KOE-YTO O NPEACTABJIEHUAX
AnToH A. Knsiuko

Bonee nogpo6roe (1 6onee NPABUILHOE) M3IOXKEHWE TOrO, 9TO i MEITAICA PACCKA3ATh HA MOCIEAHEN NEKIIUW.

YHucuo HEeIIPpUBO ANMBIX Hpe,ZI[CTaBJIEHHI:'I

Teopema 1. Pasmeprocts nentpa Z(End ¢) amre6per s840MOpGE3MOB KOMILIEKCHOTO OPEACTABICHAA (0 KOHEIHOH
Ipynmnsl paBHA IUCIY HEM30MOD(MHBIX CIATAEMBIX B DA3JOXKEHUW IPEACTABACHAA (0 B CyMMYy HEIPUBOJUMBIX.

Hokazarenncrso. Ilycts npeacrasaenve ¢: G — GL(V) packiagbmaerca B cymmy @ = &1 @ ... @ Py, a npeacra-
BaeHusa ®; paCKIALEIBAIOTCA B CyMMBI O JMHAKOBLIX HENPUBOAUMEIX npegcTasieHu: ®; = @ ¢;; (mpu aToMm @45 =~ ¢y jr
J
TOTa ¥ TOIBKO TOrAa, KOraa ¢ = 4'). Mur xotum nokazats, uto dim Z(End ¢) = k.
Oycre V=V1®...0VyunV;,= @ W;j — COOTBETCTBYIOMUE PA3NOKEHNA BEKTOPHLIX IPOCTPAHCTB.
J

Augomopdusm A € Z(End ) 06s3aH KOMMYTUPOBATE, B 9ACTHOCTH, C (KyCOYHO CKATAPHBIMY DHIOMOP(GU3IMOM
B:Y wi; — > \jjw;; OpeACTaBIeHUS @, rae w;; € Wij, a Ajj € C — (duKkcupoBaHHBIE IOMAPHO PA3HBIE CKAJIPEHL
ParencrBo AB = BA o3nauaer, 4To Bce mognpocTpancTa W;; MHBApMAHTHLI OTHOCHTENLHO onepaTopa A (moHuma-
ere?).

Ilpu sTomM A (6yay4u sHAOMOPPU3IMOM MPENCTABICHUA) OOL3aH KOMMYTUPOBAThL C onepaTopaMu ¢(g), TO eCThb
orpanuuenue oneparopa A Ha mognpocrpancTBo Wj 0643aHO KOMMYTUPOBATE C OIEPATOPAMY ;;(g) A1A KAk I0r0
g. Ilo nmemume Illypa aTo osuaxaer, uTo Alw,; — 9T0 ckaxapHbii onepaTop: Alw,, = ai; E (rae a;; € C)

Haxoner, omepatop A kommyTupyet ¢ oneparopoM Cy i € End (), mepecTaBiasiomuM qBa OUHAKOBEIX IPE[-

C(wij) npu i=1q I/IJ = j';

craprerus: Cyjijn(wi;) = C™Hw;j) mpmi=i'mnj=j"; ,rae C:Wyjr - Wijn — m30MOpdU3M IpeacTaBIe-
wz] B OCTAJBHBIX CIYy4YaiaX;
HUIU Pirgr W Pir . KOMMyTI/IpOBaHI/Ie AC,'/j/ju = iljl]'l/A O3HAYAET PABEHCTBO Qj/ j/ = QU 517 .

Takum o6pasom onepaTop A 06s13aH gercTBOBaTh Tak: A Y wi; = > a;w;j, rae o; € C. PaamepHocTs npocTpas-
CTBa OMEPATOPOB TAKOTO BUAA, OYEBUIHO, paBHA k. [I03TOMy OCTaNOCh MOKA3aTh, 9TO BCE OMEPATOPEI TAKOTO BUIA
aexart B Z(End ).

To, 9TO OHU ABJIAIOTCA DHIOMOPPUIMAMUA TIPEACTABICHUAS (0, OUEBUIHO. A IEHTPATLHOCTh HEMEIIEHHO BHITEKA-
€T U3 TOro, YTO HOAIPOCTPAHCTBA V; MHBAPHAHTHBI OTHOCHUTEJBHO KaXJ0ro sHaoMmopgusma D npencrasieHus .
[leficTBUTEIBHO, KOMIIO3UIMA Orpanuyenus oneparopa D ua W;; u npoexktuu V' — Wy aBiaserca roMoMopduaMoM
U3 [PEICTABICHUA (;; B IPEICTABICHUE (1, HOITOMY TAKaA KOMIO3WIMA PABHA Hy.0 mpu ¢ # i’ no aemme Ilypa.
Taxum o6pasom, D(W;;) CV; u, crano ouirs, D(V;) C V;, 9r0 1 Tpe6oBatoch. TO 3aBEPIIAET JOKAIATEILCTBO.

Teopema 2. Auarebpa 5HIOMOPGU3IMOB PErYIAPHOIO KOMILIEKCHOT'O IIPEACTABICHUA KOHeIHOH rpynnsl G u30MOppHA
rpymnoson arebpe C[G].

MokaszarenscTrBo. Msomoppuam f:C[G] — Endp rakom: f | > agg| — »To oneparop, gencrsyromuit Ha Ga-
geG

BUCHEIX BeKTOpax ej (rae h € G) Tax: e, — ) agepy—1. [IpoBepumM, uTo aToT omepaTop f | > g9 | aABiserca
9€G geG
BHIOMOP(GU3MOM PEryIAPHOTO IPEICTABICHU:

PV D agg | en=p0)) ageng—1 = ogegng-1 =D agg|egn="1, > cug]|p(g)en

9eG 9€qG geqG geG geG

Teneps mposepuM, 9T0 f — roMoMopdu3aM. JIMHENHOCTEL OYEBUIHA, TIOITOMY JOCTATOYIHO MPOBEPUTD, UTO f «yBAKALTH
yMHOX)eHne 6a3ncHbIX 2aeMenToB: f(gg1)en = e, ,—1,-1 = f(g)f(g1)en.
1

Temnepb MpOBEPUM MHBEKTUBHOCTE: ecan y, agg € ker f, 10 0= f | Y g9 | ec = D age,-1, a 970 O3HAUALT,
9€eG 9€G 9€eqG
9T0 0ty = 0 gas Beex g (mockombky {eg} — 6a3uc), TO €CTh AAPO rOMOMOPGU3Ma f TPUBUAIBLHO, ITO U TPeGoBaNOCk.
CIOpBeKTUBHOCTEL %€ TOMOMOpdUaMa f BHITEKaeT u3 TOTO, f(T)e. MOXET, OYEBUIHO OHITL JIOOEIM HAMep&a
3aaHHBIM BeKTOpoM (npu noaxogamem Beibope ¢ € C[G]). Ocranocs BCHOMHUTE, 9TO TOMOMOPGU3M U3 PEry IAPHOI0
OpenCTaBIeHUs B J1060€ (B 9aCTHOCTU, B €e0s) OMHO3HAYHO 330aETCA BEIGOPOM 00pa3a BEKTOPA €.. ITO 3aBEPIIAET
IOKa3aTeqbCTBO.

Teopema 3. Ilearp rpymmoson areopsr C[G] cocrouT m3 51eMeHTOB BuAa ) (gg, TAKHX 9TO Qg = (g, €CIH
aseMeHTHI g 1 ' conpsxensl B rpynne G. B gactroctn, dim Z(C[G]) — sT0 9ucio xraccos conpsaxéanocta B rpynme G.

Jloka3aTelbCcTBO. DIEMEHT (¢ LEHTPAIBLHBEI TOrA ¥ TOIBKO TOAA, KOILa OH KOMMYTHPYET CO BCEMH Die-

merntamu h € G (3To momaTHO?). A »T0 paBHOCUIBHO TOMY, 4TO h (D ayg)h™' = > a,9. PackpuBas cko6ku u
TIPUPABHUBAA KOX(DOUIMEHTHI IPY g TIOTYYIaeM PABEHCTBO (p-14, = (g (BBITIOJHEHHOE TIPH BCeX g U h). ITo 3amep-
IaeT JOKA3ATEILCTEO.



Teopema 4. Ywucao HeU30MOPEPHBIX KOMIIEKCHBIX MPEACTABJICHUN KOHEIHOH T'DYIIBEI PABHO IUCIY KJIACCOB COMPA-
KEHHOCTH B HEH.

JlokazaTenbcTBO. DTO HEMEJIEHHO BHITEKAET U3 TeopeM 1, 2, 3 u TOro, YTO KAK MBI 3HAEM, KAXK 10€ HEIIPUBOIIMOe
NIPEACTABICHYE YIACTBYET B PA3JNOKEHUU PETYIAPHOrO.

XapaKTepsl

Xapaxmep x, npencrasnesns ¢: G — GL,(C) — s1o dpyukmua G — C, g — trp(g).
Teopema 5. XapakTepel HEIPUBOAUMEIX KOMILIEKCHEIX IPEACTABACHUH 00Pa3yroT 6a3uC B IPOCTPAHCTBE (DyHKIUH
F={f:G—C| f(g) = f(h) ecan snemeHTEL g 1 h COUPSKEHbI}, IPHIEM ITOT OAZUC OPTOHOPMHUPOBAHHBIN OTHOCH-
TeIBbHO CKaJApHOro mpoussegenus (fi, f2) = Ilﬁl > f1(9) f2(9).

JdokazarenncTBo. II0CKOIBKY YUCIO0 HENPUBOAUMEIX [IPEICTABICHAN PABHO PA3MEPHOCTU NpocTpaHcTBa F' (1o Teo-
peme 4), T0CTATOYHO AOKA3aTh OPTOHOPMUPOBAHHOCTD: A/ JIOOEIX HENPUBOAUMEIX npeacrasienun ¢: G — GL,(C)

u ¢¥:G = GL,,(C)

1 ecmm p ~;

Xos X)) = IloruMaeTe, HOYEMy 3TOr'O JOCTATOTIHO?
oA 0 ecmm ¢ %

BosbméM pOM3BOABHY O Ma,TpI/ILIy A pasmepa n X M U TIPEBPATUM €€ B TOMOMOP(}PU3M MPEICTABICHUN IIyTEM HAIIErO

mbuMoro ycpeauenusa: T = E ©(g)Arp(g9~ ). flcHo, UTO BTO AEHCTBUTEIBHO MOMOMODPDUI3M:
p(W)TY(h™" Z p(hg) Ap((hg)~" Z plg)Ap(g™") =
gEG geG

(rge BTOpOE PaBEHCTBO ONATH BHITEKAET U3 TOO, UYTO, €Cau g npoberaeT BCE rpyumy, a h GUKCUpoBaH, TO hg TOXe
npo6eraet Bcio rpynmy). Marpuna T’ no aemme Ilypa 06a3aHa GBITE HYJIE€BOM, €CIH (0 % 1), 1 CKATAPHOU, €CaK = 1.
Boabméum Teneps koHkpeTHY0 MaTpuiny A = E;; (TO eCTb MATPUYHYIO €JUHUIYY — MATPHUIY, Y KOTOPOK ai; = 1,

& OCTAIBHEIE DJIEMEHTHl HyJeBhie). [[DOCTEIC BEIMUCICHUA NOKA3EIBAIOT, U9TO t; = \clv_| > w(9)ip(g1)j; B oTOM Cay-
]
_ 0 ecau ) % p wm P = @, HO § # i;
! 1 .. 1y, — ? ’ )
gae. (IIposepobre!) 3uaunT, el Zg: 0(9)iv(g~")j; { X (e sasucman ot 1), ecm b = u j = i. [Mas

TIOJHOI'O CYaCThsA OCTAJI0Ch BEIYUCIUTE 3Ty )\ CpaBHIIIM Creabl MaTPUIl B OIIPENEJCHUN MATPUITBL T U IIOJIYyYIUM
1
A=—trT = tr ( 1=1/n

(roe mpeamocieqHee PABEHCTBO BEITEKAET U3 TOTO, YTO CJAEJ MATPULEH, monobHou Martpuie FE;;, paBeH eiuHuIge).
Teneps

W 1 R
(XesXy) = 1G] Z tro(g tr'gb( = 1G] Z tro(g)) (trep(9™)) = ﬁg ;‘P(g)n ;w(y )ii | =

0 ecam @ # 1h; (PaBencTBo (1) BEITEKaeT U3 TOrO, YTO CI€J €CTh CyMMa
? )
1 — cobcreennbix 3nasennit. ooromy, ecmn AF = F, o
- —_— .. 1 .. = y, b
= e 0(9)it(g™ )i =
| | Z l/TL = 1, e ¢ = w COOCTBEHHBIE 3HAYEHUA ABIAIOTCA KODHAMY U3 €JUHUILBI,
! ntrA=tr A=)

Cuaegcreue. KOMILIEKCHOE IPE[CTABICHAE KOHEIHOW I'DYHIIBI OJHO3HAYIHO 38,1a6TCA CBOUM XapakKTepoM (TO eCTb ABa
NIPEACTaBICHUA U30MOP(HEI TOr'[a U TOJBKO TOTA, KOTa UX XapaKTEPhl DABHEIL).

JokazaTeabCcTBO. JTO HEMEIIEHHO BHITEKAET U3 TeOpeMEl 6, TeopeMul Mallike u CJIeqyoIero 09eBuIHOr0 GhakTa:

XapaKTep IPEACTABICHAA P i (rge p; menmpuBogEMEL) 5TO Cymma, Y kjXy,; , TAe {1} — oT0 Bee (Hem3omopHELIe)
npejCTaBAeHMs JAHHOH TPy, a kj — 5TO 9HCIO CIAraeMbIX (;, H30MOP(MHEIX IPEJCTABICHHIO 1)} .

Yupaxuenue 1. Iloxaxure, 9T0 KOMILIEKCHOE MPEACTABICHUE KOHEYHOU TPYIIILI HEMPUBOAUMO TOTAA U TOIBLKO
TOr[a, KOrJa €ro XapakTep uMeeT IIuHy oauH (B 3pMuTOBOM mnpocrpaHcTse F). Kak mo xapakTepy NaHHOrO HOpe-
CTaBJIEHUA TOHATD, PACKJIAIEIBAETCA JU OHO B CyMMY ABYX HENPUBOAUMEIX (HAYErO He 3HAA O HENPUBOAUMEIX MPE.I-
CTaBJIEHUAX NaHHOU rpymner)? A Tpéx?

Yupaxwuenue 2. Ioxaxure, 9YTO BCAKOE KOMILIEKCHOE TTPEICTABICHIE KOHEYHOU TPYIIILI U30MOP(PHO YHUTAPHOMY
(TO €CTh TaKOMY, ITO BCEe MAaTPUILIBI 13 06pa3a 9TOTr0 IIpeACTABICHUS yHPITaprI). (Ho,z[cxaaxa: BO3BMUTE KaKO€-TO 9PMUTOBO
CKAIAPHOE IPOU3BEJEHNE, & NOTOM, KAK OOBIYHO, yCPEAHUTE €r0 IO IPYIIE X MOLy9IATe MHBAPUAHTHOE CKAIAPHOE IPOM3BEJEHHE. )



