) Íàéäèòå ïîðÿäîê òî÷êè P = (2, 2) íà ýëëèïòè÷åñêîé êðèâîé y2 = x3 + 1 íàä
ïîëåì õàðàêòåðèñòèêè 5.

(29) Ñóùåñòâóåò ëè íà ïðîåêòèâíîé ïëîñêîñòè êîíå÷íîå ìíîæåñòâî òî÷åê, óäî-
âëåòâîðÿþùèõ ñëåäóþùåìó óñëîâèþ: ïðÿìàÿ, ïðîõîäÿùàÿ ÷åðåç äâå èç íèõ
ïðîõîäèò åùå ðîâíî ÷åðåç îäíó èç íèõ?

(30) Íàéäèòå âñå F4-òî÷êè ýëëèïòè÷åñêîé êðèâîé y2 + y = x3 .
(31) Íàéäèòå ïîðÿäîê òî÷êè P = (0, 1) íà ýëëèïòè÷åñêîé êðèâîé y2 + y = x3 íàä

ïîëåì õàðàêòåðèñòèêè 2.
(32) Íàéäèòå âñå F4-òî÷êè ýëëèïòè÷åñêîé êðèâîé y2 + xy = x3 + 1.
(33) Íàéäèòå ïîðÿäîê òî÷êè P = (1, 0) íà ýëëèïòè÷åñêîé êðèâîé y2 + xy = x3 +1

íàä ïîëåì õàðàêòåðèñòèêè 2.
(34) Íàéäèòå ïîðÿäîê òî÷êè P = (5, 2) íà ýëëèïòè÷åñêîé êðèâîé y2 = x3 + x íàä

ïîëåì õàðàêòåðèñòèêè 7.
(35) Íàéäèòå âñå òî÷êè ïîðÿäêà 2 íà ýëëèïòè÷åñêîé êðèâîé y2 = x3+x íàä ïîëåì

õàðàêòåðèñòèêè 5.
(36) Íàéäèòå âñå òî÷êè ïîðÿäêà 4 íà ýëëèïòè÷åñêîé êðèâîé y2 = x3+x íàä ïîëåì

õàðàêòåðèñòèêè 3.
(37) Ïóñòü ðåøåòêà Λ ïîðîæäàåòñÿ ýëåìåíòàìè 1 è i. Íàéäèòå ãðóïïó àâòîìîð-

ôèçìîâ ýëëèïòè÷åñêîé êðèâîé C/Λ. Îòâåò îáîñíóéòå.
(38) Ïóñòü ðåøåòêà Λ ïîðîæäàåòñÿ ýëåìåíòàìè 1 è (−1+ i

√
3)/2. Íàéäèòå ãðóïïó

àâòîìîðôèçìîâ ýëëèïòè÷åñêîé êðèâîé C/Λ. Îòâåò îáîñíóéòå.
(39) Ïóñòü X ⊂ A2 � íåïðèâîäèìàÿ êðèâàÿ, çàäàííàÿ óðàâíåíèåì fd−1(x, y) +

fd(x, y) = 0, ãäå fd−1 è fd � ìíîãî÷ëåíû ñòåïåíåé d − 1 è d ñîîòâåòñòâåííî.
Äîêàæèòå, ÷òî X ðàöèîíàëüíà. Âûïèøèòå ðàöèîíàëüíóþ ïàðàìåòðèçàöèþ.

(40) Äîêàæèòå, ÷òî åñëè ìíîãî÷ëåí x3 + ax + b èìååò êðàòíûé êîðåíü, òî êðè-
âàÿ, çàäàííàÿ â A2 óðàâíåíèåì y2 = x3 + ax + b ðàöèîíàëüíà. Âûïèøèòå
ðàöèîíàëüíóþ ïàðàìåòðèçàöèþ.

(41) Äîêàæèòå, ÷òî êðèâàÿ y3 = x4 − 4x3 + 6x2 − 4x + 3y2 − 3y + 2 ðàöèîíàëüíà.
Âûïèøèòå ðàöèîíàëüíóþ ïàðàìåòðèçàöèþ.
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