
Äîìàøíåå çàäàíèå �6

1. Âû÷èñëèòü:

(a) HomZ
(
Z/25Z,Z/50Z⊗Z Z/30Z

)
.

(b) HomQ[x]

(
Q[x]/Q[x](x4 − 5x2 + 6),Q[x]/Q[x](x3 − 2x2 − 3x+ 6)

)
.

2. (Ñîïðÿæ¼ííîñòü ôóíêòîðîâ Hom è ⊗)

(a) Ïóñòü M � (A,B)-áèìîäóëü, N � (B,C)-áèìîäóëü, è P � (D,C)-áèìîäóëü. Ïîñòðîèòü
èçîìîðôèçì (D,A)-áèìîäóëåé:

HomB(M,HomC(N,P )) ≃ HomC(M ⊗B N,P ).

(b) Ïóñòü M � (A,B)-áèìîäóëü, N � (C,A)-áèìîäóëü, è P � (C,D)-áèìîäóëü. Ïîñòðîèòü
èçîìîðôèçì (B,D)-áèìîäóëåé:

HomA(M,HomC(N,P )) ≃ HomC(N ⊗A M,P ).

3. Ïóñòü A � àññîöèàòèâíàÿ àëãåáðà ñ åäèíèöåé, è R : A → L(V ) � å¼ ëèíåéíîå ïðåäñòàâëåíèå.
Äîêàçàòü, ÷òî ñóùåñòâóåò ðàçëîæåíèå â ïðÿìóþ ñóììó èíâàðèàíòíûõ ïîäïðîñòðàíñòâ V =
V0⊕V1, äëÿ êîòîðîãî R|V0 � íóëåâîå ïðåäñòàâëåíèå (ò.å. âñå îïåðàòîðû R(a) íóëåâûå), à R|V1

� ïðåäñòàâëåíèå àëãåáðû ñ åäèíèöåé (ò.å. R(1)|V1 � åäèíè÷íûé îïåðàòîð).

4. Äîêàçàòü, ÷òî ðàäèêàë êîììóòàòèâíîé àññîöèàòèâíîé àëãåáðû ñîâïàäàåò ñ ìíîæåñòâîì å¼
íèëüïîòåíòíûõ ýëåìåíòîâ.

5. Äîêàçàòü, ÷òî ðàäèêàë êîíå÷íîìåðíîé àññîöèàòèâíîé àëãåáðû A ñ åäèíèöåé ñîâïàäàåò ñ ïå-
ðåñå÷åíèåì

(a) âñåõ ìàêñèìàëüíûõ ëåâûõ èäåàëîâ;

(b) âñåõ ìàêñèìàëüíûõ ïðàâûõ èäåàëîâ.

6. ÏóñòüK ⊂ L � êîíå÷íîå ðàñøèðåíèå ïîëåé. Äîêàçàòü, ÷òî ñòàíäàðòíîå ñêàëÿðíîå óìíîæåíèå
íà L (êàê àëãåáðå íàä K) � ëèáî íåâûðîæäåííîå, ëèáî íóëåâîå.

7. Âû÷èñëèòü ìàòðèöó ñòàíäàðòíîãî ñêàëÿðíîãî óìíîæåíèÿ àëãåáðû C íàä R â áàçèñå (1, i).

8. Ïóñòü A = K[x]/K[x]f , ãäå f(x) = xn + c1x
n−1 + · · ·+ cn ∈ K[x]. Äîêàçàòü:

(a) ðàíã ñòàíäàðòíîãî ñêàëÿðíîãî óìíîæåíèÿ íà A íå áîëüøå ÷èñëà ðàçëè÷íûõ êîðíåé ìíî-
ãî÷ëåíà f â åãî ïîëå ðàçëîæåíèÿ;

(b) ïðè charK = 0 â ï. (a) èìååò ìåñòî ðàâåíñòâî.

(c) Âñåãäà ëè âåðíî, ÷òî Rad(A) ñîâïàäàåò ñ ÿäðîì ñòàíäàðòíîãî ñêàëÿðíîãî óìíîæåíèÿ?

9. Ïóñòü â çàäà÷å 8K = R è f ñåïàðàáåëåí. Äîêàçàòü, ÷òî ÷èñëî âåùåñòâåííûõ êîðíåé ìíîãî÷ëå-
íà f ðàâíî p−q, ãäå p è q � ïîëîæèòåëüíûé è îòðèöàòåëüíûé èíäåêñû èíåðöèè ñòàíäàðòíîãî
ñêàëÿðíîãî óìíîæåíèÿ íà A. (Óêàçàíèå: ðàçëîæèòü A â ïðÿìóþ ñóììó ïîëåé.)


